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The propagation of high-velocity shock waves in an axial magnetic field generated by single-turn coils 
connected in parallel to a condenser bank is investigated. Time-resolved photographs show that the plasma 
behind the shock front is driven away from the tube walls by the magnetic pressure. This compression heats 
the ionized gas and maintains a high shock velocity during the transit of the front through the coil. The 
compressed plasma appears to be stable and undergoes radial oscillations that follow the current oscillations. 
The interpretation and significance of these observations in controlled thermonuclear fusion research are 


discussed. 


I. INTRODUCTION 


BSERVATIONS of the magnetic compression of 
the plasma behind strong shock waves were ex- 
tended to field strengths of 60000 gauss with larger 
shock tubes and longer confinement times than in 
previous work.' The series of experiments reported in 
this paper are part of an investigation of methods for 
reaching thermonuclear temperatures by first pre- 
heating a tube filled with deuterium gas by means of 
high-velocity shock waves, and then compressing this 
plasma by a rising magnetic field along the axis of the 
shock tube. This paper is mainly concerned with the 
shock pre-heating and the initial stages of the com- 
pression. Experimental studies with still higher fields 
(>2X 10° gauss) and longer containment times will be 
discussed in subsequent publications, together with ex- 
perimental results on an alternative method of pre- 
ionizing and pre-heating deuterium gas using a high- 
frequency (~10 Mc/sec), high-power, electrodeless 
condenser discharge (~ 10" watts). The plasma formed 
in this way can then be compressed by a rising axial 
magnetic field as discussed in this paper. 
The general technique employed is to first accelerate 
a deuterium plasma by means of a high current dis- 
charge in a transverse magnetic field at one end of a 
* Jointly supported by the Office of Naval Research and the 
U. S. Atomic Energy Commission. This paper includes work 
reported at the Conferences on Controlled Thermonuclear Re- 
actions, A.E.R.E. (Harwell, England) June, 1957, and U.S. Naval 
Research Laboratory (Washington, D. C.), February, 1958 


(unpublished). 
1A. C. Kolb, Phys. Rev. 107, 1197 (1957). 


T-shaped quartz tube? or at both ends of an H-shaped 
tube. Ion energies of ~100 ev/ion can be achieved 
behind strong shock waves which propagate up the 
sidearm of the T (or H) tube. The sidearm is surrounded 
by single-turn coils connected in parallel to a large 
condenser bank. The bank is switched on when the 
shock wave enters the coil system. The currents which 
flow in the coils induce plasma currents which exclude 
magnetic fields from the interior of the high con- 
ductivity gas of ionized deuterium formed behind the 
shock front. In this way a boundary is established 
between the axial magnetic field and the plasma. If the 
magnetic pressure H?/8r exceeds the gas pressure 
(Ni; +NikT, the plasma moves radially inward from 
the walls of the tube. This compression results in an 
increase in the internal energy of the plasma and 
maintains the high shock velocity during the transit 
time of the shock wave through the coil array. In addi- 
tion, energy is deposited in the plasma by Joule heating 
due to the high surface currents. The configuration of 
currents and fields used here is reversed with respect 
to those encountered in the “‘pinch effect” where there 
are 6@-fields around a column of compressed plasma 
carrying a high axial current. The present experiments 
have shown that under certain circumstances there is 
no large scale instability of the compressed plasma 


2A. C. Kolb, Phys. Rev. 107, 345 (1957); Bull. Am. Phys. Soc. 
Ser. II, 2, 47 (1957); A.C. Kolb, in Magnetohydrodynamics, edited 
by R. K. M. Landshoff (Stanford University Press, Stanford, 
1957), p. 76. See also A. I. Morozov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 305 (1957) [translation: Soviet Phys. JETP 5, 
215 (1957) ], for theoretical considerations. 
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behind a high-velocity shock wave, while a pinched 
plasma without an internally trapped axial field is 

ighly unstable.’ This suggests that there is a possibility 
of reaching thermonuclear temperatures in plasmas 
with 8~1 (8= gas pressure/magnetic pressure) without 
the need for additional stabilizing fields. 


II. SEMIQUANTITATIVE CONSIDERATIONS 


Consider the behavior of a cylinder of plasma 
bounded at one end by a shock wave and subjected to a 
rising external magnetic field in the direction of shock 
propagation. The conductivity of the plasma is taken 
to be infinite so that we neglect the penetration of the 
field into the cylinder. Now, if the temperature is 
sufficiently high, then the magnetic field can be assumed 
to change slowly compared to the transit time of a sound 
wave across the cylinder of plasma and the compression 
will be essentially adiabatic. The field will rise to a 
certain value Ho in a time ¢/p until the magnetic pressure 
equals the gas pressure 2NokT) (we take the ion 
density to be equal to the electron density for sim- 
plicity). Then radial compression takes place. The 
adiabatic compression of the cylinder can be computed 
by considering the coil and plasma cylinder to be 
elements in an electrical circuit with a time-dependent 
inductance. The appropriate circuit equation is 


1 d 
Vo-— (1d? = L(+, 
si ue 


(1) 
L(t) = (4*/el)(R?—R,?), 


where Vo is the voltage at time ¢ across the external 
inductance L, and the coil of radius R, and length J, 
I is the current, C is the capacitance of the condenser 
bank, and L(¢) is the inductance of the coil-plasma sys- 
tem at time /. For an adiabatic radial compression we 
have H?/8m=NkT and N/No=(T/To)*"= (Ro/R>)’, 
where y=C,/C,, Ro is the plasma radius at time fo, R, is 
the plasma radius at time ¢, and N is the number density 
(ions and electrons)/cm? at time ¢. If the translational 
relaxation time is long compared to the compression 
time, then there are only two degrees of freedom and 
we may take y=2 and obtain solutions of (1) in closed 
form. If the time of compression is long compared to the 
relaxation time, then y~5/3. However, for the present 
purpose, a 20% inaccuracy in y is of little importance 
since we seek only rough estimates of the parameters 
which characterize the state of the compressed plasma. 

* Artsimovich, Andrianov, Bazilevskaia, Prokhorov, and Filip- 
pov, Atomnaya Energiya 1, No. 3, 76 (1956) [translation : Soviet 
J. Atomic Energy 1, No. 3, 367 (1956)]; M. A. Leontovich and 
S. M. Osovets, Atomnaya Energiya 1, No. 3, 81 (1956) [ transla- 
tion: Soviet J. Atomic Energy 1, No. 3, 371 (1956) ]; L. C. 
Burkhardt e¢ al., J. Appl. Phys. 28, 519 (1957); O. A. Anderson 


et al., Phys. Rev. 109, 612 (1958). See also the series of articles in 
Nature (January, 1958). 
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For y= 2, one finds‘ 
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where Lo= (42°/c*l) (R2— Ro?) and Ro are the inductance 
and plasma radius at the time ¢o. If the coil radius and 
the plasma radius are nearly equal and if the external 
inductance is small, then it can be shown with (2) that 
the maximum temperature is approximately Tmax= To 
X (energy stored in the condenser bank/energy stored 
in the plasma at fo)!. Suppose, therefore, that one shock 
heats 200 cm* of deuterium at an ambient density of 
10'* atoms/cm’ to 10° °K. Then the plasma energy is 
~55 joules. For, say, 20000 and 200000 joules of 
stored energy, temperatures of ~2X 10’ and 6X 10’ °K 
are energetically possible. These estimates are admit- 
tedly crude and serve only to guide the selection of 
experimental parameters in designing the apparatus. 
It can also be shown that the time fo before compression 
can be made quite small (<0.1 usec) by using low- 
inductance circuits in the condenser discharge. This has 
been verified experimentally. 

These considerations do not apply to the plasma im- 
mediately behind the shock front, because there one 
cannot use the adiabatic relations. Instead it is neces- 
sary to employ the Rankine-Hugoniot relations which 
govern strong shock waves.® The molecular deuterium 
ahead of the advancing front is nonconductive and 
therefore is not influenced by the pulsed magnetic field. 
After the passage of the shock wave, the magnetic 
pressure acts on the newly formed plasma and it begins 
to contract. We therefore expect that the compression 
will be greatest some distance behind the front and that 
the adiabatic formulas will have some degree of applic- 
ability in this region. It should also be pointed out that 
at very high velocities, i.e., ~20X 10° cm/sec, and for 
densities of the order 10'* cm~, the mean free path in 
the plasma starts to increase to the point where it 
is not correct to treat the front as if the shock thick- 
ness is small compared to characteristic lengths of the 
experimental apparatus. 
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4 A.C. Kolb, Proceedings of the Geneva Conference on Peaceful 
Uses of Atomic Energy, Vol. 31, P/345, 1958 (to be published). 
5 See, for example, reference 2. 
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Ill. EXPERIMENTAL ARRANGEMENT 


The shock tubes used in this work were 3 cm i.d. and 
the coils around the tube were 3.6 cm i.d. with a 1-cm 
rectangular cross section. The coils were connected in 
parallel to a condenser bank and had a 1-cm spacing. 
Both “T” tubes and “‘H” tubes were used. In an “H” 
tube there are a pair of electrodes at both ends of the 
tube as shown in Fig. 1. The back straps which carry 
the return current provide the magnetic field which 
causes the electromagnetic acceleration of the plasma 
into the sidearm. By striking a discharge simultaneously 
at both ends of the tube, shock waves are generated 
which strike one another at the center of the tube. 
This shock collision brings the plasma to rest and trans- 
forms the energy of the ordered motion into thermal 
energy 

The high current between the electrodes at one or 
both ends of the tube is generated by switching a 50-kv, 
0.5-uf, 700-kc/sec condenser.* The switch consists of a 
pair of electrodes in a helium atmosphere with a gap 
spacing sufficient to hold off the discharge voltage. It is 
triggered by a second trigger gap mounted inside the 
switch. The trigger condenser is operated at ~65 kv 
with 0.01 uf and 1.3 Mc/sec. The delay time after 
triggering is less than 10-’ sec. In this experiment, the 
coils are energized by a 20-kv, 100-uf bank of 100 con- 
densers connected in parallel. These condensers are en- 
closed in a steel cabinet immediately behind the tube. 
The condensers are arranged in four columns of 25 con- 
densers and are connected by flat copper plates sepa- 
rated by 0.021 mil of Mylar. The total inductance of 
the external circuit, including the air gap switch, is 
0.022 uh so that (dJ/dt),.0 is ~10" amp/sec. The calcu- 
lated and measured external inductance agree within 
25%, the major uncertainty being the switch induc- 
tance.’ The inductance of the coil may be estimated 
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Fic. 1. Schematic illustration of the H-tube and coil arrangement. 





6 All of the data discussed in this paper were obtained at 50 kv 
although the condenser used can be charged to 125 kv. 

7 Since switching is a major problem in working with million- 
ampere discharges, the high-current switches used with large 
condenser banks at NRL will be described in more detail elsewhere. 
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from the formula L.=3.95X10R2/— uh for a single- 
turn coil whose length is large compared to the radius. 
For /=20cm and R,=1.8cm (these dimensions are 
typical), one finds that L.=0.006 uh. The total meas- 
ured inductance, including the coil and connections 
to the bank, is 0.03 uh and is also in good agreement 
with the calculated value. These figures were obtained 
from an analysis of current oscillograms. The effective 
resistance of the circuit can be found from the damping 
and is ~0.004 ohm. This resistance is due primarily 
to the air-gap switch. The time to maximum current 
calculated from the resistance, inductance, and capa- 
citance is 2.6 usec and is in accord with the observed 
time. The maximum current at full voltage is 950 000 
amperes so that with H&0.4r//l, the maximum field 
for the 20-cm coil array is ~60000 gauss. The coil 
shown in Fig. 1 is 30cm long so that the attainable 
fields in this tube are somewhat lower. It should be 
remarked here that much higher fields have been ob- 
tained in other experiments. Our purpose in the series 
of experiments reported here was not to obtain very 
high fields and extreme temperatures but to study the 
acceleration, confinement, and hydromagnetic stability 
of high 6 plasmas and to utilize this information in the 
design of our present high-energy devices. 


IV. T-TUBE EXPERIMENTS 


Studies of the dynamic stability of the radially com- 
pressed plasma behind high-velocity shock waves were 
carried out with T-tubes. When the large condenser 
bank was discharged’ just after the shock entered the 
first turn of the coil system, it was found that shock 
velocities of (10-20) X 10-* cm/sec could be maintained 
during the transit through the coil. Typical streak 
camera photographs which compare the velocity with 
and without an axial magnetic field are shown in Fig. 2. 
In the no-field case one observes a rapid attenuation 
due to both wall cooling and the progressive heating of 
deuterium gas as the shock moves along the tube. The 
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Fic. 2. Smear camera photographs of the propagation of strong 
shocks in deuterium (200 microns ambient pressure) with and 
without a confining axial field. The dark shadows are from the 
coils used to generate the axial field. The maximum field here was 
40 000 gauss. The high initial velocity is maintained by the action 
of the confining field. 
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Fic. 3. Position 
versus time plot of 
the position of the 
luminous front for 
two ambient pres- 
sures. The open and 
solid data points are 
from two different 
experiments under 
the same conditions. 
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periodic bursts of luminosity when the axial field is 
present is due to the successive compressions and ex- 
pansions of the plasma caused by the current oscilla- 
tions in the 100-uf condenser bank. 

In Fig. 3 we have plotted the position of the shock 
front as a function of the time for two different ambient 
densities. The black and white data points represent the 
degree of reproducibility that can be obtained for two 
different experiments under the same conditions. If the 
electrodeless discharge due to the pulsed axial field is 
delayed, then one observes that at the time the large 
bank is switched there is an abrupt acceleration of the 
front. This behavior is illustrated in Fig. 4 where a 
smear camera photograph shows this acceleration 5 usec 
after the shock passes the first coil. On this photograph 
one can also observe the radial compression of the 
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Fic. 4. Acceleration of a deuterium plasma as a result of the 
compression due to a rising axial field delayed 5 psec. The radial 
compression can be observed at two positions along the tube by 
using image rotators (see Fig. 6). 


plasma at two points on the tube (denoted there by 
“image rotator’). At these points the abscissa is the 
plasma radius. A T-tube with coils and two image 
rotators, photographed in its own light, is shown in 
Fig. 5. The compression here is approximately § of the 
tube radius. The compressed plasma is remarkably 
stable. There is no evidence here of any instability of 
the plasma column. An examination of the original nega- 
tive shows that there is apparently a sharp boundary 
established between the luminous plasma and the 
external magnetic field. The plasma radius is observed 
to follow the periodic oscillations of the field. The radial 
compression also appears to be adiabatic on the first 
compression since radial shock waves are not observed. 
This is in accord with the expectations outlined pre- 
viously in II. 


CM sithihos 


Fic. 5. T-tube and field coils photographed in its own light 
showing position of image rotators. The initial acceleration occurs 
at the right of the figure. 
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The compression, radial stability, and high velocity 
during the compression cycle are also illustrated in 
Fig. 6. In this case the external field was switched 
approximately 1 usec after the shock entered the coil. 
After the time of maximum compression (at maximum 
current) the shock velocity begins to decrease as the 
plasma column starts to expand. For purposes of com- 
parison, a smear camera photograph of the propagation 
of a shock wave without a confining field is also shown 
in Fig. 6. In order to observe the plasma as it leaves 
the far end of the coil when the axial field is large, an 
8-turn coil was used. There is a sharp deceleration 
after the plasma leaves the magnetic channel as can 
be seen in Fig. 7 for a shock wave in deuterium. 

The various observations have demonstrated that 
high shock velocities in deuterium (~Mach 100) can be 
maintained by driving a shock-heated plasma radially 
away from the walls of the shock tube. The compression 
raises the internal energy of the plasma and this 
markedly influences the velocity. We also have the 
interesting result that in this geometry the com- 
pressed plasma column is stable in the center of the 
tube in contrast to the unstabilized pinch discharge. 


V. H-TUBE EXPERIMENTS 


The electrodes at both ends of an H-tube are con- 
nected in parallel to a high-voltage condenser of the 
type described in Sec. III. It is possible to fire the 
parallel gaps simultaneously with an electrode separa- 
tion of 2-3cm because of the low ambient pressures 
(0.1-1.0 mm Hg). This result is in accord with recent 
studies of the ignition of high-voltage discharges in 
hydrogen.* The two shock waves are observed to strike 
one another very nearly at the cénter of the tube from 
smear camera photographs (Fig. 8). A comparison of 
the film blackening with and without an axial contain- 
ing field shows that there is considerably more light if 
there is no containment. This is due to influx of silicon 
and oxygen from the tube walls which are responsible 
for most of the radiation. The magnetic insulation re- 
duces the impurity level and consequently less light 
is emitted. At temperatures above 30000 °K the 
deuterium is fully ionized so that there is no line 
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Fic. 6. Smear camera photographs with and without confining 
field (double exposure) showing radial compression and the 
stability of the confined plasma. The time and distance scale are 
the same as in Fig. 5. The velocity falls off rapidly as the field 
decreases in magnitude. The ambient pressure was 400 microns 
deuterium with a maximum field of 15 000 gauss. 


8A. S. Pokrovskia-Sobeleva and B. N. Kliarfel’d, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 993 (1957) [translation: Soviet 
Phys. JETP 5, 812 (1957). 
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Fic. 7. Smear camera photograph showing the sharp decelera- 
tion of the luminous front as the plasma leaves the magnetic 
channel. The ambient pressure was 200 microns deuterium and 
the maximum field is 30 000 gauss. 


spectrum and the radiation is mainly due to brems- 
strahlung and recombination in the ionized gas. The 
greatly increased radiation intensity after the first 
half-cycle of the axial field is also caused by impurities 
picked up from the walls during the time that the 
field is near zero. One also observes that the velocity 
of the reflected shock after collision at the tube center 
is much greater due to the greater sound speed in 
the compressed plasma relative to the sound speed 
when the plasma is not magnetically contained. The 
interval between the time that the primary shock 
enters the coil and the time that reflected shock leaves 
is ~3 usec. During this time the effect of end losses 
should not be serious. To extend this time interval it is 
necessary to use correspondingly longer tubes or to 
trap the plasma in the coil by magnetic mirrors’ at 
the tube ends. 

By these general methods and by utilizing higher 
magnetic fields with longer containment times, there 
are now experimental indications that temperatures 
in the thermonuclear range are feasible. Experiments 
with this object are now in progress that employ a 
285 000-joule condenser bank rated at 20 kv with 
1430 uf. There are 99 Tobe-Deutschmann capacitors 
connected in parallel by large copper plate trans- 
mission lines. The total external inductance is 
~0.003 uh. This figure is somewhat variable and 
depends on the switch inductance. The short circuit 
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®R. F. Post, Bull. Am. Phys. Soc. Ser. II, 3, 196 (1958). 
0 L. Spitzer, Physics of Fully_Ionized Gases (Interscience Pub- 
lishers, Inc., New York, 1956), pp. 11, 12. 
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current capability is ~15X10° amperes in 2.8 usec 
with dJ/dt~6X 10" amp/sec. With this apparatus, fields 
of 100 000-500 000 gauss have been generated with 
magnetic pressures up to ~ 10000 atmospheres in a 
single-turn coil with magnetic mirrors, producing high- 
energy radiation at the time of maximum current as 
observed through 2 cm Pb on a scintillation counter.*"! 


1 Note added in proof.—A similar apparatus (Scylla) has been 
assembled at the Los Alamos Scientific Laboratory and measure- 
ments of neutron production have been reported by Boyer, 
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Absorption Spectrum of KCl:Tl at Low Temperatures 
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The ultraviolet absorption spectrum of thallium in single-crystal potassium chloride has been accurately 


Lil 


measured down to 187 my at 295°, 77 


, and 4°K. The asymmetry apparent in both major bands at room 


temperature disappears at low temperature. The existence of two kinds of singlet thallium centers in slightly 
different crystalline environments is suggested as a possible explanation. 


HE general structure of the optical absorption 
spectra characteristic of thallium in alkali halide 
crystals has been known for some time. It consists of 
two principal bands called the A and C bands and a 
much weaker B band (A4>Ag>Ac). These absorptions 
and two emission bands associated with them have 
been ascribed to a center composed of a substitutional 
thallium ion and its chlorine nearest neighbors. A 
“configuration coordinate diagram,” which gives the 
energy levels of the center as functions of a distance 
parameter, has been proposed by Seitz and developed 
quantitatively for KCl:Tl by Williams to explain the 
center’s behavior. Inherent in the model is the assump- 
tion that the absorption and emission bands are simple 
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Fic. 1. The A-band absorption in KCI: TI. 


and Gaussian in shape. Recent excitation data!’ have 
indicated that another more complex center is active in 
the A-band region and is responsible for the visible 
emission band. The present absorption data show 
further complexity in both A and C bands. The absorp- 
tion measurements were made with a Cary model 14M 
recording spectrophotometer with which considerably 
greater accuracy and detail can be obtained than has 
been previously available, particularly in the short- 
wavelength C band. The data were taken at 295°, 77°, 
and 4°K using a Dewar described elsewhere.? The 
single crystal used was grown by the Kyropolous 
technique and had a TI concentration in the crystal of 
about 19 ppm. Results of identical runs without 
samples were subtracted from the data before plotting. 

The A band is shown in Fig. 1. The general behavior 
with temperature is similar to that of the excitation 
spectrum for ultraviolet emission’ and to previously 
published absorption data.’ The absorption half-width 
at room temperature (0.202 ev) matches Johnson and 
Studers”® value very well. The low-temperature half- 
widths however are about 15% lower, with measured 
values of 0.107 ev at 77° and 0.094 ev at 4°K. In 
addition, the band at low temperatures is very nearly 
symmetric, in contrast to the obvious asymmetry 
found at room temperature. Thus it is apparent that 
the room-temperature absorption half-width must not 
be used to compute or check the simple configuration 


1D. A. Patterson and C. C. Klick, Phys. Rev. 105, 401 (1957); 
K. H. Butler, J. Electrochem. Soc. 103, 508 (1956). 

2G. A. Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956). 

*P. D. Johnson and F. J. Studer, Phys. Rev. 82, 976 (1951). 
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coordinate curves for the center which assume a single 
symmetric band. Klick and Schulman‘ have shown 
that the configuration coordinate curves can be com- 
puted from the low-temperature peak positions and 
half-widths of the absorption and emission bands. The 
physical significance of the resulting curves can be 
evaluated by using them to compute the room-tempera- 
ture emission half-width and comparing it with the 
experimental value. We shall use the notation U for 
peak position, H for half-width and the subscripts A 
and £ for absorption and emission. When the 4°K 
experimental values (U/4=5.024 ev, Ug=4.120 ev 
H4=0.094 ev and Hg=0.32 ev) are used to derive the 
ground (4S) and first excited (*P;) states in the con- 
figuration coordinate diagram, the resulting computed 
Hg at 295°K is 0.71 ev. This is to be compared with 
the experimental value of 0.54 ev and represents some- 
what closer agreement than a previously published 
value of 0.91 ev.® 

Since the A-band absorption asymmetry disappears 
at low temperatures and the equations of the configura- 
tion coordinate curves are obtained using these low- 
temperature, single-band data, it should be interesting 
to use these equations to compute the (single band) 
absorption half-width to be expected at room tempera- 
ture. The resulting calculated value of H4=0.163 ev 
seems reasonable since it is less than the experimental 
(complex band) value of 0.202 ev. If a qualitative 
resolution of the complex, room-temperature A band 
is now carried out assuming a symmetric band peaked 
at 247 my with this calculated half-width, a second 
band with a maximum at about 253 muy results. 

The B and C bands lie in a spectral region which is 
inaccessible to most instruments with the result that 
good, detailed data on the bands have been lacking. 
The Cary spectrophotometer used in this work extends 
to 185 my and has made accurate study of the bands 
possible. The measurements have been extended to 
4°K and are plotted in Fig. 2. The temperature- 
dependent behavior is quite similar to that of the A 
band in Fig. 1. At 295°K, both figures show a broad 
band with marked asymmetry on the low-energy side. 
At low temperature, both sharpen into nearly sym- 
metric, apparently single bands. The experimental C- 

*C. C, Klick and J. H. Schulman, J. Opt. Soc. Am. 42, 910 


(1952). 
5 F. E. Williams, J. Chem. Phys. 19, 457 (1951). 





Fic. 2. The B- and C-band absorptions in KC1:TI. 


band half-widths are 0.38, 0.234, and 0.207 ev at 295°, 
77° and 4°K, respectively. The values at 295° and 77° 
are 25-30% less than those previously published® and 
no 4°K values are available for comparison. 

Recently Eppler and Drickamer’ have found that, 
accompanying the phase change (NaCl-type to CsCl- 
type) induced by pressure in KC1:TI, there is a dis- 
continuous shift (by about 5 my) of the A band to 
higher energy. This structure dependence, plus the 
fact that TIC] has the CsCl-type structure, suggests 
that a partial explanation of the complex absorption 
bands might be the existence of two kinds of singlet 
thallium centers, one in NaCl-type surroundings and 
another in a local CsCl-type environment. Assuming 
this picture, the disappearance of the low-energy com- 
ponents at low temperatures in Figs. 1 and 2 might 
indicate that CsCl-type centers are preferred at low 
temperature. Similarly, the disappearance of the low- 
energy component in the excitation spectrum observed 
in crystals with very low (<1 ppm) TI concentrations 
could be interpreted as meaning that the CsCl-type 
center is also preferred at low concentrations. Results 
of further studies of the effects of temperature and 
thallium concentration will be reported at a later date. 
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A quantum mechanical theory of infrared absorption by conduction electrons in germanium due to intra- 
valley lattice scattering is developed which takes into account the multivalley structure of the conduction 
band as well as the present knowledge about intravalley lattice scattering. Within the framework of the 
deformation-potential theory the calculation can be performed without any serious approximations for all 
relevant wavelengths and all relevant temperatures. The final result for the absorption constant due to 
scattering by acoustical modes contains the two deformation-potential constants and may be of help for 
their quantitative determination. If their numerical values as known at present are used for the numerical 
evaluation of the absorption constant at \=10~* cm and T =78°K, the result is too low by a factor of about 
5 as compared to the experimental result of Fan and Spitzer. If this discrepancy is ascribed to the influence 
of the optical modes, an estimate may be made of the strength of the coupling of a conduction electron to 
these modes. On the basis of a simpler model, impurity scattering is also considered and regions of impurity 
concentration, wavelength, and temperature are indicated where impurity scattering may be neglected. 
Besides the determination of the deformation potential constants, the theory may be useful for the explora- 
tion of the band structure and the various scattering mechanisms and also for the study of impurity-band- 


conduction phenomena. The general limits of validity of the theory are indicated. 





1. INTRODUCTION 


EARLY all electronic processes of a semicon- 

ductor are governed mainly by two fundamental 
properties, viz., the band structure of the relevant 
energy bands and the scattering processes which cause 
transitions of the mobile charge carriers between the 
various electronic states of these bands. For a number 
of important semiconductors the band structure has 
successfully been explored mainly by cyclotron- 
resonance experiments!? and by the analysis of mag- 
netoresistance data.’ After this various authors have 
combined the knowledge of the real band structure 
with the results of various sorts of experiments on 
electronic transport phenomena in order to analyze 
the scattering processes.*~* 

Though great progress has been made, some un- 
certainties in the analysis remain due to the fact that 
the analysis of transport phenomena requires the solu- 
tion of a Boltzmann transport equation which can only 
be obtained approximately by introducing the concept 
of a relaxation time. Even with this approximation, the 
final results are rather intricate, and for the case of 
acoustical intravalley scattering, definite quantitative 
information about the magnitude of one of the de- 
formation potential constants is difficult to obtain. Even 
less is known about the magnitude of the “deformation 
potential constant” belonging to the optical modes. 

However, there is another physical phenomenon 
which depends on both the band structure and the 
scattering processes but which does mot require for its 
description the solution of a Boltzmann transport 
equation; this is the absorption of light due to mobile 


1 Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

? Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1954). 
3B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
4W. A. Harrison, Phys. Rev. 104, 1281 (1956). 

5 W. P. Dumke, Phys. Rev. 101, 531 (1956). 

6 C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 


charge carriers. It is the purpose of this paper to 
formulate the theory of this process for conduction 
electrons in germanium in such a way as to take into 
account the real structure of this band as well as the 
present knowledge about the scattering mechanism. 
(Former work’ did not take these details into account.) 
A further aim is to show that, at least for intravalley 
lattice scattering, this theory can be developed in 
great detail and with great accuracy for all relevant 
wavelengths and temperatures and that experiments 
can be indicated which would yield valuable information 
about the deformation potential constants for acoustical 
as well as for optical modes and others which may be 
of help in the exploration of the structure of the con- 
duction band or which may shed light on the impurity 
band problem. In Sec. 2 the matrix elements of the 
interaction of the conduction electrons with the radi- 
ation field and with the various modes of lattice vi- 
brations are given, and a general expression for the 
absorption constant due to intravalley lattice-scattering 
is given in Sec. 3. Then an explicit expression for the 
absorption constant due to acoustical intravalley- 
scattering is derived and discussed in detail. In Sec. 5 
the same is done for scattering due to optical modes 
and an estimate is made of the strength of coupling 
of the conduction electrons to these modes. Then an 
estimate is made of the contribution of impurity scat- 
tering to the absorption constant and those regions of 
impurity content, temperature, and wavelength are 
indicated where impurity scattering is negligible. The 
limits of validity of the theory are discussed and con- 
clusions are given in Sec. 7. 


2. EFFECTIVE-MASS THEORY OF INTERACTIONS 


The process of absorption of an infrared photon by 
a conduction electron in germanium, if due to intraband 


‘1 Fan, Spitzer, and Collins, Phys. Rev. 101, 566 (1956). 
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lattice scattering, involves the interaction of this 
electron with perturbing potentials which vary only 
very little over a distance of the order of a lattice 
parameter. This holds for the electron-lattice interaction 
at least as far as vibrational modes with wavelengths 
large as compared to the lattice constant are concerned, 
and also for the interaction of the electron with the 
radiation field. Thus the effective-mass theory may be 
applied and all matrix elements occurring in our further 
calculations may be calculated by taking plane waves 
for the wave functions of the conduction electrons. It 
goes without saying that the appropriate perturbing 
potentials valid for this effective-mass approach have 
to be taken. For the electron-lattice interaction these 
potentials have already been studied extensively by 
various authors**; the appropriate form of the inter- 
action potential of a conduction electron with the 
radiation field is most easily derived. 


2.1 Interaction with the Radiation Field 


The interaction operator 1,), rsa for an electron with 
the radiation field is given in various text books.® Its 
matrix element for a process in which a photon of wave 
vector «x (frequency v) and direction of polarization e, 
is annihilated by a conduction electron in a crystal, 
going from a quantum state described by the wave 
function ¥, to a quantum state described by yx is 
given by 


h/ch\' e 
(0K |Hanal 1sh)=-(— ) —e€, 


t\vQ/ me 


x five" exp(ix-r) gradwxdr. (2.1) 
a 


Here vt, c, and e have their conventional significance ; 
Q is the volume of the usual “periodicity cube,” here 
identified with the volume of the crystal; m is the 
normal electronic mass; and finally ¢ is the “optical” 
dielectric constant of the crystal, which has to be 
inserted here since for photons of sufficiently long wave- 
lengths the crystal plays the role of a continuous 
medium with this dielectric constant.® In the form as 
written in (2.1), the calculation of the matrix element 
of Hei, rma requires the knowledge of the Bloch wave 
functions ¥, and y¥,- of the conduction electron which 
are of the well-known form 


x= 2 exp(ik-r)ux(r), (2.2) 


where u(r) has the periodicity of the crystal lattice. 
By making use of some well-known theorems about 
Bloch functions” we may eliminate the functions u(r) 


8See, e.g., W. Heitler, The Quantum Theory of Radiation 
(Clarendon Press, Oxford, 1954), third edition, Sec. 14. 

Tt should be noted that even in the far infrared the contri- 
bution of the conduction electrons to the dielectric constant can 
for our purposes be neglected. 

See, e.g., A. H. Wilson, The Theory of Metals (Cambridge 
University Press, Cambridge, 1953), second edition, Sec. 2.8. 


ABSORPTION BY CONDUCTION 


ELECTRONS 


from the integral occurring in (2.1) as follows: 
fas Yx'* exp(ik-r) grad. 
a 


= by, kU f(a gradan)-+ikiy. nse fd Uy*U, 


v v 


=[i(m/h*) grady E(k) +O(k) lox: ere, (2.3) 
where E(k) is the energy of a conduction electron with 
wave vector k, O(x) is a correction term of the order 
of x and » is the volume of a unit cell. In the neighbor- 
hood of one of the energy minima of the conduction 
band, we may write 
Wt (k2a—Roz)? (Ry—Roy)? (Re—Roz)? 
E(k) = — ————--+——_-+ —HJ, (2.4) 


my my Me 


where m, and m» are the transverse and the longitudinal 
effective mass of the electron and Kp is the wave vector 
belonging to the energy minimum under consideration. 
A system of coordinate axes is taken such that the 
z axis coincides with the direction of ko; we call this 
the coordinate system belonging to the energy minimum 
considered. Introducing the second-rank tensor &@ 
according to 

0 0 

a=| 0 m/my o.- 3, 
0 0 m/me 


(2.5) 


we may write E(k) in the form 


E(k) = (#2/2m) (k—ko)&(k—ko), (2.6) 


so that we find for the right-hand side of (2.3): 


[i(m/h?) gradyE(k)+O(k) Jon’, coe 


=[ia&(k—ko)+O(k) 5x, k+«- (2.7) 


As at all relevant temperatures practically all con- 
duction electrons have wave vectors k—ko which are 
much larger than « for light of all relevant wavelengths, 
we find for the matrix element (2.1) of the interaction 
of the electron with the radiation field in very good 
approximation 


(0,,k’ | Aa, rad | 1,,k) 


=h (Ch/veQ)*(e ‘mc)ea(k— ko) dy, k- (2.8) 

It is easily seen® that this is equivalent to the statement that 
for a many-valley-band model in the effective-mass approxi- 
mation the interaction operator of a conduction electron with 
one radiation oscillator, here simply indicated by x, is, as far as 
annihilation of a photon is concerned, given by 


Aoi, raa (annih,x) = (4rc?/Q) 4d, exp (xr) (e/mc)ea 
XL (#/4) grad, —ko], 
where 6, is the corresponding annihilation operator. 


(2.9) 





Bi Bo S. 


2.2 Interaction with Acoustic Modes 
(Deformation Potential) 


In the notation of reference 6, the shift in energy of 
the [111] valley due to an elastic strain given by the 
strain tensor é;:, which is related to the displacements 
5R; according to 

j= d5R;/dx1, (2.10) 


is given by 

Hat, xc= 21 (Cre tb Cyyt les) ta(Cys tesa t Czy): 
Here the system of the (100) axes is taken as the frame 
of reference. It is convenient to transform to the 
coordinate system of the [111] valley. We then find, 
in the system of the [111] valley with the [111] 
direction as z axis, 


Aa, ac= Had r CutZulss, 


(2.11) 


(2.12) 
where 


4) u= 3s. (2.13) 


4-1 


We now decompose the elastic displacement into 
normal modes in the usual way 


sin¢-r) 


5R= (—) x Eada) (2.14) 


MN 


’ 
cose-r] 


where M is the mass of a germanium atom, N the 
number of unit cells (containing two atoms) in our 
volume 2, < is the wave vector of the normal mode, 
E is a unit vector in the direction of polarization, s runs 
over three indices indicating the longitudinal (/) or 
transverse (t;,f2) character of the lattice wave, and 
g.(t) is the normal coordinate of the corresponding 
mode. The curly bracket indicates in the usual way that 
in one half of the wave-vector space the sine mode 
should be taken and in the other half the cosine mode. 


From the above equation we easily get 


‘ie. %.. cost:-r 
mn(h) ee I 
MN = —sint-r 


X [q:(Zat+2. cos’6)—9:=., cos@ sinf}, (2.15) 


where @ is the angle between + and the z axis. The 
contributions of the two transverse modes to Het, sc 
have_been collected into one term, indicated by the 
index ¢. Making use of the well-known expression for 
the matrix elements of q, 


(n'|q|n)= (3nh/w)%3w, nat[h(n+1)h/w Pw, npr, (2-16) 


where w is the frequency belonging to the mode of 
vibration considered, we find for the matrix elements of 


Au, acy 
(n,' k’ | Hai, x | n,,k) 


h ; 8x, ker toe, k—r 
-(—)az [| 
MN * x, k+r Ox’, k—r 


x [,4in,’ ne -1+ (m+ 1) tin,’ .ns + 1]0,*/w,'. 
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Here s may take two values. Either s=/ for longitudinal 
modes or s=¢ for transverse modes. The corresponding 
expressions for the factors Q, are 


O;°=7 (Zatz. cos’), 


O;“°= — rE, cosé sind. 


(2.18) 
(2.19) 


2.3 Interaction with Optical Modes 


If certain assumptions are made about the origin of 
a perturbing potential due to any deviation of the 
crystal atoms from their equilibrium positions, this 
potential can be given also for a lattice distortion 
corresponding to that of an optical mode of vibration. 
If then use is made of the knowledge of the symmetry 
properties of the electronic Bloch wave functions near 
the energy minima in the conduction band, the form 
of the perturbation potential to be used in the effective- 
mass approach can be derived. Such an analysis, valid 
if the perturbing potential corresponding to the 
deformable-ion hypothesis is used, was performed by 
Harrison.‘ If his results are used and one frequency 
wo is assumed for longitudinal as well as for transverse 
optical modes, we find, for the matrix element of the 
interaction operator H,),op, of a conduction electron 
with the optical modes of vibration, 


(n,’ Jk’ Hai, opt | nk) 


(i) * 


| Sx’, eee t On, x—r 
© 1 1B unten, k—+ 
X (1, *n4’.ne—1+ (+1) *5n,’.ne 4 1 10,,°P*/wo!. 


(2.20) 


Here again s may take two values, / for longitudinal 
and # for transverse modes. The corresponding co- 
efficients Q,°°* are now given by 


Q,"*=D cosé, 0,?t=—D siné, (2.21) 


where we have introduced the coupling constant D 
which is equal to the absolute value of the vector D 
used by Harrison.‘ 


3. GENERAL EXPRESSION FOR THE ABSORPTION 
CONSTANT DUE TO INTRAVALLEY 
LATTICE-SCATTERING 

As is well known, due to the requirements of simul- 
taneous conservation of energy and crystal momentum, 
no light can be absorbed by an electronic transition of 
an electron within one band, unless simultaneously 
phonons are emitted or absorbed." Thus, the absorp- 
tion of light by a conduction electron has to be treated 
by a second-order perturbation calculation in which 
the interaction of the electron with the lattice vibra- 
tions and with the radiation field is treated simul- 
taneously. 

The influence of the other possibility, that momentum is 


taken up by an impurity in the lattice, will briefly be discussed 
in Sec. 6. 





INFRARED ABSORPTION 


BY CONDUCTION 


ELECTRONS 


TaBLe I, Enumeration of possibilities which exist for a conduction electron k to reach a state with wave 


vector k’ by absorption of a photon x. 


Initial state: one photon x, one electron k 


Absorption of photon x 
Electron k+* 
Exse 


Cause 
Result 
Intermediate energy 





Absorption of phonon # 
Ey =Ext+hv+the 


Cause 
Final electronic energy 


By such a calculation, the probability per unit time 
that the total system, consisting of the radiation field, 
the lattice vibrations, and the conduction electron, 
makes a transition from an initial state 7 to a final 
state f is given by 


W yin = (29/h) [dul (S| A | uu| 1} 1) / 


(E:— Ey) P6(E;—E;). (3.1) 


Here H is the total interaction operator causing the 
transition which in our case would be given by 
H = Hai, rsa t+ Her, c+ Hei,opt, and the sum over “ goes 
over all intermediate (virtual) states compatible with 
the special requirements of the system. We now 
identify the initial state with a state where we have one 
photon of wave vector x (and polarization e,) and an 
electron of wave vector k, and the final state with that 
where the photon has been absorbed due to a transition 
of the electron into a state (within the same valley) 
with wave vector k’. We can then make the following 
list of intermediate states compatible with the require- 
ments of conservation of crystal momentum indicated 
by the Kronecker symbols occurring in the matrix 
elements (2.8), (2.17), and (2.20) (see Table I). Col- 
lecting our results for the matrix elements (2.8) and 
(2.17-22) and making use of the results given in Table 
I we can now give the explicit form of formula (3.1) 
for the transition probability per unit time for an 
electronic transition between the initial and final state 
indicated in the table. In fact if we neglect x, which 
indeed is small as compared to all other wave vectors, 


we find 
hs hes Pied 

W te.oei.19=— — —— —[eai(k’—k) } 
8x NQ m?Me v* 


4 0, 
xX & —{n6(Ew — (Ex t+hv+thw,)) 


sl W, 
+ (n,+1)6(Ey — (Ex thv—hw,))}. 


Here s is defined so as to take four values corresponding 
to the combinations (ac,/); (ac,t); (opt,/), and (opt,é). 
If we assume that the lattice vibrations are in thermal 
equilibrium, m, is given by the well-known expression 


n,(w.)=[exp(hw,/kT)—1}". (3.3) 


(3.2) 


Final state: no photon, electron k’=k+x%+¢ 
Emission of phonon —¢ | 
Ey = Ey thy —tw | Ey =Eythvt+tw 


Initial energy: Ex+/v 


Intermediate state 
| Absorption of phonon 
| Electron k+* 
Exar thy—tw Exsirthyt+tw 


Emission of phonon —*# 





Absorption of photon x 
Ey = Exthy—thw 





It should be noted that due to the conservation of 
crystal momentum expressed by the Kronecker symbols 
in the formulas for the matrix elements (2.17) and 
(2.20), all values of w, occurring explicitly or via m, in 
(3.2) are to be taken at that value of the vibrational 
wave vector + given by «=k’—k so that 


w,=w,(k’—k) (3.4) 
everywhere. 

In order to get physical results we have to take the 
thermal average of W «’,o,|,1,) over all initial states k 
of the electrons (we assume Boltzmann statistics to be 
valid), and we have to sum over all final states k’ and 
over all electrons present in the [111] valley of the 
conduction band. We then find the average probability 
per unit time Wj:1)(v) that one photon, of frequency 
v and arbitrary polarization, which is present in a 
crystal of volume @ is absorbed due to an intravalley 
lattice scattering process of an electron in the [111] 
valley, if, in total, m2 electrons are present in the 
conduction band. 

As is well known, this transition probability W any (v) 
is most simply related to the absorption coefficient at 
frequency vy (due to the electrons in the [111] valley), 
Mii (v), by 


win (ve) = Wry (v)eb/c, (3.5) 


so that we finally get”: 
a he*v 


M111) (v) =— ————(deta)+——_ 
4 3X 8x! mM ce 


hh? a | 
x(—_) — ak’ f ak exp[ — E(k)/kT ] 
2armkT/ v* 


4 
X } (0.2/ws) {n d(Ex — (Ex +hv+hw,)) 
a=] 
+ (n,+1)5(E x — (Ex+hy—tw,))}. 


(3.6) 


It should be noted that the absorption constant is 
the sum of the partial absorption constants due to the 


2 Here it is assumed that there are four valleys in the con- 
duction band [MacFarlane, McLean, Quarrington, and Roberts, 
Phys. Rev. 108, 1377 (1957) ]. It should be noted however that 
our final results are independent of the actual number of valleys 


(4 or 8). 
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various scattering processes, 
4 
ean (y) = Do wpay*(). 
s=] 


4. ABSORPTION CONSTANT DUE TO 
ACOUSTICAL MODES 

Before we proceed to the explicit evaluation of the 
integrals occurring in (3.6), some remarks have to be 
made regarding the limits between which the integrals 
have to be taken. Properly speaking, the limits of both 
integrations should be —z/a and +7/a for all com- 
ponents of the wave vectors, where a is the edge of the 
unit cell of the crystal lattice. However, due to the 
factor exp[—(k)/k7] in the integrand, at all tem- 
peratures of interest only a small region of k space, 
located in the neighborhood of ko, contributes to the 
integral over k. Thus, without making any appreciable 
error the integration over k may be extended over the 
whole of k space. Also the integration over k’ may be 
extended from — «© to + for all components of k’; 
this is due to the presence of the 6-functions and to the 
fact that only a small region around kp contributes to 
the integral over k. 

The acoustical modes of,vibration are characterized 
by the dispersion relation for the vibrational frequency 
w, which for longitudinal and transverse modes of long 
wavelengths (s=1 and s=2, respectively) reads at 
2=k’—k [see (3.4) ] 


—k 
oi Ka) KL, (4.1) 


k’—k 
we ryau( #*) 
|k’—k} 


Here 1; and 1; are the velocities of sound for the longi- 
tudinal and the transverse waves; both depend on the 
direction of propagation, (k’—k)/ )/\k’— k|. 

If we substitute the expressions (4.1-2) for w; and 

w; into the first two terms (s=1 and 2) contributing to 
uu (v) [formula (3.6) ], the frequent occurrence of 
k’—k suggests the introduction of this as the inte- 
gration variable instead of k which, because of the fact 
that the limits of integration can be changed to — « 
and +, can be done without difficulty. In fact, it 
appears to be still more convenient to introduce the 
variables 


(4.2) 


=a!.(k—kpo), (4.3) 


and 


Q=a!'.(k’—k). (4.4) 


It is then clear that we may substitute the operation 
(deta) f-.+*dq in the place of /dk and (deta)“! 
x S.2*"dQ instead of / dk’. 


4.1 Calculation of the Integrals 


A great simplification of the further calculations is 
now obtained by realizing that for acoustical modes 
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for all relevant temperatures and wavelengths, fw may 
completely be neglected in the arguments of the 6- 
functions of (3.6) and that at the same time m, and 
n,+1 are with great accuracy approximated by™ 
Ny=Net1=kT/tw. (4.5) 


We then obtain for the absorption coefficient due to 
the acoustical modes : 
n 1 


= #[111) yi)? scatter angee 
43X QU/2y 1/2 


hve? 1 ts (Eat, cos’6)? 
OE cc 
(deta) 4m! eth Ti C,(6,¢) 
pune cos*é(1— cos” "| of h? 
—_— @ dq exp(— - ¢) 
C,.(8,¢) mkT 
(4.6) 


Mri)” 


X5((h?/2m) (0?+-2Q-q)—hy), 


where we have introduced the following new symbol: 


ar a 
Ci, e(0,¢) =——u, (— _). 
a 


(4.7 
kk ) 


It should be noted that the angle 6 occurring under the 
integral over Q indicates the angle of k’-k=a-!Q 
[and not of Q] with the z axis; ¢ indicates the azimuth 
of k’—k as well as of Q around the z axis. 

The integration over q is straightforward if polar 
coordinates with Q as polar axis are introduced. The 
result for /dq--- appearing in (4.6) is 


m'(kT)* 2? 
f dq: - =x——_ eexp|-1(1+—)| (4.8) 
h® ¢ 


where we have introduced the parameter z, 
z=hy/2kT, 
and, instead of Q, the variable ¢ defined by 
f=} (h?/2mkT)Q*. 


(4.9) 


(4.10) 
Introducing 

Y=a/a2=m2/m, (4.11) 
and 


x=cos(Q,z axis), (4.12) 


we may write for fdQ--- appearing in (4.6) 


m'(kT)* 3 

fio ee siete —«f “a ren| - i(++—)| 
j 

+1 1 arf (Bate cos’#)? 
xf as|1-(1--) | f i a 
1 7 0 Ci(0,¢) 


=.2 cos’é(1—cos*@) 


C.(6,¢) 


3 An explicit demonstration of the fact that the error thus 
introduced is completely negligible in all relevant cases is given 
in the Appendix. 





| (4.13) 
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In order to be able to perform this integration we 
first have to be more explicit about the expressions 
C,(6,¢) and C,(0,¢) which, according to (4.7) are pro- 
portional to the squares of the velocities of sound. As 
is well known, the C’s are found directly from a calcu- 
lation on the propagation of sound waves in crystals." 
For simple directions of propagation the results are 
easily obtained. They are listed, already in a convenient 
form, viz., as (Za+#,, cos’@)?/C; and 2,2 cos’6(1—cos*@) 
C,, in Table IV of Herring and Vogt’s® paper.’® By an 
interpolation procedure described in the quoted paper, 
a good approximation for the integrand occurring in 
our fdg--- is obtained and this integral can be 
performed. The results are given in Table V of Herring 
and Vogt; they are® 

*r = (Sa t+2,, cos’6)? 


dy —————- : 2r 
0 Ci(8,¢) C1 


(Zatz. cos’)? 


« [1+3 (c*/c,) (0.15— 1.50 cos’@+1.75 cos) ], 


and 


=.2 cos*6(1—cos’6) 


—— = 2 &,? cos’0(1—cos*@) 
C.(8,¢) 


0.375 0.625 9cos/ 1 1 
i Tater bias (- oi i I (4.14) 
Car Cag t+ 4c* 8 C44 Can t+ hc* 


Here c; stands for the following combination of the 
elastic constants ¢11, C12 and C44: 


C1= $(3e1+2¢12+4C44) ; (4.15) 


and 


c= C11 — C1o— 244 


(4.16) 
is a measure for the elastic anisotropy of the crystal. 

Because of the well known integral representation 
for modified Bessel functions K ,(z), 


f dt exp] —1(s+- )k 
0 ¢ 


the integration over ¢ in (4.15) is easily performed. If 
then instead of x given by (4.12) we introduce as a new 
integration variable 


P-l=2s-?K,(s), (4.17) 


y=cos8, (4.18) 


we finally get for our integral over Q appearing in (4.6) 


feo. «+ == 649? (m!*(RT)8a1/A8c:) (Z) we*s’Ko(z), (4.19) 


4M. Born, Z. Physik 8, 390 (1922). 

16Qur expression =,? cos’#(1—cos*#)*/C; for simple directions 
of k’—k is obtained from the quoted table by adding the results 
listed there in the columns “transverse 1” and ‘transverse 2.” 
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where we have put 


2? wl 
(f o-lo-pay 


yi to 


y~1 y 
x{1-(* -) _ a5 ee | | artsy) 
Y J1-La-)/yly 


Cc 
x|i+4 ~(0.15— .5038+1.75y9 | 
Cl 


(2?) Av = 


: C1 Ch 
+2,2y?(1—y°)] 0.375—+0.625— 
; ' - 1 
C44 Coat 3¢ 


9 C1 Cl P 
te(=-— —)]} (4.20) 
8 4g Cag + 4c* 


The evaluation of the integral over y in the expression 
for (=) is elementary. Its numerical value depends 
on three sorts of data: (1) the deformation potential 
constants =, and Z4; (2) the elastic constants ¢y; C12 
and cq, contained also in c; and c*; (3) finally, though 
for large y rather weakly, on the ratio y of the longi- 
tudinal and the transverse effective mass. 

Using the values for the constants mentioned under 
(2) and (3) as given in Table II and evaluating the 
integral over y, we find 


(2?) w= 1.07E.2+1.662Z.2a+1.3427. (4.21) 

Now it should be noted that in the derivation of our 
formula (4.6) for the absorption constant, the stimulated 
emission of radiation (stimulated by the incident beam) 
was neglected.'® As is easily seen, the probability for 
this process to occur is a factor exp(—/hv/kT) smaller 
than the corresponding expression for absorption. Thus, 
collecting our formulas (4.19-21) and (4.6), we find 
for the total net absorption constant (which takes 
stimulated emission into account) due to all electrons 


TABLE II. Numerical values of some constants of germanium. 
(The sources are indicated). 


Numerical value 
(at 73°K, in 10% 
dynes/cm?) 
1.3155» 
0.4945> 
0.6840> 
1.534 
—0.547 


Numerical 
value 


0.0828 Cu 
1.538 Ci 
12.2 Cu 
0.633 C1 
19.3 a 
0.948 
17° ev 
—3.4° ev 
4004 “K 


Quantity Quantity 


m,/m 
m./m 


® See reference 2. 

+H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 
° See reference 6. 

4 See reference 12. 


16 This was kindly pointed out by D. Polder of this laboratory. 
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in the conduction band (i.e., 4 equivalent valleys) 


v2 &kim' 1 Ti 
n— ——— —— —(1—e*)e*2*K2(z) 


3x7? h®e astetc; 


X (1.072,2+ 1.662 .24+1.342/). 


ac — 
Mnet 


(4.22) 


If the approximate values for Z, and Za listed in 
Table II, which were determined from the analysis of 
transport phenomena, are used in (4.22), we obtain 
as an approximate numerical result 


inet = 1.51 10-2"\*T1(1—e*)e*s’K2(z), (4.23) 


where A* is the wavelength in vacuum of the absorbed 
light expressed in y’s (10~* cm). It should be noted 
that within the general limits of the theory (see Sec. 
7), this expression holds for all wavelengths and all 
temperatures. 


4.2 Discussion 


As the modified Bessel function K2(z) is tabulated, 
our final results (4.22) or (4.23) for the absorption 
coefficient due to the interaction of conduction electrons 
with the acoustical modes can easily be evaluated for 
any value of z=hv/2kT. For small or large values of z, 
simple approximations can easily be given. 

(a) Approximation for z«K1.—For small z we may 
write K2(z) in a power series in z. In fact we have 


K2(z)=2/2—434+0(2). 


Since for small z the factor (1—e~**) due to the stimu- 
lated emission may be approximated by 22, we find 
from (4.23) 


Mnet™ =n 4.35X10-*A”T! cm=. 


(4.25) 


(21) (4.26) 


(b) Approximation for z>1.—For large z we can 
use the following asymptotic development for K2(z) : 


w\' 1 151 105 1 
Kx(0)=(“) e+ i 
2 Vz 8 2 


128 
We then find from (4.27) that for z>3 wan™ is given 
within 10% by 
Mnet™ =X 1.16 10-"'A*!7[ 1+ (1.875/z) ] cm. 
(223) 


| (4.27) 


(4.28) 


It is interesting to compare the numerical value of 
Mnet™ at A=10-* cm and T=78°K (z=9.23) obtained 
from our formula (4.28) with what is claimed to be the 
corresponding experimental value determined by Fan, 
Spitzer, and Collins.” We find 


(1/)unet, theor™ (A*= 10, T= 78) 
= 0.344 10-" cm“. 


This should be compared with 
(1/1) pet, exp” (A*= 10, T= 78)=1.7X10-" cm“. 


(4.29) 


(4.30) 
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It is seen that our theoretical value, which was obtained 
by assuming for 2, and Zq the values Z,=17 ev and 
=Za=—3.4 ev is too low by a factor of about 5. As, 
within the model used, no unjustified approximation 
was made, this discrepancy should be taken seriously. 
It is easily shown that also a different value of y as 
found from low-field magnetoresistance data'’ does not 
change this conclusion as for y>>1 our results are hardly 
dependent on y. Below [see (c) and subsection 5.1], 
other possible explanations of this discrepancy will be 
discussed and it will be shown that probably it is the 
contribution of the optical modes which is responsible 
for the large value of (4.30). 

(c) Physical significance of the results for 21 and 
z>3.—By analyzing the various steps which led to 
our expressions (4.26) and (4.28), the physical origin 
of the v7! dependence of une” for sK1 and of the 
v-!T dependence for z> 3 is easily shown. 

If Av is small as compared to k7, the energy of an 
average electron before and after the absorption of a 
photon is of the order kT. Thus the factor (k—Ko)? or 
(k’—ko)* in the square of the matrix element (2.8) of 
the electron-radiation interaction yields a factor T 
and besides this the square of this matrix element is 
obviously proportional to »'. Then we get a factor 
v~* from the resonance denominators in the transition 
probability, a factor T from the number of phonons, 
T! from the density of final states, and finally the 
influence of stimulated emission yields a factor y7~'. 

If Ay is large as compared to &7, the absorption of 
the phonon occurs mainly by those electrons which, 
by interaction with a suitable phonon, have got a wave 
vector such that 


(h?/ 2m) (k’ — ko)&(k’ — ko) ~ hv. (4.31) 


In that case the factor (k’—ko)? in the square of the 
matrix element (2.8) of the electron radiation inter- 
action is proportional to » so that this matrix element 
as a whole becomes independent of vy and 7. The 
resonance denominators yield again a factor »~* and 
the number of phonons again a factor 7, whereas now 
the density of final states becomes proportional to y}. 

This analysis shows that for z>>1, the electrons 
interact with phonons of wave vector + [*=k’—k] 
such that because of (4.31) one has 


(h?/2m) ca2=hv>>kT. (4.32) 


On the other hand, as is well known, those phonons 
which are responsible for lattice mobility are those for 
which 

T<2k, (4.33) 
where 


(h?/2m)kak ~ kT. (4.34) 


However, though the determination of the ratio of 
Za/=. by Herring and Vogt was done from mobility 


17M. Glicksman, Phys. Rev. 108, 264 (1957). 





INFRARED ABSORPTION 
data at 7=100°K, no appreciable error can be intro- 
duced by taking their data in our calculation of the 
absorption constant at A\=10u and 7=78°K. In fact 
the phonons most active in that case have wave 
vectors which are only twice as large as those re- 
sponsible for the mobility at 100°K. Consequently, 
the deformation-potential approximation is probably 
good enough to serve as a basis for calculating the 
absorption constant at A= 10u and 7=78°K. 


5. ABSORPTION CONSTANT DUE TO THE 
OPTICAL MODES 


The optical modes are characterized by the fact that 
their frequency wo shows only a small dispersion; it is 
of the same order of magnitude as the maximum 
frequency of the acoustical modes. In the following 
the dispersion is completely neglected (as is usual in 
treating optical modes) so that wo is a constant. 


5.1 Remarks on the Calculation of the Integrals 


The fact that the frequency of the optical modes is 
put equal to the constant w» simplifies the calculations 
as compared to those performed in the previous sections 
for the acoustical modes. Thus nothing equivalent to 
the development in powers of 6 as performed in the 
Appendix is necessary here. However, the vibrational 
energy is no longer negligible as compared to kT. 

Therefore in our final expression for the absorption 
constant due to the optical modes, instead of one 
parameter z, two parameters 2; and z_ occur which 
are given by 

54 = (hv+-huo)/2kT, 


2_= (hv—hwy)/2kT. 


(5.1) 
(5.2) 


The actual calculations of the various integrals oc- 
curring in the expression for the absorption constant 
are very similar to those performed in the previous 
sections. The final expression for the total (due to all 
electrons in the conduction band) net absorption 
constant (taking stimulated emission into account) 
due to the interaction with the optical modes reads 


v2{1—L(y—1)/3y]} 


Ha™* =i 


6972 


ekimiy Ti ett 
adic pel Ree cement fawn gS 
AicMwaotet yp? ehool/kT—] 


X [242K o(24)+22Ke(z_)]. (5.3) 

Here D is the coupling constant of the conduction 

electrons to the optical modes defined in (2.21-22). 
For the following discussion it is convenient to write 


Mnet?*= BT ty—Se#+ ("ool kT — 1)71(1—e-”/*7) 


X [24°Ko(2,)+22K2(s_)], (5.4) 
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where 
v2{1—[(y—1)/37]} @kimD? 1 
B=n—————_ cbsiahcii 
697 /2 


(5.5) 


h'cM or ated 


5.2 Discussion 


(a) 2,«1—lIf 2, is small as compared to 1, z 
fulfills a fortiori the same condition. We then have that 
simultaneously 


hv<kRT and hagKhkT. (5.6) 


Thus we find approximately from (5.4) 
Mnet??*= (8xrB Wo ly 2Ti. (5.7) 


(b) z<K1; 2,>51—This condition 
fulfilled if 


can only be 


hy—hagK2kT, (5.8) 


but at the same time 
2kT<Khv 2kT<Khw. (5.9) 


and 


This means that the temperature should be low and 
that the frequency of the infrared light should be nearly 
equal to wo/2r. In this case we find, approximately, 


Unet??*= 2BvT" exp[ (hy-+iwo)/2kT]. (5.10) 


(c) <_>1.—If z_ is large as compared to 1 the same 
is a fortiori true for z,. We now have still to distinguish 
between three cases: 

(a) hv>hwo.—In that case we find approximately 


r\! B 
puar'~n(~) _— 
2) (2k)! 


(hy+-huo)!+-exp (hawo/kT) (hy— fiw)! 
<~——— : 
¥Lexp(hwo/kT)—1] 





(5.11) 


(B) RT<hv <hoy.—Now pnet??* is 
given by 


approximately 


i B 
Mnet°?*~ n (*) ee exp[ — (hwo /k T) |v a (hyt+tiy)! 
2/ (2k)! 


+exp(hv/kT) (Awo—hyv)*). (5.12) 


(y) tiwo>>kT>>hv.—Under these conditions of low 
temperature and long wavelength, we have 


(5.13) 


2 





v2ki T y 


; (:) Bh (tuo)! exp(—theo/kT) 1 
Mnet°?* = n 


It is thus seen that at high temperatures, as indicated 
under (a), the behavior of the absorption constant due 
to optical modes is indistinguishable from the behavior 
of the constant due to acoustical modes (for hv<«2kT). 
However at low temperatures such that k7<fw, the 
behavior of pnet* is distinctly different from_that of 
Hn” and is strongly dependent on the frequency of 
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the absorbed radiation, as indicated by the four 
formulas (5.10-5.13) valid for that temperature region. 

We now return once more to the discrepancy between 
Utheor™ and pexp™ at A= 104 and T=78°K displayed by 
formulas (4.29-4.30). As fiwo/k is probably of the order 
of 400°K,"* the wavelength and temperature are such 
that the conditions mentioned under (c,z) apply 


(hv/k=1440°K). We then have approximately : 
Hnet°?* = (2/2)'B(2k)-!y4(hv—hy)?. =~ (5.14) 


In order to compare this quantitatively with (4.22) 
(at \=10u and T=78°K), we introduce 


r\? 1 e&mibv (hv)! 1 
(9 
27 12x"? htcM ¥ 
and may then write 


Unet?*= P{1—[ (y—1)/37]} (D*/wn) 
X[ (hv—two)/hv }}. 


On the other hand, by introducing some average 
velocity of sound # by putting 


C= (2M, /y) i? 
we may write, instead of (4.37), 
Mnet™ = P=] ) kT, hi. 


ated 


(5.16) 


(5.17) 


(5.18) 


If we then want to explain the discrepancy between the 
formulas (4.29) and (4.30) by the contribution of the 
optical modes, we have to require that 


oPt= 3. 94une™ [at A=10u and T=78°K]. (5.19) 


Mnet 


We then find that the interaction constant D for the 
optical modes is given by 


DP= (2) wTett’, (5.20) 
where ers is an effective wave vector the numerical 


value of which is 


Tett= 1.34X 108 cm. (5.21) 


Thus D is numerically given by 


D=3.24X 10 erg cm. (5.22) 
This means that the coupling strength of the optical 
modes to the conduction electrons is about equal to 
that of the acoustical modes of shortest possible wave- 
length, an altogether reasonable result.* 

It would be interesting to check this interpretation 
of the quantitative value of the absorption constant 


18M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955); Pelah, 
Eisenhauer, Hughes, and Palevsky, Phys. Rev. 108, 1091 ’(1957). 

* Note added in proof.—As is shown in another publication 
[H. J. G. Meyer, Phys. Chem. Solids (to be published) ] where 
the comparison with experimental results is made in greater detail 
this value of D is probably somewhat too large, a more probable 
value being 1.85X10~* erg cm. This implies that the numerical 
value on the right-hand side of (4.30) contains also a contribution 
due to impurity scattering. 
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at A=10u and 7=78°K by careful experiments at 
various wavelengths and temperatures such that also 
the different qualitative behavior of uner®”t as described 
by formulas (5.10-13) could be detected. 

Finally it should be mentioned that the influence of 
possible intervalley scattering will, at least qualita- 
tively, be very similar to that of intravalley scattering 
by optical modes. A distinction between these two 
types of mechanism would probably require special 
experimental precautions to be taken. In any case it is 
clear from (5.12-13) that at sufficiently low tempera- 
tures (kT<hwo) and sufficiently long wavelengths 
(hv<hwo) the influence of optical-mode scattering and 
intervalley scattering will become negligible. Thus a 
quantitative determination of 2,4 (=, taken from elasto- 
resistance experiments) would require careful experi- 
ments in this long-wavelengths and low-temperature 
region. 


6. INFLUENCE OF IMPURITY SCATTERING ON 
THE ABSORPTION CONSTANT 


As the main purpose of this work is to obtain in- 
formation on the scattering of conduction electrons by 
lattice waves, we shall content ourselves here with an 
expression for the influence of impurity scattering on 
the absorption constant which does not take into 
account the real structure of the conduction band in 
germanium. Such an expression may be considered to 
be of sufficient accuracy to allow us to indicate those 
regions of temperature, photon wavelength, and im- 
purity content for which the influence of impurity 
scattering may be neglected as compared to that due to 
acoustical lattice scattering. 

The problem of absorption of radiation by impurity 
scattering may be treated as the inverse process of 
bremsstrahlung by scattering in a Coulomb field. By 
using an approximation due to Ehlert quoted by Bethe 
and Salpeter” for the dipole matrix element between 
Coulomb wave functions, the following expression for 
the net absorption constant, including again the 
influence of stimulated emission, may be derived: 


2 Ze h? ! 
i ( ) dr f dk k’ 
3 hce’m* \ 2em*kT 0 


mp=N ;— 

i? k'+k 
k? in —}. (6.1) 

2m*kT k'—k 
Here Z is the number of charges on the ionized impurity 
centers which are present in a concentration \V,, and 
* is an effective mass which is some average over the 
more significant transverse and longitudinal masses 


occurring in the conduction band. In practice m* is of 
the order 0.1m’. Finally k& and k’ are the absolute 





i 
net 


x exp| on 


eC. endes, Bell System Tech. J. 34, 137 (1955). 
*H. A. Bethe and E. E. Salpeter, "Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 35, Sec. 78. 
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values of the electron wave vector before and after the 
absorption process. It should be noted that due to the 
use of a somewhat more accurate approximation, the 
integrand occurring in our formula (6.1) differs a 
factor k’/k from the corresponding expression used by 
Fan et al.? Unfortunately the integral (6.1) cannot be 
expressed in a closed form for all z=/v/2kT. Approxi- 
mations for small and large z yield 

472 NZe® 1 
imp ~ 4,— - een | 

3x} elom* hk) Thy 


4 {1n(2/s) —T'+1.38s} 


e~?) 


Mnet 


(21) 
1 (2>>1) 


where I’ is Euler’s constant (fT =0.577). Whereas for 
z<1 this result becomes [ except for the factor (1—e~**) ] 
equal to that of reference 7, for z>>1 it is larger by a 
factor (82/m)'. This is in accordance with the fact 
remarked by Fan ef al.,’ that at low temperatures his 
formula for absorption by impurity scattering yielded 
too small results. 

If for simplification we put the factor {In(2/z)—T 
+1.382} equal to 1, we find for the ratio of ui™?/u™ at 
small z 
(s1) 


pimp UM a N;X10 10 T?, (6.3) 


so that approximately 


pimr/u™CO1 if T3>N;K10-. (cK1) (6.4) 


At large z we find approximately 


pimp / ye ~4N XX 10-8) *1/T1, (6.5) 


If we substitute here at a certain T the longest wave- 
length compatible with z2 3, we obtain approximately 


pimp w&’S0.1 if T*?>0.5N;X 107°. (z>3) (6.6) 


In Fig. 1 we have indicated the regions of temperature, 
wavelength, and impurity concentration for which the 
absorption constant due to impurity scattering is 
smaller than one-tenth of that due to acoustical scat- 
tering. It is seen immediately that large regions are 
available for which the influence of impurity scattering 
may be neglected. 


7. GENERAL DISCUSSION AND CONCLUSIONS 


In the preceding sections the theory of the absorption 
of electromagnetic radiation by conduction electrons 
due to intravalley lattice scattering has been given and 
explicit calculations could be made at all relevant 
wavelengths and temperatures. 

It is clear that relevant temperatures in our context 
are those which are low enough to keep the number of 
intrinsic holes small as compared to the total number of 
conduction electrons and high enough to excite a suffi- 
cient number of carriers from the impurities. It should 
be noted, however, that valuable information about im- 
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Fic. 1. Regions of temperature, wavelength, and impurity 
content for which the influence of impurity scattering on the 
absorption constant is negligible. At a certain impurity content 
Nj, indicated along the horizontal axis, the temperature plotted 
along the left vertical axis, is determined by (6.4) or (6.7) for 
21 and z>3, respectively. The lines “lower limit for T” indicate 
the minimal temperature which at a certain impurity content 
is permissible in order that impurity scattering may be neglected. 
At that minimal temperature an extremal permissible wavelength 
exists, determined by the condition z=1 and z=3, respectively. 
The wavelength is plotted along the right vertical axis and the 
line “lower (upper) limit for \*” indicates the extremal wave- 
length belonging to the minimal temperature at a certain impurity 
content. 


purity band formation could probably be obtained from 
absorption experiments at A>200u down to liquid 
helium temperatures. 

Relevant wavelengths are, on the other hand, 
obviously those which are longer than that of the 
fundamental absorption edge. The determination of 
the longest wavelength at which our theory may be 
applied needs a somewhat more subtle reasoning. 

The theory of the absorption constant as developed 
above is based on a time-dependent quantum me- 
chanical perturbation calculation where the interactions 
of a conduction electron with the radiation field and 
the lattice vibrations are simultaneously introduced as 
perturbations. However, the two perturbing mechan- 
isms are not completely equivalent in that the lattice 
vibrations alone already induce transitions between 
the various unperturbed electronic states. Our pro- 
cedure is obviously no longer satisfied if the lifetime 7 
of the unperturbed electronic states resulting from 
this first-order lattice-scattering mechanism, which is 
equal to (or at least nearly equal to) the relaxation 
time well known from the theory of transport phe- 
nomena, becomes smaller than the reciprocal of the 
frequency v of the absorbed light. Indeed, in that case 
the width of the electronic states is larger than the 
energetic distance traversed by the absorption. If we 
relate the relaxation time 7 to the lattice-scattering 
mobility according to the approximate relation 
T= (m*/e)v,, we find with m*~0.1m and 2,=4.9X 10? 
X7--* that our theory is valid only for radiation with 
wavelength \ for which 


AKS XK 10°77! cm. (7.1) 
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If \ is large as compared to this value, the absorption 
is determined by the ohmic losses of the material in a 
varying electric field. 

Finally, it should be mentioned that due to the 
incorporation of the effects of stimulated emission, our 
absorption constants pnet™ and dner??* show, for <1, 
the same dependence on » and T («»T) as is found 
from the simple Drude-Zener theory. As was recently 
shown by Donovan and March,” such a frequency 
dependence describes the data of reference 7 better 
than the »~* dependence which follows from a theory 
which does not take into account stimulated emission. 

In conclusion, we may say that measurements of 
the absorption constant due to free charge carriers 
over a large range of wavelengths and temperatures 
but within the general limits of the theory as indicated 
above may yield valuable information about the 
interaction of the lattice vibrations with the conduction 
electrons which from an analysis of transport data may 
only be obtained with greater uncertainty. Also, 
information about the structure of the conduction band 
may be obtained, and especially those regions of the 
band might be explored which cannot be reached by 
the electrons in an experiment on transport phenomena. 
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APPENDIX. JUSTIFICATION OF THE NEGLECT OF 
THE PHONON ENERGY /w IN THE 
CALCULATION OF p* 

Our calculation of the absorption coefficient due to 
acoustical modes as performed in Sec. 4 was based on a 
neglect, from the start, of Aw with respect to all other 
relevant energies (k7,hv); only then is the use of (4.6) 
as a starting expression justified. In fact, if we do not 
make this neglect in this early stage of the calculation, 
we get for the contribution due to the longitudinal 
acoustic modes 


+o =6(ZatZ. cos’) 
uni) & f adr.” tial 
—e 4 1\ 1. 


€ ee* 
x| Fry | (A.1) 
e—1 e—1 
where we have put 
hu;|&*Q | /kT=hw/kT=«, (A.2) 


1B. Donovan and N. H. March, Proc. Phys. Soc (London) 
B70, 833 (1957). 
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and where 


+00 


dq exp[ — (#?/2mkT)q"] 
5((h?/2m) (02-+-20q) Ffhiw— hv). 


Thus J+ comes in the place of the integral {dq--- in 
(4.6) and differs from that expression by the occurrence 
of the vibrational energy /w in the 5-function. Instead 
of (4.8), we now get 


jt= f 
(A.3) 


aa - 


¢+1,)\2 
Jta expCetheden|—i[r+ , “h (A.4) 


Whereas the integration over ¢ to be performed next 
could be carried out in Sec. 4 without any approxi- 
mation, this is no longer true now due to the occurrence 
of the terms with ¢ in (A.1, 4). In fact, ¢€ is itself a 
function of ¢ and from (A.2) it is seen that we may 
write 

e= 504, (A.5) 
where 


= (4mu?/oakT)[1— (y—1)x*], (A.6) 


with x defined by (4.2). If for u; some average velocity 
of sound for germanium is substituted, it is seen that 
6 is a small quantity such that, dependent on the value 
of x, its magnitude lies in a region given by 

0.5/TS eS 10/T. (A.7) 


We may then make a development in powers of 6 of 
the factor 


[ (€/e*—1) J++ (ee*/e*—1)J~ } (A.8) 


occurring in (A.1). It appears that all terms linear in 6 
cancel and that the correction terms due to the finite 
magnitude of tw are such that instead of (4.13) we now 
get 


fe0-« f arren|-1(r+=)] 


+ mu? 
xf ae{ 1-1-2] 
wil aykT 


x[1-(1--)e] fae (A.9) 


As the value of ¢ in that region which contributes 
appreciably to the integral is at most of the order z 
(for z>>1), the correction terms are of the order of 


(mu? (y—1)/1Sa:kT)2~2/10T. (A.10) 


Thus within an accuracy of about 10% the energy of 
the phonons may be neglected in the calculation of u* 
for all <T. 
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The exact solution is given for a linear chain of N atoms of spin 4 coupled together by the anisotropic 
2 g ) 


Hamiltonian 
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HG =2J 2 [S455 + + (1 —@) (S75; Pe ade SH Sig4 ) ys 


i=l 


The energy of the antiferromagnetic ground state is computed and comparison is made with a variational 
method. The parameter a is allowed to vary between 0 and 1, regulating the relative amount of Ising anisot 
ropy. The short-range order, 2;S;*5,4:%, is calculated exactly from the variation of the ground-state energy 
with a. It is shown that a kink in the short-range order curve calculated using the variational method is 
fictitious, and the associated discontinuity in 6?£/da* is nonexistent. A discussion is given of long-range 
order and criticisms are presented regarding the predictions of the variational method. 


I. INTRODUCTION 


HE problem of a linear chain of V spin-} atoms 
coupled together with the Heisenberg exchange 
interaction is one of the few many-body problems in 
magnetics which has been solved exactly. The solution 
has led to fruitful concepts which have been generalized 
to higher dimensional systems. One such concept was 
the spin wave originally put forward by Bloch! as a 
solution of the secular equation of Slater.? Bloch’s 
solution was only approximate for more than one re- 
versed spin. Bethe*® calculated the exact interaction 
between spin waves on a chain for an arbitrary number 
of reversed spins. Hulthén,‘ using Bethe’s solutions, 
calculated the exact ground-state energy of the anti- 
ferromagnetic linear chain (J>0). There followed a 
number of papers by different authors who attempted 
to generalize the treatment to two and three dimensions.® 
Hulthén‘ also proposed a variational technique which 
he applied to the linear chain in order to calculate the 
short-range order and energy. This procedure was im- 
proved upon by Kasteleijn,® who solved the problem 
of the linear chain with both the Heisenberg isotropic 
interaction and the anisotropic Ising interaction present. 
Marshall’ extended the isotropic calculation to two 
and three dimensions by use of the Bethe-Peierls ap- 
proximation in addition to the variational technique, 
and Taketa and Nakamura® calculated the ground-state 
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energy of the anisotropic coupled lattice in two and 
three dimensions. 

Kasteleijn® found that by increasing the relative 
amount of Ising interaction, the long-range order re- 
mained zero until a critical value. As the anisotropy 
increased beyond this point, the long-range order rose 
rapidly to a maximum of perfect order at the Ising 
limit. Figure 5 shows the variational approach used by 
Kasteleijn and Marshall gives rise to a discontinuity 
in the second derivative of the energy / with respect 
to the parameter a, a being a measure of the amount 
of Ising interaction present. The discontinuity in 
0°E/dc? implies a kink in the short-range order at the 
critical value of a. In our exact treatment, 0?//da? is 
continuous and no such effect is found. 

The purpose of this investigation is to calculate 
exactly the solution of the linear chain of V atoms of 
spin 4 coupled together with a combination of the 
Heisenberg and Ising interactions; and then, by means 
of the Feynman’ theorem, to compute the short-range 
order exactly. The importance of such a calculation 
lies in the repeated use of the variational technique in 
problems of this sort. Our calculation allows com- 
parison of the predictions derived from the variational 
approach for both the ground-state energy and the 
short-range order with their exact solution counter- 
parts. From this comparison, a discussion of long-range 
order is given as well as a criticism of the variational 
scheme for the computation of such a function. 


Il. DERIVATION OF THE SECULAR EQUATION 


We take the Hamiltonian for V atoms of spin } ona 
ring to be 


K= 2J »>F, LS eet (1 —a) (S;75 54 7+S"Si41”) |, 


where i goes from 1 to NV, Sy, being defined as S;. For 
a=0, we have the isotropic Heisenberg interaction; 
for a= 1, we have the pure Ising interaction. It should be 
noted that S*=}>; S;* commutes with 3¢ and is a good 


~ 9R. Feynman, Phys. Rev. 56, 340 (1939). 


(1) 
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quantum number, but S?= (>;S,)?=);S2+>:; ; §,-S; 
commutes with 35C only if a=0. For a finite Ising anisot- 
ropy, 5” is no longer a good quantum number. We are 
able to label our states by the number of up and down 
spins because there are no matrix elements between 
states of different values of S*. 

We call the state with S*=— NS the state with no 
spins reversed. Denoting the first reversed spin by m1, 
the second reversed spin by m2, etc., our wave function 
is taken as 

w % 


N1-++Nr 


Any ---nyPny---ny, (2) 


where there are r reversed spins on the chain, and the 


3 ee . 
sum goes over all ( ) distributions of r reversed spins 


among N spins on the chain. Because the reversed 
spins are identical with one another, their interchange 
does not affect the problem. Hence, the following order 
will be taken: 


21 <Me< °° * Mp1 < My. 


®n,---n, is the product wave function 
BxB2 «+> Bn —1anyBn; +1 ~*~ Bn,—lanBn, +1 --- By, 


where a; and 6; are the eigenvectors of S,;* corresponding 
to the eigenvalues +} and —}4, respectively. We act 
on WV with X and set Y= EW. We have 


2J ( 1/4) (Npar— Nantipar)@n, °° fp 
+(1-—a)J 


Gny’---ny’= Eany---ne, (3) 


ny’-+-np’ 


where the sum goes over all the Nantipar arrangements 
n,---m, differing from m --- m, by the interchange 
of two neighboring antiparallel spins. V4, is the number 
of neighboring parallel spin pairs and Nantipar the 
number of neighboring antiparallel spin pairs in the 
function &. We rewrite (3) as 


2 [(1—a)any’---np’—Gny---ny | 
ny’+--ny’ 


E-1JN 
= ———€in,->+*np. (4) 
J 


Defining 
(5) 
then 
2eany---np= > [any---np—(1—a)any’---n,’]. (6) 
nyi’+++nr’ 


If a=0, we have the secular equation treated by Bloch.! 
We impose the condition upon the solutions that the 
chain be a ring of N atoms such that Sy4;=.;, which 
is equivalent to demanding periodic boundary condi- 
tions. It must also make no difference which reversed 
spin we start with in our counting process. For these 

reasons, 
Any: + -np= Ang: + -npny +N. ; (7) 
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III. SOLUTIONS OF THE SECULAR EQUATION 
FOR ONE AND TWO REVERSED SPINS 


In this section we shall examine in detail the case of 
one and two reversed spins. Our method of approach 
will generally follow that of Bethe’ for the isotropic 
(a=0) Hamiltonian. We examine first the solution for 
one reversed spin. The secular equation (6) becomes 


2€dn= 2an— (1—a)adn_i— (1—a@) any. (8) 
This equation is satisfied by 


6,= en 
giving for « the value 


e= 1—(1—a) cosk. (10) 


The periodicity condition (7) gives 


k=2sh/N, =0,1,2,---,N—1. (11) 
The case of two reversed spins is considerably more 
complicated. If we assume the two reversed spins are 


not neighboring, the secular equation (6) becomes 


2eanyne= 4nyn:— (1—a) any H,ne— (1—a) any -1,n2 
— (1—a)anyneH— (1—a)any,no-1. (12) 

If we set 

(13) 


@nin,= cye'(einrt kena) copi(kant 4 king) | 
and demand (12) for all 2; and m2, we have 
e=1—(1—a) cosk}+1—(1—a) coske. (14) 


We ask for the solution if #2=,+1. Our secular equa- 
tion would have the form: 
2€any,n +1 = 2ani,n1 — (1 —a)an; —1,ny +1 


(15) 


In order that our first secular equation (12) be valid 
for all distributions, it is clear that if we set 


— (1—a)any,nj +2. 


O= 2anj,n1 H— (1—a@)anj,n1— (1—a)aniy Hin, (16) 


and add this to our original equation, (12), we shall 
generate the proper secular equation (15) if the two 
reversed spins are neighboring. Hence, we may look on 
(12) as valid for all distributions of spins subject to 
the subsidiary condition (16). As S=}, it is clear that 
n,n; and dni +1,n;+1 make no sense physically. If we 
continue our definition (13) for a@njne to these cases, 
we may consider them as defined. We shall see it is 
condition (16) which correctly treats the interaction 
between spin waves.!° 
If we set 
(17) 


c= e'9/?2. Cg= et. 


and insert (13) into (16), we get 


ete! Qeike— (1—a)— (1 —a)eirtks) | 
+e-i#/2[ Qeiki— (1a) — (1—a)e**r+*2) ]=0, 


10 This concept was presented by Bethe, reference 3. 


(18) 
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or 


cot(¢/2) 
sin[ (ky _ k)/2] 


~ (1—a) cosl (k1+h:)/2]—cosf (k1—hs)/2] 


(19) 


If a=0, we have Bethe’s result: 


2 cot (¢/2) = cot (k;/2)—cot(k2/2). (20) 


It should be noted that ¢ is still an odd function of k; 
and k» for a#~0, as in the case which Bethe treated. 
However, an important difference between this treat- 
ment and Bethe’s is that for k}=0 and k=O, 
cot (¢/2)=0 for a¥0 whereas cot (¢/2) is indeterminate 
for a=0. 

We now require that ¢ be single-valued: 


—mrSgSn. (21) 


The periodicity condition (7) is 
(22) 


dnjn2= Ano,n, +N. 


We insert (13) and (17) into (22) and give rise to the 
set of equations: 


(23a) 
(23b) 


Nki-— i 21 
Nko+ 2mho 


Ay, A2=0, se ze a N- :. 


Because \; and \2 may be interchanged without affecting 
our solutions, we make the restriction A; SA». Our solu- 
tions are now completely determined for given A, and 
2 by the set of Eqs. (19), (23a), and (23b). 

We consider the dependence of the wave numbers 
and kz on ; and dA». There exist three categories of 
solutions to our problem. We define each category as 
follows: 


Category I A2—Ai22, 
Category IIT AstA2=A, Ar=Az 
AitA2=A, A1=A2— 1 


(A even), 


Category III (A odd). 


Corresponding to Category I we shall find solutions 
with real wave numbers only. In Category II there 
exist solely complex solutions for k, and ke, and in 
Category III there exist complex solutions for k; and 
ky for Re ko= Reki>kmin(a) and real wave numbers for 
kok, <Rmin(a). We investigate each category separately. 
Category I——Here we have \:—\,22. Given the 

value A2, A; may take on the values: 
=O, 1, 2, «++, A2—2. (24) 


The total number of solutions in Category I are 
N-1 N-1 
> (A2— 1) - ( ), 
Aq=2 2 


as in Bethe’s solution. All the wave vectors are real, 
and given A; and Az; ki, ke, and ¢ are determined 


(25) 
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uniquely from (19), (23a,b). The energy and wave 
function are determined from (13), (14), and (17). We 
denote the energy eigenvalue of Category I by «. 

Category II.—Following Bethe, we set \,+A2=A and 
hold \ even. The only allowable values for A; and dz 
(not already included in Category I) are \y=A2=A/2. 
Equations (23a) and (23b) become 


Nki— g=m\, 
Nkot+ g=m\. 


(26a) 
(26b): 
We look for solutions of the form 
P= uti; 
ko=u—i10; 
g=¥t+ix. 


We find, upon subtraction of (26b) from (26a) and use 
of (27a, b, c), Y=0; x= Nv. Then, 


; y+ix iNov 
cot(¢ 2)=cot( * = )-cor(—) 
2 Zz 


€ “Not 4 
=. - = 


€ No 1 


(27a) 
‘ (27b) 


(27c) 


—i(i+2e-%*), (28) 


where we have neglected terms of order (e~**)? and 


higher. From (19) and (27a, b), we have 
i sinhv 
cot (¢/2) =———______. 


————— (29) 
(1—a) cosu—coshv 


For a first approximation, we set (28) equal to —1. 

Using (28), (29), and solving for v, we find 
e-*= (1—a) cosu. (30) 

From (14), (27), and (30), we obtain 

(31) 


e11= 1— (1—a)? cosa. 


Adding (26a) and (26b) yields w=x\/N. We define 
k=k,+-ko=2u in order to compare er with er for the 
same value of k. We look for the maximum of er1/er. 
Minimizing e: by setting 
0e;/0k,= (1—a) sink; + (1—a@) sin(k—k,)=0, 
we find the solution k/2=k, and k/2=k». Then 
e,™in = 2—2(1—a) cos(k/2). 
Setting «=k/2 in er, we find 
1— (1—a)? cos*(k/ 
€q1/ey™"" eCeoKGKN“l|""—— —_—_ — - 
2[1—(1—a) cos(k/2) ] 
=4$[1+(1—a) cos(k/2) ]S1. (33) 


We see that e171 <e;™'" for #0 and a=0, and e;<e™™ 
for all k if a0. This result is similar to Bethe’s except 
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that the equivalence of e7™'" and «; at k=0 is no longer 
true for a#0. From (5), E=JN/2—2Je. If J <0 (ferro- 
magnetic case), the lowest lying states are in Category 
II. If J>0 (antiferromagnetic case), the lowest lying 
states are in Category I. It is precisely this division 
which makes possible the calculation of the antiferro- 
magnetic ground state." 

It is now convenient to examine the form of the 
wave function in Categories I and II. In Category I, 
k, and ke are real and related only by the three condi- 
tions (19), (23a), and (23b). The form of the wave 
function is given by (13) and (17). These eigenstates 
can be classified as unbound in the same sense as two 
interacting particles scattering from one another. 

In Category II, however, we have kj=u+iv and 
ko=u—iv where « and v are related by (30). From (13), 
(17), and (27), we obtain 

Anyno= Ze ™1+"2) cosh[ (3. N — (n2—m1)) }. 


If we normalize these states we see that the two 
reversed spins tend to be localized to nearest neighbor 
positions. That is, is a maximum for m2=,+1 
and dies off exponentially as m2 leaves this value. 2 is a 
measure of the width of the complex, and u is a measure 
of the velocity of motion of the center of gravity of the 
complex around the chain. The solutions of Category II 
represent the bound states of the problem. 

Category III.—In this category, Eqs. (23a) and (23b) 
become 


dnjn2 


(34a) 
(34b) 


Nki— g=7(A—1), 
Nkot+ Meeting 


where we have set Ay= (A—1)/2 and A2=(A4+1)/2. A 
solution of this set which satisfies (19) is kix=k2 and 
g=r. This solution destroys the wave function V for, 
if we set k}=k.=k/2 and g=7, then 


V= DX elikl2) (mrt m2) (gir 24 8/2) hn ing=0. 


nine 


We look for other types of solutions. We try the com- 
plex solutions of Category II. Using (27a, b) and (34a, b) 
we find Y=z and x= Nov. Then, 


cot (¢/2)=cot(x/2+1N0/2) 


=—tan(iNo/2)~—i(i—2e-*"), (35) 


to the same approximation as before. Demanding (19), 
in the first approximation we have the same relation 
between « and » as in Category II, viz., (30). To 
examine the situation more closely, we set v=2+6 
where (1—a) cosu=e~* exactly, and solve for 6 using 


1A calculation by E. Ledinegg and P. Urban, Acta Phys. 
Austriaca 8, 167 (1953), of the susceptibility of a ferromagnetic 
chain at absolute zero uses solely the solutions of Category I. 
Although it is true that there are far fewer solutions of the type 
of Category II than of Category I, ina susceptibility calculation 
near saturation (S*~—NS) it is the statistical distribution of 
states which is important and not solely the total number. As the 
states of Group II lie lower than those which they considered, 
one may question their results. 
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(19) and (35). It turns out that 6 is very small (on the 
order of 1/N) for both Category II and Category III, 
and ->0 for Category II but <0 for Category ITI. This 
difference would normally be unimportant because of 
the relative size of vp. But v gets smaller as u becomes 
smaller, as can be seen from (30), and there may exist a 
point at which 6%, in which case, for Category III, 
v<0. Such a situation destroys the entire procedure as 
our calculation diverges, and no complex solutions exist 
for k in such a region. 

We find the value of & such that » is negative and 
then state the solutions for such a region. As Bethe has 
shown, such a region may be found by examining the 
slope of Nki— ¢=F as a function of k;. For small ky, 
F can decrease with increasing k;. Such a region is where 
the solutions of Category III of the complex type fail. 
We set ki +k2=h and hold & fixed. Then, 


OF 
—= N——~2 arc cot 
Ok, Ok, 
sin[ (2ki— k)/2] 


(1—a) cos(k/ 2)—cosf (2k:— 


wal 


: 2 
= N =—__—_— : (36) 
1—(1—a) cos(k/2) 
where we have set ki}=k2=k/2 for convenience. De- 
manding dF /dk; <0 results in 


1 
cos(k/2)=———-(1—2/N). 


1—a 


(37) 


We see that the complex solutions of Category III are 
always valid for a>2/N but are not allowed fora<2/N 
and k& such that (37) holds. We expand the cosine term 
in (37) and find 

k (2, N )~a 

~S - (38) 

8 t<¢ 
as the condition on & such that the complex solutions 
are no longer valid. If & satisfies (38) we find, with 
Bethe, the solutions are of the type 


ki=ky—2f/N; 
ky= kot 2f/N. 


From (19), noting ko and f/N are small, we obtain 


(39) 


1 
cot ( ¢/2) =— ———_—_———_ 
N a+(1— a)ke?/2 


We find 2¢=2x—4/ upon subtraction of (34b) from 
(34a) so that cot(g/2)=tanf. Then 


tanf 4 


: ; (40) 
f N[Qa+(1—a)ke?] 
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Noting ko=\/N, we see we have determined hk and ke 
as a function of X. 

We now examine the significance of this division of 
states. We see that the complex solutions of the type 
of Category II are found in Category III also” and part 
of the states in Category III thereby represent the 
bound states of the problem. The states given by the 
condition (38) and the wave vectors (39) arise from the 
fact that the chain is finite. It must be possible in a 
finite chain to construct running waves of nearly equal 
wave numbers so that after a complete revolution of 
the chain the states are still approximately in phase 
with each other without necessitating complex wave 
numbers. This is possible only for a finite chain and 
such a condition is found in (38), because no nonzero 
value of & exists which will satisfy (38) in the limit of 
infinite V. The dependence of these states on the 
anisotropy a arises from the relative size of the diagonal 
matrix elements of 3 with respect to the off diagonal 
terms. For a=0 we may build such states. However, 
as a increases, the relative size of the off diagonal terms 
decrease and such states are no longer possible to con- 
struct for a>2/N. Indeed, in the opposite limit for 
which a<0, these states become much more numerous 
corresponding to the magnitude of the off diagonal 
elements increasing relative to the diagonal terms.” 
The number of these states decreases with increasing 
a as is seen directly in (38). 

We count the number of states in Categories II and 
III and find, exactly as in Bethe’s work, that there are 


N—1 such solutions. If these are added to the " o") 


solutions of Category I, we arrive at ( solutions in 


solutions in all which is exactly the correct number. 


IV. GENERALIZATION TO r REVERSED SPINS 
Our previous results go over to the case of r reversed 
spins in exactly the same manner as in Bethe® and 
Hulthén.‘ Our wave function is 


v= 5 


Mess Mr 


Any: +ngPny-- +n, (2) 


as before. We assume s-wave numbers different from 
zero and look for a solution of the form 


(nyse ong = exp{iL kemujt3h ¢rjri)}, (41) 
7=1 <i 


Pu P 


where }-p means the addition of all the s! different 
permutations of the figures k; --- k, among themselves. 
P; is the number which, after the permutation P, 


follows in place of 7. The sum }°p, goes over " 


2 Except that anyne=2e**(™1+"2) sinh{ of 4N — (mz—m) ]} because 
y=. 

8 This interesting case was communicated to me by Dr. W. 
Marshall. 
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combinations of s figures among the r values 1, 2, --- 7. 
We set muj<mu2< +++ <u, as an interchange of any 
two reversed spins leaves our solution invariant. We 
insert (41) into the secular equation (6) and find 


e=>_ { 1— (1—a) cosk; ], (42) 


as each term in (41) satisfies (6) and so must their sum. 
We insure our secular equation be valid for neighboring 
reversed spins by setting 


O=2an---nz, Neth, +*°nr— (1—a)an---nz, Net Ny 


— (1—a)any---ne Hi, ng ti---ny. (43) 


Inserting (41) in (43), we get 


cot ( ¢;1/2) 
sin[ (kj; k:)/2 | 


~ (1—a) cos{ (k;-+h:)/2]—cosl (k;—i)/2] 
The periodicity condition (7) leads to 


Nk;= 2rd j+ } i Yjl; 


(17) 


\j;=0, 1, 2,---, N—1. (45) 


All of these results follow in the same manner as in 
Bethe’s® calculation. 

We may now determine the lowest eigenvalue E. 
We assume for simplicity that V is even and set r= N/2 
for minimum S* (i.e., N/2 spins reversed). We 
see that no wave numbers &; and k; can be equal 
as ¢ij=-tm in such a case and we may factor an 
(e'*?+-e-'*/) out of Eq. (41). This occurs for a¥0 
even if k;=k;=0 so that we must neglect solutions for 
which k,;= k; for all values of &;. For J>0, as in Sec. IIT, 
the lowest lying state corresponds to the real wave 
number solutions of Category I.“ Thus, we hold 
Aj41-Aj;22. Noting interchange of the \,’s does not 
affect the solution we require \y<A2<A3<--+ <A, and, 
from (23), OSA;SN—1. Because (V/2)d,’s exist, as 
we have \V/2 reversed spins, we must occupy the points 
0, 1, 2, ---, N—1 with N/2 objects \, such that at every 
point there is at most one object and every two of the 
objects are separated by at least one unoccupied point. 
Noting the equivalence of \=0 and A=N, we may do 
this in 2 ways, viz: 


1, 3,5, 7,9, --- N—1 Distribution A, 
0, 2, 4,6, 8,--- N—2 Distribution B, 


where we have labelled the distributions as shown. We 
rewrite \; as 


A; =2j-1, Distribution A, (46) 


j=1,2,-+» N/2 
(47) 


\;=2j—2, Distribution B. 


4 The generalization to the case of r reversed spins follows easily 
from the form of « and err. 
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Fic. 1. A (k) as a function of k for representative values of a. 


The significance of these distributions arise from 
the displacement properties of the chain. We displace 
the chain by one and find our wave function (2) is 
multiplied by exp(i>_; k;). This equals, from (45), 


ex[i(= bj Aj+— — en) 


But >oi«; ¢j:=0 as gj: is odd upontinterchange of 7 
and /, Equation (2) is then multiplied by 


distribution A, 


an =(—1)%? 
xp{ i—D;A; 
exp( i >, /) as _ 1)Nr-1 
using (46) and (47). That the lowest lying wave func- 
tions should have this property was first proven by 


Marshall.” 
From (45) and (42), the larger the A,’s, the lower 


distribution B, 


so that we shall calculate the energy of 
A. This distribution is the one Hulthén 


the energy, 
Distribution 
considered. 
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Fic. 2. The reduced energy of the linear “antiferromagnetic 
chain, E/JN, as a function of a for the exact solution and the 
variational solution. 


* Though the choice is purely academic. By ignoring terms in 
1/N in our subsequent integral equation, we are ignoring equiva- 
lently the difference between Distribution B and Distribution A. 


We pass to the limit (for large V) and introduce for 
the discrete variable 7, the continuous variable x, 
defined by j= Nx/2. We similarly set = Ny/2 and let 
k; be written as k(x). gj is written as g[ k(x),k(y) ]. 
We rewrite (45) as 


1 
k(x) = darth f gL k(x), k(y) |dy, (48) 
0 


ignoring terms in 1/N. Equation (42) becomes 


1 
e= ov /2) f [1—(1—a) cosk(x) |dx, (49) 


and (44) is written 


eLk(x), al) 
2 


cot 


sin{Lk(x)— k(y) ]/2} 


(1 (1—a) cos{[k(x)+k(y) ) /2}—cos{[k( x)—k(y)Y/ 2" 
(50) 
where —rS¢Xrz. 

We see that a discontinuity exists in g[k(x),k(y) ] 
at x=y as ¢ jumps between —z and +7. Taking note 
of this, we differentiate (48) with respect to k(x). After 
combining terms, 


dx i 
t=r—+4f dk’ 
dk a 


[1-— (1—a) cosk’ ](dy/dk) cnr’ 
1+ (1—a)? cos*{ (k+k')/2]— 





(1—a)(cosk-+cosk’))’ 
(51) 


where we have changed variables in our integrand from 
y to k(y)=k’. Now dx/dk has a simple meaning.'® If 
(N/2)A(k)dk is the number of those wave numbers 
which lie between k and k+dk, and (N/2)dx is the 
number of indices between (V/2)x and (N/2)(x+dzx), 
then because a wave number exists for every index the 
two expressions may be set equal: A (k)=dx/dk. Equa- 
tion (49) goes into 


c= (w/2) f [1—(1—a) cosk]A(k)dk, (52) 
0 
and (51) into 


A(k)=1/r— (1/2) f ‘ dk’ 


1+(1—a) ado 
(53) 





x| [1—(1—a) cosk’ ]A ( | 


16 This argument was given by Hulthén, reference 4. 





LINEAR ANTIFERROMAGNETIC CHAIN 


We must solve the integral equation (53) for A (k), and 
then insert A (k) into (52) to compute the ground-state 
energy. 


V. SOLUTION OF THE INTEGRAL EQUATION 


It should be noted that Eq. (53) is of the simple 
inhomogeneous type 


b 
u(x) = f(x)+ f K(x,y)u(y)dy, 


where f(x) and K(x,y) are known and u(x) is to be 
found. The equation was solved by the author on the 
IBM 701 by the process of iteration. A first approxima- 
tion for A(k) was obtained by breaking up the integra- 
tion into a finite sum of 40 parts, and then rewriting 
(53) as a series of 40 linear equations and solving the 
set of equations numerically.!’ This gave the function 
A(k) at 40 points in the interval 0 to 2z. A first approxi- 
mation to A(k) was found by connecting the points 
with straight lines. The approximation was inserted into 
the integrand of (53), and the process of iteration begun. 


TABLE I. Ground-state energy of the linear 
antiferromagnetic chain. 


—E/JN a 


0.68924 
0.66396 
0.63989 
0.61722 
0.59614 
0.57681 
0.55938 


—E/JN —E/JN 
0.88629 
0.85688 
0.82774 
0.79894 
0.77056 
0.74272 
0.71556 


0.70 0.54399 
0.75 0.53076 
0.80 0.51980 
0.85 0.51119 
0.90 0.50499 
0.95 0.50125 
1.00 0.50000 


Convergence was reached on the average after the fourth 
iteration to an accuracy of eight decimal places. The 
solutions for A (k) were computed for 19 values of a (resp. 
0.05, 0.10, 0.15, --- 0.95, 1.00) and representative forms 
are shown below in Fig. 1.'* It should be noted that A (k) 
seems to be a very smoothly varying function of a. The 
energy was calculated at the 19 points and is plotted in 
Fig. 2. The exact values of the energy are given in Table 
I at each of the 19 points (and at a=0),” 


VI. CALCULATION OF THE SHORT-RANGE ORDER 


We are able to calculate the expectation value of the 
short-range order 


DSS i41%, 


if we know « as a function of a, because of the form of 
the Hamiltonian. This follows because 


8H /Ba= —2I Vs (S#Sig17 +S S41"), (54) 


17On a suggestion by Dr. W. Marshall. 

18 For a=0, we have plotted Hulthén’s solution for A(k&) for 
comparison. It should be noted that A (0)=0 for a=0, but, as 
soon as a increases from zero, A (0) likewise increases from zero. 

19 Here we have used Hulthén’s result for a=0. 
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Fic. 3. The short-range order, 2; S;#5;,1%, as a function of a for 
the exact solution and the variational solution. 


which, from the Feynman’ theorem, has the expectation 
value 0E/da. We find, using (5), 


> S78 igs? = NV /4—e— (1—a) 0€/da. (55) 


This function and 
ds [ SS; + = 3 (S75; + 17 +S 4S 54 1” )], 


the short-range z directional preference, are plotted 
versus a in Figs. 3 and 4, respectively. 


VII. COMPARISON WITH THE VARIATIONAL 
TECHNIQUE 


We may now compare our solutions with a variational 
calculation performed by Kasteleijn® for the same 
Hamiltonian. As indicated in the introduction and 
shown in Fig. 5, Kasteleijn’s approximate wave function 
implies a discontinuity in 6°?£/de? as a function of a 
which results in a sharp corner in the first derivative 
0E/da, neither of which is found in the exact solution. 
The energy of Kasteleijn’s solution is compared with 
the exact energy computed in Sec. V in Fig. 2. The 
variational short-range order is compared with the 
exact short-range order in Fig. 3. It should be noted 
that there is no kink in the exact short-range order 
curve. The mesh in the exact calculation was 0.05 on 
the a scale, so it is improbable that such a sharp bend 
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Fic. 4. The short-range s-directional preference, Di[S;*S;4.7—4 


(Si*Si417+SiSi41”) ] as a function of a for the exact solution. 
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Fic. 5. @&E/de? as a function of a for the exact 
solution and the variational solution. 


could have been hidden by the coarseness of the mesh. 
It appears that the variational scheme used by 
Kasteleijn gives the approximate form of the short- 
range order except for the kink which is not present 
in the exact solution. 


Vill. CONCLUSIONS 


According to the variational method, the long-range 
order sets in as shown in Fig. 6 where a, is at the same 
point as the kink in the variational short-range ordering 
curve. The energy expression of Kasteleijn at that point 
is quite smooth (as is the exact energy). One can say 
that the energy of the system is relatively insensitive to 
the long-range order, or, conversely, that the long-range 
order is a very sensitive function of the energy. If the 
ground state of a system has a given long-range order, 
a state lying very close to the ground state may have a 
very different long-range order. As shown in Fig. 2, the 
variational calculation results in an incorrect value for 
the energy of the ground state for all values of a<1. For 
these reasons, the conclusions reached from the varia- 
tional treatment with regard to long-range order may 
be put in some doubt in the region of a<1. The calcula- 
tion of Kasteleijn implies a sharp kink in the short- 
range order curve as a function of a and it should be 
noted that a similar kink exists in the long-range order 
curve of Fig. 6. The latter kink may also be fictitious, 
but unfortunately the long-range order cannot be calcu- 
lated by the exact method utilized in this paper. One 
certainly cannot say that because the exact short-range 
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Fic. 6. The long-range order, o*, as a function of a for the varia- 
tional calculation. o* = (2/N)|m,—my2|, where m; and mz are the 
number of plus spins in even and odd places, respectively, on 
the chain. 


order is a smoothly varying function of a, the long-range 
order should be a smoothly varying function too, but 
neither can one say the contrary—that there is any 
sudden discontinuity in the long-range order. 

The problem of determining the ground-state long- 
range order of the linear chain with or without anisotropy 
(a<1) is an unanswered one in this field. The references 
in the literature regarding the existence or nonexistence 
of long-range order have either been “educated guesses” 
or rely on approximate calculations. The author believes 
that this paper has shown some of the dangers of such 
conclusions. Until an exact method is found, as far as 
the author can see, there is no dependable method as 
yet to determine the long-range order of the linear 
antiferromagnetic chain. 
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Magnetoresistance was studied for n-type single-crystal germanium of 4X10" effective donors/cr 


n?, 


The effective anisotropy parameter K was found to decrease from ~20 at 300°K to ~6 at 20°K. Values 
close to 20 werg again obtained at 7°K and 4.2°K. By introduction of compensating acceptors with heat 
treatment, it was shown directly that the decrease of K was due to anisotropic scattering by ionized im 
purities, and the anisotropy was investigated by using different degrees of compensation. Below 7°K, the 
scattering is determined by neutral impurities, and the high value of K indicates that the scattering is 


isotropic. 





INTRODUCTION 


HE nature of the multivalleyed conduction band 

in #-type germanium, with four energy minima 
in the (111) directions in momentum space, has been 
well established from cyclotron resonance!” and other 
measurements. The anisotropy of magnetoresistance 
gave the earliest evidence for an anisotropic band 
structure.’ The quantitative interpretation of magneto- 
resistance depends, however, not only upon the band 
structure but also upon the scattering mechanism. An 
effective anisotropy parameter AK can be defined in 
terms of magnetoresistance and Hall coefficients. If 
the scattering of electrons can be represented by a 
relaxation time r which is isotropic in momentum space, 
the value of K is simply K = m,,/m,=K m, i.e., the ratio 
of effective masses along and perpendicular to the major 
axes of the energy ellipsoid. If 7 has the same symmetry 
as the energy ellipsoids, and if the quantity 7,/71=K, 
is independent of energy, the effective K can be repre- 
sented as K=K,,/K,. 

Measurements by other workers’? in the carrier 
exhaustion range from 300°K to 50°K have shown that 
very pure samples give values of K about equal to the 
cyclotron resonance value K,,= 20 (obtained at 4.2°K). 
Since scattering at high temperatures in pure samples 
is dominated by lattice vibrations, these measurements 
indicate that lattice scattering is isotropic. For samples 
in which ionized impurity scattering is important, K is 
found to decrease with decreasing temperature and 
increasing impurity concentration.’ Thus these meas- 
urements indicated qualitatively the anisotropic char- 
acter of ionized impurity scattering, since K,, is not 
expected to exhibit appreciable temperature depend- 
ence, 

The present measurements have been extended down 
to 4.2°K. Using samples of 4X 10" effective donors/cm', 


* Work supported by an Office of Naval Research Contract. 
1 Dexter, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
2 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 
3G. L. Pearson and H. Suhl, Phys. Rev. 78, 646 (1950). 
4B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
( 5R. M. Broudy and J. D. Venables, Phys. Rev. 103, 1129 
1956). 
6H. P. Furth and R. W. Waniek, Phys. Rev. 104, 343 (1956). 
7C. Goldberg, Phys. Rev. 109, 331 (1958). 
8 M. Glicksman, Phys. Rev. 108, 264 (1957). 


the value of K was found to decrease from 20 at 300°K 
to 6 at 20°K. However, at 7.0°K, when most of the 
effective impurity atoms become electrically neutral, 
the value of K was again 20. The value was greatly 
reduced when compensating acceptors were introduced 
into the sample. The experiments provide a clear proof 
that scattering by ionized impurities is anisotropic, 
with a reduced value of K. The results also lead to the 
conclusion that the scattering at low temperatures was 
controlled by neutral impurities with essentially iso- 
tropic relaxation time. The introduction of increasing 
amounts of compensating acceptors into the same 
sample provided a means for studying the anisotropy 
of scattering by ionized impurities. This method has 
an advantage over higher-temperature measurement 
for various impurity concentrations, in that screening 
of ionized centers by free electrons is unimportant. 


THEORY USED FOR INTERPRETATION 


The conduction band for type germanium may be 
described by 4 energy ellipsoids of revolution oriented 
with major axes in the (111) directions of momentum 
space. The electron energy for each ellipsoid is described 
by the relation 


) ; mz=m,=m,~m,=m,. (1) 


2m, 2m, 


Herring and Vogt® have derived expressions for the 
magnetoresistance coefficients in the limit of small 
magnetic field, under the condition that a relaxation 
time for carrier scattering exists and has the symmetry 
of the energy ellipsoids, so that it may be described as 
a diagonal tensor with 7,=7y=7.1, T2= 71. Under this 
assumption, the magnetoresistance and Hall mobility 
for the case of (111) ellipsoids are related in the expres- 
sion 
M 100/ H” 
W= lim 


H->0 M 100 / FP + py? 
2K w2{7*)— 2K w(t 2271) + 7171") | 


LS. Sa [2K m7 8)+-5K (72271) +2(ra712) | 
°C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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Fic. 1. Value of the function W as a function of K. 


where M 1o0= Ap/po) 1,100)” O™, M 300° = Ap ‘po) 1100) 9 
un is the Hall mobility, K,,=m),/m,, and 


x 


(71'711)= J 71"T1°e! exp(—e RT )de. 


0 


In the special case where 
K,=71/T1 (3) 
is independent of energy, W reduces to the simple form 
2(K—1)? 


i———_—_____., (4) 
(2K+1)(K+2) 
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Fic. 2. Value of the function Y as a function of g for various 
values of K, assuming relaxation time 7 = e?. 


FAN 


where 
K=K,,/K:. (5) 


More generally, K may be regarded as a parameter 
defined operationally in terms of M00, Mio0°, and ux 
by means of (4) and (2), irrespective of the validity of 
(5). W asa function of K is shown in Fig. 1. 

If (3) is valid, we get the expression 


- | 
ES elaciecackeenpeeatacascem 
Moo 3 K(K+2)? 
Y= lim ———=——— = 


H~0 M 400°" | (2K-+1)? | | 
"Paced dial HS 
3K(K+2) 


where 
v=(r,) (715)/(r2)*. 

Through v, Y depends on the variation of r with energy. 
Therefore the relation (6) can be used to study the 
energy dependence of 7. Figure 2 shows Y for various 
values of K as a function of g, under the assumption 
that rxe*%. Y is seen to be strongly dependent both 
upon K and gq. For a given K, two values of g satisfy 
the measured Y, so that other information is necessary 
to choose between a positive or negative g. The temper- 
ature dependence of Hall mobility could be expected 
to provide this information: i.e., increasing mobility 
with increasing temperature implies a positive power 
dependence of 7 upon energy. 

The validity of (3) also implies that the high-field 
theory of Abeles and Meiboom‘ is applicable, with K 
substituted for K,,. By using this theory, information 
can be obtained from the field dependence of magneto- 
resistance. K uniquely determines the saturation value 
of longitudinal magnetoresistance in the high-field 
limit, independent of the nature of the variation of 
relaxation time with energy. 

The assumption of a relaxation time tensor having 
the symmetry of the energy ellipsoids leads to the 
“symmetry relation” y=—f, where y and # are 
phenomenological magnetoconductance coefficients in- 
troduced by Seitz.” This relation is equivalent to the 
expression 


(M y10!°/M 110) = 1 = Mi0/M 110°". (7) 


The violation of this relation would indicate that the 
relaxation time assumption is not valid. Careful experi- 
ments thus far! have shown that the symmetry 
relation is quite well satisfied, justifying the assumption. 
However, Herring and Vogt have shown that calcu- 
lations based upon the above assumption of relaxation 
time may give good results even when the scattering is 
actually not describable by a relaxation time. 


0 F, Seitz, Phys. Rev. 79, 373 (1950). 
1 C, Goldberg and W. Howard, Phys. Rev. 110, 1035 (1958). 





MAGNETORESISTANCE 


EXPERIMENTAL RESULTS 


The samples were single crystal n-type germanium, 
oriented by x-ray. Measurements of K were made with 
samples having length, width, and thickness in the 
(100) directions. The symmetry relation was checked 
using samples in which the current direction was [110], 
the other two directions being [110] and [001]. The 
measurements were made in a low-temperature cell 
which makes use of helium exchange gas and a heater 
to provide temperatures above bath temperature. At 
7.0°K, the temperature could be maintained constant 
to within +0.004°K. Such careful temperature control 
was necessary because of the extremely large depend- 
ence of resistivity upon temperature in this range. 
Determination of W from magnetoresistance and Hall 
mobility was obtained by computing W at each field, 
and extrapolating to zero magnetic field, as illustrated 
in Fig. 3. 
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Fic. 3. The magnetic field dependence of magnetoresistance, 
Hall mobility, and function W for an uncompensated sample. 


The temperature dependence of the effective ani- 
sotropy parameter K determined for a sample of Vp 
=4X10!*/cm*’, where Vp is the original concentration 
of the effective donors is shown in Fig. 4. The decrease 
of K with decreasing temperature from the room- 
temperature value of ~20 is due to the increase of 
ionized impurity scattering. The rise at low temperature 
shows that the scattering mechanism has changed 
between 20°K and 7°K. The value of K~20 at 7°K is 
in agreement with cyclotron resonance measurements 
for K,,, and thus indicates that the scattering is 
isotropic. It is estimated from the Hall coefficient that 
about 20% of the effective donors are ionized at 20°K, 
while the number is negligible at 7°K. 

In order to make sure that the increase of K from 
20°K to 7°K is indeed due to the decrease of ionized 


IN n-TYPE Ge 


Fic. 4. Temperature dependence of the effective 
anisotropy parameter K. 


impurity scattering, compensating impurities were 
introduced by heat treatment. The sample was heated 
in helium atmosphere at 640°C for one hour, and 
quenched to room temperature. The acceptors intro- 
duced were probably copper thermally diffused into the 
sample, although no copper was deliberately added. 
As a result of this heat treatment, the concentration of 
ionized impurities at low temperatures was increased 
by an amount of ~0.15.p. The results are shown in 
Fig. 5. The Hall mobility and factor W at 8.0°K were 
both reduced to nearly the same values obtained at 
20°K before the heat treatment. This result gives 
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Fic. 5. The magnetic field dependence of the function W and 
the Hall mobility, showing the influence of additional ionized 
impurities at low temperature. 
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Fic. 6. Hall mobility 
of electrons at low tem- 
perature as a function of 
exhaustion carrier con- 
centration. Solid points 
from unpublished data 
of H. Fritzche. 
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direct evidence that ionized impurities reduce the value 
of K. The fact that the samples before the heat treat- 
ment had at 7°K a value of K~20 characteristic of 
isotropic 7 shows that scattering by ionized impurities 
must have been unimportant. Therefore the concen- 
tration of ionized impurities due to any possible 
compensation must have been much less than 0.15N p. 
This deduction is in agreement with the low value of K 
obtained at 20°K before the heat treatment. The 
concentration of ionized impurities was about 0.20N p 
at 20°K, if there was negligible compensation. Figure 5 
shows that the curve of W(H) is somewhat lower than 
the curve for 8°K after heat treatment, when the 
concentration of ionized impurities was 0.15 p. 

The scattering at low temperature with apparently 
isotropic rt seems to be due to neutral impurities. The 
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Fic. 7. Magnetic field dependence of magnetoresistance for 
uncompensated and heavily compensated n-type Ge. 
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Hall mobility of 7°K in similar samples has been found 
to be inversely proportional to the number of effective 
donors as determined from the exhaustion carrier 
concentration. Figure 6 shows this relationship. This 
is the behavior to be expected for neutral impurity 
scattering, since the number of neutral impurities at 
low temperature is equal to the number of donor 
atoms, in the absence of compensating acceptors. Early 
treatment of neutral impurity scattering by Erginsoy” 
gave an energy-independent relaxation time. Determi- 
nation of vy from Y and K according to (6) shows v1. 
Hence the relaxation time must be energy-dependent. 
Under the assumption of a simple power dependence of 
7 on energy, the data indicate that the relaxation time 
should vary roughly as the 0.7 power of the energy. 
Recent treatment of neutral impurity scattering by 
Sclar® shows that some energy dependence of + may 
be expected. However, both theoretical treatments are 
based upon rather simplified models and isotropic 
effective mass. The nature of neutral impurity scatter- 
ing requires further study. 

To investigate the anisotropy of scattering by ionized 
impurities, larger amounts of compensating impurities 
were introduced by quenching from higher tempera- 
tures. Measurements were made at 20°K, a temperature 
low enough so that lattice scattering would be small, 
but not so low that impurity-band conduction would 
influence the results. Figure 7 shows the result for one 
such measurement, in which compensating centers to 
the extent of ~0.35N p were introduced. The fraction 
of total impurities, acceptors plus donors, ionized at 
20°K is ~0.6. The longitudinal magnetoresistance has 
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Fic. 8. Scattering anisotropy parameter K, as a function of 
fraction of ionized to total impurities for increasing concentration 
of compensating impurities. 


2 C, Erginsoy, Phys. Rev. 79, 1013 (1950), 
18 N. Sclar, Phys. Rev. 104, 1559 (1956). 
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become smaller than the transverse, in contrast to the 
behavior before the introduction of acceptors, where 
only ~0.2 of the total impurities are ionized. Figure 8 
shows a plot of the derived K, with increasing V;/Nr. 
There should be no anisotropy when the scattering is 
due to neutral impurities, so the curve can be drawn 
through K,=1 at N;/Nr=0. Ham" has calculated a 
K,=12 for ionized impurity scattering by generalizing 
the Brooks-Herring mobility analysis to the case of 
ellipsoidal energy surfaces with K,,=19 and by con- 
sidering only low-angle scattering. This value is con- 
sistent with the extrapolation of the experimental curve 
to N;/Nr=1. With the introduction of compensating 
impurities, the Hall mobility decreased from ux = 25 000 


cm?/volt-second for N,;/Nr=0.2 to pe=5700 for. 


N,/Nr=0.57. The quantity 1/u”N7, however, changed 
only from 5X10-* to 5.9X10-*° cm-volt-second as 
shown in Fig. 9. This observation indicates that with 
N1/Nr=0.2, the mobility was already largely limited 
by ionized impurity scattering. On the other hand, 
the value of K, was only 3.3 at V;/Nr=0.2, consider- 
ably lower than is expected for pure ionized impurity 
scattering. Thus K, is much more sensitive to the 
admixture of other scattering mechanisms than is the 
mobility. The quantity 1/ugN; is a measure of the 
scattering cross section of ionized impurities. The 
curve 1/u_Nr is also plotted in Fig. 9. By extrapolating 
this curve to V;/Nr=0, we get 1/unNy~0.45X 10-*° 
cm-volt-second for neutral impurities. Erginsoy’s ex- 
pression for neutral impurity scattering gives a value 
of 0.55 X 10-*° cm-volt-second. 

The symmetry relation was checked. At 300°K and 
77°K, before quenching, y/8= —1.00+0.04. At 20°K, 
in a sample quenched to N;/Nr=0.45, Ky~5.6 and 
+/8=—0.97+0.06. It would thus appear that there is 
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Fic. 9. Dependence of 1/un#N; and 1/unNr upon the 
fraction of ionized to total impurities. 


4 F, Ham, Phys. Rev. 100, 1251(A) (1955). 
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Fic. 10. The magnetic field dependence of magnetoresistance 
of optically excited electrons, compared with high-field theory of 
Abeles and Meiboom. 


no glaring deviation from the symmetry relation, even 
with fairly anisotropic scattering. 

Some measurements were also made at liquid helium 
temperature. The sample showed impurity-band con- 
duction behavior, with low mobility and magneto- 
resistance. However, the magnetoresistance of conduc- 
tion electrons can be determined by exciting them to 
the conduction band with infrared radiation. Infrared 
light of lower photon energy than the intrinsic absorp- 
tion was used, to insure the absence of hole excitation, 
and to give uniform bulk illumination. The magneto- 
resistance of the photoconductive electrons was meas- 
ured using chopped light and ac detection, so as to 
eliminate effects of conduction by unexcited carriers. 
Measurements were made (before compensation) upon 
the samples described above, at fields up to 3500 
oersted. The Hall mobility of the excited electrons was 
not measured, so W would not be determined directly. 
Figure 10 shows that the data could be fitted with the 
Abeles-Meiboom high-field theory for a Hall mobility 
of 45 000 cm?/volt-second and K = 20, again indicating 
isotropic scattering. The symmetry relation is also 
obeyed to within experimental error. 


CONCLUSIONS 


Ionized impurities decrease the effective anisotropy 
parameter K. The results obtained with the introduc- 
tion of different amounts of ionized impurities indicate 
that K, may be as high as 12 for pure ionized impurity 
scattering. The symmetry relation is found to be quite 
well obeyed for values of K,<5.6. In the samples used, 
the scattering at low temperatures, when nearly all of 
the carriers are frozen out, is mainly due to neutral 
impurities. The parameter K reaches the value K,,= 20, 
indicating that neutral impurity scattering is isotropic. 
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The potential energy of a valence electron in sodium is represented by the function V(r) = —2/r+Ae*"/r. 
The second term, which is repulsive in character, represents the effect of the core electrons. Values for A 
and 8 are determined from spectroscopic data. Energy levels of predominantly s and p symmetry are deter- 


mined at four points of the Brillouin zone. 





INTRODUCTION 


N the alkali metals, one valence electron moves 
mostly outside of a compact core of electrons in 
closed shells. Beyond the core, the potential energy of 
the electron is —2/r, the Coulomb potential of the posi- 
tive ion. Inside the core, the potential energy decreases, 
becoming —2Z/r at the center (Z is the atomic num- 
ber). The net effect of the core on the valence electron is 
nevertheless repulsive: this is manifest in that the 
energy of the lowest state of a valence electron in the 
free sodium atom is only —0.3777 Rydberg. The energy 
of the lowest state in a —2/r potential is —1 Rydberg. 
The repulsive effect is due to the requirement that the 
valence electron wave functions be orthogonal to the 
wave functions of the core electrons. The orthogonality 
gives rise to a substantial kinetic energy of the valence 
electron when it is in the core. 

This observation suggests that one might try to 
introduce a potential energy for the valence electron 
which would be — 2/r for large r, but contain a repulsive 
part at small r. This pseudopotential would include the 
effects of orthogonality of the valence electron to the 
core electrons, so that the lowest valence electron state 
is also the lowest bound state in this potential. This idea 
was introduced by Hellmann and Kassatotschkin,' who 
called it the combined approximation. These authors 
applied the method to the determination of the cohesive 
energies of the alkali metals. It has also been applied to 
the study of molecules.'* 

In this paper the pseudopotential idea is applied to 
the computation of energy bands in sodium. The po- 
tential energy of the valence electron is expressed as 


V (r) = —2/r+Ae-*'/r. (1) 


The constants A and 6 are determined from spectro- 
scopic data for the free atom. A plane wave method is 
adopted for the computation of energy levels of s and p 
symmetry at four points of the Brillouin zone. 


QUALITATIVE JUSTIFICATION OF THE 
PSEUDOPOTENTIAL 


The development of the quantum defect method 
(QDM) indicates that it is not necessary to have de- 


1H. Hellmann and W. Kassatotschkin, J. Chem. Phys. 4, 324 
(1936); Acta Physicochim. U.R.S.S. 5, 23 (1936). 
2H. Preuss, Z. Naturforsch. 102, 365 (1955). 


tailed information concerning the form of the potential 
inside the ion in order to compute the energy levels of 
the valence electron in the solid, provided that the 
potential is Coulombic near the cell boundary.’ In the 
region where the potential is Coulombic, the wave 
function is a linear combination of the regular and 
irregular solutions of the Coulomb wave equation. The 
ratio of the coefficients in this combination is a function 
of energy which can be determined for energies corre- 
sponding to eigenvalues of the free atom, and extrapo- 
lated to other energies. Once the ratio is known, the 
wave function on the cell boundary is determined except 
for a multiplicative constant, and consequently the 
energies at which the various states y; satisfy the ap- 
propriate boundary conditions can be determined. 

The justification of the pseudopotential approach is 
that, for energies corresponding to certain eigenvalues 
of the free atom, the wave function is given correctly in 
the Coulomb region. For other energies, it gives a means 
of performing the extrapolation of the ratio of coeffi- 
cients in the wave function in an unambiguous manner. 
The method can not be in principle as accurate as the 
QDM since, for instance, exchange effects cannot be 
completely represented by a potential. The principal 
advantage is that it permits the application of varia- 
tional methods to the determination of energy levels in 
the solid. 

It must be realized that the pseudopotential approach 
can be applied only to those levels of the valence elec- 
tron for which there are core electron states of the same 
symmetry. It is only for these states that the ortho- 
gonality to the core functions gives rise to an effective 
repulsion. For instance, the method cannot be applied 
to a d state in sodium. 


DETERMINATION OF THE PSEUDOPOTENTIAL 
PARAMETERS 
The problem is to determine the pseudopotential 
parameters A and @ from spectroscopic data. It must be 
expected that different values for the parameters will be 
obtained depending on the states used to determine 
them. The effect of exchange can be considered to a good 
approximation as giving rise to a different potential for 


3F. S. Ham, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127. 
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the states of different angular momentum.’ Conse- 
quently, it would be desirable to determine a pseudo- 
potential for each angular momentum. The difference of 
the effective exchange potential between the different 
angular momentum states is likely to produce only a 
small effect in sodium as is evidenced by the success of 
Prokofjew in accounting for all the spectral levels on the 
basis of a single potential. It was believed to be 
sufficiently accurate in this case to determine a single 
potential based upon the lowest valence s and # states. 

An obvious way to determine the pseudopoten- 
tial parameters is to apply the variational principle. 
This is the procedure employed by Hellmann and 
Kassatotschkin.! The expectation value of the one- 
electron Hamiltonian can be calculated analytically 
with the pseudopotential if a simple trial function is 
employed. It is possible to determine the parameters by 
requiring that the minimum of the expectation value of 
the energy occur at the observed eigenvalues of two 
states, subject to the requirement of orthogonality. 
This procedure was applied to sodium. Trial functions 
of the form re~" for the s state and r’e~”” for the p state 
were used and yielded values of A=5.378, B= 1.448. 
These values differ significantly from those quoted by 
Preuss.? Unfortunately, the simple trial functions are 
rather poor approximations to the actual wave functions 
for this sort of potential, and it appears that the 
variationally determined parameters overestimate the 
range and underestimate the strength of the repulsive 
potential quite seriously. 

In order to determine the parameters more carefully, 
the following procedure was adopted. The wave equa- 
tion was integrated numerically with a trial repulsive 
potential out to a radius in the region where the po- 
tential is Coulombic. The logarithmic derivative of the 
wave function was computed and compared with that 
required by the Coulomb wave equation for the given 
eigenvalue. The latter exact logarithmic derivative can 
be computed according to the procedure of Ham,’ but 
the following approach was found to be simpler and less 
subject to computational error. 

It is possible to give a semiconvergent expansion in 
decreasing powers of r for the wave function in the 
Coulomb region, based on the fact that if the energy is 
an eigenvalue, the wave function must decrease ex- 
ponentially at large r. The radial equation is 


PR, 2 U(i+1) 
- +(2+ ———)Ri=0. (2) 
dr r r 
The expansion is 
R.= exp(—W'r)r* >, aar-", (3) 
where W=—E, s= (W)-4, and 
an=[1(l+1)— (s+1—n)(s—n) Jan_s/(2m/W). (4) 


4 Herman, Callaway, and Acton, Phys. Rev. 95, 371 (1954). 
5 W. Prokofjew, Z. Physik 58, 255 (1929). 
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The first three terms of this expansion are usually 
sufficient to obtain a good value for the logarithmic 
derivative. 

Given the difference between the logarithmic deriva- 
tive of the wave function in the Coulomb region as 
computed from a set of pseudopotential parameters, and 
that obtained using the expansion above, it is possible to 
correct the parameters to bring the derivatives into 
reasonable coincidence. The method for doing this is 
closely related to a procedure given by Kambe.® The 
radial wave equation for an energy £ and potential V is 


l(l+1) 

a )Ri=0. (5) 
r 

For the special case of V= E=0, we have 


@P, Il+1) 


- P, = 0, ( 6) 
dr’ r 


of which the solution is P;=r'*', We multiply (5) by P; 
and (6) by R:, subtract, integrate with respect to r, and 
finally divide by the product R,P:. We obtain 


1 dR; 1 dP; 1 
R, dr Pi dr ~ R(t) Pi(r) 


xf [V(r’)—E\Ri(r’) Pilr')dr’. 
0 


Thus for a given potential V;, the logarithmic derivative 
is 
1 dR; I+1 1 


Ry 


L= 


R dr r 
xf [Vilr’)—EJRi(r')(r')"'dr’. (7) 
0 


If we compare the logarithmic derivatives of functions 
found for two potentials at the same r, we find 


f [Vi(r’)— E\Ri(1’) (9') dr’ 


0 


1 r 
fry -eaRryeryar. 


If the change in potential AV=V=V,—Vz is suffi- 
ciently small, we may set R,;= R;’, and we have 
1 r 
L,-L,.=——— 
Ry 0 


AV (r')Rilr’) (9) dr’. (8) 


If we know the difference in the logarithmic deriva- 
tives, we can use (8) to determine information about 


6K, Kambe, Phys. Rev. 99, 419 (1958). 





324 


AV. Through the use of simple analytic fits to the 
functions R;, it was found possible to adjust the poten- 
tial using the differences between the computed and 
actual logarithmic derivatives for the s and p state 
simultaneously. After a few iterations of this procedure, 
the final pseudopotential parameters were chosen to be 
A= 24.578, B= 2.1008. 

This potential leads to an energy for the 4S free-atom 
state of — 0.1428 ry in comparison with the experimental 
—0.1432 ry. 


BAND STRUCTURE CALCULATION 


An estimate of the accuracy of the pseudopotential 
approach in band theory would be afforded by a com- 
parison of energy levels calculated with the pseudo- 
potential and those obtained using the quantum defect 
method. The only substance for which QDM treatment 
of levels away from k=0 has been reported is sodium.’ 
This is the reason for the choice of sodium as the first 
substance to be studied by this method. 

In order to avoid the difficulties of satisfying bound- 
ary conditions on the surface of the atomic polyhedron, 
the orthogonalized plane wave (O.P.W.) method was 
chosen in preference to the cellular method for the band 
structure calculation. Application of the O.P.W. method 
is greatly simplified in this case by the fact that the 
effect of the core states is contained in the pseudo- 
potential so that the orthogonalization procedure is 
unnecessary. Another advantage is that the simple 
analytic form of the potential makes possible analytic 
computation of the Fourier coefficients of the potential. 
A disadvantage is that the strong and rapidly varying 
repulsive potential near a nucleus gives rise to large 
Fourier coefficients for k~0 and thus retards the con- 
vergence of the plane wave expansions for the states of 
predominantly s symmetry. 

The wave function is expanded as a linear combina- 
tion of symmetrized groups of plane waves chosen so as 
to belong to a particular representation of the group of 


Fic. 1. Brillouin zone for the body-centered cubic lattice. Points 
and lines of symmetry are indicated. 
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the wave vector. If yy‘ is the wave function for the ith 
irreducible representation of wave vector k, one has 


Wuxi =o! Din Cup’ expli(k+h) -r]. (9) 


The sum over h runs over all reciprocal lattice vectors. 
Qo is the volume of the unit cell. Substitution of (8) into 
the Schrédinger equation and standard manipulations 
lead to the determinantal equation: 


det((k+h| 7 |k+h’)— Eéyn- ]=0. (10) 


If the Hamiltonian is written as H= —V’+V/(r), one 
obtains 


(k+h|H|k+h’)= (k+h)*5,-+V (h—h’), 


where 


Vth—h’)=25-* f expl—ith—h) -F]V a (12) 


(11) 


TABLE I. Energy levels for sodium (in Rydbergs). The order of 
the energy matrix diagonalized and the number of plane waves 
used in the expansion of the wave number are given along with 
the energy of each state. For comparison, the energies obtained 
by Ham®* using QDM, by Howarth and Jones,” and by Von der 
Lage and Bethe? are given. 


Order of Number 
matrix of waves E 


E(QDM)=» E(LB,HJ)»-« 
—0.610 —0.608 
— 0.287 —0.315 

—0.11 

—0.100 


—0.597 

—0,263 

—0.041 
+0.193 +0.136 
—0.316 
—0.162 
—0.015 
0.301 
0.310 
0.632 


—0.292 — 0.268 


—0.018 —0.014 


+0.563 


* See reference 3. 
> See reference 9. 
¢ See reference 8. 


The Fourier coefficients V(h—h’) of the potential (1) 
were computed in the approximation that the atomic 
polyhedron can be replaced by the sphere of equal 
volume. Calculations were based on a sphere radius’ 
r,= 3.94 atomic units, believed appropriate for T=0°K. 

The determination of the Fourier coefficients of the 
potential is discussed at greater length in Appendix I. 

The energies of the states of predominantly s and p 
symmetry were determined at four symmetry points of 
the Brillouin zone: I’, H, P, and N. The Brillouin zone 
is shown in Fig. 1. States of predominantly d (or higher 
l) symmetry were not considered since the pseudo- 
potential approach cannot be applied to states for which 
there is no core function of like symmetry. 

The energies of the states calculated are given in 
Table I where they are compared with the results of 
Ham as mentioned previously, and with those of 
Howarth and Jones and Von der Lage and Bethe who 


7G. B. Benedek and T. Kushida, Technical Report No. 268, 
Cruft Laboratory, Harvard University, 1957 (unpublished). 
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used the cellular method and the Prokofjew potential.** 
The agreement is quite good although not perfect. 

In comparing results we believe that the energies of 
the levels reported here are convergent to within 0.01 
Rydberg for all states. The numerical accuracy of the 
cellular method calculations is difficult to assess since it 
is well known that point fitting of boundary condition 
may lead to a spread of the energy values for a given 
level. The calculations of Ham and Howarth and 
Jones were made for slightly different lattice parameters 
than that used here, corresponding to r,=3.96 and 
r,=4.01 atomic units, respectively. Also the previous 
cellular method and QDM calculations assume the 
potential is coulombic on the surface of the atomic cell. 
The potential used here has been modified so as to have 
zero gradient for r=r,, as is discussed in the appendix. 
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APPENDIX. FOURIER COEFFICIENTS OF 
THE POTENTIAL 

In a cubic crystal, the potential must belong to the I’; 
representation of the cubic point group. This means that 
the potential, if it is a function of radius only, must have 
zero normal derivative on the surface of the atomic 
sphere. Failure to satisfy this condition is equivalent to 
assuming the presence of a surface charge layer on the 
cell boundary. The potential (1) does not satisfy this 
condition, as has also been the case in many band calcu- 
lations. It is desirable then to modify the potential so 
that the Fourier coefficients of the potential used in the 
calculation correspond to a potential with zero normal 
derivative on the boundary. 

Consider a simple Coulomb potential in one cell: 


V(r)=—2/r. (A-1) 


If we carry out the Fourier analysis of this potential 
according to Eq. (11) and replace the polyhedral cell by 
the sphere of equal volume (radius r,), we have 


(A-2) 


8x 
V (k) =Q0 f e~ *k-tV (r)d*r =——(coskr,— 1). 
Qo 


k°Q6 


The potential of Eq. (A-1) may be regarded as an 
approximation to that produced by a periodic array of 
unit point charges. To keep the average crystal potential 
finite, these point charges must be neutralized, for 
instance, by a uniform distribution of negative charge 
with density 1/2. The Fourier coefficients of the po- 
tential of this distribution are given without approxima- 
tion by the formuit” 

8r f 
Qok? { 


20 


V.(k) (A-3) 


a(r)e"*-*d3y, 


8 F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 (1947). 

®D. J. Howarth and H. Jones, Proc. Phys. Soc. (London) A65, 
355 (1952). 

10 J. Callaway and M. L. Glasser, Phys. Rev. 112, 73 (1958). 
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TABLE II. Comparison of different potentials. The energies (in 
Rydbergs) of the states are given: E; as determined from the 
potential whose Fourier coefficients are given by (A-5); E11, from 
the potential with Fourier coefficients (A-6). 


Ex Eu 
—0.601 


—0.597 
—0.263 
— 0.041 
+0.193 


— 0.090 
+0.168 


—0.298 
—0.145 
— 0.060 
+0.229 
+0.364 
+0.592 


—0.316 
—0.162 
—0.015 
+0.301 
+0.310 
+0.632 


where o(r) is the charge in each cell. For k+0, we may 
neglect the uniform charge distribution, and if we set 
a(r)=8(r) we have 

8r 


(A-4) 
Qok? 


V.(k) 


It will be observed that the coefficients given by (A-4) 
are significantly different from those given by (A-2) 
because of the presence of the coskr, term in (A-2). The 
coskr, term must be considered as spurious, arising from 
the failure of the potential (A-1) to possess the ap- 
propriate symmetry. 

For this reason, in the computation of the Fourier 
coefficients of the potential (1) to be used in the band 
structure calculation, we have dropped the coskr, term 
and used the result (for k+¥0) 


dor Ak? 
V(k) = -)2-- -| 
Ook? e+k 


(A-5) 


In order to make possible comparison of the results of 
this calculation with the cellular method results, the 
average crystal potential [ which is V (0) ] was computed 
directly from Eqs. (1) and (11, vithout modifications. 
Alteration of V(0) merely displaces all levels by the 
same amount. 

Since many of the potentials which have been em- 
ployed in other band calculations are incorrect in this 
respect, it is of some interest to note the effect the 
inclusion of the spurious coskr, term. In Table II, the 
eigenvalues of the representations are given (I) for the 
case of the potential where Fourier coefficients are given 
by (A-5), and (II) for the potential for which the 
coefficients are given by 


Ak 


o> 9 


i 4r 
V o(k) = — ‘ 


#0) 


2 


2 (1—coskr,) — | (A-6) 


It seems that the I’, level is not altered appreciably but 
that higher states are significantly affected. 
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An approach to the absolute saturation magnetization of polycrystalline, magnetically hard BaO -6Fe:03 
has been achieved by using magnetic fields up to 60 000 gauss and temperatures down to 1.3°K where the 
saturation magnetization and remanence (about one-half of the saturation magnetization) have become 
temperature-independent. The magnetization in the highest fields is approaching 1.64 Bohr magnetons per 
atom of Fe at 1.3°K and 1.13 at 295°K. Inferences are drawn as to a possible magnetic structure from such 
a saturation magnetization. A sample displacement ballistic technique is used. 





INTRODUCTION 

HE discovery! of magnetically hard barium 

ferrate III (BaO-6Fe.O;) caused considerable 
speculation as to its magnetic nature, although the 
marked temperature dependence of the remanence 
made it unsuitable for practical applications. Attempts 
to reach saturation magnetization of the polycrystalline 
specimens failed because of field and temperature 
limitations. There was, however, an easy direction of 
magnetization in single crystals which permitted 
measurement of a directional saturation magnetization 
in this direction.? This saturation magnetization was 
found to increase linearly as the temperature decreased 
and an extrapolation was made in temperature to 
estimate the absolute saturation magnetization. 

Several questions arise in connection with the 
saturation magnetization of paramagnetic and ferro- 
magnetic substances and the theories which attempt 
to explain them. That is, while some ferromagnetic 
substances, such as gadolinium metal* and Cr*** in 
anhydrous chromium chloride‘ yield the full, expected 
saturation magnetization, most ferromagnetic sub- 
stances yield absolute saturation values lower than 
would be expected from the simple, assumed structures 
of individual ions or atoms. Examples are: Iron® (2.2 
instead of 4 Bohr magnetons per atom of iron), neo- 
dymium*® (1.6 instead of 3.3 Bohr magnetons per atom), 
ferrites,’ uranium hydride,’ and others. 

There are essentially three theories purporting to 
account for this reduction of expected saturation 
magnetization, viz., (1) the Néel sublattice theory’ of 
ferrimagnetism, based on partial cancellation of 

1H. Fahlenbrach and W. Heister, Arch. Eisenhiittenw. 24, 523 
5 ~ Rathenau, Gorter, and Van Oosterhout, Philips Tech. 
Rev. 13, 194 (1952). 

3 W. E. Henry, J. Appl. Phys. 29, 534 (1958). 

‘Henry, Hansen, and Griffel, Trans. Am. Inst. Elec. Engrs. 
T78 (1956); W. E. Henry, Bull. inst. intern. froid Paper 60 (1956). 

5 C. Kittel, Jntroduction to Solid-State Physics (John Wiley and 
Sons, Inc., New York, 1956), p. 413; M. Fallot, Rev. sci. 79, 418 
Cw. E. Henry, Proceedings of the1958 International Conference 
on Ferro- and Antiferromagnetism at Grenoble, France (to be 
published). 

7 E. W. Gorter, thesis, University of Leiden, 1954 en ammatiids 
Philips Research Repts. 9, 295 (1955). 


8 W. E. Henry, Phys. Rev. 109, 1976 (1958). 
9L. Néel, Ann. Phys. 3, 137 (1948). 


moments due to oppositely oriented sublattices and 
supported for some substances by neutron diffraction 
work” and some saturation data’; (2) the Gal’perin- 
Vonsovskii theory" in which the interatomic distances, 
the interaction between the free s electrons and the d 
electrons play roles in cancellation of the magnetization 
normally expected to arise from d electrons. The effect 
of distance between neighbors is borne out by the 
pressure dependence of saturation magnetization; and 
(3) the Weiss and DeMarco theory” based on the 
promotion of d electrons to higher nonmagnetic states. 

The purpose of this investigation was to obtain 
absolute saturation magnetization of this magnetically 
hard barium ferrate III by application of high fields at 
low temperatures and further to determine if the 
saturation magnetization and remanence become tem- 
perature independent at sufficiently low temperatures ; 
in addition to obtaining a better understanding of 
magnetic interactions, one may infer the magnetic 
structure of BaO-6Fe20; by comparison of its absolute 
saturation magnetization with that of gamma iron 
oxide and with the values expected in various 
theories.*:"! 


EXPERIMENTAL METHOD 


The experimental method has been previously de- 
scribed" in which a sample is moved from the center of 
one coil to the center of another coil, the two collinear 
coils being wound in series opposition with each other 
and in series with a ballistic galvanometer, the deflection 
being proportional to the magnetic moment of the 
sample. The calibration was carried out with pure iron 
using 2.22 Bohr magnetons per atom as the absolute 
saturation magnetization for iron. The compact sample 
of BaO-6F.0; weighed 25 grams and was in the form 
of a cylinder 2.5 cm in diameter and 1.4 cm long. A 

 C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949); C. G. 
Shull, E. O. Wollan and W. A. Strauser, Phys. Rev. 81, 483 (1951); 
C. G. Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 100 
(1953); J. M. Hastings and L. M. Corliss, Revs. Modern Phys. 
25, 114 (1953). 

4 F, Gal’perin, Doklady Akad Nauk S.S.S.R. 88, 643 (1953); 
S. V. Vonsovskii and K. B. Vlasov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 25, 327 (1953). 

ZR, J. Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 
(1958). 


18 W. E. Henry and M. J. Boehm, Phys. Rev. 101, 1253 (1956). 
4 W. E. Henry, Phys. Rev, 88, 559 (1952), 
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metal Dewar for liquid helium was used!® and magnetic 
fields up to 60 000 gauss were obtained by a magnet of 
the Bitter type.'® The sample was obtained from 
Crucible Steel Company through the courtesy of 
Lieutenant Kenneth Cole. Analysis of the sample by 
Mr. Dean Walter of the Naval Research Laboratory 
showed it to be stoichiometric to within a fraction of a 
percent. 


RESULTS AND DISCUSSION 


Figure 1 shows a plot of magnetization as a function 
of magnetic field for four temperatures. It is seen that 
for room temperature (295°K) the zero field magnetiza- 
tion is 0.55 Bohr magneton per atom of iron and with 
application of magnetic field, rises slowly until at 
30 000 gauss, the domain alignment is practically com- 
plete; the application of an additional 30 000 gauss is a 
small addition with respect to the molecular exchange 
field and also small! with respect to k7/u (the thermal 
energy divided by the moment). Thus, very little 
increase takes place in the magnetization which must 
arise from intradomain magnetization. At 130°K, the 
zero field magnetization (remanence) is 0.78 Bohr 
magnetons per atom of iron and saturates at a little 
less than 1.60 Bohr magnetons per atom of iron. From 
130°K down, the magnetization in a given field is not very 
much dependent on temperature and in the range 4.2- 
1.3°K the difference in constant field magnetization for 
different temperatures in this range is not detectable. 
At 4.2°K the zero field magnetization is 0.80 Bohr 
magneton per atom of iron and rises to an absolute 
saturation magnetization value of 1.62 Bohr magnetons 
per atom at 60 000 gauss. This extrapolates, field wise, 
to a value of 1.64 Bohr magnetons per atom for the 
absolute saturation magnetization, a value applicable 
to the polycrystalline material and hence applicable to 
ali directions. The absolute saturation magnetization 
here measured can be analyzed in terms of either the 
Néel theory or the Gal’perin-Vonsovskii theory. 

In terms of the Néel theory based on opposite 
orientation of magnetic ions occupying A and B sites, 
one can think of the hexagonal close packed structure" 
of barium ferrate III as nearly the same as a spinel 
structure since a large portion of the unit cell has this 
structure in fact. For gamma Fe2O3, whose saturation 
magnetization is 1.2 Bohr magnetons per atom of iron, 
a Néel structure was found compatible with the 
results, provided one assumes that the vacant ion sites 
are preferentially distributed on octahedral sites with 
the moments on octahedral sites cancelling those on 
tetrahedral sites. That is, the difference is } of the 
total occupied sites. Using this model, with a random 
_ 16W. E. Henry and R. L. Dolecek, Rev. Sci. Instr. 21, 496 
(1950); W. E. Henry, J. Appl. Phys. 22, 1439 (1951). 

16 F, M. Bitter, Rev. Sci. Instr. 10, 373 (1939). 

17 Erchak, Fankuchen, and Ward, J. Am. Chem. Soc. 68, 2085 


(1946); H. Forestier, Compt. rend. 192, 842 (1931); Volrath 
Adelskold, Arkiv Kemi, Mineral. Geol. 12A, No. 29 (1938). 
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. Plot of magnetization (u) as a function of magnetic field 
(1) for barium ferrate III at four temperatures. 


distribution of Fe*** among the available B type and 
A type sites, a moment of 1.67 Bohr magnetons per 
atom results. This compares favorably with the experi- 
mental value. 

On the other hand, the Gal’perin-Vonsovskii model 
is compatible with the experimental results, for this 
model, based on interatomic distances, number of 
nearest neighbors, and a constant calculable in prin- 
ciple from quantum mechanics, yields a moment of 
1.60 Bohr magnetons per atom of iron from the formula 


m= Na— (2b—1)¥ki(di\—D)Fko(d2—D), — (1) 


where .Vq is either the number of electrons or holes 
(whichever is smaller) in the d shell; & is calculated 
from the number of nearest neighbors, that is, k, 
equals 7.7Z,/12, and ke is 7.7Z2/12, where Z; is the 
number of nearest neighbors (magnetic) and Z, is the 
number of next to nearest neighbors; d; is the distance 
to nearest neighbors and dy» is the distance to next 
nearest neighbors; D is the sum of the radii of the d 
and s shells and 6 is the degree of spinel inversion. 

This study has shown that at low temperatures both 
the saturation magnetization and remanence become 
temperature independent at low temperatures. It has 
produced absolute saturation in polycrystalline, mag- 
netically hard BaO-6Fe,O; and has yielded a value 
1.64 Bohr magnetons per atom of iron for the absolute 
saturation magnetization. This saturation magnetiza- 
tion calls for a random distribution of vacancies with 
respect to iron ions on the Néel model while at the 
same time the saturation magnetization at absolute 
zero found experimentally does not disagree with the 
detailed model of Gal’perin and Vonsovskii. 
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Magnetic Susceptibility of an Electron Gas at High Density 


K. A: BRUECKNER AND K. SAwapa* 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received June 26, 1958) 


The magnetic susceptibility of an electron gas at high density is determined using the exact theory of 


Gell-Mann and Brueckner. 


HE magnetic susceptibility of the electron gas has 
been given by Pines! on the basis of the approxi- 
mate theory of Bohm and Pines. In this note we shall 
determine the susceptibility using the exact high- 
density theory of Gell-Mann and Brueckner (to be 
referred to in the following as I). This theory has been 
previously applied to the determination of the correla- 
tion energy,’ specific heat,’ and collective properties of 
the electron gas. 

The susceptibility of the electron gas is determined by 
the change in energy of the system as its spins are 
polarized. We denote the number of electrons with spin 
up and down by \, and V_, and introduce a parameter 
p defining the polarization by the equations 


N,=43N(1+p), N_=3NV (1-9), 


where V is the total number of electrons. The Fermi 
momentum in the polarized system, measured in units 
of the Fermi momentum in the unpolarized system, 
then is 


(1) 


p+=(1+p)!, p_=(1-—p)}. (2) 


The change in kinetic and exchange energy per particle, 
measured in Rydbergs, to lowest order in , is 


Er(p)+£ex(p)—Er(0)— E.x(0) 


where 


=1P (artaex), (3) 


ar= (20/9)Er=4.91/r2, 


tex = (8/9) Eex = —0.814/r,. (4) 


To determine the change in the correlation energy 
upon spin polarization, we first note that the exchange 
correlation energy per particle? (neglecting terms of 
order r, and higher), 


E.x (correlation) =0.046 Rydberg, 


does not depend on the electron density and hence is 
unaltered by spin polarization, at least to this order. 
Consequently the entire correlation contributed to the 
susceptibility comes from the nonexchange terms. This 
contribution cannot be evaluated from the second-order 


nonexchange energy alone, since this diverges for small 

*Supported in part by a grant from the National Science 
Foundation. 

1D. Pines, Phys. Rev. 95, 1090 (1954); in Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1955), Vol. 1, p. 368. 

2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957); K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, 
Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507 (1957). 

8 M. Gell-Mann, Phys. Rev. 106, 369 (1957). 


momentum transfers. To avoid this difficulty, we must 
as in I include all orders of perturbation theory in the 
class of “ring diagrams” or, equivalently, the terms 
which remain after the random phase approximation has 
been applied. This approximation, as shown in I, is 
exact in the high-density limit. 

To determine the nonexchange contribution, we re- 
write Eq. (19) of I for the correlation energy per particle 
in Rydbergs as 


om 3 fe find 
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where 
Qa*(u)= | &p 
Ip+al >pe P<ps 
Xexp{—|t|[3q°+q-p]}dt. (6) 
As in I we evaluate the integral over g by taking the 
small g limit in all terms in the sum except the second- 
order term which must be treated more carefully. This 
allows us to rewrite Eq. (5) as 


Ligjaat [find mcd 


0 (u)+Oo~( sar. °° 
x|° rae aye +8(~), (7) 
2 F 





TT 
where 


3 1dg ”* Oot (u)+Qc-(u) 7? 
== J oe 2 | 


= a= eee *] 


To evaluate the first term in Eq. (7), we expand 
3[ Oot (u)+Qo- (u) ] in powers of the polarization parame- 
ter p, which gives 


3LQo* (u) +-Qo- (u) ]=4aeLR(u)+p’g(u) J, 


where 
R(u)=1—u tan (1/u), 
g(u)=— (1/9) (1402). 
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(9) 


(10) 
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Inserting this result into Eq. (7) and carrying out the 
sum over and integral over g, we find in the limit of 
small r, 


e' (p)— (0) 


6p? 7” _ 4ar,R(u) : 
=— -f du R(u)g(u) In————-+6(p) — 6(0) 
ae 


~~ T 
p’, 4ar, 
=— =) In—-+(InR) ww | +6(p)—6(0), 
6r° T 
where 


(nR)a= f du R(u)g(u) Ink) / 


f du R(u)g(u). 


—20 


(12) 


The evaluation of the correction 6(p)—6(0) is straight- 
forward but lengthy; the details are given in the 
Appendix. The result is 


5(p)—8(0) = (p?/3m*){In2+4)}. (13) 


Collecting these results, we find for the correlation 
contribution to the spin polarization energy 


e' (p)—e' (0) =} Pa., 
where 
2 
a.=— 
3r? 


ar, 
1—In~"— (nu (14) 


Tv 


Numerical integration gives for (InR), the value of 
— 0.534. Inserting this value together with the other 
numerical factors into Eq. (14) gives for the final result 


a,=0.225—0.0676 Inr,, (15) 


which is exact to terms of order 7,. 

The appearance of the logarithmic term in Eq. (15) 
shows that the long-range screening effects associated 
with the collective properties of the electron gas are 
altered by spin polarization, a not unexpected re- 
sult. The previous estimate by Pines! gave a.=0.162 
—0.043r,-4—0.0032r, ; the discrepancy between his and 
our results appears to be the consequence of the ap- 
proximate nature of his theory and also of his assumption 
that the change in screening can be neglected. 


APPENDIX. EVALUATION OF 3(f) 
We rewrite 5(p) as defined in Eq. (8) as 


6(p)=30/(+,4)4+f(—,—)+2f(+,—)], 


where 
3 * dq 
f(x,y) =-— im| f - feo, Ge 
2rt Pls Yn <x p<y 
|pe-+q| >y 


|pit+q| >x 


(Al) 


1 . ee 
Maina -f — lim- fp, 
g’+q: (pit+p2) y Ec “gs pi<x 


|pi+q| >x 


1 
n<y g’+q: (pit+p2) 


|p2+q| >y 


(A2) 


To carry out the integration of this expression, we first 
expand in powers of (p,—1) and (p_—1). The result is 
| df (x,1) 
5(p) —5(0) = { [(p4—1)+ (p_— 1) #—— 
| Ox 
fin as, a? f(x,1) 
+4L(p4—1)2+ (p_—1)*}-——— 
Ox" 
+3[(p,—1)?+(p_—1)°+2(p,—1)(p-—1)] 


0 f (x,y) 


Oxdy 


(A3) 


z=y=1 
Now using the expansions of p, and p_ in powers of 9, 


we find 


& f(x,1) 
5(p)—6(0) = P| -2 





0 f(x,1) 
+ 


} . as 
Ox 0x? z=—1 

This can be brought into a form more easily integrated 
if we use the fact that f(x,x) is proportional to 2°, which 
leads to the identity 


Of(x,1) f(x,y) 


(AS) 


ache + - emenaee + on 


0 f(x,1) 
{2 — — + =(0 
Ox ie OXOY } myml 


Using this result and Eq. (A4), we have 


FY 
5(p)—6(0) = — | —f0000] : (A6) 
Oxdy ete’ 


In this form the integral is now easily evaluated; the 
result is given in Eq. (13). 
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Radiative Recombination in Germanium* 


Patricia H. Britt AND Rutu F. Scuwarz 
Philco Corporation, Philadel phia, Pennsylvania 
(Received June 17, 1958) 


The dependence of recombination radiation, U, on the excess carrier density, 6p, and on the equilibrium 
carrier density, (%o+o), was studied in 0.2 to 12 ohm-cm m- and p-type germanium by simultaneous 
measurements of output radiation and of photoconductivity as functions of incident light intensity. The 
results confirm the van Roosbroeck-Shockley theory of band-to-band recombination which predicts that 
U= &[(n0+po)dp+6p* ]/n,?, where n; is the carrier density in intrinsic material. As predicted by the theory, 
a log-log plot of U vs 5p gave a straight line with slope of 1.0 for small 6p and showed a curvature asymptoti- 
cally approaching a slope of 2 for 6p greater than (%o+-po). The value of ® was estimated from the output 
radiation to be 2.5X 10 cm™ sec which compares favorably with the previously published theoretical value 
of 1.57X 10" cm sec*. The dependence of 5p on incident light intensity shows the behavior of the effective 
sample lifetime, which, in most cases, increases slowly with injection level. 





INTRODUCTION 


CCORDING to the theory of van Roosbroeck and 
Shockley,! band-to-band recombination in ger- 
manium is proportional to the product of the hole and 
electron densities. Thus if excess carriers are generated, 
the net rate of radiation per unit volume, U, resulting 
from the recombination should be given by 


U=AL (not poip tip? /n2, (1) 


where mo and fp» are the equilibrium concentrations of 
electrons and holes, respectively, 5p is the excess concen- 
tration of holes or electrons, m; is the intrinsic concentra- 
tion of carriers, and ® is the radiation constant of 
reference 1. 

Newman? attempted to verify Eq. (1) by measuring 
the output radiation as a function of the current in a 
p-n junction. He reported a linear relationship between 
the output radiation and the current even for cases 
where 6p was large compared with (+0). However, 
measurements of absorption of infrared radiation on the 
same junctions seemed to indicate a nonlinear relation- 
ship between the current and the excess carrier con- 
centrations. 

The present work consists of a direct verification of 
the law in Eq. (1) by simultaneous measurements of the 
output radiation and optically induced excess carrier 
concentrations. The latter are determined from photo- 
conductivity measurements. The absolute magnitude of 
the output radiation is also determined which enables an 
estimate of ® to be made. This is compared with the 
calculated value given by van Roosbroeck and Shockley. 
Curves of incident light intensity versus 6p give added 
information about the behavior of the effective sample 
lifetime as a function of 6p. 

Measurements of output radiation versus current have 
been obtained with p-n junctions made by alloying 
indium into n-type germanium. These measurements, 


~ *The work described here was supported in part by the 
BuShips. 

1W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954). 

2 R. Newman, Phys. Rev. 91, 1313 (1953). 


similar to Newman’s, were actually made before the 
optical ones and the fact that results were somewhat at 
variance with Newman’s gave impetus for further study. 


EXPERIMENTAL PROCEDURE 


Figure 1 shows a schematic diagram of the setup used 
for the optical injection experiments. After passing 
through a water filter, light from a microscope lamp was 
focussed on one face of a CP-4 etched*® germanium 
sample. The recombination radiation was detected by a 
PbS cell placed close behind the sample. A special holder 
was designed to insure that no direct light from the 
lamp fell on the detector. In order to obtain the sensi- 
tivity necessary to measure the emitted radiation over a 
range of as much as two orders of magnitude, a very 
narrow band width synchronous amplifier was used in 
conjunction with a 750-cps light chopper. The linearity 
of the PbS cell—synchronous amplifier combination was 
checked using a point light source and the inverse 
square law. The absolute sensitivity of the system was 
determined from the spectral response of the cell and the 
wavelength of the emitted radiation. 
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Fic. 1. Arrangement for measuring recombination radiation as a 
function of incident light intensity. 


3 An additional quick dip in a 2 parts HNOs, 2 parts HF, and 1 
part acetic acid etch seemed to improve the radiation output and 
was used on some of the samples. 
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RADIATIVE 


For the photoconductivity modulation data, the 
unetched ends of the rectangular germanium samples 
(64 mm X16.0 mm in size) were rhodium plated to 
permit spring contacts to complete an electrical circuit 
through the sample. The signal across a series resistance 
was fed into a Tektronix 541 oscilloscope with an ap- 
propriate high gain plug-in preamplifier. In most cases 
the dc measuring current had a small effect upon the 
radiation emitted and was maintained throughout a run. 

Both n- and p-type germanium, ranging in resistivity 
from 0.2 to 12 ohm-cm, were used. The thickness of the 
etched portion of the samples varied from 0.2 to 0.4 mm. 

Kodak neutral density filters, which were calibrated 
using the same light source as for the experiment, pro- 
vided a range of approximately 100:1 in incident light 
intensity. A germanium interference filter which trans- 
mits no light of wavelength shorter than 2.1 u served to 
verify that all the detectable recombination radiation 
lay in the intrinsic region as was expected from spectro- 
scopic data previously taken. From these data, the peak 
of the output radiation curve corresponded to an energy 
of 0.70 ev for both electrically and optically induced 
radiation. 

For the electrical injection experiments, large area 
(1.0 mm diameter) indium-alloyed diodes were prepared 


on disks of germanium mounted in Kovar rings. The 


same PbS detector was used with an external pre- 
amplifier feeding the signal into the oscilloscope. The 
injecting current was supplied by a mechanically 
chopped 3% duty-cycle pulser and could be varied in 
magnitude from a milliampere or less up to the order of 
several amperes (current density ~1000 amp/cm?). 
Almost no heating effect was observed up to the last 
decade of current with this short-duty cycle pulser. 


RESULTS 


A. Recombination Radiation with 
Optical Injection 


The excess carrier density was calculated from the 
photoconductivity data by assuming a uniform distri- 
bution of these carriers over an effective length, /, of the 
crystal. This excess carrier density gives a change in 
conductivity, Ao, which is related to the measured 
change in resistance, AR, by the equation 


(uate rbp Ao AR/Raark 


——_—_—. (2) 
i- AR/Raark 


LM nlio+m pPo 00 


Here ao is the dark conductivity of the sample, u, and up 
are the mobilities of electrons and holes, respectively, 
and Réark is the resistance in the dark corresponding to 
the length, /. 

Rasrk Was first calculated from the resistivity and 
dimensions of the sample with / taken to be the length of 
the illuminated region. For the cases where 6p was small 
compared with (o+ fo), a log-log plot of output radia- 
tion vs 5p gave a slope of 1.0 as expected. For the cases 
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where 6p was comparable to (mo+ 0) the output radia- 
tion not only increased more rapidly with 6p, but in- 
creased approximately at the predicted rate. However, 
it was found that the exact curvature of the log-log plots 
depended critically on the value chosen for Raarx. This 
value is not known accurately because of possible errors 
in the measured resistivity of the samples, and errors in 
the effective length, /, arising from possible variations in 
the excess carrier concentrations near the electrical 
contacts. Raark was therefore determined empirically to 
give the best fit between theory and experiment, and 
this value was compared with the value of Raark calcu- 
lated from the measurements. Percentage changes in 6p 
determined from the two values of Raark were of the 
same order as the percentage changes in Rgark. An 
equivalent error in Rgarx in the linear cases would not 
affect the curvature. 

A comparison of experimental and theoretical results 
is shown in Fig. 2 for three samples of widely different 
resistivity. The other seven samples tested gave similar 
results. In all cases tested, the agreement between 
theory and experiment seemed within experimental 
error. 

Figure 3 is a log-log plot of output radiation vs the 
equilibrium carrier density, (0+ 0) for the various 
samples tested, forta constant value of tA[6p+6p?/ 
(no+ po) |, where ¢ is the thickness and 4 is the radiating 
area of the samples. As may be seen from Eq. (1), this 
plot should be a straight line with a slope of 1. Although 
there is considerable spread in the data, a variation 





A. 0.165 ohm-cm N-TYPE 
R parx (CALCULATED) = 3.9 ohms 

B. 1.93 ohm-cm P-TYPE 
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Roanx (EMPIRICAL ) = 4i ohms 

+ 12.5 ohm-cm N-TYPE 

Roaax (CALCULATED) « 478 ohms 
Roarx (EMPIRICAL) = 445 onms 
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Fic. 2. Recombination radiation as a function of excess carrier 
density, 5p, for three samples of germanium. For curves B and C, 
5p was calculated from photoconductivity data using values of 
dark resistance determined empirically to give the best fit with 
theory. The equilibrium carrier densities, (mo+ 0), for the three 
samples are: A—8.66X10'* cm’, B—1.70X10"® cm=*, C—1.30 
X10" cm-, 
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Fic. 3. Recombination radiation from various samples of 
germanium as a function of equilibrium carrier concentration for 
t(8p+5p"/(no+po) ]=10" cm. Radiating area=0.228 cm’. 


from the curve of a factor of two or more is not un- 
reasonable from the differences in the surface optical 
properties alone. 

A numerical estimate of the radiation constant ® was 
made using the line drawn in Fig. 3, which effectively 
averages all the samples measured. The following 
factors were taken into account. Of the total radiation 
emitted approximately 1.5% falls within the critical 
angle of 14° from the normal to the surface. Of this, 
approximately 3 gets further internally reflected. From 
the geometry of the system, an estimated 10% of the 
radiation leaving the germanium is collected. An experi- 
mental value of ® was thus determined as 2.510" 
cm~* sec! which may be compared with the theoretical 
value of 1.57 10" cm™ sec given by van Roosbroeck 
and Shockley.! This agreement is better than might 
have been anticipated. 


B. Effective Sample Lifetime 


The effective sample lifetime, 7s;, is related to 6p by 
the equation 


(3) 


where ¢ is the thickness of the sample and J» is the num- 
ber of hole-electron pairs generated per sec per cm? of 
illuminated surface. From the calculations described in 
the preceding section, the excess carrier density, 5p, is 
known asa function of the incident light intensity, which 
in turn is proportional to Jo. Hence information on the 
relation between ter and 5p can be derived from the 
data. 

In most cases, the slope of a log-log plot of 5p »s inci- 
dent light was somewhat greater than 1.0 indicating a 


tett=tb6p/To, 
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slow increase in 7e¢¢ with increasing injection. An ex- 
ample is shown in curve A of Fig. 4. The curve 
asymptotically approaches a slope of 1.0 at lower light 
levels as might be expected from the fact that rere should 
become a constant for sufficiently small 6p. 

In many of the samples tested, both the resistance 
and the output radiation drifted slowly with time after 
the incident light level had been altered. Most of the 
data were taken in a quasi-steady state before the 
drifting was appreciable by reducing the light intensity 
from an arbitrary maximum. Hence each set of quasi- 
steady state data is referred to a steady-state maximum 
value. A few tests were also made after the drift was 
completed. Curve B of Fig. 4 shows the final values to 
which 6 drifted in approximately 30-60 seconds after 
the corresponding points on curve A had been taken. As 
in this case, all of the samples tested showed a greater 
dependence of lifetime on injection level after drift than 
before. For example, over the range of 5p in Fig. 4, tees 
increased by 60% before drift, while after drift, it 
increased by a factor of 5. 

The time constants involved in the drifting phe- 
nomena suggest a change in charge in the outer surface 
states and a consequent change in surface potential. 
Therefore, the large variation in lifetime with 6p after 
drift probably reflects changes in surface recombination 
velocity rather than changes in bulk lifetime. This is 
reasonable from the geometry of the samples. 

It is important to note that the curves of radiation vs 
injected carrier density shown in Fig. 2 were com- 
pletely independent of whether the data were taken 
before or after drift. 
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Fic. 4. Injected carrier density as a function of incident light 
intensity for a 1.93 ohm-cm p-type germanium sample. Curve A: 
Data taken in a quasi-equilibrium condition immediately after 
reducing the incident light intensity. Curve B: Data taken 30 to 60 
seconds after curve A following completion of drift. 





RADIATIVE 


C. Recombination Radiation with 
Electrical Injection 


Curves of output radiation versus current were taken 
on many diodes made by alloying indium into n-type 
germanium of various resistivities. These curves indi- 
cated that the output radiation almost always increased 
with the current as a power between about 1.3 and 1.7 
over approximately two decades of output radiation 
where heating was not appreciable. An example is 
shown in Fig. 5. 

From simple diode theory it is estimated that a cur- 
rent of 1 ma should correspond to an average 6p of 
approximately 5X10" cm~* whereas mo for this re- 
sistivity germanium is 4X 10'* cm~*. The lower decades 
of the output radiation should thus correspond to the 
linear range of Eq. (1). The fact that the slope is 
greater than unity implies that 6 increases with current 
more rapidly than linearly. This would be expected if the 
effective sample lifetime again increased with injection. 

The simple power law dependence of radiation on 
current over much of the range tested is surprising con- 
sidering the following facts. 1. Near the middle of the 
current range the radiation should begin to increase 
faster than linearly with injected carrier density ac- 
cording to Eq. (1). 2. In the same current range the 
injection efficiency, i.e., percent of total current carried 
by minority carriers, should start to decrease. 3. Effec- 
tive sample lifetime is changing with current and is 
known to be increasing in the lower range. 


CONCLUSION 


The room-temperature radiation from germanium 
depended on both injected carrier densities and sample 
resistivity as expected from band-to-band recombina- 
tion theory. Furthermore the measured radiation rate 
yielded a radiation constant in close agreement with the 
theoretically predicted value. 

Since the injected carrier density uniquely determines 
the amount of radiation produced, this relationship 
could be used in reverse to study the injection process 
itself. For example, by knowing the output radiation 
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Fic. 5. Recombination radiation vs current for a diode made by 
alloying indium into 0.04 ohm-cm n-type germanium. 


from a diode, it should be possible to reconstruct the 
variation of injected carrier density as a function of 
current, a dependence which is complicated by a 
changing injection efficiency and a changing sample 
lifetime. 
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The cellular method was used to calculate the cohesive energy of rubidium. The potential was obtained 
from a self-consistent field for Rb* supplemented by an exchange potential. Wave functions were obtained to 
order &? in the solid and for the lowest valence electron state in the free atom. A value of 20.7 kcal/mole was 
obtained for the cohesive energy, including &* terms in the Fermi energy, but neglecting any polarization 
effects. The ratio of |¥*(0)!| for an electron on the Fermi surface in the metal to that for an electron in the 
free atom was computed and found to be in good agreement with results of the Knight shift measurements. 


INTRODUCTION 


HE physical ideas underlying the calculation of 
the cohesive energies of the alkali metals have 
been reviewed by Wigner and Seitz.! Briefly, the co- 
hesive energy is principally the difference between the 
boundary correction (which measures the difference in 
energy between the lowest valence electron state in the 
free atom and in the solid) and the Fermi energy of the 
electrons in the band. To this must be added a correction 
for the Coulomb interactions of the valence electrons. 
There are two differing approaches to the evaluation of 
the boundary correction and the Fermi energy. One is 
the quantum defect method,” in which use of an explicit 
potential is avoided and spectroscopic information is 
used directly in the determination of the electron wave 
functions in the solid. Alternatively, one can integrate 
the Schrédinger equation, using a potential obtained 
from a self-consistent field. The two methods generally 
give comparable results for the cohesive energies of the 
alkalis. Although the quantum defect method possesses 
greater intrinsic accuracy, its advantages in this respect 
are somewhat offset by difficulty in extrapolating the 
spectroscopic data to the energies of interest. Nor does 
it give the electron wave function throughout the cell. 
We have computed the cohesive energy of rubidium 
using the cellular method in the spherical approximation 
and have determined the solid-state wave function to 
second order in the wave vector k. The calculation is 
based on a potential obtained from a self-consistent 
field, to which we have added an exchange potential. 
The wave function of an electron in the 5S state of the 
free atom has also been obtained for this potential. 


DETERMINATION OF THE POTENTIAL 


A self-consistent field without exchange has been 
obtained for Rb*+ by Hartree and Hartree.* These 
authors have also computed the function 2Z , such that 
2Z,/r is the potential energy of an electron in the field 


* This work was supported by the Office of Naval Research. 

1E, Wigner and F. Seitz, in Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 97. 

2F.S. Ham, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127. 

2D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A151, 96 (1935). 


of the Rb* ion. It can be expected that exchange effects 
are quite important in an atom as heavy as rubidium. 
For this reason, we have computed an approximate 
potential to take account of the exchange interactions of 
core and valence electrons in the following way: 

A trial wave function was obtained for the lowest 
state of a valence electron in the solid by constructing 
the orthogonalized plane wave of k=0.‘ The exchange 
potential is defined for a state whose wave function is y 
as 


V.(r) =A (ry W(r')/W(r), (1) 


where A is the Hartree-Fock exchange operator.’ The 
exchange potential defined by (1) will have infinities 
where y(r) has zeros. These infinities, which contribute 
nothing to the energy in an accurate treatment, were 
removed by asmoothing process. The resulting exchange 
potential roughly resembles a staircase, varying slowly 
in a region between nodes of ¥(r) and dropping rapidly 
to a new level in the vicinity of a node. The final po- 
tential adopted is listed in Table I. 


CALCULATION OF THE COHESIVE ENERGY 
The cohesive energy (£,) is defined as follows: 
—E.=EptErt+ £1. (2) 
Ez is the boundary correction 
Ep= Eq— Eg. (3) 


where Ep is the energy of the lowest state of a valence 
electron in the solid and £, is the energy of the lowest 
state in the free atom. We obtain (all energies are given 
in Rydbergs) 

Eo= —0.444, E,=—0.305. 
Er is the Fermi energy. If the energy of a state of wave 
vector k is expanded in powers of k, we have 


E(k) = Eot+ Esk? + E4k'. (4) 


‘ For a discussion of the orthogonalized plane wave method, see 
T. O. Woodruff, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 4, p. 367. 

5 For a discussion of various methods of defining an average 
exchange potential, see Herman, Callaway, and Acton, Phys. 
Rev. 95, 3 (1954). 
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COHESIVE 


The Fermi energy is 
Er=2.21E2/12+5.81E4/r,'. (5) 


E, and EF, are determined from the formula given by 
Bardeen® and by Silverman,’ respectively. We obtain 


E2=1.1814, Ly=—1.28, Er=0.0860. 


All calculations are made for r,=5.21 atomic units 
which is close to the experimental value r,= 5.22 atomic 
units at 7=0°K.* The quantity E; represents the 
energy of interaction of electrons in the solid. This is 
given approximately as 


E,;=0.284/r,—0.88/ (r,+7.79). (6) 


The last term, which is the correlation energy, is 
computed according to Wigner’s formula.’ The inter- 
action energy £, is found to be —0.0132 Rydberg. 
From (1), the cohesive energy is obtained. 


E,.=0.066 ry= 20.7 kcal/mole. 


The experimental cohesive energy is 18.9 kcal/mole. 

It is somewhat surprising that the calculated cohesive 
energy exceeds the experimental result since no correc- 
tion for core polarization has been included. It is pos- 
sible that the magnitude of £, is somewhat too large or 
that Wigner’s formula overestimates the magnitude of 
the correlation energy. 

Using the quantum defect method, Brooks has ob- 
tained values for the band parameters Ey and E» as 
follows: Ey= —0.462 ry, ZE2=1.101. These values are 
obtained for r,=5.21 atomic units by interpolation in 
the published results.’ The cohesive energy obtained in 
this way, neglecting Ey, is 24.5 kcal/mole. 


WAVE FUNCTIONS 


Following the procedure of Silverman,’ we express the 
wave function for a state in the following way: 


Vu=e'™ uy, (7) 


where Uy= uot tkP im, +k? (u2P2+¢0), in which P; and 
P, are the first and second Legendre polynomials and 
the functions uo, “1, 42, and @p are radial functions. The 
function uo is the wave function of the electron whose 
wave vector is zero, and whose energy is Eo. 


“>= f p(r)— to, (8) 


where f, is a p-state solution of the radial wave equation 
for E= Eo. The boundary condition on %; is 


~~ ui(r,)=0. (9) 


6 J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

7R. A. Silverman, Phys. Rev. 85, 227 (1952). 

8G. B. Benedek and T. Kushida, Technical Report No. 268, 
Cruft Laboratory, Harvard University, 1957 (unpublished). 

%E. P. Wigner, Phys. Rev. 46, 1002 (1934), An error in this 
formula is corrected by D. Pines, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 367. 
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TABLE I. The solid-state functions Ro, Ri, R2, and Qe de- 
fined in the text are given as functions of r (in atomic units) for 
Eo= —0.04442 ry. The free atom function R, is given and also the 
function —rV, where V is the potential used in the calculation. 
E,= —0.305 ry. 


Tr Ro Ri R2 —rVir) 
74.000 
72.136 
70.879 
69.404 
67.999 


0.000000 
0.000045 
0.000341 
0.001098 
0.002485 


0.00000 
0.03076 
0.05027 
0.06070 
0.06392 


0.00000 
—0.00589 
—0.02142 
—0.04380 
—0.07075 


0.00000 
0.02488 
0.04071 
0.04927 
0.05207 


0.000 
0.005 
0.010 
0.015 
0.020 


0.02055 
0.03362 
0.04069 
0.04300 


65.385 
63.007 
60.740 
58.572 


0.05477 

0.03267 
+0.00450 
—0.02500 
—0.05272 
—0.07673 
—0.09591 
—0.10976 


0.03745 
0.02353 
+0.00576 
—0.01281 
—0.03018 56.495. 
—0.04517 54.550 
—0.05711 52.728 
—0.06573 51.106 


0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 


0.04535 
0.02850 
+0.00698 
0.01550 
0.03654 
—0.05469 
—0,06914 
-0.07958 


—0.13125 
—0.1919 
—0.2459 
—0.2892 
—0.3200 
—0.3378 
—0.3430 
~—0.3366 


0.007646 
0.016536 
0.02949 
0.04656 
0.06762 
0.09238 
0.12048 
0.15147 


—0.07309 
—0.06882 
—0.05565 
—0.03648 
—0.01396 
+0.00967 
0.03269 
0.05386 
0.07231 
0.08754 


0.2202 
0.2946 
0.3708 
0.4455 
5159 
-5798 
6354 
6817 
.7182 
7444 


—0.12132 
—0.11345 
—0.09022 
—0.05618 
—0.01569 
+0.02750 
0.07036 
0.10696 
0.14642 
0.1769 


0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 


0.08850 
0.08335 
—0.06741 
0.04421 
—0.01696 
+0.01164 
0.03952 
0.06514 
0.08750 
0.10596 


—0.2937 
—0.2206 
—0.1288 
—0.0281 
+0.0733 
0.1695 
0.2563 
0.3309 
0.3920 
0.4389 


48.094 
45.428 


7659 
.7282 
6395 
.5098 

3489 

1662 


0.2258 
0.2354 
0.2107 
0.1594 
0.0895 
+0.0086 


0.11040 

0.11257 23.975 

0.09803 21.719 

0.07170 19.730 

0.03828 17.992 
+0.00167 16.482 


0.35 
0.40 
0.45 
0.50 
0.55 
0.60 


0.13371 
0.13646 
0.11900 
0.08729 
0.04697 
+0.00278 


0.4973 
0.4826 
0.4137 
0.3093 
0.1851 
0.0534 


—0.1636 
—0.3229 
—0.4522 

-0.5444 
—0.5980 
—0.6152 


—0.06995 
—0.12867 
—0.1691 
—0.1907 
—0.1950 
—0.1848 


13.863 
11.830 
10.363 
9.360 
8.479 
7.710 


0.70 
0.80 
0.90 
1.00 
1.10 
1,20 


0.08386 
—0.1552 
0.2047 
—0,2318 
~0,.2383 
—0.2276 


—0.1997 
-0.4108 
~0.5686 
—0.6748 
—0.7360 
—0.7608 


2340 
6431 
.0322 
.3847 
6905 
9455 


6.467 
5.511 
4.649 
4.008 
3.293 
2.906 
2.718 
2.561 
2.436 
2.337 
2.258 
2.197 
2.152 
2.117 
2.089 
2.068 


2.041 
2.018 


—0.1688 
—0.0950 
—0.0092 
+-0.0777 
0.1601 
0.2359 
0.3044 
0.3658 
0.4202 
0.4685 
0.5114 
0.5498 
0.5846 
0.6165 
0.6462 
0.6747 
0.7024 
0.7301 
0.7583 


—0.7357 
—0.6553 
—0.5535 
—0.4525 
—0.3630 
—0.2896 
—0.2322 
—0.1886 
—0.1560 
—0.1318 
—0.1136 
—0.0994 
—0.0876 
—0.0768 
—0.0661 
—0.0550 
—0.0427 
—0.0297 
—0.0157 
0.7876 —0.0010 
0.7893 0.0000 


3067 
5047 
5689 
5420 
4598 
3547 
2445 
.1370 
2.0374 
.9491 
8741 
8136 
.7685 
.7384 
.7238 
.7244 
.7396 
.7710 
8177 
.8794 
8831 


—0.1333 
—0.0580 
+0.0252 
0.1064 
0.1807 
0.2464 
0.3032 
0.3510 
0.3902 
0.4215 
0.4456 
0.4632 
0.4751 
0.4819 
0.4844 
0.4831 


0.4713 


20D 
NNNNNNN 


—0.2245 
—0.0056 
+0.2205 

0.4431 

0.6560 

0.8555 

1.0394 
.2075 
3601 
4983 
.6236 
7375 
8417 
.9387 
.0301 
1175 
.2027 
.2877 
2927 


nae nwo 


So 


0.4503 


Ue oe Be Be Be Ge Ge Ga Gas Ga EN NN I te 
RNIN NN ee ee ee 


WRORDABRNOBDABN 


— 





| 


Ra —rV(r) 
0.4233 
0.3927 
0.3604 
0.3276 
0.2953 
0.2643 
0.2350 
0.2078 


™ 


2.000 
2.000 


JS Rear = 0.67854 
S Rear =18,209 


S Rexdr = 2.7628 


POAReHOD | 


0.1601 
0.1213 
0.0907 
0.0669 
0.0489 
0.0354 


0.0180 
0.0089 
0.0044 
0.0021 
0.0010 
0.0005 
0.0002 
0.0001 
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The other functions are given by 
(10) 
(11) 


U2= Fruit fr'uotcafa; 
go= 47+ bruot E2(du0/dE), 


in which fa is a d-state solution of the radial wave 
equation of E= Eo. These functions satisfy the boundary 


conditions 


(Ou2/0r)r.= (Odo Or)r,=0. (12) 


The boundary conditions on u2 determines ¢a: 
dfa = 2E2 
«o(—*) = 2 
dr Ts. r Uo(Ts) 
The function 0%0/0E satisfies 


—1 d d OuUy 
fe oe ee 
r? dr\ dr OE 


subject to the condition 


OUo 
fuar = 0, 
OE 


which implies that m is normalized for all E. The 
boundary condition on ¢o determines £2 which appears 
in Eq. (4) to be 
we r df, 
bona 
2 fp dr 


(14) 


(15) 


(16) 


Now define functions 


Ro=ruo, Ri=rm, R2=rto, QO2=rdo. (17) 


These functions are tabulated in Table I. The function 
R, which is ¢ times the radial part of the free atom wave 
function is also given. 


THE KNIGHT SHIFT 


The shift of the nuclear magnetic resonance line in 
metallic rubidium {as composed with nonmetallic ru- 


D. F. MORGAN, JR. 

bidium) has been measured.*:” This shift gives a value 
for (|¥r(0)|*), where yr is the wave function of an 
electron on the Fermi surface and ( ) symbolizes an 
average over the Fermi surface. In order to deduce a 
value for (|yr(0)|*) from the experimental data, it is 
necessary to know the spin paramagnetic susceptibility. 
The spin susceptibility of rubidium has not been meas- 
ured. The value used in interpreting the experiments is 
computed from a formula of Pines. At room temperature 
and atmospheric pressure Benedek and Kushida find 
(|Wr(O)|?)=2.32. A value for |Wa(O)|?, where Wa is 
the wave function of the valence electron in the free 
atom, has been obtained from observed hyperfine 
splittings: |~4(0)|*= 2.337. The ratio &, defined as 


E=(|¥r(0)|*)/|¥4(0)|?, 


is thus found to be 0.993. 

The cell radius in rubidium is at room temperature in 
5.31 atomic units, about 2% larger than at T=0. From 
the measurements of Benedek and Kushida” it is pos- 
sible to obtain a value for £ at a cell radius equal to that 
used in these calculations (r,=5.21 atomic units). In 
doing this, we neglect the explicit temperature depend- 
ence of the Knight shift. The value of ¢ for r,=5.21 
atomic units is then found to be = 1.03. 

A theoretical estimate of — can be made by using the 
wave function previously calculated. Assuming the 
Fermi surface to be spherical with k= 0.136, we obtain 
'W r(0) |?= 2.162. The free atom function gives |. (0) |? 
= 1.965. The ratio ¢ is then 1.10. The agreement is quite 
gratifying considering the crudeness of the assumptions 
involved. In particular it is not obvious that an ex- 
pansion of ¥, in powers of & should converge readily on 
the Fermi surface. 


(18) 
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Approximate Wave Functions for the U Center by the Point-Ion-Lattice Method* 
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Wave functions for the ground state and the first excited state of the U center are calculated in the point- 
ion-lattice approximation, and the term values are obtained. The transition energy and the oscillator 
strengths are computed, and the former are compared with experimental data. They are approximately 
20% smaller than the observed transition energies. A qualitative argument is presented, suggesting that 
this discrepancy can be removed by inclusion of the exchange energy. 


I. INTRODUCTION 


HIS is the third in a series of papers dealing with 
the calculation of approximate wave functions 
for electron-excess color centers in the alkali halides 
with the NaC] structure.' The point-ion-lattice method, 
first proposed in GA and further elaborated in GL, is 
applicable to the calculation of wave functions for those 
states of electron-excess color centers which give rise 
to transitions obeying Ivey’s laws.? The problem of the 
F center was dealt with in GA, and the problem of the 
M center was treated in GL. The object of the present 
paper is to extend this technique to the U’ center, a 
simple two-electron center obeying an Ivey law. Since 
the general justification of the point-ion-lattice method 
has already been given in GL, this paper will treat only 
those aspects of the problem which are peculiar to 
two-electron centers in general or to the U’ center in 
particular. 

The U center is thought to be a negative hydrogen 
ion, substitutionally replacing a halide ion. Mott and 
Gurney’ give the following qualitative description of the 
optical absorption process: ‘“‘There can be little doubt 
that the electronic transition responsible for the 
absorption band is one in which an electron is ejected 
from the hydrogen ion into a state extending over the 
neighboring metal ions and similar to the excited state 
of a halogen ion in the pure crystal.”’ Our calculations 
support this view. 


II. CALCULATIONS 


In accordance with the usual procedure in the point- 
ion-lattice method, all ions will be represented by point 
charges and polarization effects will be neglected. This 
is legitimate here since the center (vacancy+proton 
+two trapped electrons) is electrically neutral and 
therefore incapable of producing long-range _polari- 


* Work supported by the Bureau of Ordnance, Department of 
the Navy. 

1 The first paper by B. S. Gourary and F, J. Adrian [Phys. Rev. 
105, 1180 (1957) ] will be referred to as GA. The second paper b 
B. S. Gourary and P. J. Luke [Phys. Rev. 107, 960 (1957); 108, 
1647 (E) (1957) ] will be denoted by GL. 

2H. F. Ivey, Phys. Rev. 72, 341 (1947). 

3N. F. Mott and R. W. Gurney: Electronic Processes in Tonic 
Crystals (The Clarendon Press, Oxford, 1948), second edition, 
p. 148. 


zation effects. The Hamiltonian is, therefore, 


H= —3V/- 4V2— 1/r,;— 1/ro+1/rie 
+Vil(ri)+Vi(r2), (1) 


where the origin is at the proton and the axes are 
parallel to the cube edges. The subscripts 1 and 2 refer 
to the two electrons, and V,(r;) is the interaction of 
electron 1 with the rest of the lattice (i.e., excluding 
the proton). It is given by 


Vi(r)= > Doe 


E.1,f——o 


(—1)& 70 (a— £a)?+ (y—na)? 
+(s—fa)?}-, (2) 


where a is the lattice parameter, i.e., the shortest 
anion-cation distance, and the prime indicates that the 
point (0,0,0) is omitted from the summation. We shall 
be interested in the ground state, which is a singlet 
state very similar to the ground state of the free H- 
ion. We shall also study the first excited state, which is 
a discrete singlet state and very much unlike the first 
excited state of the free H~ ion which lies in the 
continuum. 

For the ground state, we shall use the simplest wave 
function which is capable of predicting binding in the 
free ion, namely, Chandrasekhar’s function‘ 


W= (N/4e)[e-2re 824 e-Brig— ara), (3) 


where NV is the normalization constant, and a and B are 
variational parameters. For the free ion, the expectation 
value of the Hamiltonian [i.e., of the first five terms of 


Eq. (1) ] is 
2a \*/ 28 \*77 
Fx-(as)=—|14+4(—) (—) ] [sero 
atB/ \a+s 


11 2a \*/ 26 \3 
1 eto(2) (2) vere 
32 a+8/ \a+p | 


Aad a anh 


The minimum of this energy functional occurs at 


4S. Chandrasekhar, Astrophys. J. 100, 176 (1944). 
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a= 1.03925 and B=0.28309. Its value is then 


Ex-(1.03925, 0.28309) = —0.51330 atomic unit, (5) 


which is higher than the value of —0.5276 obtained 
with an eleven-parameter wave function by Henrich.® 
The required correction is —0.0143 atomic unit in the 


free ion. 
For the U center, the energy functional obtained 
from the wave function (3) and the Hamiltonian (1) is 


Ev (u,v) = En-(u/a,v/a)+ (¥|Vi(ri)+Vi(72)|¥), (6) 


where we have introduced the more convenient vari- 
ational parameters u=aa and v=fa. The expectation 
value of the energy in the field of the point-ion-lattice 
is readily evaluated, and it yields the following ex- 
pression : 


(¥| Vi(ri)+ Vi(re) |W) =— 2am/a 


Qu \*7 2v \*7 "Pfu y 
( ) (—) [Fssa)+ -S2(v) 
pty pty 2 2 
pty Qu \?f/ 2v \* /utvy 
A(T ))()AZ)} @ 
4 utv/ \pt+y 2 


where the quantity S,(u) is defined by the following 


equation: 


Sn(u)= 


1 
ts 


a 


h;( wink 1)*#+usteeH1 (2yz,) "TA n(2ur;) 
—Aps(2ur,) J, 


where the prime on the summation implies that the 
point (0,0,0) is omitted and where 


r2=x2+y27+27; h;= (3 !/n;!)2*-%, (9) 
where ; is the number of times any number occurs in 


the triplet (x;,y;,2;) and where 0; is the number of 
times zero occurs in this triplet. A,(x) is defined by 


> By 
% Dy Dxi DO 


(8) 


(10) 


A,(x)= f i"e~**dl, 
1 


and ay is the well-known Madelung constant which is 
1.747558 for the NaCl-type lattice. 


TABLE I. Energies and parameter values for the ground state 
of the U center. All quantities are in Hartree atomic units. It 
should be noted that neither these energies nor the excited state 
energies are measured from the bottom of the conduction band. 








Eg (u,v) 


— 1.360 
— 1.263 
— 1.195 
— 1.142 
— 1.081 


E,(u,») 


— 1.374 
—1.277 
— 1,209 
— 1.156 
— 1.095 
— 1.050 


En-(a,8)—2am/a 


— 1.433 
—1.313 
—1.233 
— 1.172 
—1.103 
— 1,053 


Substance a 


LiF 3.80 
NaF 4.37 
LiCl 4.86 
NaCl 5.31 
KCl 5.93 
RbBr 6.48 











5 L. R. Henrich, Astrophys. J. 99, 59 (1943). 
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If only the first term on the right-hand side of (7) 
is considered during the variational calculation, then 
the minimum occurs at the same values of the vari- 
ational parameters as in the free ion, and the energy is 
altered from its value in the free ion only by the addition 
of the term —2ay,/a. The effect of the other terms in 
(7) is to compress the negative hydrogen ion slightly, 
the degree of compression depending on the particular 
lattice concerned. Thus a numerical variational calcu- 
lation must be carried out, to minimize Ey as a function 
of uw and y. The results of such a variational calculation 
are given in Table I. Also listed is the quantity 
Ey-(a,8)—2ay/a, computed for those values of a and 
8 which minimize the energy of the free ion. 

It should be noted that the wave function (3) is 
somewhat more extensive than the more flexible wave 
functions containing the interelectronic distance also 
considered by Chandrasekhar. Thus Ey computed 
using it is higher than the correct minimum value for 
two reasons: first, the unduly extended charge dis- 
tribution resulting from this relatively inflexible 
variational function does not permit the electrons to 
fit themselves into the potential energy well of the 


TABLE ITI. Energies and parameter values of the 2 electron 
in an F center (in Hartree atomic units). 


(46? —am/a +(5/12)Ss(5a))} 


—0.138 
—0.137 
—0.135 
—0.133 
—0.129 


™~ 


SSSS88/ i 


Substance a 


LiF 
NaF 
LiCl 





lattice. Secondly, the variational function used does 
not give the correct result even in the case of the free 
ion. In the present paper, we shall attempt to correct 
only the second of these faults. This can be done 
approximately by adding to Ey the term —0.0143 
atomic unit, which was obtained as the difference of 
(5) and Henrich’s best energy value for the free H~ ion. 
The other inaccuracy cannot be corrected without much 
more elaborate calculations. Its influence on the tran- 
sition energy will be offset somewhat by the fact that 
the wave function for the first excited state will also 
be less than perfect, and consequently its computed 
energy will also be too high. Thus the two errors can 
be expected to cancel each other to some extent. We 
shall, therefore, use the quantity 


E,=Evy—0.0143 (11) 


as our calculated value for the energy of the ground 
state. This quantity is also listed in Table I. 

Let us now proceed to the calculation of the wave 
function for the first accessible excited state. Since the 
negative hydrogen ion has only one bound singlet 





APPROXIMATE 


state,® it is clear that the excited state of the U center 
involves one electron bound to the proton while the 
other is held bound primarily by the potential well of 
the lattice. Since we are dealing with a singlet state, the 
spacial part of the wave function must be symmetric 
in the coordinates of the two electrons. Thus a rea- 
sonable trial wave function is 


b= (4)'[ b(n )W (re) +0 (ri )b(r2) J, (12) 
where 

o(r)= (1/4rr)!2y! exp(—vyr), (13) 
and 


¥(r) = (3/42)! cos0($)*5'r exp(—6r), (14) 


where y and 6 are variational parameters. The ex- 
pectation value of the Hamiltonian (1) becomes then 
E,= hy? —y—am at+yS2(ya)+38— 36—am a 

+ (6/12)S,(6a)+35+¢(y,5). 
Here, }7’ is the kinetic energy of the 1s electron; —y 
is its potential energy in the field of the proton; —ay/a 
is the potential energy in the field of the lattice that 


(15) 


TABLE III. Energies of the excited state in the U center 
(in Hartree units). 


g(y.8) 


0.0109 
0.0100 
0.0088 
0.0079 
0.0067 
0.0059 


Substance am/a 


LiF 
NaF 
LiCl 
NaCl 
KC] 
RbBr 


7S2(ya) 


0.460 0.0035 
0.400 0.0011 
0.360 0.0004 
0.329 0.0002 
0.295 0.0000 
0.270 0.0000 


the 1s electron would have if it were concentrated at 
the lattice site; and yS2(ya) is the correction to the 
preceding term due to the fact that the electron is not 
concentrated at the lattice site. The next term, 38, is 
the kinetic energy of the p electron; — 46 is its potential 
energy in the field of the proton; —a,,/a is the potential 
energy in the field of the lattice that the p electron 
would have if it were concentrated at the lattice site; 
and (6/12)S,(6a) is a correction to the preceding term 
due to the fact that the p electron is not concentrated 
at the lattice site. The last two terms are the effects of 
the electron-electron interaction. The first of these is 
the interaction of the p electron with a unit negative 
charge located at the lattice site. The second is a cor- 
rection to the preceding term arising from the fact that 
the 1s electron is not a point charge, but has overlap 
and exchange interactions with the p electron. 


®It has been shown by E. Hylleraas (Astrophys. J. 111, 209 
(1950) ] that another bound state of H™ exists. Since it is a triplet 
state, optical transitions to it from the ground state are forbidden, 
and it is not likely to play any role in the explanation of the optical 
spectrum of the U center, It may, however, be interesting to 
calculate the properties of such a center, consisting of an H~ ion 
in a (2s)(2p) *P state, trapped in a negativé-ion vacancy. It should 
have an absorption band at longer wavelengths, and be amenable 
to study by resonance techniques, provided that its lifetime in 
this metastable state be long enough. 
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Fic. 1. The Ivey law for the U band and the point-ion-lattice 
model predictions. 


It will now be assumed that the fourth and the last 
terms of (15) are small, and that they may, therefore, 
be neglected at first and then evaluated in first-order 
perturbation theory. This assumption will later be 
verified numerically. Thus, in zero order, the energy 
functional is 


E=[y-y-au/2] 
+ [48—aw/at (5/12)S4(5a)]. 


The first square bracket contains the major contri- 
butions to the energy of the tightly bound electron. 
The second bracket contains the kinetic energy of the 
p electron; the statement that its interaction with the 
proton is, in this approximation, completely screened 
by the tightly bound electron; and finally the inter- 
action of the p electron with the rest of the lattice. 
Thus the second bracket is identical with the expression 
for the energy functional of an F-center electron in a 
2p state [i.e., it is identical with Eps” appearing in 
Eq. (12) of GA. Their £’ is equal to our 6a]. The two 
brackets can now be minimized separately with respect 
to the two variational parameters. The minimization 
of the first bracket is trivial, and it yields the result 
y=1. The minimization of the second bracket has 
already been carried out in connection with the F-center 
problem by GA. Their results are given in Table IT. 
The two correction terms are now evaluated in first- 
order perturbation theory. The explicit formula for g is 


g(y,5) = (28/3)5(6/y)*(1+6/y)-7 
— (8/2) (6/y)4(3+6/y)(1+6/y)->. (17) 


The numerical results are given in Table III. A plot of 
the wavelength of the predicted transition as a function 
of the interionic distance is given in Fig. 1. This figure 
also gives the plot of the empirical Ivey formula for the 
U band. The calculated oscillator strengths are given 


(16) 
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TaBLE IV. Theoretical oscillator-strength predictions 
for the U band. 





RbBr 


LiCl NaCl KCl 


1.9 1.7 1.7 1.8 





in Table IV. Comparison with experiment shows that 
they are somewhat too large.’ 


III. DISCUSSION 


While the wave functions calculated above for the 
U center do provide a fair description of the general 
features of the center, they are by no means the “‘best”’ 
wave functions obtainable. A simple improvement 
would consist of using another orbital for the excited 
state, namely, the type II function of GA. This would 
lead to a slight lowering of the excited state, which can 
be computed from Table III of GA. The effect of this 
on the transition energy is offset somewhat by the fact 
that a similar lowering would occur in the ground-state 
energy if a more flexible variational function were used 
there. 

Since the electron spins are paired in the U center, 
paramagnetic resonance methods are not available for 
the detailed investigation of the ground state. Thus 
there is little point in attempting further refinements 
of the ground-state wave function by including ex- 
change effects, and the detailed discussion of the 
exchange problem will be relegated to another paper 
dealing with the F center. It is quite easy, however, to 
provide a simple qualitative picture of the effects of 
exchange on the optical transition energy in highly 
symmetric centers, such as the U center and the F 
center. The basic effect of the exclusion principle is to 
surround each alkali nucleus with a spherical region 
from which the valence electron is virtually barred. 
Thus the effective radius of the negative-ion vacancy 
is not a, but somewhat smaller. The depth of the 
potential well at the center of the vacancy remains 
substantially the same. This can be expected to decrease 

7 Preliminary measurements by Dr. H. Etzel indicate that the 


U-band oscillator strength in KCl is of the same order of magni- 
tude as the F-band oscillator strength. 


BARRY S. 


GOURARY 


the binding energy of both the ground state and the 
first excited state, but the effect on the energy of the 
more weakly bound excited state would probably be 
larger. The transition energy would thus be increased 
somewhat, leading to better agreement with experiment. 
This simple picture cannot be applied directly to the 
M center, because of the unsymmetric shape of the 
lattice defect. 

In the excited state, the interaction between the 
excited electron and the neutral hydrogen atom it 


‘leaves behind is small and repulsive (it is equal to g). 


Thus the neutral atom should have no great difficulty 
in diffusing away, leaving behind an F center. This is 
also in accord with the arguments of Mott and Gurnev.* 
The above discussion does not consider, however, tne 
possible effects of the relaxation of the lattice on the 
interaction between the excited electron and the 
hydrogen atom. 

In the present paper, we were able to avoid the 
calculation of a very accurate ground-state wave 
function by using the known binding energy of the 
free H~ ion to correct our computed ground-state 
energy. This is not possible in the more complicated 
two-electron centers, such as the F2 center. Conse- 
quently, the calculation of an adequate ground-state 
wave function in those centers may present a more 
difficult computational problem. It is comforting to 
know, therefore, that the point-ion-lattice method can 
be expected to give reasonable results for the tran- 
sition energy in some two-electron systems. 
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The change in the 15-ev characteristic energy loss suffered by 15-kev electrons passing through a thin 
film of aluminum has been measured as a function of temperature from 4.2°K to 518°K. It is found that 
above room temperature the energy loss change agrees, within experimental error, with the change expected 
due to decreased electron density resulting from expansion of the lattice. However, below room temperature 
the energy loss change is much greater than expected on the above basis. It was also found that the half- 
widths of both the energy loss and the zero loss lines increased with decreasing temperature while the ratio 


of these two remained constant. 


INTRODUCTION 


HE change in the characteristic energy loss of 

electrons! passing through a thin film of alumi- 
num as the temperature of the film is increased has 
recently been measured by Meyer.’ His results, for a 
range of temperature from room temperature to 400°C, 
indicate that a small change of the energy loss may 
occur. On the other hand, an earlier measurement by 
Watanabe’ from room temperature to 617°C did not 
show any change in the energy loss although he states 
that the expected magnitude is too small to be detected 
with his analyzer. 

The present work was undertaken to remeasure the 
change in energy loss of electrons in thin films of 
aluminum as the temperature of the aluminum film is 
increased, and also to extend these measurements to 
temperatures below room'temperature. 


APPARATUS AND EXPERIMENTAL METHOD 


The scattering chamber is a cylinder 32 cm in 
diameter and 28 cm high. The specimen mount is 
suspended from the top cover plate so that the specimen 
is on the axis of the cylinder. The electron gun and 
analyzer were aligned along the diameter of the cham- 
ber. The distance from the anode of the gun to the 
specimen is 35 cm and from the specimen to the 
analyzer 9.5 cm. 

The analyzer used for these measurements is of the 
retarding potential type, using a guarded Faraday cage. 
This is shown in Fig. 1. The outer electrode is held at 
ground potential and has an aperture of 0.874 cm. 
Since the specimen is 9.5 cm from this aperture, the 
acceptance angle of the analyzer is approximately 5} 
degrees. The guard electrode is 0.95 cm from the first 
and is at the cathode potential of 15 kev. It has an 
aperture of 0.952 cm. To keep the field across these 

* This work was in part supported by the U. S. Atomic Energy 
Commission and by the Free Radicals Research Program of the 


National Bureau of Standards supported by the Department of 
the Army. 
1 Marton, Leder, and Mendlowitz, Advances in Electronics and 
Electron Physics (Academic Press, Inc., New York, 1955), Vol. 7, 
. 185. 
Ps . Meyer, Z. Physik 148, 61 (1957). 
3H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 


large apertures as uniform as possible it was necessary 
to cover them with a wire mesh of 0.8 mm spacing. 
These first two electrodes form a lens which focuses the 
incoming electrons into the Faraday cage which follows 
the second electrode. It is also between these electrodes 
that the retarding potential is applied. The Faraday 
cage is placed 0.158 cm behind the second electrode, 
and has an aperture of 1.02 cm. All the metal parts are 
gold-plated to reduce contact potential effects, and the 
inside of the Faraday cage is coated with carbon to 
reduce secondary electron production. 

To eliminate the necessity of graphically differenti- 
ating the integral curve resulting from retarding 
potential measurements, a method of electrical differ- 
entiation was developed. This has been described in 
another paper.‘ Linear differential curves of the energy 
loss spectra were directly recorded. 

Since we wished to measure the energy losses both 
above room temperature and below room temperature, 
it was found convenient to have two separate arrange- 
ments for these two regions. In the case of the high- 
temperature measurements, the specimen holder was 
mounted on the end of a small oven wound with several 
turns of Nichrome wire. An iron-constantan thermo- 
couple was attached directly to the specimen holder 


Fic. 1. Retarding 
potential analyzer. 
The electrons to be 
measured enter from 
the right side. The 
outer shield is at 
ground potential, 
and the guard elec- 
trode and Faraday 
cage are at cathode 
potential. 


BRASS {/////) 
Tom’ TEFLONK\WY 


ih MESHOOO 
‘L. B. Leder and J. A. Simpson, Rev. Sci. Instr. 29, 571 (1958). 
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close to the specimen surface. For the low-temperature 
measurements a double Dewar system was used.* The 
specimen was mounted at the bottom of the inner, 
liquid helium, Dewar, and the temperature was 
“monitored” with a carbon resistor thermometer.* We 
use the term “monitored” because the thermometer 
was not absolutely calibrated, but was used only to 
observe that no temperature change occurred during 
the course of measurement. It is therefore possible that 
the temperatures given in the results are somewhat 
lower than the actual specimen temperature. For the 
measurements at liquid nitrogen temperature both 
Dewars were filled with liquid nitrogen while for the 
measurements at liquid helium temperature the outer 
Dewar contained liquid nitrogen and the inner one 
liquid helium. 

The aluminum foils were prepared by vacuum 
evaporation onto a collodion film mounted on a glass 
slide. No particular care was taken to maintain uni- 
formity of thickness other than to evaporate the 
individual films under the same conditions each time. 
The films were calculated to be of the order of several! 
hundred angstroms thick. After evaporation, the films 
were removed by first immersing the slides in ether to 
dissolve the collodion, and then floating them off on 
water. They were then picked up on the appropriate 
specimen holder containing several 0.033-cm holes. 

The incident electrons had an energy of 15 kev, and 
the beam current, measured after passing the electrons 
through one of the empty apertures in the specimen 
holder, was of the order of 5X 10~-* amp. 


RESULTS 


To ensure the accuracy of the measurements, the 
retarding potential batteries were measured with a 
potentiometer before and after a run at each tempera- 
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Fic. 2. Temperature dependence of the characteristic energy 
loss of 15-kev electrons in Al. The theoretical curve shows the 
change expected due to thermal expansion. 


5 E. Hoerl and L. Marton, Rev. Sci. Instr.(to be published). 
6 J. R. Clement and E. H. Quinell, Rev. Sci. Instr. 23, 213 
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ture; and the energy loss at room temperature was 
also measured before and after the set of runs at elevated 
temperatures and the set of runs at low temperatures. 
The specimens used in the low-temperature measure- 
ments were prepared in a separate evaporation from 
those used in the high-temperature measurements. 
With the films made for the high-tempezature run, the 
energy loss at room temperature was found to be 
15.33+0.1, ev both before and after increasing the 
temperature whereas with the second batch of films the 
characteristic loss was measured as 15.04+0.0) both 
before and after decreasing the specimen temperature. 
This inconsistency in the energy loss from one evapora- 
tion to another is one which has been observed by 
other investigators as well and has not as yet been 
completely explained. However, the results of our 
measurements are not affected since they are internally 
consistent. 

In Table I are collected the data for the energy loss 
measurements using 15-kev primary electrons. In the 
first column are given the temperatures in degrees 


TaBLE I. Variation of the characteristic energy loss of 15-kev 
electrons in aluminum as a function of temperature. The energy 
loss changes are with reference to the energy loss at room tempera- 
ture. The errors shown are standard deviations. 


AE; (ev) 


+0.59+0.1; 29 
+0.25+0.0, 76 

0 38 
—0.0;+0.1, 20 
—0.06+0.1, 18 
—0.1;+0.1, 50 
—0.2,+0.1; 


Temp. (°K) No. meas. 


Kelvin, and in the second column the change in the 
energy loss with its standard deviation. In the third 
column we have shown the number of measurements 
made at each temperature. These results are plotted on 
Fig. 2. In the low-temperature region we have drawn a 
dashed line joining the room temperature, liquid 
nitrogen temperature, and liquid helium temperature 
points. 

From these measurements we also obtained the change 
in half-width of both the zero loss line and the character- 
istic loss line from room temperature to liquid helium 
temperature. This is shown in Table II. It was found 
that as the temperature of the aluminum specimen was 
decreased, the half-width increased for both lines. How- 
ever, the ratio of the half-widths remained constant at 
a value of 1.6. The rather large deviations in the values 
of E; are a result of the fact that this line is weak and 
is in the noise region. 

It was thought that both the above effects might be 
caused by positive-ion currents formed by the electrons 
in front of the analyzer’ since these ions could conceiv- 
ably enter the Faraday cage and be collected. This 


7 This was suggested by Dr. J. A. Simpson of our laboratory. 





CHARACTERISTIC ENERGY 


would cause an error voltage to appear on the 10°-ohm 
resistor in the input of the preamplifier, which would 
add to the retarding potential. This error voltage would 
be dependent on both the electron current and the 
chamber pressure (the addition of liquid nitrogen re- 
duced the pressure in the chamber from 2.5X10~° mm 
Hg to 2.8X10-* mm Hg while the addition of liquid 
helium to the center Dewar reduced the pressure to 
6X10-7 mm Hg). To test this we again measured the 
energy loss and the half-widths at room temperature, 
and then filled only the outer Dewar with liquid nitro- 
gen. This had the effect of reducing the pressure in the 
chamber to the same extent as during the liquid 
nitrogen temperature measurements but kept the speci- 
men at room temperature. It was found that under 
these circumstances no significant change in the energy 
loss or in the half-width occurred. We believe that this 
test effectively ruled out the effects of ions. The results 
are given in Table III. It will be noted in this table 


TaBLeE II. Change in the half-width of the zero loss and 
characteristic loss lines as a function of temperature below room 
temperature. Ep is the zero line and Ey the loss line. The errors 
shown are standard deviations. 


Half-width (ev) 
Temp. (°K) Eo Ey 
300 1.7+0.1 


78 1.9+0.1 
2.50.2 


No. meas. 


E;/Eo 
2.7+0.3 1.6+0.2 
3.1+0.2 1.6+0.1 14 
4.0+0.9 1.6+0.4 11 


that there is a small variation from the half-widths and 
ratio shown in Table II. It is not known whether this 
is real or due only to the statistical variation of the 
measurements. The measurements shown in Table II 
were made with foils prepared at a different time from 
those shown in Table III. This may, therefore, indicate 
some effect due to thickness variation or oxidation. 


DISCUSSION 


Both Meyer’ and Watanabe*® assumed that the only 
way in which the energy loss could change with temper- 
ature was through the change in electron density due 
to the thermal expansion of the specimen. Such a 
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TABLE III. The energy loss and the half-widths of the zero loss 
and energy loss lines measured as a function of chamber pressure. 
The errors shown are standard deviations. 


Energy loss Half-width (ev) 
Ey (ev) Eo Ey 


Pressure 


(mm Hg) No. meas* 


25X10- 15.2,40.0, 1540.0 29405 19403 30 
2.8107 15.2;+0.3, 1640.1 2.8405 1.8+0.3 22 


change would have the following form 
E,;= E,;(1—3aAT), 


where £; is the energy loss at temperature 7, F; is the 
energy loss at temperature 7+A7, a is the thermal 
coefficient of expansion, and AT is the change in 
temperature. In Fig. 2 we have plotted the change in 
energy loss expected from this equation. This is shown 
as the solid line. The coefficients of thermal expansion 
used to plot this curve were taken, for the low-tempera- 
ture region, from the work of Bijl and Pullan* and for 
the high-temperature region from the work of Wilson.° 
Since in both these articles only the differential thermal 
expansion coefficients were given, it was necessary to 
integrate them numerically in order to obtain values 
referred to room temperature. 

It is seen that for temperatures above room tempera- 
ture, the experimental results fit this theoretical curve 
within the limits of accuracy of the measurements. 
The significant result of these measurements occurs 
below room temperature where we find a surprisingly 
large deviation from the change expected due to the 
thermal expansion coefficient. Some effect other than 
the change in the density of electrons is apparently 
affecting the energy loss at low temperatures, and one 
possible explanation may be the change in the dielectric 
constant of the metal (and, therefore, in the electrical 
conductivity). We are now investigating this equation, 
and also plan to extend the measurements to other 
metals. 
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This paper describes a procedure for the calculation of electron 
energy bands in certain solids from spectroscopic data for the 
corresponding free atom. This method is an improved version of 
one used by Kuhn and Van Vleck to calculate the energy bands 
of sodium, potassium, and rubidium. It avoids explicit construc- 
tion of a one-electron potential to represent the interaction be- 
tween the valence and core electrons. 

We assume that the interaction between a valence electron and 
an ion in the crystal is approximately the same as in the isolated 
atom. If the interaction is accurately represented by a Coulomb 
potential outside the ion core, we may express solutions of the 
radial differential equation in this region as linear combinations 
of standard Coulomb functions. The combination corresponding 
to the solution which is well-behaved at the nucleus involves a 
coupling constant which depends upon the ion potential through 
a parameter that is a slowly varying function of the energy. At 
an eigenvalue this parameter can be evaluated from the quantum 
defect. Hence if the eigenvalue spectrum is known, we may obtain 
this parameter by extrapolation for arbitrary nearby energies, and 
the regular solution of the radial equation is consequently de- 


1. INTRODUCTION 


HE quantum defect method described in this 
paper is an improvement and extension of a 
procedure used by Kuhn and Van Vleck’ in calculating 
the ground state energy and effective mass for metallic 
sodium, potassium, and rubidium from the experi- 
mental spectroscopic term values of the corresponding 
free atom. This approach to energy band calculations 
has the advantage of avoiding both explicit construc- 
tion of a crystal potential for the valence electron in 
the solid and numerical integration of the usual Hartree 
or Hartree-Fock equation. However, it is applicable 
only when one can assume that to a good approxima- 
tion the interaction between the valence electron and 
the ion core is the same in the solid as in the free atom 
and that the mutual interaction of the valence electrons 
can be taken into account by a free electron approxima- 
tion and a suitable modification of the crystal potential 
in the volume outside of the ion cores. These assump- 
tions are best suited to the alkali metals and somewhat 
less well suited to the monovalent noble metals. Ap- 
plication of the quantum defect method has so far been 
confined to these solids*~’ although other applications 


1T. S. Kuhn and J. H. Van Vieck, Phys. Rev. 79, 382 (1950). 

2 J. H. Van Vleck, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, 1953 (Science Council of 
Japan, Tokyo, 1954), p. 640. 

3 T. S. Kuhn, Phys. Rev. 79, 515 (1950). 

4H. Brooks, Phys. Rev. 91, 027 (1953). 

‘x. Kambe, Phys. Rev. 99, 419 (1955). 

SF. S. Ham, Ph.D. Thesis, Harvard University, Cambridge, 
Massachusetts, 1954 (unpublished). 

7H. Brooks, i in Theory of _ Phases (American Society for 
Metals, Cleveland, 1956), p. 


termined explicitly, outside the core. This is sufficient information 
for the calculation of energy bands with available techniques. 

We establish an approximate formula for the ratio of the ampli- 
tude of the wave function near the nucleus to its value at a point 
outside the core. For an s function this relation involves only the 
nuclear charge, standard Coulomb functions, and the aforemen- 
tioned parameter derived from spectroscopic data. It therefore 
provides a convenient means of calculating Pr and P 4, the squared 
amplitudes at the nucleus appropriate to the Knight shift and 
the atomic hyperfine splitting, respectively. In the latter case our 
result is identical with a formula given by Fermi and Segré, 
which gives reasonable agreement with experiment. 

Arguments are presented in support of the thesis that the 
quantum defect method takes very general account of exchange 
and correlation interactions between the valence electron and 
core electrons. Relativistic effects, including spin-orbit coupling, 
are also included naturally. We also discuss modifications in the 
method to take into account deviations of the ion or crystal 
potential outside the core from Coulomb form. Tables of the 
essential data, including improved polarization corrections, are 
given for the alkali metals. 


of the method to divalent and trivalent metals have 
been started.’ 

The quantum defect method has several advantages 
over the procedure of Kuhn and Van Vleck. Like Kuhn’s 
WKB method,’ it depends upon the extrapolation of a 
parameter which is obtained directly from the experi- 
mental spectroscopic term values and which varies 
less rapidly as a function of energy than does the 
logarithmic derivative used by Kuhn and Van Vleck 
in their extrapolation. However, the quantum defect 
method makes direct use of Coulomb wave functions, 
tables of which are now available,* instead of approxi- 
mate WKB-type functions. Consequently it does not 
encounter the difficulties met in Kuhn’s method when 
the WKB turning points in the Coulomb potential are 
close together or off the real r axis.? This situation occurs 
at energies of interest in band calculations for values 
of the angular momentum J greater than zero. The 
quantum defect method is simpler in application than 
Kuhn’s method once the Coulomb functions have been 
tabulated, and the theoretical arguments for its justifi- 
cation are more satisfying than those advanced by 
Kuhn and Van Vleck for their method. 

In an article elsewhere,’ one of us has discussed the 
quantum defect method" primarily from the point of 
view of the Hartree-Fock approximation. In the present 


re. Ss. Ham, Technical Report No. 204, Cruft Laboratory, 
Harvard University, Cambridge, Massachusetts, 1955 (un- 
published). 

°F. S. Ham, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 27. 

1 We shall henceforth refer to the quantum defect method by 
the abbreviation QDM 
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paper we shall first present the complete WKB deriva- 
tion that provides the principal justification of QDM, 
in order to develop an important formula for the ampli- 
tude of the valence wave function at the nucleus. We 
shall then give arguments to support our view that 
QDM takes account of correlation and exchange effects 
in the interaction between a valence electron and the 
ion cores. We shall also show that the method seems to 
include relativistic effects, including spin-orbit coupling, 
so that QDM offers a valuable tool in calculations 
involving the heavy elements. In our initial presenta- 
tion in Secs. 2 and 3 we shall neglect such complicated 
effects for the sake of clarity and shall assume that the 
valence-core interaction can be represented by a simple 
one-electron potential. In the course of this discussion 
we shall occasionally refer to the previously mentioned 
article,’ where some arguments are given in greater 
detail. 


2. DEVELOPMENT OF THE QUANTUM 
DEFECT METHOD 


We consider a monovalent atom and assume that the 
interaction between the valence electron and the ion 


can be represented by a spherically symmetric one- 
electron potential V(r) which is equal to the Coulomb 
potential —2/r (in atomic units") outside a 
radius” 
Prokofjew” for sodium and Seitz for lithium, 


“core 
ro. Such potentials have been constructed by 
the 
former reproducing the experimental term values to 
within 1%, the latter to an even better accuracy. 
‘Furthermore, we assume that the crystal potential for a 
valence electron in the solid may be approximated 
within each atomic cell by this same V(r) associated 
with the ion in the cell. This assumption is probably 
not too well justified, but it forms a convenient starting 
point for the calculation. Later, we shall see that it can 
be improved upon by first order perturbation calcula- 
tions. The “core radius” ro shall be less than or equal 
to the radius of the sphere inscribed in the cell. 
Expanding a Bloch function in the solid in spherical 
harmonics about the position of one of the ions, 


V(n=> 


L,M 


VL M 


(0,¢)(1/r)U“(r), (2.1) 


A; M 


we find that within the smallest sphere in which the 
crystal potential is equal to V(r) the Schrodinger equa- 
tion for ¥(r) separates in spherical coordinates, yielding 


UL 1 
ee 
dr’ n* r 


L(L+1) 
—|c+=0. (2.2) 


u The unit of energy (1 Rydberg unit) is the ionization energy 
of the hydrogen atom with infinite nuclear mass (me*/2h?); the 
unit of length is the radius of the smallest Bohr orbit (h?/me2). 

2 W. Prokofjew, Z. Physik 58, 255 (1929). 

8 F, Seitz, Phys. Rev. 47, 400 (1935). This potential was pub- 
lished incorrectly in Seitz’s paper, although Seitz used the correct 

tential in his calculations. The correct potential has been pub- 
lish ished by W. Kohn and N. Rostoker [Phys. Rev. 94, 1111 (1954). 
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Our problem is to determine explicitly for r>ro the 
solutions U“(r) which satisfy the boundary condition 
U+(0)=0, for arbitrary values of the energy e= —1/n’. 
Once these are known we may calculate the eigenvalues 
at various points in the Brillouin Zone by finding the 
energy for which (2.1) satisfies the appropriate bound- 
ary conditions on the surface of the atomic cell or of the 
equivalent sphere. Such calculations may be done using 
the spherical approximation of Wigner and Seitz,'*!® 
together with Bardeen’s treatment of the effective 
mass,!® or more recent methods of Howarth and 
Jones,’ Kohn and Rostoker,!* Slater and Saffren,!*.”° 
and Leigh.” These methods all require knowledge of 
U(r) on the surface of either the atomic cell or a 
sphere of radius comparable with that of the inscribed 
or equivalent spheres.” 

Since for r>ro we have assumed V(r)=—2/r, we 
can express U(r) in this region as a linear combination 
of any two independent solutions of the Coulomb radial 
differential equation. It is shown in a paper” by one of 
us and in earlier work by Wannier*4 and Kuhn®> that 
two such independent functions are 


OT] Ln(y) = (zg 9) Jor.i"(z) 
=([n! L+1/T 
nn” 


(3/2)Nor41"(z), 


(2L+2) Mn 143(2r/n), (2.3a) 


(2.3b) 


2U §*(r) = 
where z= (8r)! and the notation is that of Wannier. 
The first of these functions vanishes at the origin, 
whereas the second is singular there and consequently 
cannot contribute to U“(r) in the special case of a pure 
Coulomb potential. If V(r) has a non-Coulomb core 
region, however, we have, for r>ro, 


U*(r)=a(n) U- *(r)+y(n)?U-"(r). (2.4) 


We shall now show that a(m)/y(m) may be determined 
for all energies from the spectroscopic data. 

This ratio is known at any eigenvalue of the free 
atom, for at such an energy U“(r) satisfies the additional 
boundary condition of vanishing at infinity and must 
therefore agree in the Coulomb region with the only 
solution of the Coulomb differential equation that has 
this property. This function, W,,24;(2r/n), can be 
expressed in the form (2.4).°* We find that, at an 


4 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 

18. Wigner and F, Seitz, Phys. Rev. 46, 509 (1934). 

oe Bardeen, J. Chem. Phys. 6, 367, 372 (1938). 

D. J. Howarth and H. Jones, Proc. Phys. Soc. (London) 

A6s, 355 (1952). 

18 W. Kohn and N. Rostaker, Phys. Rev. 94, 1111 (1954). 

19 J. C. Slater, Phys. Rev. 92, 603 (1953). 

*” J. C. Slater and M. M. Saffren, Phys. Rev. 92, 1126 (1953). 

2 R. S. Leigh, Proc. Phys. Soc. (London) A69, 388 (1956). 

2 See reference 9 for a discussion of the use of QDM with these 
procedures. 

%F.S. Ham, Quart. Appl. Math. 15, 31 (1957). 

* G. H. Wannier, Phys. Rev. 64, 358 (1943). 

2 TS. Kuhn, Quart. Appl. Math. 9, 1 (1951). 

%*E. T. Whittaker and G. Watson, A Course in Modern 
Analysis, (Cambridge Genie Press, Cambridge, 1952), 
fourth edition, Chap. 16. 
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eigenvalue, 


a(n) 


l'(n+L+1) 
(2.5) 





y(n) u nv-HT (n— L) tan(a5m,). 


where 6, is the quantum defect in terms of which the 
eigenvalue is expressed as 


(2.6) 


e= — (m—56,,)~. 


Here m is an integer that increases by unity between 
successive terms of a given series. Furthermore, we can 
prove that if 6,, is known at the eigenvalues correspond- 
ing to a given L, the ratio a(m)/y(m) is determined for 
all energies. This follows from the assumed form of 
V(r) because it can be shown’ that this ratio equals 
a known function plus a meromorphic function of the 
complex variable ¢. The latter is therefore determined 
in principle from (2.5) for all energies if 5,, is known at 
the eigenvalues of this Z, since there are an infinite 
number of eigenvalues with e=0 as a limit point. 
Hence a()/y() is determined in principle for all « by 
the spectrum. In practice, of course, we know only 
approximate values of 6,, at a finite number of eigen- 
values, so that a(n)/y(n) is not completely determined 
at all energies. We shall show below that we can express 
this ratio in terms of a parameter which is a slowly 
varying function of energy throughout the range of 
energies near the valence eigenvalues, and which there- 
fore can be determined in this range if a few eigenvalues 
are known. 

Kuhn and Van Vleck! determined a(m)/y(n) by 
arguing that for reasonably small values of r, the loga- 
rithmic derivative [U4(r) }'[dU"4(r)/dr] is a slowly 
varying function of energy which can be determined 
at the eigenvalues and interpolated between these 
values. The resulting curve and the values of the Cou- 
lomb functions and their derivatives can then be used 
to obtain a(m)/y(m) at an arbitrary energy. However, 
the analytical argument given by Kuhn and Van Vleck 
for the slow variation of the logarithmic derivative as 
a function of energy is valid only for r smaller than the 
radius of the innermost node of the wave function, and 
consequently it can give no information concerning the 
behavior of, say, a 2s or 3p function outside the core. 
Hence it is little more than an empirical observation 
that for the larger radius the logarithmic derivative is 
sufficiently smooth to be of any use. Moreover, at a 
radius clearly outside the core this function does vary 
sufficiently, especially near a zero of U(r), to make the 
necessary extrapolation rather uncertain. 

Kuhn’ has suggested an alternate means of ap- 
proximating U(r) outside the core by replacing the 
Coulomb functions in (2.4) by approximate solutions 
of the Coulomb radial equation obtained from Imai’s 
revision of the WKB procedure.”” He shows that the 
ratio of the coefficients corresponding to a(m) and y(m) 


27 J. Imai, Phys. Rev. 74, 113 (1948). 
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can be expressed as a function of a parameter obtained 
by plotting a smooth curve through the experimental 
values of the quantum defect. This procedure is unsatis- 
factory at energies so low (below —0.4 ry for L=1) 
that the WKB turning points are close together or at 
complex values of r, for the approximate Imai functions 
are inaccurate or ambiguously defined at such energies.” 
Kuhn’s method shares with the quantum defect method 
the use of an extrapolated parameter closely related to 
the experimental quantum defect, but, even for L=0, 
it necessitates more laborious computations. 

We shall now express a()/y(m) in (2.4) in the form 


a(n) T'(n+L+1) 
—=- (2.7) 


v(m) n#?=+1T (n— L) tanrv(n) 





This is valid for all energies, whereas Eq. (2.5) is valid 
only at eigenvalues of the free atom. This relation 
defines a parameter v(m) which at an eigenvalue differs 
from the experimental quantum defect 6,, by at most 
an integer. We assert that v(m) is equal to 6,, at the 
eigenvalues and is obtained at other energies from a 
smooth curve drawn through these given points. The 
only uncertainty occurs at energies below roughly the 
lowest eigenvalue of the Coulomb potential for the 
value of Z under consideration or the energy at which 
the outer WKB turning point penetrates the core 
region, whichever is the higher. There is unfortunately 
no rigorous proof that this procedure is correct, and 
indeed below this limiting energy the extrapolation of 
the quantum defect can be shown to be inaccurate. 
However, we shall give a derivation based on the WKB 
approximation which shows quite clearly that between 
the higher eigenvalues v(m) is slowly varying, so that 
our procedure is an excellent approximation in this 
range. We shall then discuss the appropriate modifica- 
tions necessary in the lower energy range. We should 
remark at this point that although we use the WKB 
approximation to provide some of the evidence that the 
quantum defect method is correct, the latter is evi- 
dently more accurate than the WKB method because 
it is based directly upon the experimental eigenvalues. 
This view is supported by the results of an exact 
calculation on a convenient potential model. 

Following Kuhn,’ we introduce into the radial differ- 
ential equation (2.2) the change of variable x=|n(—er) 
=In(r/n?), u(x) =exp(—x/2)U, and obtain 


(Pu/dx*?)+ P(x)u=0, (2.8) 
where 

P(x)=[—nte?*—nte?*V (n*e*) — (L+4)?]. (2.9) 
The vicinity of the real axis in the x plane is shown 
schematically in Fig. 1. Points x; and x2 are the turning 
points, where P(x)=0. On 7), the part of the real axis 
between x, and x2, P(x) is real and positive. The limit 
as x approaches — © along 5S,’ corresponds to the ap- 
proach of 7 to zero along the positive real r axis. 
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The WKB approximation tells us that far from «2 
(and far from other turning points as well), « is given 
accurately by 


u~(P(x) }*[Ae#+ Be-* ] (2.10) 


if the constants A and B are appropriately chosen and if 


=f [ P(x) }idx. (2.11) 


However, as we follow a path encircling x2, we must 
choose different values of A and B in different regions 
bounded by the Stokes lines S;, S2, and S3, on which z 
is pure imaginary, in order to represent a given single 
valued function.**:* Assuming that x; and x2 are 
sufficiently well separated to allow us to consider 
asymptotic expansions about either point, and choosing 
the phase of the square root in (2.11) so that [P(x) ]}} 
is positive real on 7,, we may use Furry’s result® that 
a single-valued function given on 7, by (2.10) with 
A, and B, has a similar expansion with 


A $= A it 1B, 


2.12 
B.= By, ( 


on 7». Similarly upon expanding about x, we have 


w~[ P(x) }*LA'e*’+ Be“ #7), (2.13) 


in f [P(2) }iax, 
Z1 


A = A + iBy’, 
B,/=By, 


(2.14) 


(2.15) 


on T,’ if A,’ and B,’ are appropriate to 7. 

The function « vanishes at r=0, so that the coeffi- 
cient A,’ of the increasing exponential in (2.13) is 
identically zero in the vicinity of S2’. From (2.15) we 
have therefore A;’= —iB,’, so that if on S,’ 


u~P (x) }*Bye-*"’, (2.16) 


we have on 7; 
u~[ P(x) }*B,[- ie'*’ + e-i*"], 


On T; we can also make use of the asymptotic expan- 
sion about xo, 


u~[ P(x) }-C cos(z+u—2/4), 
which leads via (2.12) to 


u~3C[ P(x) 1? exp(in/4)[2 sinue’*+e-*-* J, 

%E. C. Kemble, The Fundamental Principles of Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1937), 
Sec. 21. 

2G. N. Watson, A Treatise on the Theory of Bessel Functions, 
(Cambridge University Press, Cambridge, 1948), second edition, 


p. 201. 
*® W.H. Furry, Phys. Rev. 71, 360 (1947). 


(2.17) 


(2.18) 


(2.19) 
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Fic. 1. The complex x plane near the WKB turning points x; 
and x2. The curves S are the Stokes lines on which z or 2’ is imagi- 
nary. On the curves 7, z or 2’ is real. All three of the quantities 
z, 2, and [ P(x) }* are real and positive on 7;, which represents the 


real x axis between the turning points. 


on 7:. Requiring that (2.18) be identical with (2.17) 
on T;, we find that 


w= (p+4)e— f [ P(x) ]idx, (2.20) 


and 


By’ = (3)C(—)Pei*/4, 2.21) 


where p is some integer which is chosen once and for all 
in defining u. These relations provide the link between 
the asymptotic expansions (2.16) and (2.19) valid on 
S.’ and T», respectively. 

We now define’ 


z2 z2’ 
rie= f [P(2)}ax— f 
Zl z1’ 


[Px(x)}idx, (2.22) 


where P,(x) is obtained from (2.9) with V(r)=—2/r 
for all r. The second integration can be done exactly, 
and we obtain 


p=m(p+Ll+1—n—5,). 


(2.23) 


At an eigenvalue, « must approach zero as r or x>+ « 
along the real axis (52 in Fig. 1), and from (2.19) and 
the chosen phase of the square root in z this shows that 
sinu=0. Hence at an eigenvalue yu is an integral multiple 
of 7, and 


e= —n "= — (m—6,)~. (2.24) 


From the definition of u we see that m is an integer 
which increases by unity in going from one eigenvalue 
to the next. Thus, as Kuhn has shown,’ 6,, is the WKB 
approximation to the experimental quantum defect 
at the eigenvalues and is, moreover, a slowly varying 
function of the energy provided that the outer turning 
point is in the Coulomb region. We shall now show that 
5 is to be identified with the parameter v() defined 
by (2.7) and used in representing the exact solution 
(2.4) as a linear combination of the two Coulomb 
functions. 

To do this we shall compare the asymptotic form of 
the WKB solution with that of the exact solution in 
Coulomb functions in the vicinity of the line 7, of 
Fig. 1, where exp(iz) is oscillatory. We assume that the 
outer turning point x2 is in the Coulomb region, in 
which V(r)=—2/r. We could then evaluate exp(iz) 
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by carrying out the integral (2.11) from x: to some x 
far out along 7». If we do this for a pure Coulomb poten- 
tial, for which U4(r)=°U .“."(r) is the exact solution 
satisfying U“(0)=0, we find that the asymptotic form 
of the WKB solution is correct in the limit n> and 
that otherwise the error is O(1/|!). Such an error is of 
course characteristic of the WKB approximation, and 
this method usually gives a worse approximation to the 
wave function than to the eigenvalues.” However, if 2x2 
for a potential with a non-Coulomb core region lies in 
the Coulomb region, the integral (2.11) defining z is 
exactly the same as that for the pure Coulomb poten- 
tial. Hence, we may “evaluate” it by replacing exp(iz) 
by the “correct” value obtained from the asymptotic 
form of the exact solution for the pure Coulomb poten- 
tial when —2 <arg(2r/n) <0," 


°U £"(r)~[ nt 4/7 (L+1—n) ](2r/n)-* exp(r/n) 
+[n* exp{xi(n—L—1)}/T(n+L+1) ] 
X (2r/n)" exp(—r/n). (2.25) 
We find in this manner 
exp(2iz) = exp(2r/n) (2r/n)-*"(2x)“ 


XT (m+L£4+1)0(n—L). (2.26) 


For a potential with a non-Coulomb core region, we 
must compare the asymptotic expansion of (2.4) along 
T2 with (2.19), into which (2.26) and (2.23) are inserted 
on the assumption that x2 is in the Coulomb region. 
From (2.25) and the expansion 


2U &™(r)~[ nx exp(inz) | 
X {exp[ —ix(L—}4) ] sin[a(n—L) } 
<I (L+1—n) exp(—r/n) (2r/n)" 
—T'(L+1+n) cos[a(n—L) ] 


Xexp(r/n) exp(—ian)(2r/n)-"}, (2.27) 


for —x<arg(2r/n) <0, we obtain in this way the con- 
nection relations 


a(n) T(n+L+1) 


—— a0 (2.28) 
y(n) wv-T (n—L) tan, 





n¥(— eran (n+L+1) 
L aI (n—L) 





C=y(n) 


j 
. (2.29) 


sin7d,, 


We have used (2.28) in establishing (2.29). From (2.28) 
and (2.7), we see that v(m) in (2.7) is to be identified 
with a slowly varying function coinciding with the 
experimental quantum defect 6, at the eigenvalues, 
at least to the accuracy of the WKB approximation. 
We have already seen that v(m) must differ from 6,, at 
the eigenvalues by at most an integer, so that the WKB 
argument confirms our assertion that v(m) is to be 
interpolated smoothly between the experimental values 
of 5,,. The WKB dervation can be extended to positive 
energies and leads again to (2.28) with 6, defined by 
(2.22) as before, provided that the energy is not so high 
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that the inequality exp(—27|n|)<1 is violated.* How- 
ever, at negative energies at which x2 is in the non- 
Coulomb core region, it can be shown’ that the WKB 
result (2.28) is not accurate. Consequently we cannot 
justify with the WKB procedure the use of (2.7) with 
an extrapolated v(m) below about —0.9 Rydberg unit 
for Li and Na for L=0 and —0.7 Rydberg unit for 
K, Rb, and Cs for L=0. For L=1 this minimum energy 
is about —0.4 Rydberg unit for all the alkalies. 

At negative energies there is the further complication 
that the factor 
T(n+L+1) (n?—L?)[n?—(L—1)?]---(n?—1) 


“ = (2.30) 
n+l (n— L) nl 

vanishes if 1/n? equals the reciprocal of the square of 
any integer less than or equal to L. Since from (2.4) it 
is clear that a(m)/y(m) cannot vanish for all potentials 
at such energies, we see from (2.7) that tanav(s) must 
vanish and that »v(#) must equal an integer at such 
points. These ‘forced zeros’’ of tanrv(m) were not sug- 
gested by the WKB analysis and lead to an inconvenient 
oscillation of v() as a function of energy between these 
points. Consequently extrapolation of v(m) into this 
region (below —0.25 for L=2) is quite unreliable. 

In view of these uncertainties concerning the extra- 
polation of v(m) towards large negative energies, we 
may seek another parameter that can be extrapolated 
more safely. Several considerations lead us to expect 
that upon setting 


a(n)/y(n)= —1/tanrn(n), (2.31) 


we shall find that (7) is more suitable for extrapolation 
than v(m). Of greatest importance, tanrn(m) has no 
forced zeros, and (2.30) increases monotonically to 
unity as e—0 for energies above the highest forced zero 
of tanrv(m). Consequently we should expect n(m) to 
be as well behaved as v(m) in the range of energies 
corresponding to the valence eigenvalues and better 
behaved at lower energies. These expectations are com- 
pletely borne out by the values of n(n) and v(m) for 
the alkali metals as derived from the eigenvalue spectra. 
They are also supported by calculations on a model 
potential 
V(r)=—2Z/r for 
=—2/r for 


r<To 


(2.32) 
r>To, 


results for which were given elsewhere.’ This potential 
is not a realistic model for an ionic potential because of 
the discontinuity at ro, but it should serve to illustrate 
the behavior of v(m) and (m) for a potential with a 
nonhydrogenic core. 

If it is necessary to extrapolate far from the energy 
range of the valence eigenvalues, there are some general 
rules which can be helpful.** Most of these are of little 
consequence in calculations of energy band structure 


31 Reference 9, pp. 164-5. 
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for the alkali metals, for which a simple quadratic 
extrapolation of 7 from the valence eigenvalues usually 
suffices (Appendix C). However, for the noble metals 
Kambe?® has found it essential to recognize that addi- 
tional points on the n(#) vs energy curve may be ob- 
tained from the energy parameters appearing in the 
Hartree-Fock equations for the ionized core (not the 
neutral atom).® Furthermore, for the alkali metals K, 
Rb, and Cs, we have been able to eliminate some un- 
certainty in the extrapolation of » for L=2 to the 
ground state energy of the solid by expressing the neces- 
sarily positive integral /(¢[U“(r) ?dr in terms of n, 
the derivative of » with respect to energy, and standard 
Coulomb functions (Appendix B). The resulting expres- 
sion is not inherently positive for all values of , so that 
this requirement places bounds on the extrapolation. 
Details are given in Appendix C. Needless to say, energy 
band results depending sensitively on uncertain extra- 
polations are not reliable. 


3. CORRECTIONS FOR DEVIATIONS FROM A 
COULOMB POTENTIAL OUTSIDE THE CORE 


. In speaking above of obtaining n(7) from the experi- 
rientally determined eigenvalues, we have been assum- 
ing that the ion potential V(r) equals —2/r outside a 
core radius rp which is no larger than the radius of the 
sphere inscribed in the atomic cell. We have also as- 
sumed that in the solid the best one-electron potential 
within each cell is the V(r) of the free ion. We shall now 
relax these assumptions. 

For a monovalent atom the potential outside the con- 
ventional core radius differs from pure Coulomb form 
not only because of the small but finite probability 
that a core electron will be found at such a distance 
from the nucleus but also because of the polarization 
of the core by the valence electron. The latter effect 
introduces into the one-electron potential a term 


st 
—2a'/r', 


(3.1) 


in which a’ is a constant determined by the polarizability 
of the ion core.” Let us suppose that we wish to de- 
termine the value of the logarithmic derivative of a 
radial function U“(r) at a radius rp at which (3.1) and 
other non-Coulomb terms are not insignificant. We 
introduce a new fictitious potential V'(r) which equals 
V(r) for r<ro and —2/r for r>ro. Since U“(0)=0, the 
function U“(r) satisfying (2.2) is the same function of 
r for r<ro for both V(r) and V'(r), except perhaps for 
an arbitrary multiplicative constant. We can therefore 
apply the analysis of Sec. 2 to V'(r) and can determine 
U(r) at r=ro from (B.3) (Appendix B) if we determine 
n(n) from the eigenvalues of V'(r) rather than from 
those of V(r). Similarly, we can use this n() in (B.5) 
to evaluate fo [U4(r) Pdr. 

Finding the eigenvalues of V'(r) from those of V(r) 


2 J. H. Van Vleck, The Theory of Electric and Magnetic Sus- 
ceptibilities (Oxford University Press, Oxford, 1932), Chap. 8. 
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is relatively simple if V(r) is known accurately for 
r>ro and if |—(2/r)—V(r)| is small enough for 
r>ro to allow the use of perturbation theory. This 
situation holds for the alkali metals, and the details of 
the application of this procedure to the alkalies are 
given in Appendix C. We should remark here that this 
procedure leads to results significantly different from 
those obtained elsewhere? with the WKB approxima- 
tion. We believe the difference is due to the inaccuracy 
of the WKB method in calculating the difference in 7 
for two potentials differing by a rapidly varying dis- 
continuous function (2a’/r*, r>r9). 

In applying QDM to a solid, we may wish to let the 
one-electron potential in the cell differ, for r>R, from 
that of the free ion. Such deviations arise if we try to 
include interactions with other conduction electrons 
and nearby ions. We may apply the above procedure to 
obtain U“(r) and its derivatives at r= R, and we can 
integrate (2.2) explicitly to larger r with the chosen 
potential (assuming spherical symmetry) using bound- 
ary conditions of continuity at R. A similar procedure 
should be useful with divalent and trivalent metals, 
for which we can obtain a smoothly varying 7 from the 
spectrum of the suitably ionized alkali-like atom. 
Neglecting the contribution to the potential of the other 
valence electrons within the core, we can use this 
procedure to include the effect of their interaction 
(which we must estimate) outside the core. Further 
deviations within the core can be taken roughly into 
account by a perturbation procedure (assuming we can 
estimate the form of the wave functions over the de- 
sired region). Deviations from spherical symmetry 
could be corrected for by similar perturbation methods 
after an approximate set of wave functions has been 
determined for the solid. 


4. CALCULATION OF WAVE FUNCTION 
AT THE NUCLEUS 
The arguments of Sec. 2 may be extended to a cal- 
culation of the wave function in the vicinity of the 


nucleus. We assume that near the nucleus 
V (r)= —(2Z/r)+Vo (4.1) 


in (2.2) and that the inner turning point x; of (2.9) lies 
in this inner Coulomb region where (4.1) is valid. 
Here Z is the nuclear charge and V» the potential at the 
nucleus due to the core electrons. Introducing the 


variables 
1 if i 
—-|—+) 
n* ZL? 


y*= Zr, 


(4.2) 


we find from (2.2) that in this region U“(r) satisfies the 
equation 
1 2 L(L+1) 
—|uto, (4.3) 


CULE 


dr® n*? 7* y*? 
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which has the form of the standard Coulomb differen- 
tial equation in the starred variables. Since U“(0)=0, 
we must have in the inner Coulomb region 


U4(r)=A U ©: (r""*) (4.4) 


in the notation of (2.3a). Equating the lowest term in 
the power series expansion of (4.4) in r with (2.16), 
upon recalling that «(x)=exp(—x«/2)U¥“, we find on 
S2’ the connecting formula 


’ 


r\—t (2r*)eH 
) r'(2L+2) 


u~B,'(L+})te-#'"-*4= A (— 
n 
where we have used 


lim (4.6) 


x—e,on S,’ 


[P(2) =e M( L+H) 


This does not yet suffice to relate B,’ to A insofar as 
e~‘*’ has not been determined accurately. Instead of 
carrying out the integral (2.14), we proceed as in 
Sec. 2 to “evaluate” e~‘*’ by comparing the WKB solu- 
tion with the asymptotic expansion of an exact solution. 
This time we use the assumption that x; is in the inner 
Coulomb region, so that e~**’ on S,’ is defined just as 
it would be if the potential were equal to (4.1) every- 
where. For such a potential (4.3) and (4.4) hold every- 
where, and we can introduce the WKB approximation 
to relate the asymptotic expansion on S,’ with that on 
T; and thereby to evaluate e~**’ in (4.5). Thus, intro- 
ducing 

x*=I|n(r*/n*®), 

: (4.7) 

u*=exp(—x*/2)U, 
in (4.3) and using Eqs. (2.10) through (2.21) in terms 
of the starred variables, we find from (2.19), (2.25), 
(2.26), and (4.4) that 


(4.8) 


2 T(n*—L) 7 
Ct=A( — your = ; 
ar I (n*+L+1) 


Then from (2.21) we obtain 
4 
B,'*= Ae** aaa : (4.9) 
2nT (n*+-L+1) 


Substituting this into (4.5) [first placing an asterisk on 
all the parameters in (4.5) ], we obtain 
2(2r*/n*)-+4 
exp(—iz’*) =—_————_—_ 
1'(2L+2) 
—e 


T'(n*—L) 





; 
. (4.10) 





U* (ra) Ub" (742) 
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U(r.) 





T(n*—L)n*C“) P(n+L+1) | 


Zi cosr»(n)| 
T(n*¥+L+1) 21 (n—L) 


x | [sun 
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Here 
In(r*/n*?) 

em m)= f [ P*(x*) ]idx*, (4.11) 
z* 


and 
P*(x*) =[—n?e"+2ne" — (L+4)*] 


(L+4)? 
V¥e-— “| (4.12) 


9 


° 
nn Tr a 


n“e="r 1 22 
= |-—+—- 
a 

= P(x), 


where we have used (4.2) and (2.9). Since dx*=dr*/r* 
=dr/r, we obtain from (2.14) and (4.11) with the use 
of (4.12) 


z'*(rZ)=2'(r), (4.13) 


which gives us immediately from (4.10) 


2(2Zr/n*) "+4 
exp[—iz’ (r) ]=————_——_ 
r(2L+2) 


al (n*+L+1)(L+4)}! 
T'(n*—L) 


We may now use this expression in (4.5), which con- 
nects the WKB and exact solutions in the inner Cou- 
lomb region of the ion potential (which equals —2/r 
outside the core). We find 


I'(n*—L) 


(ania (4.15) 
aT (n*+L+1) 


B/= Annrrvziesnt| 


Combining this result with the WKB formula (2.21) to 
link the inner and outer Coulomb regions, we obtain 


from (2.29) 
y(n) = — AZ? sinrv(n) 


T(n*—L)n*¥24) P(n— Ln 


4 
x_ 
T(n*+L+1) T(n+L+1) 
where we have replaced 6,, in (2.29) by v(m), which is to 
be obtained from the experimental spectrum by inter- 
polation. Finally, upon combining (4.16), (2.4), (2.7), 
and (4.4), we obtain for the ratio of the amplitudes of 
U(r) at points r, and r, in the inner and outer Coulomb 
regions, respectively, 


n=. (n— L) tanrv(n) 


I'(n+L+1) 





vente) | F (4.17) 
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In the interesting case of an s function (L=0), the 
expression (2.30) is identically equal to unity, and we 
obtain from (4.17) the ratio of the amplitude of the 
wave function ~o(r)=r'U%(r) at the nucleus to its 
value at r,, 


¥o(0) 
Wo(rs) cosmv(n)[°U 2:"(r,)—tanwv(n) 2U2"(r,)] 
(4.18) 


2Z'r, 


This is the principal result of the derivation of this 
section. It is noteworthy that n* has vanished from this 
equation, so that the result is formally independent of 
the inner potential V» and depends on V(r) only through 
the quantum defect v(m) and the nuclear charge Z. 
Hence the ratio (4.18) can be determined uniquely for 
L=0 from spectroscopic data. 

The derivation of (4.18) depends essentially upon the 
use of the WKB approximation to connect the asymp- 
totic expansions of U’“(r) in the inner and outer Cou- 
lomb regions. Moreover, whereas only the phases of the 
WKB functions need be joined in approximating the 
eigenvalues, the derivation of (4.18) requires matching 
the amplitude as well. It is known that WKB ampli- 
tudes are rather less accurate than are the phases.® 
Hence even though we have used comparison methods 
between the WKB and exact solutions to improve the 
accuracy of our connection formulas and have replaced 
the WKB 4, by v(m) as derived from experiment, we 
cannot claim that (4.18) is based solely upon experi- 
mental data and therefore very much more accurate 
than the WKB approximation used to establish it. 
We do make this claim for (2.7) and (2.31). However, 
because of our use of the experimental v(m) and of 
comparison methods to correct the WKB formulas in 
the region near the nucleus where the potential varies 
most rapidly, we can expect that (4.18) is somewhat 
more accurate than a straight-forward WKB result. 
In Appendix A we shall show.for an eigenfunction of 
the free atom that (4.18) is equivalent to a formula 
derived by Fermi and Segré.*- This leads to calcu- 
lated values for the atomic hyperfine splitting of the 
ground state of the alkali metals which are about five 
to ten percent too large, once relativistic corrections are 
introduced, in conformity with our view that (4.18) is 
only approximate but nevertheless reasonably accurate. 
In particular, the results for sodium and lithium differ 
from the experimental values by about the same amount 
(though in the opposite direction) as do those obtained 
from wave functions calculated by numerical integra- 
tion of the Prokofjew or Seitz potentials.***6 As dis- 
cussed in Appendix A, the calculated ratio of the ampli- 
tude of an s-function at the nucleus at the Fermi level 

3% E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 

4 E. Fermi and E. Segré, Mem. reale accad. Italia Classe sci. 
fis. mat. e nat. 4, 131 (1933). 


35 W. Kohn, Phys. Rev. 96, 590 (1954). 
36 T, Kjeldaas and W. Kohn, Phys. Rev. 101, 66 (1956). 
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in the solid to that in the free atom should be more 
accurate than either amplitude alone. 

The validity of (4.17) and (4.18) depends further 
upon the assumption that the radial differential equa- 
tion is strictly Coulombic both inside the inner turning 
point and outside the outer turning point. For any 
energies that occur in practice for either solid state or 
free atom calculations for the alkali metals, this condi- 
tion appears to be satisfactorily fulfilled only for L=0. 
To show this for the inner turning point, we note that 
the deviation from constancy of the inner potential 
arises almost entirely from the innermost K electrons. 
The total potential is then approximately 


V(r) = —22/r¥+Vo— 42. (4.19) 


It is readily shown that an approximate expression for 
the relative shift in the inner turning point resulting 
from the last term is 


6r/r= (Z/12)(L+4)*= (Z/768) (4.20) 


for L=0. This relative shift is small only for L=0, and 
is relatively larger for the heavy elements. This cri- 
terion for the validity of (4.18) is probably well enough 
fulfilled for all the alkali metals. 

Further error in using (4.18) to obtain results for 
comparison with experimental data on hyperfine split- 
ting and Knight shift of course arises from our assump- 
tion that the valence-core interaction can be represented 
by a simple one-electron potential and that relativistic 
effects can be neglected. We have not been able to 
generalize (4.18) to a more complicated interaction 
while retaining the framework of the quantum defect 
method. However, in deriving (4.18) we need not re- 
quire that the one-electron core potential be the same 
for different Z, so that to this extent we can argue that 
the result includes exchange effects if not correlation 
interactions. In view of the evident inaccuracy due to 
the WKB connection through the core, it does not 
seem worthwhile to attempt to justify (4.18) more 
carefully in the presence of more complicated inter- 
actions. Relativistic corrections to the hyperfine inter- 
action, especially important for Rb and Cs, may be 
made using the procedure of Breit and Racah (Appen- 
dix A). We should remark that since we have assumed 
the existence of an outer Coulomb region, in which r, 
and the outer turning point are to lie, in the presence of 
core polarization one should use the quantum defect 
appropriate to the modified potential V'(r) of Sec. 3 
which is exactly Coulombic beyond an appropriate rp. 
This modification is unnecessary in calculating atomic 
hyperfine splitting using the Fermi-Segré formula 
(Appendix A). 


5. EXCHANGE AND CORRELATION IN THE 
ELECTRON-ION INTERACTION 


We have assumed heretofore that the interaction be- 
tween a valence electron and the ion could be repre- 
sented by a potential. This assumption is satisfactory 
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for lithium and sodium, as Prokofjew” and Seitz" have 
shown, but not for the heavy elements. Gorin*’ was able 
to construct a potential which reproduced the s terms 
of potassium within several percent and a second poten- 
tial that reproduced the p terms, but he could not find 
a single potential that gave both. This difficulty arises 
because exchange, correlation, and relativistic effects 
are of greater importance for the heavy elements, and 
it is impossible to represent these effects accurately 
with a one electron potential valid for states of different 
angular momenta.** Callaway**” has recently calcu- 
lated the band structure of solid potassium using differ- 
ent potentials for s, p, d, and f states which take 
approximate account of exchange. His result for the 
cohesive energy is much closer to the experimental 
value than was Gorin’s. We shall now give a derivation 
indicating that QDM takes account of such complica- 
tions. The method should be particularly useful, there- 
fore, in band calculations for the heavier elements. 

Our procedure will be to generalize the Hartree-Fock 
approximation to include strong mutual correlations 
between core electrons and weak correlations between 
the core and valence electrons as well as exchange.” 
We shall then show that the part of the wave function 
describing a valence electron satisfies an equation which 
is identical outside the ion core with the Schrédinger 
equation for an electron in the potential field of a 
polarizable ion. This part of the wave function can 
therefore be expressed in terms of Coulomb functions 
outside the core if account is taken of polarization as in 
Sec. 3. Moreover, we can show in the spirit of the 
Wigner-Seitz approximation that this equation is the 
same near an ion in the solid as in the corresponding 
free atom. It should therefore be possible to obtain 
the proper combination of Coulomb functions outside 
the core for any Z and arbitrary energy from spectro- 
scopic data for the free atom. In particular, we should 
expect to find that the parameter 7 varies slowly from 
one experimental eigenvalue to the next. If this indeed 
is found to be true from the data, we assume we can 
interpolate 7 as with a simple potential and thus con- 
struct the combination of Coulomb functions which 
appear in the solutions of the equation in the solid. 
These can then be combined for different Z to satisfy 
the proper periodic boundary conditions and to de- 
termine the energy levels of the solid. The complicated 
effects of exchange and correlation between the valence 
electrons and the core will then be found to be contained 
in 9 as it is obtained from the experimental data. 

Our detailed arguments below cannot be entirely 
rigorous because of the complicated nature of the 


37 E. Gorin, Physik Z. Sowjetunion 9, 328 (1936). 

38 Herman, Callaway, and Acton, Phys. Rev. 95, 371 (1954). 

*® J. Callaway, Phys. Rev. 103, 1219 (1956). 

“ Berman, Callaway, and Woods, Phys. Rev. 101, 1467 (1956). 
41 See reference 9 for a discussion of the justification of QDM 
from the more restricted point of view of the Hartree-Fock 
equations. 
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problem of constructing a many-electron wave func- 
tion for a solid. They are intended to be consistent with 
the spirit of the Wigner-Seitz approximation and are 
therefore particularly appropriate to a monovalent 
solid. However, these generalizations in no way improve 
upon the rather crude treatment of correlation and 
exchange between different valence electrons in the 
Wigner-Seitz approach, so that a calculation using 
QDM must be corrected for these important effects. 
We shall defer mention of relativistic effects until 
Sec. 6. 

Instead of assuming a many-electron wave function 
n the Slater determinant form,* we approximate the 
wave function of an atom with p valence electrons and 
q core electrons by 


vw=C>? (—)?Pyi(11)- ° ‘Wp(Tp) 
X(Tps1)° ce Ipta; Fa** *Fp). 


Here y;(r) is a one-electron function representing a 
valence electron, and $(fp31,°**Tpigi Mi°* Tp) repre- 
sents the core, being an antisymmetrical function of 
the g coordinates rp:1,°--fpy¢ (which include spin) 
which depends parametrically* on r,,---r,. The oper- 
ator }>p (—)?P antisymmetrizes the entire function 
by permuting the ~+gq coordinates and multiplying 
resulting terms by +1 or —1 according as to whether 
the permutation is even or odd, and C is a constant 
which normalizes the entire function to unity under 
integration over all coordinates. Such a function per- 
mits us to take account of correlations among the core 
electrons, since $(fp41,°**Tp+q3T%1,°°*Tp) can be any 
function of fp:1,°**Tpy¢- Through the parametric de- 
pendence of ¢ on m,- +: fp, we can include approximately 
correlations between the core and valence electrons. 
This comes about only through the dependence of the 
core function on the instantaneous valence coordinates 
since we use one-electron functions y;(r) for the valence 
states. As we shall see, that part of the apparent poten- 
tial determining ¥;(r) which arises from the core elec- 
trons is produced by the average charge distribution 
of the core, polarized by the instantaneous valence 
electron positions. We are assuming, thus, that the core 
electron orbits are influenced by the instantaneous 
valence electron positions but that the reverse effect is 
negligible. This is reasonable in view of the higher fre- 
quencies of the core electrons.“ With such a wave 
function we cannot, of course, include correlations be- 
tween valence electrons. 

“ F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 237. 

4 By a parametric dependence we mean that ¢ depends on rj, 
say, sufficiently slightly so that we can neglect terms like V\°¢ 
and k simple classical calculation of the motions of two weakly 
coupled harmonic oscillators of very different frequencies shows 
that the oscillator of higher frequency is polarized by the instan- 
taneous position of the second oscillator approximately as if the 
latter were fixed, whereas the oscillator of lower frequency is very 
much less polarized than if the other were fixed. It is also out of 


phase with the faster oscillator. The frequency shift of the oscil- 
lator of lower frequency is the greater. 


(5.1) 
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We now restrict attention to a monovalent atom, for which (5.1) can be written as 


q+ 


V=C(W(1i)b(te, + + -teta3 1) — DS Wr) b (te, + - - Pi—a, Pa, Pega + T4135 Ti) 


i=2 


fevers . dea / f vrvaes - -dte41, 


in which 3 is the nonrelativistic Hamiltonian of the system 


We then form 


ql 
R= ‘ [—V2+Vo(r,) J+ > V1 Lee" £3 he 
i=l 


ij pairs 


with Vo(r,;) the potential of the ith electron in the field of the nucleus and V;(|r;—r,|) the interaction potential 
between electrons. Minimizing (5.3) with respect to arbitrary variations in y*(r), we find that the optimal y for a 
fixed @ should satisfy the following equation: 


q+l1 
form Koei X{H’+D Vill rj—x!))}b(re- + -ton1;3 X)dt2- + -degyi 
j=? 
[—V2+Vo(x) W(x) +(x) 


fo To: = -o41;3 X)O(To- + + fg41; X)dt2: + -dtq41 


q+l 
for fo° = -Toyi3 XC D> W( rb (re: + + Wy1,X, Tigi -Lg¢is Wate: - -dtqu1 
i=2 


© fetes resi OCR ote Xd ee dee 


q+ 
for: *Re¢a3 X) Do W( nO (re: ti1,X, Tiga + Tapa; Wid t2-- 
im2 


— E4y(x)— ee aaa 
forte tees5 6 (ta: teens xd ae dee 


Here 5’ is the Hamiltonian of the singly ionized atom, in terms of rz: - - r,,1. We have defined E to be the minimum 
of (5.3) and thus our approximation to the total energy of the system once ¢ has been chosen optimally. We have 
also neglected all derivatives of ¢ with respect to its parametric dependence. 

Now if $(r2-+-+1,31; x) differs only slightly from the wave function of the singly ionized atom, then Ey, the 
energy of the latter, is given approximately by 


bu f ore ++ Pot) X)IC'D(Pe- - -Pq415 X)d*0- - dea / for To: + +141; X)O(o- + 041; X)dt9---dequ1, (5.6) 


since this expression is a minimum for the exact ¢ of the ionized atom. With this assumption that the core function 
in the neutral atom is not greatly different from that of the ion,** we can therefore replace the expectation value of 
5’ in (5.5) by Ey with an error of only the second order in the change in ¢. We furthermore examine (5.5) when x 
lies outside the core (the core radius r, being defined such that if any |7;| >1., (11: - +141; x) has negligible ampli- 
tude). The exchange terms containing $(r2: - « rj-1,X,Ti+1° + *T 41; Fi) are then negligible, and (5.5) reduces to the 


This assumption should be very satisfactory for the alkalies. D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A193, 299 
(1948), Proc. Cambridge Phil. Soc. 34, 550 (1938). 
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form of a simple one-electron Schrédinger equation for an electron in the field of a polarized core: 


q+1 
forte -*Koa13X) D Vil| rj—x]|)b( re: «+ to41; X)dt0-- -deqy1 


j=2 





[—V2+Vo(x) W(x) +y(x) = 


fore * *Bo41; x)O(Te- * *Fo41; x)dt2: . dt o41 


= (E— E;))(x)=e)(x). (5.7) 


Inside the core, however, ¥(x) must satisfy a more complicated integro-differential equation because of the ex- 
change terms. We note that we have nowhere assumed that (x) and ¢ are normalized or orthogonal. 

To complete the analysis of the atom, we now minimize (5.3) with respect to arbitrary variations of 
$*(ro-+*fo41; 11). Eliminating [— V?+Vo(r) ¥(r) from the resulting equation by substituting from (5.5) [with 
(5.6) ], we obtain a complicated equation for ¢ which simplifies when one r,(=x) is outside the core to [assuming 


still that @(re,-++X,---foi1; r)~0 if |x| >. ] 


KH’ (Te: - Tear; X)+O(Te: + e415 X) 


q+1 


a 
fore -+Fo41; X)O(Tre 


=? j=? 


We see that for such a value of x (5.8) is just the 
Schrédinger equation for the ionized atom with two 
additional perturbing terms. One is the polarizing 
potential of a fixed electron charge at x [we note that 
this potential is independent of ¥(x) ], and the other 
is a constant term (depending only on x) which cancels 
the expectation value of the first term when (5.8) is 
multiplied by @(f2---t41;x) and integrated over 
T° *Tg31, SO that (5.6) re-emerges. Thus we seem to be 
justified, at least when x is outside the core, in regard- 
ing ¢ as a polarized core function. When x is inside the 
core the analysis is complicated by exchange, but the 
general character of ¢ should be the same. 

We have shown so far that, in the approximation of 
(5.2) for the isolated atom, the form of ¥(r) outside the 
core is determined by the simple Schrédinger-type 
equation (5.7) in which the potential is that of the 
polarized core. At the free atom eigenvalues, then, we 
can obtain explicit expressions for ¥(r) outside the core 
by integrating this equation in from infinity, where the 
boundary condition limy(r)=0 as |r| applies. We 
need know only the ion core potential, which equals the 
usual Coulomb term plus a polarization potential 
which we know approximately and which is small but 
by no means negligible. Hence, despite the complicated 
Eq. (5.5) satisfied by ¥(r) within the core, we can ob- 
tain ¥(r) explicitly outside the core at the eigenvalues, 
and this has the same form as found for a simple 
potential as in Secs. 2 and 3. 

We shall show below that in the spirit of the Wigner- 
Seitz approximation essentially the same Eq. (5.5) 
is satisfied by a valence Bloch function ¥(r) within 
the atomic cell of the solid and that (5.7) holds 
in the cell outside the core. With the assumption 


for Koga; X)V (| 4j;—x] b(t: -g41; X)d 2° -degys 
q+1 


Ha - -p = Eyb(fe-++to413X). (5.8) 


***Foi1; x)dt»: . A t941 


that $(fe,---fo:1; m) is approximately independent of 
the form of ¥(r,) (which we have shown to be true for 
the atom at least for |r,!>r,. and which we shall as- 
sume in general henceforth), (5.5) is linear in y. Hence 
a Bloch function can be separated into terms each 
satisfying (5.5) and reducing outside the core to the 
product of a spherical harmonic and associated radial 
function satisfying (5.7). From our work in Secs. 2 
and 3, we then expect that despite the more compli- 
cated interactions indicated by (5.5), the radial func- 
tions outside the core will depend upon the core inter- 
action only through a slowly varying quantum defect 
(or the corresponding 7). We do indeed find that the 
experimental atomic spectrum gives us such a param- 
eter. Hence we believe that we may obtain radial func- 
tions outside the core by the QDM interpolation pro- 
cedures using the experimental eigenvalues (or more 
properly those of the modified potential of Sec. 3, 
which we can obtain approximately by perturbation 
methods), and that these functions, when used in 
constructing Bloch functions, take approximate ac- 
count of complicated interactions with the core. 

To show that (5.5) also is true for a monovalent solid, 
we approximate the wave function of the solid by 


¥=CZ (—)P TI vi(r,) 


i=1 


N 
XII Rj (015,825,° ++ to53 (tad) (5.9) 


j=l 


in analogy to (5.1). Here or; represents the core func- 
tion at the lattice site R;, and it depends parametrically 
on all valence coordinates rm: « «ry. It will be shown that 
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the N valence functions y,(r;) may be assumed to have 
the Bloch form. We substitute this into (5.3), where 
now 3 is the Hamiltonian of the entire crystal: 


NZ 
K=> [-V?+ Vo(ri) J+ > Vi(|ri- r;|) 
i=l ij pairs 
. 22? 
+> ——, 
tj pairs | R,— R;| 


where Vo(r) = —30 4-1" (2Z/|r—R,!|), and the last term 
arises from the nuclear interaction, which we introduce 
to make (5.3) represent the energy of the crystal as a 
whole. 

The resulting expression is a complicated one in- 
volving integrals over products of the y’s and ¢’s with 
all possible permutations of the coordinates. Terms 
containing factors of the form. @R;(r,fo°--Tn) 
X@Rj(11,0n41,°**Ten—1) vanish if i#7 since we assume 
that the ¢’s are localized and nonoverlapping, but 
many other terms do not. Hence, whereas in deriving 
(5.5) we did not assume orthonormality of the wave 
functions, it appears here that we must. 

We can readily require 


(5.10) 


fos, (r)de = 553, 





0= [- Vi+Vo(x)+ +» tn 
ij pairs R,;-— R;| 


+yYx(x) 3 vi*(r)Vi(| TD Vil 


i=) i=l 


pR;*( Biy.”'* "Say x) Vi() rj— 
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-r,) are Lagrange multipliers arising from (5.11) and (5.12), and "*!(n,-- 
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but orthogonality between the valence and core func- 
tions is more troublesome. We shall assume that 


f¥(ron,(tts its 


[recalling that ¢ is antisymmetric so that (5.12) holds 
regardless of the order of (1,%2,---1,) ], and we shall 
not treat the parameters in $R; as variables in using 
(5.12). This approximation permits the simplification 
of (5.3). It is hard to estimate the extent of the asso- 
ciated error except to observe that we needed no 
orthonormality restrictions in deriving (5.5) and that 
one consequently suspects that the error here is small. 
We further require 


-1,)d 40, (5.12) 


fone (rye Pn)OR(Ey + Pn)de1*+-de,5=1, (5.13) 


with no regard for difficulties concerning the parameters. 

We now minimize (5.3) for variations in one of the 
y*’s, say ¥x*(r), which are arbitrary except for the 
restrictions (5.11) and (5.12), to be introduced by 
Lagrange multipliers. We obtain an equation for ¥.(x): 


x) [vet Va(|1—x|aledae 


En} X)d21---dt,y 


*Hj—1,X,0ja1,°* Ins Ti)dt1---dtn 


++ En)ORi(X,Po,---En)dt2---den, (5.14) 


= i=l 


‘Tn,X) is 


the Hamiltonian for »+1 electrons in the potential Vo. If all the y; are assumed to have the Bloch form, and if 
W(to+R,,- ++ t.+R,)=exp(ik-R,)Wy(re,--+1r,), an assumption that is consistent with the rest of the analysis, 
all terms in (5.14) represent periodic linear operators on y; if all the uw; are set equal to zero. Hence these assump- 
tions are consistent with 4;,=0 and insure the validity of (5.11) for states of parallel spin (assuming a single band) ; 
for opposite spin (5.11) and u;.=0 are automatically consistent since we have not included spin-dependent terms 
in K. Also, since W;(r2,---r,) arises from (5.12) and would appear similarly if we required (5.12) in the atomic 
case, for an atom at R,, we shall identify each such term in (5.14) with the second term in the bracket multiplied 
by £ in (5.5) for the corresponding $R;, with ¥(r,;) replaced by ¥x(r,). This identification cannot be rigorously 
correct, but it seems reasonable in conjunction with the Wigner-Seitz assumptions introduced below. 

Finally, to identify 4, we use (5.14) to evaluate (5.3), the approximate total energy of the crystal, in terms of 
\, and other quantities. Using (5.10), (5.6) and the assumption of nonoverlapping cores, we obtain 
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Hence {Ar— Doig pairs 2Z?/| Ri— R;| ]}=ex is the one- 
electron energy parameter which equals (as in Koop- 
man’s theorem)** the energy necessary to remove the 
kth electron from the crystal (neglecting correlation 
between valence electrons, of course). 

To compare (5.14) with (5.5) we now take x to lie 
within the cell at R,. In (5.14) all exchange terms be- 
tween y, and R; are zero except for the one with 
R;=R,, which is identical with the exchange term in 
(5.5). We now make use of the Wigner-Seitz assump- 
tion™-'5 that we can neglect terms in (5.14) arising from 
Coulomb interactions with charge distributions outside 
the cell at R;, because each cell is neutral and approxi- 
mately spherical in shape. We also introduce their 
further assumption that within the cell at R; we may 
eliminate from (5.14) the direct Coulomb and exchange 
terms arising from the interaction between the valence 
electrons, on the understanding that the expression 
(5.15) for the total energy must now be modified to 
improve upon this over-simplified treatment of correla- 
tion and exchange. With W; and u;. identified as above 
and all terms except —[2Z/|x—R;| ] cancelled from 
Vo(x) the equation resulting from (5.14) is identical 
with (5.5) and simplifies to (5.7) outside the core. 

We therefore find that with the approximations men- 
tioned, the ¥x(r) may be chosen to have the Bloch form 
(and therefore must satisfy the usual periodicity bound- 
ary conditions on the surface of the cell), and that they 
satisfy the same equation within the cell as that ap- 
propriate to the valence electron in the free atom. We 
can therefore use the experimental spectrum (modified 
if necessary as in Sec. 3) to obtain by QDM radial 
functions at arbitrary energies which can be used in the 
construction of Bloch functions, and we see that we 
can expect such a procedure to take approximate ac- 
count of correlation and exchange effects with the 
ion core. 


6. RELATIVISTIC EFFECTS, INCLUDING 
SPIN-ORBIT COUPLING 


There has been recent interest in relativistic correc- 
tions to electronic wave functions in solids and to their 
energy band structure. This has arisen primarily be- 
cause such corrections lift certain degeneracies at 
symmetry points and thereby significantly alter the 
qualitative shapes of the bands. This effect is now 
known to be important for the valence bands of semi- 
conductors such as Ge, Si, and InSb. Moreover, Calla- 
way*’ has suggested that relativistic contributions to 
the band shapes and cohesive energies of the heavier 
alkali metals might be appreciable. 

Most estimates of relativistic effects have used per- 
turbation theory with nonrelativistic wave functions 
calculated from approximate atomic potentials ordi- 
narily corrected for exchange. However, it is quite 


© Reference 42, p. 313. 
“7 J. Callaway, Phys. Rev. 102, 919 (1956). 
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simple to reformulate the band calculations such that 
relativistic contributions can be included from the start. 
We shall not do this in detail here, but we shall make a 
few observations to support our contention that the 
corrections suggested by Callaway are already included 
in QDM and that relativistic splittings of degenerate 
levels in solids can be obtained with QDM from the 
appropriate spectroscopic data. Callaway, Woods, and 
Sirounian have recently come to essentially the same 
conclusion.** However, our use of QDM to obtain the 
amplitude of the wave function at the origin does not 
include relativistic effects because we have assumed 
V=—2Z/r+V> near the nucleus. The appropriate 
relativistic corrections to hyperfine interaction are 
discussed in Appendix A. It appears that these are very 
important for the interpretation of the Knight shift 
in the heavier metals. 

In our conventional band calculations we expand a 
nonrelativistic wave function in spherical harmonics 
about an ion and determine the corresponding radial 
wave function for each value of orbital angular mo- 
mentum Z within the region in which the potential is 
spherically symmetric. In a relativistic theory, using an 
independent-electron approximation, we should have to 
introduce 4-component wave functions and make a 
corresponding expansion in eigenfunctions of the total 
angular momentum J and of the operator K.**. How- 
ever, as Condon and Shortley® show, the small com- 
ponents ¥, of positive-energy functions can be evalu- 
ated from the large components by means of the relation 


nee 


ee (6.1) 
~ E+2me— vi) 


poy, 


where p is the momentum operation and @ a vector 
whose components are the Pauli spin matrices. The 
large components satisfy an equation 


+(p-o)g(r)(p-0)}¥_+V(r)¥_=Ey_, (6.2) 


a)=|1+ 


is appreciably different from zero only near the nucleus. 
Outside the core, therefore, (6.2) reduces to a simple 
Schrédinger equation for each component of y_. In a 
spherically symmetric potential V(r), both components 
of y_ for an eigenfunction of K and J are eigenfunctions 
of the orbital angular momentum Z/ with the same 
eigenvalue L=J+4. Hence if V(r) is Coulombic out- 


(6.3) 


E-V(1) > 
=| “4 


2mc? 


“ Callaway, Woods, and Sirounian, Ph we Rev. 107, 934 (1957). 
“ We use the notation of Condon and Shortley (reference 50, 
Chap. 5, Sec. 5) where a review of the relativistic theory can be 
found. 
E. V. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953). 
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side the core, the radial parts of both components of y_ 
satisfy the Coulomb radial equation for L=J+}. 
From spectroscopic data we can obtain the quantum 
defect for atomic eigenstates of K and J. The radial 
function of y_ outside the core can then be obtained for 
the same eigenvalues of K and J and intermediate 
energies by interpolating the quantum defect and using 
standard Coulomb functions for the corresponding 
value of L=J+4. We can thus obtain explicit expres- 
sions on the atomic cell for all terms in the expansion 
of each component of a y_ appropriate to a periodic 
V(r). The coefficients of these terms and the energy 
eigenvalue can be determined from the usual periodicity 
boundary conditions imposed on y_, since the Dirac 
equation has the periodicity of V(r). Then y, can be 
evaluated from (6.1). 

We see, thus, that if we expand our relativistic Bloch 
functions in eigenfunctions of K and J, we can deter- 
mine the corresponding radial functions outside the 
core from the atomic spectroscopic data. As before, 
we do not need an explicit expression for the Dirac 
equation within the core. Hence once again the experi- 
mental data give us the correct linear combination of 
Coulomb functions outside the core which connect cor- 
rectly to functions within the core which are compli- 
cated by relativistic effects. It is for this reason that 
we assert that QDM includes the relativistic effects 
emphasized by Callaway and makes possible calcula- 
tions of relativistic splittings once band theory is 
carried through in terms of expansions in eigenfunc- 
tions of K and J. In most of our work, heretofore, we 
have not done this, and our quantum defects for the 
alkali metals have been determined from weighted 
averages of the energies of spectral doublets. However, 
one of us has used the more accurate theory in calcu- 
lating the g factors for the alkalies, and we shall ex- 
amine the corrections introduced by this theory in our 
continuing calculations on the alkali band structures. 
The extensions of the usual theory are quite simple; 
for example, Callaway, Woods, and Sirounian*® have 
shown that Bardeen’s formula for the reciprocal effec- 
tive mass becomes (in the notation of Brooks‘) 


2 r, dU} 


3 U} dr 


lr, dUy 


——1 


3Uy dr 


a=¥7 (6.4) 


where U;' and U;! are the radial functions (times r) 
at the ground state energy and equivalent sphere radius 
for J=4, } and L=1, and y has its usual significance. 
Callaway et al.** have found very little difference in 
the effective mass for Cs between the result from (6.4) 
and the “nonrelativistic” (weighted average of doublet) 
value, 
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APPENDIX A. ATOMIC HYPERFINE SPLITTING— 
THE FERMI-SEGRE FORMULA 


The hyperfine splitting of a 2S, term in an alkali-like 
atom with one valence electron is, in cm~ ®; 


Av=h-(8x/3)urual (27+1)/T] 
x P4F,(j,Z)(1— 


Here h is Planck’s constant, c the velocity of light, uz 
the nuclear magnetic moment, uz the Bohr magneton, 
I the nuclear spin quantum number, and P4= |y(0) |? 
the squared amplitude at the nucleus of the nonrela- 
tivistic approximation to the valence wave function. 
The factor 


5)(1—e). (A.1) 


4j(j+3)(j+1) 
re J;4 = = ’ 


p(4p?—1)! 


(A.2) 


with p=[(j+4)*—a?Z? ]}, is an approximate relativistic 
correction due to Racah and Breit for a point nu- 
cleus.**-§ Z is the nuclear charge in units of the charge 
of the electron, a is the fine structure constant e?/he, 
and 7 is the total angular momentum quantum number 
of the valence electron (j=} for a 2S; state). The 
Breit-Crawford-Schawlow correction (1— 6) arises from 
the change in the Dirac wave function due to the finite 
dimension of the nucleus.*:*> Finally, the distribution 
of magnetic dipole-moment over the nucleus leads to 
the further correction (1—e).°* These corrections are 
tabulated in Table I for the alkalies, together with the 
values of Av obtained from atomic beam experiments. 
The “experimental” values for P,4 listed in Table I 
were calculated from (A.1) using these values for Ay 
and known values of uy and J, which are also listed. 

To obtain a theoretical value for |y¥(0)|? for the 
valence electron in an isolated atom, we make use of 
our expression for ¥(0)/P(r,) in (4.18). Setting y(r) 
=Ar"U(r), with U(r) given by (B.3) in the Coulomb 
region outside the core (n= v for L=0), we obtain from 
(4.18) and (B.3) 


'W(0) |? =4ZA2/cos*xv. (A.3) 


Normalizing ¥(r) to unity in cgs units, and using (B.7) 
and (B.9) for Z=0 and the fact that at an eigenvalue 
sec*rn = sec’rv, we find 


(P 4) eheoe = (Z/mao*) ( (n' 3— 2dv/de’)—. 


Here ¢’=1/n? is the negative of the energy of the val- 
ence electron, and dp» is the Bohr radius h?/me’. 

This theoretical expression for P4 turns out to be 
identical with one given long ago by Fermi and Segré,**-*4 


namely 
(P A) theor = (Z/2m) (ao®Rhc)- 


51H. Kopfermann, Kernmomente (Akademische Verlagsgesell- 
schaft, Frankfurt-am-Main, 1956), second edition, p. 111. 

8G) Breit, Phys. Rev. 35, 1447 (1930). 

8G, Racah, Z. Physik 76, 431 (1931). 

“yj. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 

55M. Crawford and A. Schawlow, Phys. Rev. 76, 1310 (1949), 

% A, Bohr and V, Weisskopf, Phys. Rev. 77, 94 (1950). 
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\(dE/dm),  (A.5) 
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TABLE I. Atomic hyperfine interaction for alkali metals. 





Atom 
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prt (Pa)theorf (PA) theor® 
(eh/2M pc) F (ao~*) (ao~*) 


~ 
a 


Ay (cm™) 








Li 
Li 
Na 
K 
K 
Rb 
Rb 
Cs 


~0.005 


~0.01 
~0.03 


133 


* Reference 51, Table 8, p. 431. 

b Reference 51, p. 117 

¢ Reference 51, p. 118, and reference 56 

@ J. E. Mack, Revs. Modern Phys. 22, 64 (1950): Mp is the proton mass. 
* Obtained from Eq. (A.1). 

f Obtained from the Fermi-Segré formula (A.4) or (A.5). 


0.82189 0.2420 ~—-0,223 
3.2559 0.2420 0.223 
2.2171 


0.8402 0.685 
0.391 


1.162 
0.215 1,162 
1.353 2.178 
2.750 


0.007613" 
0.026805 
0.059103! 
0.015403" 
0.008474" 
0.10127! 

0.227973 2.178 
; 2.970 
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® Obtained by integrating the Seitz (Li) and Prokofjew (Na) potentials: references 35 and 36. 


+ Millman, Kusch, and Rabi, Phys. Rev. 57, 765 (1940). 
iS. Millman and P. Kusch, Phys. Rev. 60, 91 (1941). 
iS. Millman and P. Kusch, Phys. Rev. 58, 438 (1940). 


where 


E=— Rhc/(m—v)?, (A.6) 


and R is the Rydberg constant. To show this, we differ- 
entiate (A.6) with respect to m, which we treat as a 


continuous variable: 
dE 2Rhce ( dv —) 
=———[ 1 ; 
(m—v)8 dE dm 


dm 

Solving for dE/dm, and setting E= — Rhce’ = — Rhc/n’, 
we obtain (A.4) upon substitution in (A.5). Hence our 
expression (4.18) for ¥(0)/p(r,) is a generalization of 
the Fermi-Segré formula, the latter being valid only 
for atomic states. However, whereas our derivation of 
(4.18) required that the outer WKB turning point lie 
in the outer Coulomb region, no such requirement is 
needed in Fermi and Segré’s derivation** (which is also 
a nonrelativistic WKB-based procedure). Hence (A.4) 
[but not necessarily (4.18) ] is more general than the 
assumptions used in deriving it, and in particular we 
can use in (A.4) the interpolated expression for v as 
obtained directly from the spectroscopic data without 
having to worry about polarization corrections and the 
like. Such corrections should, of course, be used in 
applying (4.18) to solid state problems. 

We have tabulated (P.4)theor for the alkali metals in 
Table I. The agreement with (P4)expt is within about 
10% and only slightly worse for Li and Na than theo- 
retical values obtained by Kohn*® and Kohn and 
Kjeldaas** by integrating the Seitz and Prokofjew 
potentials. These two values, which are also listed, are 
too small, whereas our values are too large. 

The accuracy of (4.18) for calculations of the Knight 
shift is presumably similar to that of (A.4). However, 
particularly since the Fermi energy in the alkali metals 
is not very different from the energy of the normal state 
of the atom, the accuracy of the ratio |y,(0)|?/Pu, 
where y,(0) is the amplitude at the nucleus of a non- 
relativistic s function evaluated at the Fermi energy 
and normalized in the atomic cell, should be consider- 


(A.7) 


ably better if ¥,(0) and Px, are calculated from (4.18) 
[using (B.5) for normalization | and (A.4), respectively. 
The further evaluation of Pr= |y(0)|? for an electron 
at the Fermi surface then requires that we determine 
the radio of s, p, d, -- - functions that make up the wave 
function. Calculations of this sort have been carried 
out by one of us (HB). 


APPENDIX B. NORMALIZATION INTEGRALS 


Differentiating (2.2) with respect to the parameter 
e’=1/n? and integrating with respect to r, we obtain 


e d 
f [U*(r) Par = lu —u"| 
0 dé’ r=a 


where we use the notation 


dW (r) 
LV,W]=V(r) 


(B.1) 


dV (r) 
—W(r)- ? 
r dr 


(B.2) 


Assuming that a is in the Coulomb region, a>ro, we can 
substitute into the right-hand side of (B.1) from a 
renormalized form of (2.4), using (2.31), 


U*(r)=9U ©: "(r)—tanrn?U./"(r) for 
We obtain, with use of the Wronskian relation 
[°U on 2U bo} = 2/n, 


r>ro. (B.3) 


(B.4) 
the result 


a dn 
J (U(r) Pdr=— a sec’arn 
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+[ve, <u.) 
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This relation enables us to evaluate normalization 
integrals over the core region in terms of known func- 
tions at r=a if n is known as a function of «’ for the 
potential under consideration. 

In a similar manner, we may integrate the square of 
the Whittaker function®’ which vanishes at infinity, 


W n, r+4(2r/n) 
=T(n+L+1)n-— cos[a(n—L—1) ] 
XU h(n) +K1(n)?U"(r)}, (B.6) 
where 
C(n—L)v) 
K"(n)=— 


~ (B.7) 
r(n+L+1) 


tan[a(n—L—1) ], 


and n=+ (e’)—}. We obtain 


f [W, 144(2r n) Pdr 


a 


= —(T'(n+L+1)n-" cosr(n—L—1) 


d 
dé re 


d 
+2K Hole nt, OU 6 | +[K1(n) P 
de’ 


r= 


d 2d 
[-v.e9, cue += xm. (B.8) 
€ 


de wd 


At an eigenvalue we have 1/n?=1/(m— 6), where m is 
an integer, and from this we may show that tanzy 
=—Ky_,(m), as is also evident from (B.6) and (B.3). 
Hence at an eigenvalue we can combine (B.5) and 
(B.8) to give us 


- dn 2d 
f [U*(r) Pdr= | —2— sec*mn——-—K1z(n)}, (B.9) 
0 dé / 


w dé 


where we normalize U according to (B.3). 


APPENDIX C. QUANTUM DEFECT DATA 
FOR THE ALKALI METALS 


In Table II we list formulas quadratic in e’=1/n? 
(the negative of the energy in Rydberg units) which 
reproduce the values of n obtained from the experimental 
term values of the alkali metals for L=0, 1. These 
expressions fit exactly the values of 7 for the lowest 
three valence eigenvalues and are very little in error 
for the higher eigenvalues.** 

In Table III we list coefficients for expressions of the 


form 
ay a2 bs 
erates rien 
roe re ro ro 


57 Reference 26, p. 339. 
58 See reference 9, Sec. X. 
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TABLE II. Interpolation expressions*’> for experimental y for alkali 
metals for L=0, 1. 


+ (0.399501) + (0.029405) e’+ (0.00238) «’ 
+ (0.047366)+ (0.02092)e’ + (0.02886) « 
+ (1.347970) + (0.06197 )e’ + (0.01071)? 
+ (0.855151)—(0.01791)e’ +(0.04443)«” 
= + (2.180059) + (0.13915)e’ +(0.0502)e? 
a 
+ 
+ 
ols 


— oO 


it vu 


(1.711928)+ (0.07617)e’ + (0.0801 )e” 
(3.13119) +(0.18164)e’ + (0.08790) e” 
(2.646250) + (0.163965 )e’+- (0.06192) 
+ (0.1054)e” 
+ (0.0479) 


—=_Om Oem 


(4.04808) +(0.2586)e’ 
+ (0.3019)e’ 


BS SS S&S 


er | 
SI3223323323 


aun wu a 


+ (3.5696) 


® These expressions reproduce experimental values of 7 obtained from the 
three lowest valence eigenvalues for each L. (See Table II of reference 9.) 
For L =1, spin-orbit splitting has been neglected, and the eigenvalue taken 
as the center of gravity of the doublet. Eigenvalues were converted from 
wave number (cm~) to Rydberg units using a finite mass Rydberg con- 
stant appropriate to each element. 

b Here ¢ =1/n? is the negative of the energy in Rydberg units. 


which may be subtracted from the corresponding formu- 
las of Table II in order to obtain approximate expres- 
sions for n appropriate to the fictitious potential V'(r) 
of Sec. 3 which is exactly equal to —2/r for r>ro. The 
free ion potential has been assumed to differ from this 
for r>r, by a polarization term of the form (3.1). That 
we can neglect contributions to V(r) from the small 
probability of finding a core electron at values of ro of 
interest is evident from Table IV. Values of a’ for use 
in (3.1) are listed in Table IV and have been taken 
from work of Pauling.*® These may not be too accurate 
and indeed differ appreciably from those computed 
recently by Tessman, Kahn, and Shockley.© The latter 
values give quantum defects for L=3 which are larger 
than those observed experimentally, so that we have 
preferred Pauling’s smaller values. This polarization 
correction is not accurate to better than perhaps 30%. 

The coefficients in Table III were obtained by evalu- 
ating by perturbation methods the change in , at the 
three lowest valence eigenvalues for each L, due to re- 
placing the ion potential (— 2/r—2a’/r*) by the Coulomb 
potential (—2/r) for r>ro. One can show from the 


TABLE III. Polarization corrections*» to n for 
alkali metals for L=0, 1. 


Metal D a1 a2 bi 


—0.0118 
+0.0335 
—0.261 
+0.369 
— 1.595 
+1.204 
—3.195 
+2.123 
— 5.844 
+3.127 


— 0.00426 
—0.0130 
+-0.0332 
— 0.0890 
+0.212 

— 0.324 
4+-0.486 
—0.523 
+0.826 


—0.757 


+0.0805 
+0.0918 
+1.172 
—0.176 
+8.317 
—0.529 
+-17.02 
— 2.620 
+33.40 
—3.855 


Li +0.0217 
+0.0463 
— 0.0628 
+-0.4044 
K —0.620 
+1.870 
Rb — 1.698 
+ 3.316 
Cs —3.114 
+5,447 


® See Eq. (C.1). Note that the value of An obtained from (C.1) and this 
table is to be subiracied from the experimental » of Table II. The values of 
ro appropriate to (C.1) are in units of the Bohr radius of hydrogen. 

> Calculated from (C.2). 


%® See reference 32, Chap. 8. 
® Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 





H. BROOKS AND *. ‘S. 


HAM 


TaBLe IV. Deviations from Coulomb potential for alkali ions.* 








Element v6 2Z(0.7ri) 2(Z »(0.7ri) —1] 


Z(ri) 


2[Zp(ri)—1] = 2 Z p(t) 1) /r 





Li ; 2.81> 
Na 7 3.45> 
K , 4,26 0.22°.4 


0.12¢-f 


0.055°-4 
0.025¢.f 
Rb ; 4.55» 0.36°-« 0.094°-« 
Cs . 4.85> 0.57°.4 0.15¢-4 








0.018°.4 
0.00S¢-f 
0.03¢-« 
0.05¢-4 


0.003*.4 
<0.001°-! 
0.006°:« 
0.008¢.4 


0.0007° 
<0.0002° 
0.0013¢ 
0.0016° 


4.77 
8.22 


0.022 
0.027 


*r,=equilibrium equivalent sphere radius at 4.2°K in atomic units [Bohr radius =1 atomic unit of length =0.529 A; ionization energy of hydrogen 


(infinite nuclear mass) =1 unit of energy =1 Rydberg = 13.60 


ev]; ri =equilibrium inscribed sphere radius at 4.2°K in atomic units; Z(r) =total charge 


situated beyond radius r in the singly ionized atom, in units of charge of the electron; Zp(7): potential = —2Z»(r)/r in the singly ionized atom (neglecting 


polarization); a’: 
> C. A. Swenson, Phys. Rev. 99, 423 (1955). 
¢ Calculated without exchange. 
4D. R. Hartree, Proc. Roy. Soc. (London) A143, 506 (1934). 
® Calculated with exchange. 


polarization correction to potential for the valence electron in the neutral atom is —2a’/r‘4, 


{ D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A166, 450 (1938). 
« D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A151, 96 (1935). 


differential equation (2.2) that, to first order in a’, 


an=(«' f Cr-(uyir) / sect, (C.2) 


where U¥ and 7 are evaluated at the eigenvalue of 
Vi(r) (and U¥ is therefore a multiple of the Whittaker 
function which approaches zero at infinity). U” is 
normalized as in (B.3). In practice these integrals were 
evaluated numerically for two values of ro (near 7; and 
r, of Table IV) at the experimental eigenvalues using 
the asymptotic expansion of the Whittaker function.* 
These computed values of An for a given ro vary less 
smoothly as functions of energy than the original experi- 
mental n. We attribute this to the fact that — 2/r— V(r) 
approaches zero asymptotically for the true ion poten- 
tial, whereas —2/r—V'(r) drops abruptly to zero at a 
finite r. We have chosen to approximate these computed 


TABLE V. Polarization corrections*» to 7 for the 
alkali metals for L=2. 








Metal 1/n? 


Nexp® 


a2 





0.1112205 
Li 0.0625524 
0.0400282 


0.1118769 
0.0628869 
0.0402139 


0.1227898 
0.0693696 
0.0439638 


0.1306385 
0.0727987 
0.0455865 


0.153516 
Cs 0.080100 
0.048698 


0.00300 
0.00239 
0.00218 


0.02095 
0.01756 
0.01654 


0.26634 
0.26568 
0.26857 


1.36247 
1.35303 
1.35044 


2.4828 
2.4791 
2.4758 


—0.0649 
—0.0357 
—0.0270 


—0.4044 
—0.0990 
—0.0395 


+1.649 
+2.631 
+2.646 


+3.570 
+3.941 
+3.485 


+3.795 
+1.629 
+0.400 


+0.0400 
+0.0250 
+0.0202 


+0.2551 
+0.1216 
+0.0904 


+0.2292 
—0.2553 
—0.3358 


—0.1352 
—0.4931 
—0.4756 


—0.4216 
—0.1064 
+0.1275 








*® See Eq. (C.3). Note that the value of Ay obtained from (C.3) and this 
table is to be subtracted from exp at the eigenvalues. The values of ro ap- 


propriate to (C.3) are in units of the Bohr radius of hydrogen. 


> Calculated from (C.2). 
© Table II of reference 9. 


6 Reference 26, p. 343. 


values of An by an expression linear in e’ and have found 
that their variation with 1» is fairly well given by (C.1). 
The expressions obtained from Table III agree with all 
of our computed values within 10%. 

Values of An obtained from (C.2) differ significantly 
from those obtained® from the WKB approximation. 
We attribute this to the inaccuracy of the WKB method 
in calculating the difference in » for two potentials 
differing by a rapidly varying discontinuous function 
(2a’/r4, r>10). 

For L=2 the experimental values of » vary less 
smoothly with energy than do those for L=0, 1, and 
the valence eigenvalues span a smaller range of energy. 
Consequently extrapolation of 7 to energies perhaps 
half a Rydberg unit below the lowest valence eigen- 
value is much less reliable than for 1=0, 1. Further- 
more, values of the polarization correction An are 
larger than for L=0, 1. We have evaluated An at three 
eigenvalues using (C.2), and we list in Table V the 
experimental value of 7 and coefficients for the evalua- 
tion of An from the formula 


ay, ae 
il, [+ =) 
ro ro 


both tor each experimental eigenvalue. In Table VI we 
list for K, Rb, and Cs an expression for what we con- 
sider the most reasonable extrapolation of (nexp— An) (for 
a single value of ro, as given in the table) in the energy 
range of principal interest. We list in addition two ex- 
pressions labeled “upper bound” and “lower bound” 
which represent approximate bounds on possible alter- 
native extrapolations. Curves appreciably above the 
“upper bound” lead with (B.5) to a negative value in 
some range of energy for the normalization integral 

3° [U4(r) Pdr with a between 7; and 1, of Table IV, 
an obviously absurd result. Curves below the “lower 
bound” do not seem consistent with smooth extrapo- 
lation from the values of (nexp— An) at the eigenvalues. 
The general shape of the curve was checked by com- 


(C.3) 


® Table III of reference 9. 





ENERGY BANDS 


IN SOLIDS 


TABLE VI. Values of » for alkali metals,* L=2, with polarization correction.» 








Metal ro A B 


G Range Comments 





Li 2.880 +0.00086 +0.00032 

Na 3.511 +0.01041 —0.0072 

K 4.351 +0.2674 —0.3177 
4.351 +0.2672 —0.2969 
4.351 +0.2568 —0.1825 
4.351 +0.2643 —0.2750 
4.651 +1.3390 —0.0168 
4.651 +1.3371 +0.0385 
4.651 +1.3425 —0.0700 
4.651 + 1.3336 +0,1435 
4.961 +2.4592 +0.2151 
4.961 +2.4642 +-0.1687 
4.961 +2.4611 +0.1622 
4.961 +2.454 +0.3000 


0 all 

0 all 
+0.3863 1/n?<0.14 
+0.2289 1/n?>0.14 
+0.1438 1/n?>0.14 
+0.0167 1/n?>0.14 
— 0.2094 1/n?<0.15 
—0.5256 1/n?>0.15 
—0.0500 1/n?>0.15 
—1.1214 1/n?>0.15 
—0,9923 1/n?<0.17 
— 0.9023 1/n?>0.17 
—0.7289 1/n?>0.17 
— 1.3750 1/n?>0.17 


Reasonable 
Upper bound 
Lower bound 


Reasonable 
Upper bound 
Lower bound 


Reasonable 
Upper bound 
Lower bound 


® The coefficients given are appropriate to an expression of the form » =A +B(1/n*) +C(1/n*)? for the range of 1/n? indicated and for the listed value of 


ro. See text following Eq. (C.3) for significance of the notations “reasonable,” “upper bound,”’ and “lower bound.” 
» Polarization corrections were evaluated at the eigenvalues from the data of Table V for the value of ro listed above. 


puting 7 exactly for a potential which is constant in the 
core region and equal to —2/r outside the core, the 
value of the constant potential being such as to give the 
same value of 7 at E=0 as found for the alkali atom. 
For another choice of ro, one may evaluate (nexp— An) at 
the eigenvalues from Table V and (C.3) and determine 
the most reasonable extrapolation, using approximately 
the same “upper bound” curve used here. There is 
evidently a large discrepancy between the “lower 
bound” and “upper bound” curves at an energy of 
e’=0.5 and consequently a large uncertainty in the 


extrapolated value of n. Results of calculations on the 
band structure of the alkalis undertaken to date have 
not been very sensitive to this uncertainty, so that they 


appear reliable despite this difficulty. Any result that 
is sensitive to this uncertainty of course is not reliable. 

For L=2 for Liand Na, (nexp— An) is so small that we 
have chosen to approximate it by an expression linear 
in e’ over the range for which (nexp— An) is positive. Ex- 
pressions for appropriate values of ro are given in 
Table VI. 

As a general criterion of the reliability of any extra- 
polation formula, we suggest comparing the value ob- 
tained from the formula at some energy of interest with 
that obtained by extrapolating (7x,— Ay) graphically 
from the values at the valence eigenvalues. Reliable 
theoretical results of band calculations must not depend 
sensitively on such differences. 
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Photoconductivity, surface conductance, Hall and field effect measurements have been made before and 
after electron irradiations. Before irradiation, both m- and p-type specimens show a photoconductive 
shoulder in the range of photon energies between 0.70 and 0.55 ev, which is connected with a surface effect. 
Irradiation with energies below the threshold for the introduction of volume defects (about 400 kev) quenches 
the photoconductivity in the shoulder and causes an increase in surface conductance in n-type, and a de- 
crease in p-type specimens. 4.5-Mev irradiations (a) extend the shoulder to about 0.49 ev and (b) introduce 
a sharp peak at 0.39 ev. Both features are due to electronic transitions in the surface region. Field effect 
measurements with steady fields and a superimposed alternating potential indicate that the shoulder is 
connected with transitions from the valence band into a group of slow surface states lying between 0.70 
and 0.58 ev above the valence band. Irradiation below 400 kev increases the surface potential Y until, in 
n-type specimens, the Fermi level passes through a high concentration of fast states within 0.05 ev of the 
conduction band. 4.5-Mev irradiations decrease Y; transitions to a second group of slow states lying be- 
tween 0.4 and 0.2 ev above the valence band can now take place. 





I. INTRODUCTION 


LTHOUGH volume defects introduced in Ge by 

electron irradiation have been studied in com- 
parative detail,!? little attention appears to have been 
given to the effect of irradiation on the Ge surface. In 
this paper an attempt is made to correlate the results 
of photoconductivity, surface conductance, Hall and 
field effect measurements in order to gain some under- 
standing of the surface changes taking place during 
irradiation. The experiments were all carried out at 
80°K and the above parameters were measured as a 
function of the incident electron flux at a number of 
widely different electron energies. 

The irradiation experiments have been divided into 
two groups. The first, which will be referred to as ‘“‘low- 
energy irradiations,” comprises experiments with inci- 
dent electron energies up to 300 kev.’ It has been 
shown** that the threshold for the introduction of 
volume defects in Ge lies around 400 kev. Thus low- 
energy irradiations are unlikely to produce volume 
defects and should not cause any change in the position 
of the Fermi level within the specimen. The second 
group, the “high-energy irradiations,” includes experi- 
ments with 4.5-Mev electrons; volume defects are now 
introduced. The photoconductive changes after 4.5-Mev 
irradiation have been investigated by Stéckmann e al.?.* 
who interpreted their results in terms of transitions 
between volume defect centers and the bands. The 


* Work supported by the U. S. Atomic Energy Commission. 

t Now at University of Leicester, Leicester, England. 

1K. Lark-Horovitz, in Semiconductings Materials, edited by 
H. K. Henisch (Academic Press, Inc., New York, 1951), p. 47. 

2H. Y. Fan and K. Lark-Horovitz, International Conference on 
Fluoresence and Phosphorescence, Garmisch«Partenkirchen, August, 
1956 (Friedrich Vieweg und Sohn (to be published) ]. 

3 Spear, MacKay, Klontz, and Lark-Horovitz, Bull. Am. Phys. 
Soc. Ser. II, 3, 141 (1958). 

4W. L. Brown and W. M. Augustiniak, Bull. Am. Phys. Soc. 
Ser. II, 2, 156 (1957). 

5 J. W. MacKay (private communication). 

6 Stéckmann, Klontz, Fan, and Lark-Horovitz, Phys. Rev. 98, 
1535(A) (1955) and private communication. 


present investigation, originally suggested by this work, 
shows, however, that surface rather than volume effects 
are responsible for the observed photoconductive 
changes. 


II. EXPERIMENTAL DETAILS 


Most experiments were made on Sb-doped n-type, 
and Ga-doped p-type material. Specimen resistivities 
ranged from 10 to 22-ohm-cm at room temperature. 
The samples were ground to the form of a thin plate 
with surface area of 6X2 mm; the thicknesses ranged 
from 80y to 850u. After etching in CP4, the specimens 
were fitted with Hall probes, potential and current 
leads. Throughout the experimental run the specimen 
was kept in a vacuum of about 5X 10~* mm of Hg. All 
irradiations, as well as electric, magnetic, and optical 
measurements could be carried out without breaking 
the vacuum. 

The photoconductivity experiments were made with 
steady illumination, and a de potentiometer was used 
to measure the change in conductance. The optical 
arrangement consisted of a Perkin-Elmer monochrom- 
ator and a mirror system focusing the light on to the 
specimen. The complete optical path was enclosed by a 
light-tight box. In all measurements, the spectral reso- 
lution at wavelengths in the 2u region was about 0.07y 
at half-width. A Ge filter was used for measurements 
beyond the fundamental absorption edge. In the range 
from 1.1 to the absorption edge a Si filter was employed. 

Field effect measurements were made at various 
stages during high- and low-energy irradiations. The 
field was applied by a thin Ge electrode separated from 
the front surface of the specimen by a 25u Mylar spacer. 
The irradiations and some of the photoconductive 
measurements at wavelengths beyond the absorption 
edge were made through this electrode. For experiments 
in conjunction with 25-kev irradiations a 1y Al foil, 
stretched above the Ge surface, served as a field 
electrode. 
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III. EXPERIMENTAL RESULTS BEFORE 
IRRADIATION 


Figure 1 shows the spectral dependence of the photo- 
conductivity at 80°K for a number of n-type specimens 
of different thicknesses. The photoconductivity Ao’ is 
plotted against the photon energy in ev. All curves were 
measured at a constant incident light intensity. In every 
case it was found that the photosensitivity extends 
beyond the fundamental absorption edge at 0.75 ev; 
a “shoulder” appears, which extends from 0.70 ev 
to values between 0.60 and 0.55 ev. The speed of 
response in this spectral range lies between 3 and 20 sec 
for the various specimens investigated. During this time 
Ao rises to its final steady value, or decays to zero when 
the light is turned off. 

The curves in Fig. 1 represent a stable state of the 
Ge specimens. Warming up to room temperature and 
subsequent cooling to 80°K does not affect the response. 
Some specimens have been investigated for several 
weeks, during which time the photoconductivity curves 
were reproducible within 20°%. The comparison in Fig. 1 
of specimens of widely different thicknesses shows 
clearly that in the shoulder region there is a consistent 
decrease of photoconductivity with thickness. As light 
in this spectral range is absorbed almost uniformly 
throughout the specimens, one would expect Ac to be 
independent of thickness if it represented a true volume 
effect. The results show that this is not the case; they 
suggest that the observed photosensitivity in the 
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Fic. 1. Photoconductivity at 80°K as a function of the incident 
photon energy for n-type specimens of different thicknesses. 


7 Defined by Ac=c (illuminated)—o (dark). 
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shoulder region may be connected predominantly with 
electronic transitions near the surface. 

This conclusion is supported by the marked effect of 
surface treatment on Ac. In Fig. 2, curve 1 refers to a 
specimen etched in CP4 in the normal way. The same 
specimen is then immersed in HF for one minute, after 
which curve 2 is obtained. There is no change on the 
short-wavelength side of the absorption edge, but in the 
shoulder region the photoconductivity has been in- 
creased by a factor 20. The curves obtained with p-type 
specimens are qualitatively similar to those in Fig. 1, 
but the corresponding values of Ao are smaller by an 
order of magnitude or more. 


IV. LOW-ENERGY IRRADIATIONS 
1. Surface Conductance 


It is found that irradiation with electron energies in 
the 5-300 kev range increases the specimen conductance 
G, in n-type, and decreases it in p-type specimens. 
Typical curves of the conductance change AG as a 
function of the incident electron flux @ are shown in 
Fig. 3 for an n-type specimen (1 flux unit= 10" electrons 
cm™). With the exception of the 5-kev curve, AG in- 
creases rapidly at first, reaches a maximum and then 
slowly decreases. The range of 25-kev electrons in Ge 
is about 2u and therefore irradiations with energies 
between 5 and 25 kev will affect only a narrow region 
near the front surface; 300-kev electrons, however, will 
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Fic. 2. Photoconductivity vs incident photon energy for n-type 
specimens showing the effect of surface treatment (curve 2), and 
of low-energy irradiations (curves 3-5). 
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Fic. 3. Surface conductance changes in an n-type specimen as 
a function of the incident electron flux ¢, for irradiations in the 
5-300-kev range. [1 f.u. (flux unit)=10" electrons cm~*.] Note 
that the upper ¢ scale refers to the 300-kev curve only. 


penetrate the complete specimen. In spite of this, the 
curves are remarkably similar, which clearly indicates 
that the observed conductance changes are essentially 
confined to the surface region. To compare the measure- 
ments at different energies, it is assumed in Fig. 3 that 
at 300 kev the conductance change associated with the 
front surface is }A4G. For n-type specimens etched in 
CP4, the maximum values of AG after 300-kev irradia- 
tion lie between 1.4 and 1.9X10-* mho/D. The con- 
ductance changes are markedly dependent on surface 
treatment.’ A comparison of the AG values in Fig. 3 
shows that 25-kev irradiations are considerably more 
effective in changing the surface conductance than are 
300-kev electrons. It suggests that this type of irradia- 
tion effect should be small after 4.5-Mev irradiations 
with comparable values of ¢. The conductance changes 
observed after high-energy experiments can therefore 
be interpreted predominantly as a volume effect caused 
by the introduced defect centers. 

When the specimen, after low-energy irradiation, is 
kept at 80°K, the conductance slowly returns towards 
its original value; in 15 hours a 20% change in AG was 
observed. The recovery can be accelerated if the speci- 
men is warmed to room temperature. On subsequent 
cooling to 80°K the original conductance is obtained 
and further irradiations lead to practically the same 
AG vs ¢ curves. 

With p-type specimens, apart from the change of 
sign of AG, the general character of the curves is similar 
to that shown in Fig. 3. 


2. Photoconductivity 


The irradiations have a significant effect on the 
photoconductivity. In Fig. 2, curves 3, 4, and 5 were 
obtained after irradiation with 300-, 25-, and 5-kev 
electrons, respectively. It can be seen that the response 
in the shoulder region is almost completely quenched. 
The results shown have been obtained by irradiating 
until the specimen conductance has reached its maxi- 
mum value. Under this condition the quenching of Ac 
has always been found to be complete. On warming to 
room temperature and subsequent cooling to 80°K, the 
original photoconductivity (curve 1) is restored. The 
changes in surface conductance and the quenching of 
the photoconductivity after low-energy irradiations 
always occur together; the experiments indicate a close 
connection between these effects. 


V. HIGH-ENERGY IRRADIATIONS 


4.5-Mev electrons will introduce a practically uniform 
distribution of defect centers throughout the volume of 
specimens used in these experiments. It has been 
shown! that in an n-type specimen the introduced 
defects accept electrons from the conduction band. 
Upon irradiation, the Fermi level will therefore move 
from its position near the conduction band towards the 
center of the energy gap, and eventually, the specimen 
is converted to p-type. The defects might be expected 
to introduce a volume contribution to the observed 
photoconductivity in the shoulder region and at longer 
wavelengths. However, they may also modify the pre- 
viously observed surface contribution for the following 
reasons: (a) the shift of the Fermi level and possibly 
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Fic. 4. Photoconductance AG’ vs photon energy measured 
after short successive irradiations at 4.5 Mev. 
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changes in surface potential, will alter the distribution 
of electrons in surface states; (b) defect centers pro- 
duced near the surfaces may give rise to transitions not 
observable with the same type of center in the volume 
of the specimen; (c) the irradiation may introduce new 
surface states. It is evident that the first problem con- 
sists in distinguishing clearly between the surface photo- 
conductivity and any volume contribution that might 
be introduced. 

The experimental results of Stéckmann ef al. are in 
general agreement with the more detailed measurements 
of the spectral dependence of photoconductance® given 
in Figs. 4 and 5. The measurements were made after 
short successive irradiations, and the specimen was kept 
at 80°K during the whole experiment. Figure 4 (curve 3) 
shows clearly two new features: (a) the shoulder extends 
toward longer wavelengths and possesses now a sharp 
cutoff near 0.49 ev, and (b) a peak at 0.39 ev appears. 
With further irradiation, the photoconductance through- 
out the spectral range increases and reaches a maximum, 
represented by curve 6. The following stages are shown 
in Fig. 5. AG’ now decreases rapidly (curve 7), and then 
becomes negative at all wavelengths beyond the absorp- 
tion edge. Hall effect measurements after each irradia- 
tion show that so far, the free carrier concentration has 
been reduced from 1.3710" cm to about 10% cm. 
The position of the Fermi level has changed from 
E.—{=0.072 ev to about 0.10 ev. After further irradiation 
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Fic. 5. Continuation of Fig. 4; in curve 8, AG’ is negative at 
wavelengths beyond the fundamental absorption edge. 


8In these figures, the photoconductance AG’, rather than Ao, 
is plotted. 
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Fic. 6. Values of the photoconductance AG’, (normalized to a 
square surface area) at photon energies 0.63 ev and 0.39 ev are 
plotted against the position of the Fermi level with respect to the 
conduction band for n-type specimens of widely different thick- 
nesses. The open circles refer to an experiment in which each 
4.5-Mev irradiation (H) was preceded by a 300-kev irradiation (P). 
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the specimen is converted to p-type (curve 9). AG’ is 
now positive throughout and the response in the 0.39-ev 
region extends to about 0.25 ev. 

The data obtained for five specimens of widely 
different thicknesses has been correlated in Fig. 6. The 
photoconductance at photon energies of 0.63 ev and 
0.39 ev is plotted against E.—¢. It can be seen that the 
experimental points for all the specimens fall reasonably 
well on two common curves. This implies that AG’ is 
essentially independent of specimen thickness, which 
can only be the case, if it depends predominantly on 
surface effects. It is therefore concluded that electronic 
transitions between the defect centers in the volume of 
the specimen and the bands do not contribute to the 
observed photoconductance. However, it may be pos- 
sible that such an effect could be found with specimens 
of much lower resistivity where the concentration of 
defects can be made correspondingly larger. 

If a similar comparison is carried out at a photon 
energy of 0.89 ev, the maximum in the fundamental 
region, two distinct curves are obtained corresponding 
to thick and thin specimens. AG’ is about four times 
larger for the thick specimens, which shows that in this 
spectral range, volume effects contribute to the photo- 
conductance. 
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Fic. 7. Results of a field effect experiment on an n-type specimen 
before irradiation. Curve 1 shows the surface conductance change 
AG produced by a steady field, which induces a total charge Qr 
coulombs cm~. Curve 2 refers to results with a superimposed 
alternating field. The Y-scale gives calculated values of the surface 
potential. 


VI. FIELD-EFFECT EXPERIMENTS AND 
DISCUSSION 


It was found that the main features of the experi- 
mental results could be explained by a model based on 
the following assumptions: (a) the photoconductivity 
beyond the fundamental edge is connected with tran- 
sitions of electrons from the valence band into surface 
states, and (b) the irradiations produce definite and 
reproducible changes in surface potential. It is the 
purpose of the field-effect measurements to provide 
some experimental support for these assumptions. In 
view of the photoconductive response times, the experi- 
ments will be mainly concerned with a group of surface 
states, normally referred to as “slow states.’” Their 
relaxation times fall within the range from about 0.1 sec 
to many minutes. The experimental method used here 
is essentially an adaptation of that described by Mont- 
gomery and Brown." The main difference lies in the use 
of a steady field instead of the gaseous ambient medius., ’ 
rc S. R. Morrison, in Semiconductor Surface Physics, edited by 
R. H. Kingston (University of Pennsylvania Press, Philadelphia, 
1957), p. 169. 

1 Statz, deMars, Davis, and Adams, Phys. Rev. 101, 1272 
OTE C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
Ow. H. Brattain and J. Bardeen, Bell. System Tech. J. 32, 1 


(1953). 
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to move the surface potential throughout a range of values 
sufficiently large to include the conduction minimum. 

In a series of preliminary experiments the specimen 
conductance at 80°K was measured as a function of 
time after applying a steady field across the surface at 
t=0. During the first 10 sec, AG decays fairly rapidly; 
however, at ‘= 60 sec, AG/At was sufficiently small in 
all cases to ensure that the surface potential determined 
by the steady field remained practically constant during 
the recording of the alternating field pattern. No relaxa- 
tion of the pattern" towards its shape in absence of the 
field could be detected in any of the following experi- 
ments. The magnitude of AG at ‘=60 sec depends on 
magnitude and direction of the applied steady field; it 
amounts to values between 50% and 90% of the con- 
ductance change measured at (-~3 sec. 

Curve 1 in Fig. 7 shows a typical steady field effect 
curve for an n-type specimen.” AG is measured 60 sec 
after applying the field, and Qr denotes the total induced 
surface charge per cm’. It is assumed that at each value 
of AG the group of slow states of interest here is in 
equilibrium with the bands. The alternating field pat- 
terns are shown at a few points along curve 1. The 
frequencies used ranged from 7 to 300 cps. Except for 
points close to the conduction minimum, the patterns 
were found to be frequency-independent. This suggests" 
that the conductance changes they represent are con- 
nected with the fast surface states. If the patterns at 
doints other than AG=0, are displaced along a line 
AG=const, they fit together accurately, forming a 
continuous curve (curve 2). This has been done with 
considerable accuracy on a large-scale plot of Fig. 7. 
The procedure is justified because each value of AG, 
determined by curve 1, is related uniquely to a value 
of the surface potential. 

For charge neutrality in the surface region, Or=Q,> 
+Q;+Q, must be satisfied; Q,, denotes the charge per 
cm? in the space charge region, Q; and Q, refer to the 
charge in fast and slow states, repectively. The meas- 
ured conductance changes were related to the surface 
potential by numerically integrating the solutions of 
the space charge calculation given by Kingston and 
Neustadter.!* Experimentally determined bulk mobility 
values were used in these calculations. The conductance 
minimum of curve 2 is the reference point to which the 
vertical position of the Q,, curve is adjusted.'® The 
corresponding values of Y, the surface potential ex- 
pressed in units of k7/q,!” are shown along a separate 
axis. It can be seen that before irradiation a depletion 
layer of 21kT height (0.15 ev) exists at the surface. The 
three other specimens investigated led to similar results. 


18 The following refers to results with n-type specimens; p-type 
specimens are discussed in a separate section. 

4G, G. E. Low, Proc. Phys. Soc. (London) B68, 10 (1955). 
( 16 R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 

1955). 

16 W. L. Brown, Phys. Rev. 100, 590 (1955). 

17 (kT /q)Y is defined as the difference in electrostatic potential 
at the surface and deep in the interior of the Ge. 
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The number of electrons, , and my in slow and fast 
surface states, can now be obtained directly from Fig. 7 
as a function of Y. n,!* is practically zero between 
Y~—40 and Y~—10. It then increases rapidly and 
reaches an almost constant value at Y=4.5. For Y>1 
the m, vs Y curve can be fitted to a Fermi distribution 
calculated for a single level of slow surface states of 
density 2.5X10" cm’, situated 0.06 ev below the 
conduction band. This level indicates approximately the 
extent towards the conduction band of this group of 
slow surface states. ny; begins to rise steeply at Y~4 
and exceeds the maximum value of m, for Y>4.5, 
i.e., when the conduction band approaches the Fermi 
level to within 0.04 ev. This result implies a considerable 
_ concentration of fast surface states near the conduction 
band. In the range of high-depletion layers, results are 
less conclusive; this is partly connected with the loss in 
accuracy caused by the rapidly changing Y. Neverthe- 
less, Fig. 7 indicates the existence of a second group of 
slow states extending from Y~— 40 towards the valence 
band. 

In Fig. 8, (1/k7)dn/dY for the slow and fast surface 
states is plotted against the position of the Fermi level 
with respect to the valence band at the surface. The 
ordinate represents approximately the minimum density 
per unit energy range of the states under consideration.'* 
Comparison of the s-curves with Fig. 1 suggests strongly 
that the photoconductivity in the shoulder region is 
caused by transitions between the valence band and 
the group of empty slow surface states between 0.70 
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Fic. 8. Plot of (1/k7)dn/dY against the position of the Fermi 
level with respect to the valence band at the surface. The ordinate 
represents approximately the density of surface states per unit 
energy range. Curves s: slow states; curves f: fast states. Line 
F=0; position of Fermi level in absence of field. 
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Fic. 9. Field effect measurements on an n-type specimen during 
successive stages of 300-kev irradiation. The curves represent the 
response of the fast states. 


and about 0.58 ev. The depletion layer which exists 
before irradiation, essentially confines the generated free 
holes to the “channel” near the surface. Recombination 
with free electrons is unlikely in the surface region, and 
under illumination, the steady state is determined by 
recombination between trapped electrons and free holes. 
Under these conditions the lifetime of generated holes 
may considerably exceed the bulk lifetime. Transitions 
in the 0.39-ev region are not observed, because these 
states are occupied; this is indicated by the line F=0, 
denoting the position of the Fermi level in absence of a 
field. The increase in the density of fast states between 
0.2 and 0.3 ev may be connected with the level of fast 
states, 0.138 ev below the middle of the gap, reported 
by Statz et al.” 


1. Low-Energy Irradiations 


Figure 9 shows field-effect curves for the fast states 
after successive stages of low-energy irradiation (300 
kev). The curves, obtained by the method described 
above, represent surface changes during the initial 
stages of irradiation up to the maximum of 3AG in 
Fig. 3. Qualitatively similar results are obtained with 
25-kev electrons. It can be seen that the initial depletion 
layer (origin 1) is transformed into an accumulation 
layer by a comparatively small electron flux (origin 2). 
The surface potential then increases further and ap- 
proaches a steady value near Y = 5.7, i.e., (E.—£),=0.03 
ev. The reason is that the Fermi level now lies in the 
region of high density of fast states (Fig. 8), and most 
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of the induced negative charge condenses into these 
states, instead of increasing the surface conductance. 
In the case of curves 3 to 5 it was no longer possible to 
reach the conductance minimum, and their horizontal 
positions have been located with respect to curve 2. It 
is believed that the gradual decrease of AG beyond the 
maximum in Fig. 3 is caused by a decrease in mobility. 
This may be connected with the mechanism discussed 
by Schrieffer,’ or possibly with an increased probability 
of trapping of free electrons by the fast states close 
to the band. 

The results of Fig. 9 also explain the quenching of the 
photoconductivity (Fig. 2) and its close connection with 
the surface conductance changes. When the accumu- 
lation layer has reached a depth corresponding to origin 
5, the group of slow states between 0.70 and 0.58 ev 
lies below the Fermi level and will be partially filled; 
the probability of transitions will therefore be lower. 
In addition, the presence of free electrons at the surface 
will reduce the lifetimes of any generated holes. 

The fact that low-energy irradiation increases Y 
implies that negative charge must have been removed 
from the surface. There is a considerable amount of 
evidence” to indicate that many of the slow surface 
reactions result from chemisorbed oxygen which can act 
as an acceptor trap. It is therefore likely that the ob- 
served changes in Y are caused by interaction of the 
incident electrons with the negative ions. The subse- 
quent recovery may be connected with a transfer of 
negative charge across the surface to the chemisorbed 
layer. If this is correct, the extreme slowness of this 
process at 80°K indicates that the states introduced 
by the chemisorbed layer cannot be identified with the 
photoconductivity. 


2. High-Energy Irradiations 


Figure 6 shows fairly convincingly that 4.5-Mev 
irradiation introduces two opposing mechanisms, both 
of which tend to alter Y. The first, which produces the 
initial decrease in the AG’ curve for 0.63 ev, is almost 
certainly identical with the mechanism responsible for 
the quenching after low-energy irradiation; but, as one 
would expect, the cross section for the interaction be- 
tween 4.5-Mev electrons and the chemisorbed ions will 
now be smaller. The second mechanism, is connected 
with the introduced defect centers; it soon compensates 
the initial decrease of AG’ and leads to the rise in both 
the 0.63 ev and the 0.39 ev curves. This is clearly shown 
in Fig. 6 by the experimental points denoted by open 
circles. Each 4.5-Mev irradiation (H) is preceded by a 
300-kev pre-irradiation (P). The latter causes the large 
initial quenching, which is then rapidly compensated by 
the introduced defect centers. Field effect experiments 
indicate that the rising part of the AG’ curves coincides 

# J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 

® For example, the article by G. W. Pratt and H. H. Kolm, in 


Semiconductor Surface Physics, edited by R. H. Kingston (Uni- 
versity of Pennsylvania Press, Philadelphia, 1957), p. 311. 
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with a change in origin to a new, apparently steady 
value at Y~— 38." The Fermi level with F=0 now lies 
at ({—E,)~0.32 ev and therefore passes through the 
second group of slow states (Fig. 8). Transitions from 
the valence band to higher lying states in this group 
should be observed ; the appearance of the 0.39-ev peak 
is therefore connected with states already present before 
irradiation. After conversion to p-type, with the Fermi 
level lying closer to the valence band, curve 9 in Fig. 5 
indicates that now a wider range of states of the second 
group contributes to the photoconductivity. The exten- 
sion of the shoulder region cannot be accounted for by 
the distribution of slow states in Fig. 8. There exists 
some independent evidence” that 4.5-Mev irradiation 
introduces volume defect levels in this energy range. It 
is therefore likely that the extension of the shoulder 
region is connected with defect centers near the surface, 
and not with the introduction of new surface states by 
the irradiation. 

The negative response, shown by curve 8 in Fig. 5, 
appears to be connected with the same transitions as 
those which give rise to the positive photoconductivity. 
The reason for the change of sign is most probably the 
mechanism of recombination. However, the results of 
field effect experiments in this range of Y are not 
sufficiently conclusive to provide a more detailed ex- 
planation of the negative effect. 


3. p-Type Specimens 


Field-effect experiments were made on two unirradi- 
ated p-type specimens. The results confirm the presence 
of the second group of slow states and show that, at 
least in p-type specimens, their density decreases 
sharply near 0.20 ev. The origin of both curves indicates 
a p-type accumulation layer of about 0.02-ev height. 
The explanation of the experimental results is essen- 
tially similar to that for n-type specimens. During 
illumination, transitions from the valence band into 
slow surface states take place, which increase the con- 
centration of free holes in the p-type “channel’’. The 
effect of low-energy irradiations on the surface potential 
should be in the same direction as for n-type specimens. 
This leads to a p-type depletion layer which should 
cause a decrease in surface conductance and also a 
quenching of the photoconductivity. Both these effects 
are found experimentally. 


VII. CONCLUSIONS 


1. The photoconductivity beyond the fundamental 
absorption edge, which has been found in Ge at 80°K, 
is caused by transitions of electrons from the valence 
band into a group of slow surface states lying in a range 
from about 0.58 to 0.70 ev above the valence band. 


2 A decrease in Y would be expected as a result of the negatively 
charged defect centers introduced in the space charge region. 

“Fan, Kaiser, Klontz, Lark-Horovitz, and Pepper, Phys. Rev. 
95, 1087 (1954). 
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2. Irradiation of n- and p-type specimens leads to an 
increase in surface potential which causes the observed 
changes in surface conductance and quenches the photo- 
conductivity in the shoulder region. With increasing 
electron energy, the irradiation becomes less effective 
in producing a change in surface potential. 

3. Irradiation with 4.5-Mev electrons introduces 
volume defects which, however, do not contribute to 
the photoconductivity beyond the absorption edge. In 
n-type specimens, the resulting decrease in surface po- 
tential now allows transitions to empty states in a 
second group of slow surface states lying between 0.2 ev 
and 0.4 ev above the valence band. 
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4. It is shown experimentally that a considerable 
concentration of fast surface states exists within 0.05 ev 


of the conduction band. 
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Experiments are reported on the effects of ac electric fields and 
ambients on the surface recombination velocity in germanium 
and silicon. The variations in surface recombination are detected 
by changes in the reverse current of large area ‘“‘back surface” 
diodes. The experimental method is an improved version of that 
of Thomas and Rediker and is a convenient means of exploring 
surface type, stability, time effects at the surface, and effects 
induced by high ac fields and ambients on the slow surface states. 
Observation of a maximum of surface recombination in terms of 
applied field provides a reference point from which the zero-field 
value of the surface potential can be evaluated, and the dependence 
of the surface recombination velocity (s) on the surface potential 
(¢,) can be established. Values of ¢, are in the range of +0.25 v 


1, INTRODUCTION 


IELD-INDUCED effects in semiconductor surfaces 

yield substantial information on the physics of the 
surface and on its electrical behavior. These effects 
include changes induced in surface conductivity upon 
application of an external electric field'® (usually 
called the field-effect), as well as changes in surface 
recombination velocity.~* The present work is con- 
cerned with the effects of ambients and ac electric 
fields, in the frequency range of 0.01 to 1000 cps, on 


1 W. Shockley and G. L. Pearson, Phys. Rev. 74, 232 (1948). 
2 J. Bardeen and S. R. Morrison, Physica 20, 873 (1954). 
3 W. L. Brown, Phys. Rev. 100, 590 (1955); H. C. Montgomery 
and W. L. Brown, Phys. Rev. 103, 865 (1956). 
4 Bardeen, Coovert, Morrison, Schriefer, and Sun, Phys. Rev. 
104, 47 (1956). 
5R. H. Kingston, J. Appl. Phys. 27, 101 (1956). 
6 Henisch, Reynolds, and Tipple, Physica 20, 1033 (1954). 
( 4 Sy Thomas, Jr., and R. H. Rediker, Phys. Rev. 101, 984 
1956). 
8 Many, Margoniski, Harnik, and Alexander, Phys. Rev. 101, 
1433 (1955); E. Harnik e¢ al., Phys. Rev. 101, 1434 (1955); 
A. Many and D. Gerlich, Phys. Rev. 107, 404 (1957). 


in Ge and +0.5 v in Si. The energies of the main recombination 
states are at 6 kT to9 kT from mid-gap in Ge and at +16&T or 
—16T in Si. Information on the surface potential and the sur- 
face states obtained by the present technique is in reasonable 
agreement with that derived from other types of measurements. 
The present results are independent of uncertainties due to sur- 
face mobility. Experimental patterns show directly that the 
“charge”’ surface states are also the ones that give rise to surface 
recombination. The width of the observed curves of s vs induced 
charge (and ¢,) depends on bulk resistivity and is smaller for the 
higher resistivity samples. Such behavior could arise from con- 
tributions to s from recombination states distributed in the 
surface space-charge region. 


the semiconductor surface potential and the corre- 
sponding changes in surface recombination velocity. 
The electric field is applied normally to the “back” 
surface of alloy-type germanium and silicon diodes and 
the effects on the surface recombination velocity are 
detected by the changes in the diode current.’® This 
technique is shown to be a very effective one in deter- 
mining the type of.surface (, , or intrinsic) that one 
obtains with a given chemical treatment and ambient 
atmosphere as well as the extent of stability of the 
surface potential with time. A new method of approxi- 
mately determining the zero-field value of the surface 
potential (¢,) is provided by the observation of a maxi- 
mum of surface recombination (s) in terms of an applied 
field E. The experimental curves of s vs E and those of 
$ vs d, are discussed and interpreted in terms of the 
energy levels, distribution, and carrier capture cross 
sections of the surface states that give rise to recom- 


*G. C. Dousmanis, Bull. Am. Phys. Soc. Ser. II, 2, 65, 135 
(1957); The preliminary results for Ge given in the latter abstract 
were subject to considerable inaccuracy in the field measurements. 
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Fic. 1. Energy bands at semiconductor surface for the case of 
p-type material with n-type surface. 


bination. The frequency dependence of the effect of the 
field on s yields information on the distribution of time 
constants of the slow surface states. 

The experimental curves of s vs induced charge show 
distortions that are attributed to charge change in fast 
surface states. Variations are observed in the width of 
the s vs g, curves with impurity concentration that may 
well indicate contributions to the surface recombination 
velocity from states distributed in the surface space- 
charge region. 


2. SEMICONDUCTOR SURFACE, FIELD-INDUCED 
CHANGES IN SURFACE POTENTIAL, AND 
RECOMBINATION VELOCITY 


The currently accepted model for the energy band 
structure at a semiconductor surface is shown in Fig. 1. 
Surface treatments and ambients introduce allowed 
energy levels in the forbidden band at the surface and 
these surface states have been the subject of consider- 
able work.!*->-!0-!7 The net charge bound at the surface 
states necessitates a bending of the bands near the 
surface. The amount of bending is measured by ¢,. 
The electron and hole densities are given everywhere by 

n=n,er!kT, 


(1) 


—_ —@o/kT 
p=ne @¢/ : 


where m; refers to the carrier concentration in intrinsic 
material and gq is the absolute value of the electron 
charge. @ varies between ¢ in the bulk (determined 
exclusively by impurity concentration’) and ¢, at the 
surface. The integrated total charge in the space- 


10 J. Bardeen, Phys. Rev. 71, 727 (1947). 

1 W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 

2C, G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 

13 Statz, Davis, and deMars, Phys. Rev. 98, 540 (1955); Statz, 
deMars, Davis, and Adams, Phys. Rev. 101, 1272 (1956); 106, 
455 (1957). 

4S. R. Morrison, Phys. Rev. 102, 1297 (1956). 

16S. Wang and G. Wallis, Phys. Rev. 105, 1459 (1957). 

16 C, G. B. Garrett, Phys. Rev. 107, 478 (1957). 

17R. H. Kingston and A. L. McWhorter, Phys. Rev. 103, 534 
(1956). 

18 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 246. 
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charge region, including in addition to the carriers 
given by (1) the ionized donors and acceptors, is equal 
and opposite to the charge bound per unit area at the 
surface states. 

The dependence of the surface recombination velocity 
s on ¢, has been studied**:!!)!%22 and is, at least 
qualitatively, understood. Depending on the density, 
energy levels, distribution and carrier capture cross 
sections of the recombination states, one calculates 
curves of the type shown in Fig. 2. These curves will be 
discussed_in Sec. 4"below. Here we note that there is a 
maximum of s near a middle region of ¢,, with very small 
values of s at high (absolute) values of ¢, (strongly m or 
p-type surface). The equilibrium value of ¢, is deter- 
mined primarily by surface treatment and by ambients. 
A change in ambient atmosphere, for example, from wet 
Oz to dry Ov, changes germanium surfaces from m to 
p type.® 
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Fic. 2. Curves of s vs gp./kT for various types of distributions 
of the surface recombination states. A: curve for a single surface 
state level. B: two energy levels equally effective for recom- 
bination. C: continuous distribution of levels. 


Application of an ac electric field, normal to the semi- 
conductor surface, introduces changes in ¢, about its 
equilibrium value. If frequencies of 60 to 1000 cps are 
used, the “slow” states with effective time constants 
larger than 0.03 sec do not have time to change their 
charge during the ac cycle. The fast states, on the other 
hand, with time constants of the order of microseconds, 
have ample time to follow the field variations and are 
in equilibrium with the bulk at each point of the ac 


19D. T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 
” Many, Harnik, and Margoninski, in Semiconductor Surface 
Physics (University of Pennsylvania Press, Philadelphia, 1956), 


p. 85. 
21 W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 35, 
1019 (1956); C. G. B. Garrett and W. H. Brattain, Bell System 
Tech. J. 35, 1041 (1956). 
2G. C. Dousmanis and E. O. Johnson, Bull. Am. Phys. Soc. 
Ser. II, 2, 170 (1957). 
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cycle. As far as these states and the space-charge region 
are concerned, the effect of the field is equivalent to 
changes in the charge of the slow states and the bending 
of the energy bands at the surface. Use of strong fields 
(up to 510° volts/cm) allows variations in bending 
between the extremes of upwards and downward types 
(¢, varying between strongly n and p type). 

The surface recombination velocity, through its de- 
pendence on ¢,, is effectively “modulated” by the 
applied field about its zero-field value. In Fig. 2, the 
changes of ¢, and s would be represented by excursions, 
over a portion of the curve, about an equilibrium point 
determined by surface treatment and ambient. Changes 
of ambient, and also de fields, result in shifts of this 
“operating” point along the curve. 


3. EXPERIMENTAL METHOD AND RESULTS 


One is provided with a convenient method of detect- 
ing changes in s, induced by fields applied to the 
surface of a semiconductor diode, by changes in the 
diode current if the reverse saturation current is pro- 
portional to s. In a thin wafer having a p-n junction 
alloyed ‘to one side and the opposite side exposed to 
fields and ambients, the diode reverse saturation current 
will be proportional to s if the thickness of the sample is 
comparable to or smaller than the diffusion length of 
minority carriers.” This specifies that minority carrier 
lifetime is to be limited by surface rather than volume 
recombination. In the samples used in this work (width 
~0.017 cm) this condition is satisfied. The reverse 
biased p-n junction collects the minority carriers 
thermally generated at the free or “back” surface of 
the base wafer. 

Field-induced effects on the reverse saturation cur- 
rent of n-type germanium diodes have been reported 
by Thomas and Rediker.’ In the present work, effects 
on both forward and reverse currents of m- and p-type 
germanium samples are observed. Similar effects are 
observed in silicon. The effects on the two currents are 
interpreted in terms of modulation, by virtue of its 
dependence on s, of the parameter Jo in the conventional 
rectification formula 


IT =Io(ee/*T—1), (2) 


The reverse saturation current Jo, being to a good 
approximation simply proportional to s, is easier to 
interpret. Hence we are concerned in this paper with 
field-induced effects on this, rather than on the forward 
current. 

Effects on the diode current due to changes of surface 
conductivity, that may complicate interpretation of the 
results, are negligible by comparison to those of surface 
recombination. 

The experimental arrangement is an improved version 
of that of Thomas and Rediker’ and is shown in 
Fig. 3. J is applied on the vertical of the oscilloscope 


% W. M. Webster, Proc. Inst. Radio Engrs. 43, 277 (1955). 
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(terminal A) while the horizontal sweep is driven by 
the same field that is applied normally to the diode 
“back” surface. One therefore directly observes Jo vs the 
field intensity E or, qualitatively, portions of the s vs ¢, 
curve (Fig. 2) since s is proportional to 7» and the 
change in ¢, is a monotonic (although not a linear) 
function of F. 

A difficulty in previous arrangements’ is the voltage 
drop across the semiconductor specimen due to the 
displacement current through the dielectric (mica 
spacer, Fig. 3) between the semiconductor and the 
field electrode. This appears on the oscilloscope and 
can obscure the real effect of E on s. With the additional 
RC circuit of Fig. 3, a balancing signal is applied to the 
differential input of the oscilloscope (terminal B), and 
the spurious effect is removed. The range of applicability 
of the surface measuring technique, in frequency as 
well as in sample resistivity, is now considerably in- 
creased. 

The diodes are of the alloy-type and the base material 
is cut from large diameter (} to 1 in.) crystals. A large 
junction area (0.3 cm?) provides better sensitivity 
through the increased portion of the back surface that 
is exposed to field and ambient. Ohmic contact is made 
to a supporting piece of metal along the periphery of 
the semiconductor wafers (Fig. 3). The specimens are 
dried and all parts, excepting the surface opposite the 
p-n junction, are covered with a polystyrene coating. 
This protects the junction and the electrical connections 
from etches to which the back surface is subsequently 
subjected. Provision is made for exposing the back 
surface to various gases at nearly atmospheric pressures. 
Because of the use of the mica spacer, some caution is 
to be exercised in applying the present conclusions to 
entirely free surfaces. 

Upon application of small ac fields (<10* volts/cm), 
the observed pattern of J) vs E is a straight line that 
corresponds to small amplitude modulation of ¢, and s, 
such as the portion dc of the curve in Fig. 2, about the 
equilibrium point a. From the slope of the observed 
pattern and the polarities of J) and E, it can be immedi- 
ately deduced whether the surface is p or m type, or 
close to intrinsic (if a maximum is observed). Changes 
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Fic. 3. Circuit for measurement of the effect of electric fields 
on surface recombination velocity. 
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of the pattern with time are indicative of the extent 
of surface stability after a given chemical or other 
treatment. 

The effects of the field on silicon are, by comparison 
to germanium, more difficult to observe. Since the 
diffusion length of minority carriers is smaller in silicon, 
the p-n junction for a given wafer thickness, is, by com- 
parison to germanium, less influenced by the changes on 
the opposite face of the wafer. Differences between the 
two cases can also be understood in terms of the differ- 
ence in width of the s vs ¢ curves. In addition, the 
effect of the field on ¢, is substantially different in the 
two cases. These points are discussed in Secs. 4 and 5 
below. 

Exposure of the surface to light reverses the slope of 
the J») vs E patterns, as already reported by Thomas 
and Rediker.’ This has been attributed to the fact that 
for large light-injected densities of minority carriers J 
is not proportional to s. The two quantities are pro- 
portional to each other only as long as the minority 
carrier density p in the bulk is less than fo. For large 
injected densities, because of the larger minority carrier 
loss by recombination for larger s, Zo decreases as s 
increases. To this, however, one must add the effect of 
light on ¢, and hence on s and J». Light-injected carriers 
tend to flatten the bands at the surface, hence move @¢, 
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Fic. 4. Patterns of 
Io (or surface recom- 
bination velocity) vs 
applied field or in- 
duced charge in 0.3- 
ohm-cm n-type ger- 
manium and relation 
to surface type. The 
horizontal and ver- 
tical gains are diff- 
erent in each case. 
The frequency is 60 
cps. 


from either side, p or m, towards the point where 
$= ¢. Accordingly, s will move towards the maximum 
plateau region of the s vs ¢, curve when the sample is 
illuminated. Such a behavior of s has been observed 
when the samples have been exposed to gradually 
increasing light intensities. 

If strong fields (10° to 10° volts/cm) are used, one 
observes curvature in the oscilloscope patterns indi- 
cating modulation of ¢, over a wide range of the curves 
of Fig. 2. Photographs of patterns of this type are shown 
in Fig. 4. In the first, taken with a 0.3-ohm-cm ger- 
manium sample after treatment in CP,, ¢, is clearly on 
the m side and the field swings it towards the n+ 
side on the left, and towards the top of the curve to 
the p side on the right. The second pattern was ob- 
tained with the same diode when the surface was at 
some point in the plateau of the s vs ¢, curve. The field 
here introduces wide changes in ¢,. The third pattern 
shows a p-type surface. The peak value of the applied 
field is 5.6X 10° volts/cm in all three patterns but the 
gain is different in each case. 

In Fig. 5 a pattern of 0.3-ohm-cm n-type Ge is 
compared with one taken with 3-ohm-cm material. The 
horizontal scale is linear in induced charge Q (or field £). 
Note that a considerably larger induced charge is 
required to sweep out the curve of the low-resistivity 
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Fic. 5. Patterns of J» (or surface recombination) vs induced charge_Q in 0.3- and 3-ohm-cm n-type germanium. 
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Fic. 6. Patterns of J» (or s) 
vs applied field Z in 0.1-ohm- 
cm p-type Si. The maximum 
of s is here shown as a mini 
mum because of the reversed 
polarity of 7» with respect to 
that of the other figures. For 
comparison an_ horizontal 
line is shown on the oscillo- 
scope. 
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material. This trend continues in material of 12-ohm- 
cm resistivity. The significance of this will be discussed 
in Sec. 6 below. 

The patterns in Figs. 4 and 5 show predominance of 
a single energy level for the fast surface states. That 
the experimental curve is not as flat as Curve 4A, 
Fig. 2 is due to the fact that the experimental result is 
strictly s vs E (or induced charge Q) rather than s vs @,. 
When the abscissa is changed from E to ¢,, one obtains 
a curve that closely fits the one expected from single- 
level theory. 

Patterns similar to Fig. 4 are obtained with 0.1-ohm- 
cm p-type silicon. The maximum here (Fig. 6) is 
broader, but aside from this, a single level again is 
indicated for the surface recombination states. 

In some cases more complicated patterns have been 
observed. For example in some samples of 12-ohm-cm 
n-type Ge, one observes the pattern of Fig. 7 with the 
ambient intermediate between wet and dry O». The 
conspicuous asymmetry suggests the presence of more 
than one energy level, which is confirmed by further 
exploration of the left (m type) side, yielding the addi- 
tional structure seen in Fig. 8. The ambient here is wet 
air and the vertical gain by comparison to that of Fig. 7 
is ten times larger. Figure 8 can be fitted on the left of 
Fig. 7 to form a single pattern that is in reasonable 
agreement with that expected from two discrete levels 
of different densities and energies. 

The frequency of the applied field in Figs. 
60 cps. 

Careful study of the curves of s vs induced charge 
reveals small distortions corresponding to the inflection 
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Fic. 7. An asymmetric pattern of Jo (or s) vs E obtained in 
some cases with 12-ohm-cm n-type germanium. 
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point of the s vs ¢, curves and on the n-type side 
(positive ¢,). Such a distortion is shown in the pattern 
of Fig. 9 and can be attributed to charge change in 
fast surface states of discrete energy. The charge states 
change their charge most rapidly when g¢,= E,— Fj. 
But this value of ¢, is also the one that corresponds to 
the inflection point of the s vs ¢, curve arising from the 
main recombination states (see Sec. 4). The fact that 
the distortion in the patterns occurs at the inflection 
point of the curves shows directly that these charge 
states are the same as the recombination states. That 
they are observed on the positive side of ¢ shows that 
the levels are above rather than below mid-gap, a fact 
that cannot be determined from the width of the curves 
alone. 

The amount of charge change due to the surface state 
can be approximately determined from the horizontal 
extent of the distortion in Fig. 9. This is 3 of the total 
charge induced in } cycle or about 5X 10" charges/cm?. 
This value is in fairly good agreement with those derived 
from field-effect conductivity measurements. 

The prominent hysteresis loop in Fig. 7 is partly due 
to voltage drop across the specimen. Even if the direct 
voltage drop is completely balanced by the RC circuit 
(Fig. 3), hysteresis effects are persistently observed and 
become more prominent at high frequencies. From their 
frequency dependence, as also observed in field-effect 
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conductivity measurements,’ one may conclude that at 


higher frequencies they are associated with minority 
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Fic. 8. Io (or s) vs E obtained with the sample of Fig. 7 in a wet 
air atmosphere. This pattern is a continuation far to the left (or 
n type) side of Fig. 7. The vertical gain is ten times that of Fig. 
7, The additional structure here, and the asymmetry of Fig. 7, 
show presence of a second energy level for the surface recombi- 
nation states. 
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Fic. 9. A distortion in the pattern of s xs applied field attributed 
to charge change in fast states of discrete energy. That it occurs 
at the inflection point of the curve shows that the states are the 
same with the ones responsible for surface recombination. Since it 
occurs on the n-type (positive ¢,) side of the curve it indicates 
that the levels are above rather than below mid-gap. From the 
horizontal extent of the distortion one concludes that the charge 
change involved is about 5gX 10"/cm*. 


carrier lifetimes in that the recombination-generation 
process is not fast enough to supply the carriers neces- 
sary to balance the applied field. Some of the hysteresis 
effects are ambient-dependent, being more prominent in 
a wet air than a dry O2 atmosphere. 

Information on the slow-state time constants can be 
obtained from the frequency dependence” of the ampli- 
tude of the effects of the field on s. The results of meas- 
urements of the frequency dependence of the effect of 
the field on s are shown in Fig. 10. The measurements 
cover the frequency range of 0.01 to 1000 cps. Response 
here means simply the magnitude of the vertical signal 
that corresponds to a change in s induced by a small ac 
field. The response is normalized to unity at 1000 cps. 
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The curves are qualitatively similar to those obtained 
from measurements on surface conductivity.'” Analysis 
of the present results by the method used by Kingston 
and McWhorter" yields the wide spread of time con- 
stants of the slow states indicated by the conductivity 
measurements. The distribution of the time constants r 
however does not vary as 1/7, but is intermediate be- 
tween one that is independent of r and one that varies 
as 1/r. It is interesting to note that this intermediate 
distribution suggests a low-frequency noise spectrum 
that varies approximately as 1/f'* instead of the 1/f 
dependence derived from the 1/7 distribution. 

Besides influencing ¢, and s, ambients, electric fields 
or dc bias can affect the diode current through changes 
in channels, if such channels are formed. No appreciable 
channel effects were observed in this work, possibly 
because of the large distance between the p-n junction 
and the ohmic contacts at the wafer periphery (Fig. 3). 
In view of their importance, the effects of ambients on 
@, and s must be considered in work dealing with 
ambient-induced changes in reverse p-n junction charac- 
teristics, which have been hitherto attributed exclusively 
to channel formation.* 

At extremely strong fields (about 10° volts/cm) one 
observes that the maximum of s is shifted (in terms 
of E) and the shape of the pattern changes appreciably, 
whereas, before this critical field is reached, an increase 
in field strength simply increases by smooth extension 
the part of the s vs ¢, curve that is being “modulated.” 
In view of the particular significance of the maximum, 
whose position in terms of £ is determined by the 
carrier capture cross sections and the charge in slow 
states (Secs. 4 and 5 below), one concludes that the ac 
field induces a net charge in the slow states thereby 
shifting the “operating point” on the s vs ¢, curve. The 
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Fic. 10. The response of surface recombination to an applied field as a function of frequency. The 
vertical signal for given field is taken as unity at 1000 cps. 


™ J. J. Carasso and I. Stelzer, J. Chem. Soc., 3726 (1956). 
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charging up of the slow states by the ac field can be 
understood in view of the nonlinearity of the relation 
between &, and ¢, (see Sec. 4 and also Fig. 11). The high 
fields must shorten the lifetimes of the states, as indi- 
cated from similar observations in conductivity meas- 
urements,® since the effects are not observed at all 
(instead of being smoothly reduced) at smaller fields 
and at the same frequency. 


4. SURFACE RECOMBINATION, SURFACE 
POTENTIAL, AND EFFECTS OF 
FAST STATES 


The surface parameters involved in the present work 
are the surface potential and the energy levels, distri- 
bution, and cross sections of the surface states that 
give rise to recombination. It is because of the direct 
involvement of the properties of these states in the 
experimental patterns that the present technique seems 
to be very promising for their investigation. These are 
called here “fast” states because of their small time- 
constants but are not to be a priori identified with the 
states involved in field effect’ and channel measure- 
ments. !*:?6 

From the Hall?* and Shockley-Read*’ process, assum- 
ing a discrete level for the surface states, the surface 
recombination velocity is derived as'*~*! 


(C,Cn)*Ni(not po) gd, 1 Cc. 
= - cosh ( )| 


Cs 


E,-—E; 1 Cy = 
+cosh| —- in )| » & 
ME iZ Cr 


where the symbols are defined as follows: C,=proba- 
bility, per state per unit time, for hole capture at the 
recombination centers (=cross sectionXthermal ve- 
locity) ; C,= probability for electron capture; V,=den- 
sity of states (per unit surface area) that give rise to 
surface recombination; mo, po=bulk carrier densities; 
and n;=free carrier density for intrinsic material. 

Curve A of Fig. 2 is a single-level curve as given by 
(3) with (F,—£;)/kT=8, C,/C,=1. We note briefly 
that the curves are symmetric about the maximum of s, 
which occurs at 


s — a 


2n; kT 2 


go./kT =} In(C,/C,), (4) 


and the values of ¢, at the } maximum points of s are 


given by 
.= FE. —E,;, 
ighetind eye - (5) 
qo.= — (E.— E;)+kT In(C,/C,), 


in the approximation 
cosh[ (E;— E,)/kT—} In(C,/C,) ]2 2. 


The total width of the curve at 4 maximum s is, in this 
2° R. H. Kingston, Phys. Rev. 98, 1766 (1955). 
26 R. N. Hall, Phys. Rev. 83, 228 (1951); 87, 387 (1952). 
27 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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Fic. 11. Surface charge (or electric field) vs surface potential 
for various values of bulk potential. The full curves show the 
charge in the space-charge region alone. The dotted curves are 
obtained by addition to Qx of charge in fast states of density 
5X 10"/cm? located at 8kT above mid-gap. The distortions due 
to fast states are in this case small because of the low state density 
and large distance from mid-gap. 


approximation, 
A(q¢.) = 2(E.— E;)—kT In(C,/C,). (6) 


If more than one energy level for the recombination 
states is present, s will be given by a superposition of 
curves of the type (5). Curve B of Fig. 2,results 
from two levels with (Eu—F;)/kT=2, Cy:/Cu=1, 
(Exn— E,)/kRT=12, Cy2/Cr2=1, and s is given by the 
sum of two terms of the type (5), assuming that the 
two states act independently in the recombination 
process. The two levels are assumed to be equally 
effective for surface recombination. The presence of 
multiple levels tends to make the s curves vary less 
sharply with ¢y. 

We note further that if the surface has a non- 
uniform ¢, (“patchy surface’’) or if the recombination 
states are not localized in a plane of given ¢, but 
distributedfin distance from the surface, then again a 
rounding effect on s would result. The similarity of the 
effects of surface nonuniformity and a spread in the 
energy levels is apparent from the more or less equiva- 
lent way in which ¢, and surface state energies enter 
expression (3). 

At the extreme where there is a continuous set of 
energy levels, distributed over the forbidden band, s can 
be obtained by integration of the product of (3) and 
the desired distribution function over this energy in- 
terval. The meaning of V; given above has to be changed 
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from number of states per unit surface area to number 
of states per unit area per unit energy. For a continuous 
distribution with constant density of surface states 


one has 
qos 1 C, 
2) 
2 te 


E.- E; 1 Cy —1 
ae -;n(~)]| dE;. (7) 
Ss 2 Se 


It is assumed that the cross sections are constant 
throughout the forbidden band. One of course can add 
terms like (7), each with its own density, cross sections, 
and distribution. More general forms of surface integrals 
have been discussed by Garrett and Brattain.*! 

The integral of (7) can be approximately evaluated 
(see Appendix) to give, for 2|¢¢,/AT—} In(C,/C,)| 
<(E.—E,)/kT, 





5= 


(C,C.)*N (mot po) 
= n “f cos 


(C,Ca)iN: (mo+ po) 


afta) 
oaft-o(2)] 





s= 
ny 


XIn 


The quantity s, as given by (8) for C,=C,, is plotted 
in Fig. 2 (curve C). One notes that the position of the 
maximum in a continuous distribution is identical with 
that of a single level. The curve, however, is now much 
narrower and the plateau region, characteristic of a 
single level, is absent. 

The additional relationships required for the inter- 
pretation of the results are those connecting the surface 
potential with the electric charge at the surface. This 
charge is due either to the bending of the bands or is 
externally induced. In our case, the combined effects of 
both have to be considered. Solution of the Poisson 
equation in the space-charge region yields,”* in the case 
of no external field, 


Doe =+ (<7) (& =) Pad 
T kT kT 
go» |} 


PRE, SION Aes 
kT kT 


where Qs. is the charge per unit area in the space- 
charge region and « the dielectric constant of the semi- 
conductor. Qs. is negative for n-type surfaces (posi- 
tive ¢,). Note that 0,.=0, if d&=¢,, as expected when 
( 28 R, H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 
1955). 
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the bands are flat up to the surface. The bracketed 
part of (9) is designated as F(g¢,/kT, g@o/kT). This 
function is plotted in Fig. 11. Q,. per cm* for germanium 
and silicon can be obtained by multiplying F by 4.6 
10° and 0.145¢X 10°. These numerical factors apply 
at room temperature. The values appropriate at other 
temperatures can be derived from the 7 dependence of 
the term that multiplies the bracket in (9). The field EZ, 
at the surface edge of the space-charge region is given 
by 470Q,./e. 


When an external field is applied, the total charge is 
Orot _ Qn + Qina, (10) 


where Qina is the externally induced charge as deter- 
mined by the measured condenser capacity and the 
applied voltage. The new value of ¢, is given by (9) 
with Q,, replaced by Qtot from (10). In (10) it is assumed 
that the charge in slow states does not have time to 
change during the ac cycle. 

In transforming the abscissa of the experimental 
patterns from Qina to ¢,, expressions (9) and (10) are 
the appropriate ones to be used, along with the relations 
developed below for determining the equilibrium value 
of the surface potential. In (9) and (10) the effects of 
slow states, applied fields, and the space-charge region 
are taken into account. The fast states, whose charge 
changes when ¢, is close to their level, have been so 
far neglected. The effect of fast states can be explicitly 
introduced in the theory by using for their charge an 
expression of the form 


Ore -—9v{ i+e(-—+ (11) 


Their influence would result in some distortion of the 
relations of Q,. to ¢, when gp, becomes comparable to 
(E.— E;). The modifications of the curves introduced by 
fast states with V,=5X10"/cm? and (£,— E,)/kT= 
are shown by the dotted parts of the curves in Fig. 11. 
One notes that the distortions are similar to those 
introduced to the intrinsic curve by doping, but smaller 
in magnitude. The charge given by (11) is to be added 
to (9) and (10) above to yield the expression for Qtot. 
A considerable amount of information on fast states 
has been reported in the literature*:*:*:© from con- 
ductivity type measurements. There is no detailed 
agreement among the various sources as to the energy, 
distribution, and density of the states. The charge 
change in fast states observed here is within the range 
of those reported earlier, but on the lower magni- 
tude side. 


5. A NEW METHOD FOR DETERMINING THE 
SURFACE POTENTIAL 


The surface potential is a rather elusive quantity for 
direct experimental determination. Its values have been 
inferred from several types of measurements including 
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(1) contact potential differences,!! (2) surface con- 
ductance in ambient cycles,?!:”* (3) surface conductivity 
in field-effect,':*-® and channel measurements!*:*> and 
(4) changes in surface barrier height by low-”! and high- 
intensity light signals.*° The agreement between these 
sources has been so far only qualitative, which is not 
surprising in view of the diversity in experimental 
approach, and also of the several assumptions that are 
necessarily involved, not to mention the ever-present 
question of whether the surface treatments, handling, 
etc. are identical in the different laboratories. 

A new method will be outlined here for approximately 
determining ¢, from measurements of surface recom- 
bination velocity in terms of an applied field. One 
utilizes the fact that the maximum of s, occurring at 
q¢,=43kT In(C,/C,) [see (3) above ], provides an abso- 
lute reference point from which the equilibrium value 
of ¢, can be evaluated. The total effect of the applied 
field and the equilibrium surface field at s maximum is 
such that the surface potential has the above value 
[which is close to zero if 4 In(C,/C,) is small]. The 
equilibrium £, (from which the zero-field value of ¢, can 
be evaluated) can be obtained from the value of 
the applied field at that point. For small values of 
3 In(C,/C,), E, is closely equal and opposite to the 
applied field at s maximum in the case of high-resistivity 
samples if the dielectric constant of the outside medium 
is equal to that of the semiconductor. 


4 
€ 
2, +-Qindue. at $ max = (<nar ) 


T 





) sinh (g¢,/kT) 


— In(C,/C,) 
x 
2kT 


4 
+cosh[4 in(Cy/Cx)}~ cosh ob/ #7) . (12) 


The equivalent field relations can be used if one 
measures the field. In (12) the unknown quantities are 
0, (or E,) and 31In(C,/C,). Information on this 
last can be obtained from the width and other features 
(half-maximum points, etc.) of the experimental pat- 
terns (see Sec. 6 below) but even if this term in the 
bracketed part of (12) is completely neglected, only 
negligible error will result since }In(C,/C,) will be 
quite small despite the possibility of a large value for 
the ratio C,/Cy. 

The value of E, given by (12) can then be used to 
evaluate the zero-field value of ¢, using (10) above. 
Once this value of £, has been determined, the abscissa 
of patterns such as those in Figs. 4-5 can be changed 
from E to ¢,. The values of ¢,, for all other values of 
the applied field, can then be determined from Qina 
and Q,. The above procedure can be understood most 


®S. R. Morrison, f Phys. Chem. 57, 860 (1953). 
*E. O. Johnson, ull. Am. Phys. Soc. Ser. II, 2, 66 (1957); 
Phys. Rev. aT 153 (1958). 
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conveniently by use of Fig. 11. One reads the value of 
the ordinate that corresponds to the value 3 In(C,/C,) 
for the abscissa. Subtracting from this value of the 
ordinate the value of Q applied at Snax, one obtains 
QO, (and E,). The value of ¢, corresponding to FE, 
or Q, is the zero-field value of the surface potential. 
To each value of Q of the s vs Q curves one adds Q,“ 
and obtains Qtor. The corresponding value of ¢, is the 
proper one that corresponds to the value of Q. 

The effects of fast states are taken into account in 
this scheme as follows: One adds to the ordinate in 
Fig. 11 the charge given by (11). [The information 
required in (11) is either approximated from the extent 
(in terms of Q) of the distortion on s and consistency 
considerations, as in the present work, or in general 
has to be supplied more accurately by an independent 
experiment. | One then obtains a modified curve of Qtot 
(or Ev) vs @ which is used in the transformation of Q 
to ¢, and determination of ¢, at zero-field in the manner 
indicated above. 

The requirement for application of this method is 
that the maximum of s be observed. In semiconductor 
surfaces this is always possible, at least in principle, by 
use of strong fields. As indicated above for germanium 
and silicon surfaces, this has been achieved with fields of 
about 10° volts/cm. 


6. INTERPRETATION OF RESULTS AND 
DISCUSSION 

The experimental patterns of s vs Q (or £) can be 
transformed to those of s vs ¢, by use of (9), (10), and 
(12) above modified by the addition of Qj. to Qe. to 
form Qtr. Figure 12 shows the results obtained from 
data on m-type germanium. One procedure that can be 
followed in deriving the curves of s vs ¢, from the ob- 
served patterns of s vs Qina will be briefly outlined here: 
A value is assumed for the ratio C,/C,. In the curves of 
Fig. 11 (using the dotted-line portions to take into 
account charge change in fast states) the value of Q at 
qo./kT =} In(C,/C,) is that of Qrot at Snax. Subtraction 
of the induced Q at Smax yields the equilibrium 0, and 
the corresponding ¢,. Addition of Q, to Qina at each 
point of the s vs Qing curves yields Qo at eath point 
and the corresponding ¢, is obtained from Fig. 11. If 
the resulting curve is identical or close to a theoretical 
one of s vs ¢ whose value of C,/C, is that assumed 
above, then the energy level associated with this last 
curve must be that of the recombination states. If a 
different value for C,/C, is indicated, the procedure is 
repeated until the theoretical curve and that derived 
experimentally are in agreement. 

The conspicuous difference in shape between the 
curves of s vs Q and those of s vs ¢, (Fig. 12) stems from 
the pronounced nonlinearity of the relation between ¢, 
and the surface fields as can be seen from (9) above and 
also Fig. 11. The curve compares well with those ex- 
pected from theory involving single levels for the fast 
states. From Fig. 12 one concludes that (E,—£,) 
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Fic. 12. Curves of s vs ¢, obtained from single patterns of s vs 
applied field. The full curves are obtained by taking into account, 
in the transformation of Q (or E) to ¢,, the space charge alone. 
The dotted parts are obtained by taking in addition into account 
the charge change in fast states observed in the present work. 


equals + (6 kT to 9 kT), and In(C,/C,,)~0. The uncer- 
tainty in the sign is removed by the observation of 
small distortions of the type of Fig. 9 due to charge 
change in fast states. Their occurrence at the inflection 
point of the curves identifies them with the recombina- 
tion states, as discussed in Sec. 3, and the fact that 
they occur on the positive side of ¢, indicates that 
(E.— E;) is positive. Both the sign and magnitude of 
the energies is in good agreement with the results of 
Many e# al.® Likewise the width of the 12-ohm-cm curve 
is close to that reported, for corresponding resistivity, 
by Brattain and Garrett. 

Similar results with low-resistivity (0.1 ohm-cm) 
p-type silicon yield levels at +0.4 or —0.4 ev from the 
middle of the forbidden band. Because of smaller 
sensitivity, the results in Si are not as accurate as those 
in Ge. A level at —0.46 ev had been earlier indicated 
from channel measurements" in n-type silicon. 

In Fig. 12 the full curves are the ones one derives by 
taking into account only space charge. One notes that 
the difference with the dotted ones, where the charge 
change in fast states is taken into account, is not large. 
This is a result of the low density of the states (5X 10") 
and their relatively large distance from mid-gap (6-9. kT 
units). 

The values of ¢, observed in Ge treated in CP, and 
similar etches lie between the extremes of +0.25 v. In 
Si larger values in the range of +0.5 v are observed. 
Variations of ¢, over the Bardeen-Brattain cycle of 


ambients are within the above limits. These results are 
in agreement with surface photovoltage measurements 
made by Johnson in this laboratory.*° 

That no other distortions are presently observed 
than those due to the recombination states does not 
entirely remove the possibility of other charge changes 
in fast states. Such changes would escape observation 
if the states were continuously distributed or if the 
surfaces were inhomogeneous. This last is illustrated by 
the fact that the distortions of the type of Fig. 9 are not 
observed in all our patterns. The distortion is not large 
so that it could be obscured by surface or field in- 
homogeneity. This may well be the reason that no such 
discrete level distortions have been observed in the 
comparable oscilloscope patterns of field-effect con- 
ductivity modulation.* 

The assignment of patterns of the type of Fig. 8 to 
two-level recombination curves rather than charge 
change in fast states is based on the extreme flatness of 
the distortion. Such a pattern can be produced by the 
superposition of two Shockley-Read type curves with 
their broad maxima. Calculations show that the second 
level in Fig. 8 must be located more than 11 &7 units 
trom mid-gap. 

That the curves in Fig. 12 are approximately centered 
about ¢,=0 indicates that C,~C,. Values of C,/C, 
reported from other sources*::*! are in the range of 
Y to 150. The accuracy of the present work is such that 
cross-section ratios at the order of 10 are not excluded. 

The variation of the width of the curves of Fig. 12 
with resistivity is not expected from levels with energies 
independent of resistivity and located at a definite plane 
(presumably the semiconductor-oxide interface). The 
question arises as to the extent of contributions from 
recombination centers in the space charge region to 
what one measures as surface recombination velocity. 
These contributions will vary with p because of the ap- 
preciable dependence of the extent of the space-charge 
region on resistivity. In a surface modulation experi- 
ment, of course, one changes not simply ¢, but the en- 
tire surface space-charge region. 

Figure 13 shows the exact shape and extent of the 
space-charge regions for ¢=0, 3, and 5 corresponding 
in Ge to intrinsic material, p=3 ohm-cm and p=0.5 
ohm-cm, respectively. These curves are obtained by 
numerical integration of the Poisson equation in the 
space-charge region.*! From the appreciable difference 
of the curves, contributions to s from recombination 
states in the space-charge region would be more sig- 
nificant in intrinsic than heavily doped material. From 
Sec. 4 above the results of such contributions would be 
a narrowing of the curves, since a distribution of levels 
in distance within the semiconductor is more or less 
equivalent to a spread of the levels across the band-gap. 

The curves of s in Fig. 12 are in agreement with this 
picture in that the purer samples exhibit a narrower 


* G. C. Dousmanis and R. C. Duncan, Jr., J. Appl. Phys. (to 
be published). 
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curve than the more heavily doped ones. If the differ- 
ence in the three curves is to be solely attributed to this 
cause, the contributions to s from the space-charge 
region must be appreciable. In such a case the more 
correct value of (£,—;) for the interface states would 
be that given by the width of the curve taken with the 
more heavily doped samples. Additional work will be 
required to establish the exact contribution to s from 
traps in the space-charge region, as well as differences 
in the curves arising from undetected charge changes in 
any continuously distributed fast states, etc. 

Besides the shape of the s vs ¢, curves, the energies 
of the recombination states influence the absolute 
value of s, and even more drastically because of the 
hyperbolic relationship in (3) above. With (£.—£;,) 
=7 kT and Simax~500 in 3-ohm-cm Ge, one derives a 
value of 6X10~' cm? for the effective cross section 
(c,0n)'. This is close to the value 2X10-" derived 
recently from high-frequency field-effect conductivity 
measurements. !® 

The reasonable agreement of the experiment with 
theory (Fig. 12 and curve A, Fig. 2), as far as the shape 
of the curves is concerned, confirms the Hall and 
Shockley-Read mechanism for the recombination process 
as applied in this case to the surface. No attempt will 
be made here to identify the recombination centers as 
foreign or impurity atoms, or as structural imperfections 
at the semiconductor-oxide interface. 


7. CONCLUSION 
The effects of electric fields on surface recombination 
provide a convenient means of examining the type of 
semiconductor surface one obtains with a given chemical 
or other treatment. The effects of ambients and the 


xy 


extent of stability of surface potential and recombina- 
tion velocity can also be examined. The behavior of s 
with field and ambient yields direct quantitative infor- 
mation on the energy levels and carrier capture cross 
sections of the surface states that give rise to surface 
recombination. Observation of a maximum of s in 
terms of an applied field yields a reference point from 
which the zero-field value of the surface potential is 
determined. 

The results so far indicate that information on 
aspects of the surface such as surface recombination 
states as well as charge change in fast states, the slow 
states and their time-constants, the potential barrier 
height and the behavior of the space-charge region, can 
be obtained from studies of surface recombination. This 
surface parameter is here used in place of surface con- 
ductivity that was earlier the main tool for semi- 
conductor surface studies. A disadvantage of the surface 
recombination method is its inability to detect some 
charge changes in fast states such as those of continuous 
distributions, for example, hence it is apt to over- 
estimate ¢,. The surface conductivity technique, be- 
cause of some reduction in mobility near the surface is 
likely to underestimate ¢,. It is gratifying to see that 
despite these differences the conclusions from the two 
approaches are in fair agreement. 

The observation of variation of the surface recom- 
bination curves with resistivity raises the question of 
contributions to what is measured as surface recombina- 
tion velocity from recombination states in the surface 
space-charge region or, less likely, a direct dependence 
of the interface state energies on impurity concentra- 
tion. In addition to these the problem of surface 
inhomogeneity seems to require further examination. 
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APPENDIX. SURFACE RECOMBINATION INTEGRAL 
FOR A UNIFORM DISTRIBUTION OF LEVELS 


An approximate treatment is needed for the evalua- 
tion of integral (7). By use of the contracted notation 


A= [(C,Ca)*N (not po)kT ] /2n;, 
u=(E,— E,)/kT—} In(C,/C,), 
alii Qos at 3 In (C,/C,), 





A 


DOUSMANIS 


the integral takes the form 


(Ee — Ei)/RT —}\n(Cp/Cn) 
s=A [coshu+coshv}"'du. (A-1) 
J (Ey —Ei)/kT —4 In(Cp/Cx) 


The interval is divided into the regions of u<0 and 
u>0 and coshw is replaced by (e“+-e~“)/2. The smaller 
of the two exponential terms is neglected in the appro- 
priate region of u. The resulting forms of the type 


f [e*+const }-dx 


can be integrated directly. Thus one obtains 


(2 coshv+1)*e(F<— #0) /kr 





§ = 
coshv 


The terms in cosh» in the denominator can be neglected 
by comparison with e(#<—0)/k?, Thus 


2A 
s= In(2 coshe+1), 
cosho 


(A-3) 


which is formula (8) in the text. (A-2) and (A-3) are 
most accurate at large values of ». For »=0, one obtains 
from the approximate expression (A-3) 


s=2A In3. (A-4) 


To estimate the accuracy of the result, (A-4) will be 
compared with a more exact answer that can be ob- 
tained in this case. For »=0, (A-1) can be immediately 


In } 
; cosh*y+ e(#<-£0)/k7 4. cosho cosh[ (E.— E,)/kT—} In(C,/C,) } 





integrated to give 
14 \ 7] (Ee—Es)/RT —§ In (Cp/Ca) 
s=4[ tanh-*(=) ‘ 
27 J (By —Ei)/kT —4 In(Cp/Ca) 
Since E,—; is much larger than k7, for reasonable 


values of C,/C,, the limits of integration can be re- 
placed by +. Hence 


s=2A at v=0. (A-5) 


Comparison of (A-5) with (A-4) shows that the 
approximate formula at »=0 differs from the more 
exact answer by the factor In3, or is accurate to within 
10%. This is the maximum error in (A-2), and (A-3), 
since the approximation improves very rapidly as » 
increases. As expected from the type of approximation 
involved in their derivation, (A-2) and (A-3) over- 
estimate the values of s. 
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Measurements of the Hall coefficient of several annealed polycrystalline Cu strips of resistivity ratio 
p(273°K)/p(4.2°K)~450 and thicknesses ranging from 0.05 to 1.6 mm have revealed the existence of a 
marked size effect at low temperatures. The effect is orders of magnitude greater than that to be expected 
on the basis of free-electron theory. It is suggested that earlier low-temperature data on the Hall effect of 
thin high-purity samples are subject to uncertainties arising from such effects. Size effects were also evident 
in the transverse magnetoresistance. At high fields, a tendency toward saturation in the transverse magneto- 
resistance was observed for thick samples. The temperature dependence of the Hall coefficient has also been 


studied. 





I. INTRODUCTION 


HEN the electron mean free path in a metal 

becomes comparable with sample dimensions, 
the electron transport properties become functions of 
the sample dimensions. The theory and experimental 
situation for such size effects have been reviewed by 
Sondheimer,' who developed a free-electron theory for 
the transverse magnetoresistance and the Hall effect 
in thin samples.2 The important parameters in this 
theory are the sample thickness ¢, the electron mean 
free path /, the radius ro=mic/eH (where @ is the 
Fermi velocity) of a free electron orbit in a magnetic 
field H, and the surface scattering coefficient p, which 
has the values 0 for diffuse scattering and 1 for specular 
reflection. An oscillatory dependence of transverse 
magnetoresistance upon magnetic field strength’ was 
predicted for thin samples, and such behavior was 
subsequently observed by Babiskin and Siebenmann‘ 
in a thin wire of Na, strikingly verifying the applica- 
bility of Sondheimer’s free electron theory to Na. 

The experiments to be described below were under- 
taken for the purpose of studying the temperature de- 
pendence of the Hall coefficient in Cu. However, it 
soon became apparent that size effects considerably 
greater than those predicted by the free-electron theory 
were important in high-purity Cu at liquid helium 
temperatures.’ Disagreement with free electron theory 
is not unexpected in view of Pippard’s recent anomalous 
skin effect measurements® which provide evidence that 
the Fermi surface touches the Brillouin zone boundary 
in Cu. Nevertheless, the large magnitude of the dis- 
agreement is surprising and suggests that recent Hall 


* This research was supported by the U. S. Air Force Office of 
Scientific Research and the U. S. Atomic Energy Commission. 

1E. H. Sondheimer, in Advances in Physics, edited by N. F. 
Mott (Taylor and Francis, Ltd., London, 1952), Vol. 1, p. 1. 

* E. H. Sondheimer, Phys. Rev. 80, 401 (1950). 

§ These oscillations are periodic in H and are not to be confused 
with the oscillations of the de Haas-van Alphen type, which arise 
from orbital quantization and are periodic in H~. 

( ‘J. Babiskin and P. G. Siebenmann, Phys. Rev. 107, 1249 
1957). 

5 A brief preliminary report of the present work was presented 
at the Fifth International Conference on Low-Temperature Physics 
and Chemistry, Madison, Wisconsin 1957 (to be published). 

6 A. B. Pippard, Trans. Roy. Soc. (London) , 325 1957). 


effect studies by Chambers’ and Borovik*-” also in- 
volved size effects. 

The measurements on thick samples have bearing on 
electron transport theory for bulk samples. The semi- 
classical theory developed by Kohler"-” and extended 
by Lifshitz, Azbel’, and Kaganov™ and Chambers’ is 
based on the assumptions that (1) collisions can be 
described by a field-independent relaxation time 7(k), 
(2) changes in purity and temperature alter all 7(k) by 
the same factor, and (3) the size of the filled region in 
k space does not change appreciably over the ranges of 
temperature and purity considered. If these conditions 
are fulfilled, all components p,; and o,; of the resistivity 
and conductivity tensors should obey Kohler’s rule; 

e., for a given metal each component should be a 
function only of a reduced field H/p(0), where p(0) is 
the resistivity in zero field. The theory further states 
that for a group I metal in which the Fermi surface 
does not touch the Brillouin zone boundary, the Hall 
coefficient and the transverse magnetoresistance should 
saturate in a high magnetic field. The saturation value 
for the Hall coefficient R should be the free-electron 
value 1/(mnec), where n is the number of conduction 
electrons per cm’. For Cu, Chambers’ has estimated an 
upper limit for the saturation value for the resistivity 
of 3 to 4 times p(0). On the other hand, if the Fermi 
surface touches the Brillouin zone boundary, the trans- 
verse magnetoresistivity should saturate at a much 
higher value. 

The semiclassical theory is subject to the criticisms 
that (1) the detailed quantum mechanical nature of the 
motion of the electron has been ignored, and (2) at 
high fields it is unlikely that a field-independent relaxa- 
tion time exists. A quantum mechanical treatment of 


7R. G. Chambers, Proc. Roy. Soc. (London) A238, 344 (1956). 

8 E. S. Borovik, Doklady Akad. Nauk S.S.S.R. 70, 601 (1950), 

*E. S. Borovik, J. Exptl. Theoret. Phys. U.S.S.R. 23, 83 (1952). 
(Translation: Naval Research Laboratory Report NRL-462.) 
( FE. S. Borovik, J. Exptl. Theoret. Phys. U.S.S.R. 27, 355 
1954). 

1M. Kohler, Ann. Physik 32, 211 (1938). 

12M. Kohler, Ann. Physik 5, 99 (1949). 

8 Lifshitz, Azbel’, and Kaganov, J. Exptl. Theoret. Phys. 
Ushi 31, 63 (1956) (translation: Soviet. Phys. JETP 4. 41 
195 
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TABLE I. Sample characteristics. 








¢ (mm) s slezs (mm) i, (mm) 





0.0015 
0.013 


0.145 37 
0.145 316 


393 
439 
443 
472 
455 
487 


JM* uc eee 
0.020 
0.021 
0.033 
0.023 
0.051 
0.054 
0.051 


0.016 
0.018 
0.018 
0.019 
0.018 
0.020 


0.054 
0.099 
0.165 
0.391 
0.798 
1.616 


AS and R> 








* JM denotes Johnson-Matthey. 
b AS and R denotes American Smelting and Refining. 
© u denotes unannealed sample. 


the problem has been carried out by Argyres“ for the 
case of a single isotropic energy surface and scattering 
by phonons. More applicable to the present work is the 
quantum mechanical theory of Lifschitz,!® which con- 
siders the case of equally spaced Landau levels, Fermi 
energy much greater than the Landau level spacing, 
elastic impurity scattering, and a closed Fermi surface. 
The result for this model is a conductivity tensor which 
is the same as the semiclassical one except for an 
oscillating part and a small correction which varies 
smoothly with H. In light of these theories the data on 
thick samples appear to support the belief that the 
Fermi surface touches the Brillouin zone boundary 
in Cu. 


II. EXPERIMENTAL PROCEDURE 


The polycrystalline Cu samples were cold-rolled to 
the desired thicknesses, cut to size (4.5 mm wide and 
37 mm long), and etched. With one exception, the 
samples were annealed at 490°C for one hour under 
high vacuum. The six American Smelting and Refining 
(AS and R) samples were obtained from the same small 
section of material, and great care was taken to give 
them identical treatments except for the amount of 
reduction in thickness. The characteristics of the 
samples are listed in Table I, where s is the ratio of the 
resistivity at 273°K to that at 4.2°K, and /273= 4.06 
X10-* mm is the electron mean free path in Cu at the 
ice point as determined by Chambers"* from anomalous 
skin effect measurements. The product s/273 is then an 
approximation to /,.2, the mean free path at 4.2°K. (It 
is not accurate because s is itself size dependent for / 
comparable with ¢.) The parameter /, is related to grain 
size and is defined as the average distance an electron 
moving in a straight line would travel before encounter- 
ing a grain boundary. Values for /, were derived from 
the number of grain boundaries intersected by straight 
lines of known length drawn on photomicrographs of 
the samples. 


4 P. N. Argyres, Phys. Rev. 109, 1115 (1958). 
167. M. Lifshitz, J. Exptl. Theoret. Phys. U.S.S.R. 32, 1509 
as [translation Soviet Phys. hag i 5, 1207 (1957). 


G. Chambers, Proc. Roy. Soc . (London) A215, 481 (1952). 


The usual Hall geometry was employed as illustrated 
in Fig. 1. All potential leads were attached at the 
extreme edges of the sample with a minimum of 
nonsuperconducting solder. 

A special sample holder permitted thermal contraction 
of the samples to take place without constraint and 
protected the fragile samples from forces arising from 
the interaction of the measuring current J and the mag- 
netic field. The Hall voltage Vw was taken as 
4 V12(H)—Vi2(—H)], where Vi2(H) is the voltage 
between probes 1 and 2 for the magnetic field in the 
positive direction and Vi2(—H) applies to the reverse 
field direction. Field reversal was actually accomplished 
by a 180-degree rotation of the sample about its long 
axis. Under these conditions the Hall coefficient is given 
by R= Vyt/IH. The resistive voltage V3, was measured 
for forward and reverse current directions so that the 
effects of thermal voltages could be eliminated. Measur- 
ing currents from 0.3 to 3 amperes were employed, and 
Vi2 and V34 were measured with a Rubicon microvolt 
potentiometer and a photoelectric galvanometer. In 
general, settings could be made to +10~* volt, and 
over-all accuracy is estimated at +1% for the smallest 
voltages measured (i.e., for the thickest samples and 
lowest magnetic fields) and considerably better in 
general. 

Magnetic fields up to 30 kilogauss were supplied by 
a large air-cooled electromagnet with 6-inch diameter 
pole tips and a gap of 1.4 inches. The generator supply- 
ing power to the magnet was electronically regulated, 
and measuring circuit loops in the high-field region were 
minimized so that induced voltages arising from field 
fluctuations were negligible. The magnet was calibrated 
below 11 kilogauss with a nuclear magnetic resonance 
fluxmeter. Calibration at higher fields was accomplished 
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Fic, 1. Geometry for the Hall effect and magnetoresistance 
measurements. 1 and 2 are Hall probes located opposite each 
other as accurately as possible; 3 and 4 are resistance probes; 5 
and 6 are current leads. 





HALL EFFECT 


with a Grassot-type fluxmeter, which was standardized 
against the nuclear resonance fluxmeter at lower fields. 

Measurements of the temperature dependence of the 
Hall coefficient between the boiling point of helium and 
the freezing point of oxygen and between the boiling 
point of oxygen and room temperature were accom- 
plished during warmup. This warmup was quite slow 
because of the large thermal mass and good thermal 
insulation of the Dewar, and the data proved to be 
accurately reproducible. Carbon resistance thermometry 
was used between 4.2°K and 20°K, and a calibrated 
copper-constantan thermocouple with a liquid helium 
temperature reference junction was utilized for higher 
temperatures. 


Ill. EXPERIMENTAL RESULTS AND 
COMPARISON WITH THEORY 


A. Hall Coefficient Size Effect 


Initial measurements were carried out on the un- 
annealed Johnson-Matthey sample, Cuo.14s. (Hereafter, 
samples will be designated by subscripts denoting their 
thicknesses in mm.) As indicated in Fig. 2, the Hall 
coefficient was independent of H at room temperature 
and 4.2°K. Annealing increased the resistivity ratio s 
of Cuo.145 from 37 and 316 and had negligible effect on 
the room temperature Hall coefficient. However, at 
4.2°K the annealed sample exhibited a magnetic-field- 
dependent Hall coefficient, Fig. 2. (Data taken at 
1.5°K were identical within experimental error.) Similar 
field dependences were reported earlier by Borovik” 
for a Cu sample, with ‘/=0.02 mm and s= 137, and by 
Chambers’ for two Cu samples with ‘=0.1 mm and 
values for s of 243 and 825. 

Chambers’ noted a deviation from Kohler’s rule in 
his measurements, and it is evident from Fig. 2 that 
the results on Cuo.145 are also inconsistent with Kohler’s 
rule. In the present instance, the discrepancy might be 
explained in terms of the argument used by van 
Bueren'’ to account for the failure of Kohler’s rule to 
apply to magnetoresistance data on Cu before and after 
cold work. He pointed out that the dislocations in a 
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Fic. 2. Hall coefficient versus magnetic field for Cuo 145 
before and after annealing. 


























17H. G. van Bueren, thesis, University of Leiden, 1956 (un- 
published). 
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Fic. 3. Ratio of Hall coefficient at 4.2°K to value at 300°K versus 
magnetic field for Cu samples of various thicknesses. 


cold-worked sample constitute anisotropic scattering 
sites. Hence, the assumption of the theory that changes 
in purity alter all r(k) by the same factor is not valid 
for samples characterized by different dislocation 
densities. Because van Bueren found that annealing Cu 
above 300°C brought the magnetoresistance data back 
into accord with Kohler’s rule, it is unlikely that such 
effects are important in the annealed samples used in 
the present investigation. 

The above argument does not rule out the possibility 
that size effects of the type considered by Sondheimer? 
could be partly responsible for the failure of the Cuo.145 
data to obey Kohler’s rule. According to the theory such 
size effects should become appreciable only if /~¢; 
whereas for Cuo.145, /4.2~0.1t. Nevertheless, the exist- 
ence of a size effect is clearly indicated in Fig. 3, where 
R42/R3o0 is plotted against H for all the annealed 
samples studied. The results for the two thickest 
samples (Cuo.793 and Cu;.¢15) are nearly superposed and 
are probably characteristic of the bulk material. The 
observed size effects become appreciable only for the 
thinner samples. With a single exception, R4.2/Rs3o0 in- 
creases with decreasing ¢ at the highest fields. The fact 
that the curve for Cuo.os4 lies below the Cuo.o99 curve 
could mean that the trend is reversed for thinner 
samples, but more likely a difference in mean free path 
or grain size is responsible, as indicated by the s and 
1, values for these two samples. Unfortunately, a good 
quantitative description of the size effects is limited by 
difficulties inherent in producing samples of uniform 
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Fic. 4. Hall coefficient versus magnetic field for Cuo os, and 
Cui.616 compared with predictions of free-electron theory for 
various ratios « of thickness to mean free path. 


quality. Although the s values are fairly uniform 
throughout the AS and R samples, /, increases by a 
factor of 2.5 in going from the thinnest to the thickest 
sample. While it thus appears that (in zero field at 
least) the major contribution to scattering comes from 
scattering sites other than grain boundaries, the possi- 
bility is not ruled out that the influence of grain 
boundaries on the size effect in a magnetic field could 
still be appreciable. 

Because Sondheimer’s free-electron theory predicts 
the largest size effects for low magnetic field strengths, 
additional data were obtained at low fields on the 
thinnest sample. The results are plotted in Fig. 4 
along with the results for the thickest sample and the 
theoretical predictions of the free-electron model for 
p=0. (For p>O the theoretical size effects are still 
smaller.) x is the ratio ¢/1 which has the value 3 for 
Cuo.145 if /4.2 is taken as the value of sle73 from Table I. 
Clearly, both quantitative and qualitative discrepancies 
exist between the free electron theory and the experi- 
mental results for Cu. If the estimates slz73 of the mean 
free path were too small by a factor of 10 to 40, size 
effects of the observed order of magnitude (but not of 
the same functional dependence on H) could be ac- 
counted for, but a larger variation than was observed 
would exist in values of s in going from thick to thin 
samples. 

It is also possible that an internal size effect of the 
type suggested by MacDonald!*-” and Steele” in regard 

18D. K. C. MacDonald, Phil. Mag. 42, 756 (1951). 


%D. K. C. MacDonald, Phil. Mag. 43, 124 (1952). 
*” M. C. Steele, Phys. Rev. 97, 1720 (1955). 
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to other work could give rise to the observed size effects. 
Striations or laminae could be introduced in the rolling 
process and would probably be more closely spaced in 
the thinner samples. However, this argument also 
suffers from the objection that a larger variation in s 
with thickness would be expected under these conditions. 

Probably the most likely sources of the difficulty lie 
in the assumption of a magnetic-field-independent re- 
laxation time and the neglect of anisotropies in the 
Fermi surface and scattering in the formulation of the 
free electron theory. Lehman” has carried out calcula- 
tions, based on more general anisotropic Fermi surfaces, 
which indicate that a variety of size-effect field depend- 
ences may be expected for different types of constant 
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Fic. 5. Magnetoresistance versus magnetic field at 4.2°K for 


the three thinnest Cu samples. All three curves exhibit positive 
curvature over entire range of measurement. 


energy surfaces. However, the requirement /~1 is 
retained. Whether or not a still more general treatment 
of the problem would relax this condition is not known. 


B. Magnetoresistance Size Effect 


The magnetoresistance data appear in Figs. 5, 6, and 
7, where p(H)/p(0) is the ratio of the resistivity in a 
field H to that in zero field. The curves for the three 
thinnest samples exhibit positive curvature over the 
entire range of measurement; the curve for Cuo.165 is 
linear above about 5 kilogauss; and the curves for the 
three thickest samples exhibit negative curvature or a 
tendency toward saturation at high fields, which is 


% G, W. Lehman (private communication), 
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probably characteristic of the bulk material. Such a 
tendency toward saturation has not previously been 
reported for Cu, possibly because earlier measurements 
might have failed to fulfill the necessary observational 
conditions: (1) the use of a thick sample, and (2) the 
attainment of large values of //ro. However, it must be 
admitted that the effect is quite small and should be 
verified by the extension of the measurements to still 
larger values of //ro. Chambers noted an even more 
marked tendency toward saturation in his Ag results, 
but the possibility exists that size effects were present. 

The detailed low-field magnetoresistance data appear- 
ing in Fig. 5 for the thinnest sample, Cuo.os4, were 
obtained on the possibility that an oscillatory size 
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Fic. 6. Magnetoresistance versus magnetic field at 4.2°K. The 
curve for Cuo 165 is linear above about 5 kilogauss while the curve 
for Cuo.39: exhibits a negative curvature at high fields. 


effect (of the type predicted by Sondheimer’s free- 
electron theory and observed in Na by Babiskin and 
Siebenmann) might be observed. The lack of evidence 
for such an effect is in keeping with expectation for a 
polycrystalline sample with an anisotropic Fermi sur- 
face and for a sample in which ¢//~3. 

The failure of the thin-sample magnetoresistance 
data to obey Kohler’s rule is illustrated in Fig. 8 where 
p(H)/p(0) is plotted against sH for the highest fields. 
This provides additional evidence for the existence of 
the size effect, for, with the exception of the curve for 
Cuo.os4, the thinner the sample, the higher its curve falls 
on the graph. Again, as in the case of the Hall measure- 
ments (and for the same reasons), the size-effect data 
are not as quantitative as would be desirable. 
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Fic. 7. Magnetoresistance versus magnetic field strength at 
4.2°K for the two thickest Cu samples. Both curves have negative 
curvature at high fields. 


C. Temperature Dependence of R 


It is meaningful to characterize the temperature de- 
pendence of the Hall coefficient by a single curve only 
in the case of Cuo.145 before it was annealed, for only 
in this instance was the Hall coefficient independent of 
magnetic field. The data are presented in Fig. 9. Such 
a temperature dependence cannot be explained by 
existing theory, and it is probable that a satisfactory 
explanation will require the introduction into the 
theory of anisotropies in both the scattering and the 
Fermi surface. In this connection it is of interest that 
Na exhibits a Hall coefficient which is very nearly 
temperature and magnetic field independent” and 
closely approximates the free electron value.” The fact 
that the Hall coefficient of Cu is only slightly tempera- 
ture dependent in the residual and linear resistivity 
regions while being quite strongly temperature de- 
pendent in the small-angle electron-phonon scattering 
region supports the view“ that scattering can be 
comparable in importance with charge carrier con- 
centration in determining R. Bearing on this point is 
the fact that at 4.2°K the magnitude of R for the un- 
annealed sample (in which size effects should be absent) 


2D. K. C. MacDonald, Phil. Mag. 2, 97 (1957). 

% It should be pointed out, however, that a close examination 
of MacDonald’s Na data® at 4.2°K reveals some nonlinearity in 
the plot of Hall voltage versus H. If genuine, this field dependence 
could arise from a size effect of the type reported in the present 
paper for Cu. 

% T. G. Berlincourt, Bull. Am. Phys. Soc. Ser. II, 2, 136 (1957). 
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Fic. 8. High-field portion of Kohler plot for Cu samples of 
various thicknesses, illustrating inapplicability of Kohler’s rule. 
The data were obtained at 4.2°K. 


is 8% greater than the magnitude of the saturation 
value of R for the thickest annealed sample (in which 
size effects should also be absent). The difference is 
probably largely the consequence of different dis- 
location densities. If such a large change in R can result 
from anisotropy in the scattering introduced by dis- 
locations, then it is not surprising that R changes 
appreciably as a function of temperature, for the anisot- 
ropy of the scattering in the impurity-scattering 
temperature region is appreciably different from that 
in the lattice-scattering temperature region. Coles*®* has 
presented arguments, based on Hall coefficient data on 
alloys, which emphasize the importance of scattering on 
the Hall coefficient, and Fukuroi and Ikeda** have 
noted a correlation between the Debye temperature 
and the temperatures at which the Hall coefficients of 
Cu, Ag, and Au become temperature-dependent. 


D. Fermi Surface in Cu 


The thick-sample results are of interest in relation to 
the question of the configuration of the Fermi surface, 
but in view of the admitted limitations of existing theory 
it would be presumptuous to attempt to draw definite 
conclusions. It is fair to state, however, that if the 
assumptions of the semiclassical theory are valid, then 
the data are consistent with a Fermi surface which 


26 B. R. Coles, Phys. Rev. 101, 1254 (1956). 
2 T, Fukuroi and T. Ikeda, Science Repts. Tohoku Univ. A8, 
205 (1956). 


touches the Brillouin zone boundary. The observed 
saturation value for R is —6.25X10-* cm*/coulomb 
which differs significantly from the free-electron value 
—7.45X10-* cm*/coulomb. Furthermore, if a satura- 
tion value for the magnetoresistivity exists, it is con- 
siderably greater than 3 to 4 times the zero-field 
resistivity. Olson and Rodriguez”’ have obtained mag- 
neto resistance data on Cu single crystals at such low 
fields that objections to the applicability of the semi- 
classical theory are somewhat moderated. They con- 
clude that the Fermi surface probably touches the zone 
boundary in the [111] directions, in agreement with 
Pippard’s anomalous skin effect findings.* 


IV. DISCUSSION 


For reasons already noted, it is not surprising that 
the free electron theory appears to be inapplicable to 
the size effect in the Hall coefficient of Cu. However, 
the appearance of size effects in samples where the 
thickness is considerably greater than the generally 
accepted value for the mean free path is counter to 
foreseeable extensions of the theory. The literature 
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reveals some additional data with possible bearing on 
this problem. Borovik*-” has carried out careful low- 
temperature measurements on the Hall coefficient and 
magnetoresistance of high-purity samples (single crys- 
tals in many instances) of Pb, Cd, Mg, Be, and Al with 
thicknesses ranging from 0.048 mm to 0.6 mm and s 
values ranging from 90 to 1.8X10*. Because many of 
the observed R versus H curves are similar in character 
to the curve for Cuo.oss in Fig. 4, it is possible, though 
by no means established, that size effects were important. 

Borovik’s transverse magnetoresistance determina- 
tions?® on a 1-mm diameter single crystal of Sn with 
its tetragonal axis perpendicular to the wire axis and 
s=2.3X10 are particularly interesting. When H was 
parallel to the tetragonal axis of the crystal, Borovik 
noted that a periodic function, for which he could offer 
no explanation, was superimposed on the normal 


27 R, Olson and S. Rodriguez, Phys. Rev. 108, 1212 (1957). 
%E. S. Borovik, J. Exptl. Theoret. Phys. U.S.S.R. 23, 91 


(1952) (translation: Naval Research Laboratory Report NRL- 
463). 
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magnetoresistance curve. It can now be argued that he 
was seeing size-effect oscillations of the type observed 
by Babiskin and Siebenmann in Na, for the amplitude 
of the oscillations diminishes with increasing field, and 
the oscillations appear to be periodic in H as required 
by Sondheimer’s theory. A careful attempt was made 
to determine the locations in field of the maxima and 
minima. These locations are given in the theory by 


H = imic/et, 


where 7 equals 1, 7, 13, --- for maxima and 4, 10, 16, - - - 
for minima, and mi is the electron momentum at the 
Fermi level. The experimental values are plotted against 
i in Fig. 10, and the linearity of the plot supports the 
belief that these are indeed size-effect oscillations. 
However, a serious quantitative discrepancy exists in 
that the slope of this line, in combination with the 
above equation with ‘/=1 mm, yields a momentum mi 
=1.37X10-* g cm sec”, whereas the free-electron 
value for Sn for four electrons per atom is 1.73 10-" 
g cm sec”. The discrepancy is even worse if the more 
realistic de Haas-van Alphen effect or anomalous skin 
effect momenta” are used in the comparison. Further- 
more, the mean free path in Borovik’s Sn sample 
(estimated from the p/ value given by Kunzler and 
Renton”) was probably only about 0.04 mm. This is 
considerably smaller than the sample diameter so that 
a condition for observation of the oscillations was 
violated. An internal size effect could perhaps account 
for the discrepancy, but such an explanation would 
require the existence of rather small, well-defined layers 
of uniform thickness. Measurements on a crystal 
reduced in size by successive etchings would provide a 
test of this possibility. If the effect is a genuine size 


*See D. Shoenberg, in Progress in Low Temperature Physics 
(North-Holland Publishing Company, Amsterdam, 1957), Vol. 2, 
p. 226. 

” J. E. Kunzler and C. A. Renton, Phys. Rev. 108, 1397 (1957). 
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Fic. 10. Values of magnetic field strength at which maxima 
(circles) and minima (squares) occur in Borovik’s magneto- 
resistance data on a thin Sn single crystal, plotted against inte- 
gers i. The solid and dashed lines correspond respectively to 
momenta at the Fermi surface of 1.37X10~'* g cm sec and 
1.73X10-" g cm sec™!. The latter value corresponds to four free 
electrons per atom in Sn. 
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effect, then the discrepancy more than likely arises 
because the theory applies to a spherical Fermi surface 
(and to films rather than to wires). A more general 
theory might provide means for determining the shape 
of the Fermi surface from magneto-oscillatory size 
effects. 
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Large photoconductive effects have been observed on single crystals of ZnO at 300°K and 78°K. At 300°K 
the decay of the photoconductivity is strongly dependent on the ambient conditions, being slow in vacuum 
and fast in wet oxygen. This shows that the conductivity is associated with the surface. The effects are 
essentially independent of the dark conductivity of the crystals and cannot be accounted for by the desorp- 
tion of adsorbed oxygen. It is proposed that holes from hole electron pairs discharge lattice oxygen ions at the 
surface, producing a surface excess of zinc and an electron enrichment layer in which conduction occurs. The 
formation of this layer has been followed as a function of the total number of photons incident on the crystal. 
In the initial stages quantum efficiencies as high as 0.25 have been observed for this process. 





INTRODUCTION 


HE importance of the surface in controlling the 
semiconducting properties of zinc oxide has been 
known for many years. Studying the photoconductivity 
of evaporated films of zinc oxide, Mollwo' and his 
group in Germany found that the rate of increase of 
conductance on illumination as well as the rate of decay 
after illumination depended on the ambient oxygen 
pressure. In fact the decay in high vacuum was so slow 
that the effect could be considered irreversible. In 
addition to the “slow” irreversible effect a reversible 
“fast” component of the photoconductance was ob- 
served. In this country Miller®* and co-workers studied 
the behavior of sintered layers of zinc oxide and ob- 
served the slow effect and its dependence on the ambient 
oxygen pressure but were not able to distinguish a fast 
effect. The slow effect in both cases was attributed to 
the desorption and readsorption of oxygen. In the dark 
the adsorbed oxygen atom becomes negatively charged 
by the capture of an electron, thereby creating a 
depletion layer of low conductivity near the surface. 
The destruction of the depletion layer and the conse- 
quent increase in conductance results from the desorp- 
tion of the adsorbed oxygen layer. This may be ac- 
complished when the holes produced by light absorbed 
near the surface discharge the oxygen ions. The magni- 
tude of the changes in conductance to be expected from 
the adsorption and desorption of the oxygen layer can 
be calculated,‘ if the geometry and donor density are 
known; however, such a calculation cannot be carried 
out for sintered layers. 
Recently, in needle-like single crystals of ZnO where 
the surface-to-bulk ratio is smaller than that of sintered 
material, surface effects have been found to affect the 


1 E. Mollwo, in Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954, edited by R. G. Breckenridge 
et al. (John Wiley and Sons, Inc., New York, 1956), p. 509. 

2P. H. Miller, in Proceedings of the Conference on Photoconduc- 
tivity, Allantic City, November 4-6, 1954, edited by R. G. Brecken- 
ridge et al. (John Wiley and Sons, Inc., New York, 1956), p. 287; 
S. R. Morrison, in Advances in Catalysis (Academic Press, Inc., 
New York, 1955), Vol. 7, p. 259. 

3D. A. Melnick, J. Chem. Phys. 26, 1136 (1957). 

4G. Heiland, Z. Physik 138, 459 (1954); H. J. Krusemeyer and 
D. G. Thomas, J. Phys. Chem. Solids 4, 78 (1958). 


conductance drastically. Heiland’ has reported that 
atomic hydrogen produces a surface conductivity 
corresponding to a surface donor concentration of 
nearly 10" ions/cm*. The conductivity is known to be 
at the surface because oxygen destroys it at room 
temperature when diffusion into the bulk is negligible. 
A somewhat smaller but apparently different surface 
conductivity is produced by heating to 527°C in 5 
atmospheres of hydrogen. By exposing crystals to zinc 
vapor at a temperature at which no diffusion into the 
crystal occurred, Thomas and Lander*® showed that 
adsorbed zinc atoms act as donors at the surface, giving 
up electrons to the crystal. Surface concentrations 
approaching 10" ions/cm? were obtained. It seems 
probable that hydrogen, which gives a conductive 
surface above 250°C, reduces the crystal surface to 
give zinc atoms. It may be that atomic hydrogen reacts 
similarly at room temperature. 

Mollwo! reported that no photoconductivity could 
be detected with single crystals at room temperature, 
perhaps because the crystals were too conductive to 
allow observation of the small changes brought about 
by light. At 90°K when the crystals are normally of 
low conductivity either because the donors are no longer 
completely ionized or the electrons are trapped, Heiland’ 
observed photoconductivity. He described a fast re- 
versible effect as well as a slow permanent effect which 
was connected with the loss of oxygen. 

The work with single crystals in which the surface 
area can be defined has shown not only that the surface 
may be negatively charged due to adsorbed oxygen 
atoms acting as surface acceptors but may be positively 
charged by the action of surface donors. A negative 
charge at the surface causes the conduction band near 
the surface to bend upward away from the Fermi level 
and in an n-type semiconductor, such as ZnO, reduces 
the electron concentration. Such a region is called a 
depletion layer. On the other hand, a positive charge on 
the surface bends the conduction band down toward 
the Fermi level and for ZnO increases the electron 

5 G. Heiland, Z. Physik 148, 15 (1957); 148, 28 (1957). 

*D. G. Thomas and J. J. Lander, J. Phys. Chem. Solids 2, 318 


(1957). 
7G. Heiland, Z. Physik 142, 415 (1955). 
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concentration producing an enrichment space-charge 
layer. In the latter case the high density of states in the 
conduction band allows a high concentration of elec- 
trons in the surface layer without a prohibitively large 
voltage drop across the layer. 

In this paper we shall describe the photoconductivity 
of single crystals mostly at room temperature. It will 
be shown that the behavior is dominated by the for- 
mation of the enrichment-type space-charge layer 
arising from a photolysis of the surface of the zinc 
oxide lattice. The photolysis can occur when the holes, 
from hole-electron pairs generated by light, discharge 
surface lattice oxygen ions leaving an excess of zinc at 
the surface. The conductivity so produced is similar to 
that resulting from the adsorption of zinc atoms from 
the vapor. 

EXPERIMENTAL 


Colorless hexagonal crystals, about 0.5 cm long and 
7X 10- to 2.5X 10~ cm in diameter, were grown in this 
laboratory by the method of Scharowsky.* Out of about 
100 lots grown, the crystals in several lots had room 
temperature conductivities less than 10-* (ohm cm)~'; 
the conductivity increased only slightly on heating and 
decreased sharply on cooling. Because of their low 
conductivity these crystals were used in their original 
state, and were also used for those experiments involving 
crystals doped with interstitial zinc according to the 
technique described by Thomas.’ Crystals of extremely 
low conductivity [about 10-7 (ohm cm)-'] were 
produced by doping with lithium which, in a substi- 
tutional lattice position, acts as an acceptor. The 
crystals were doped by allowing a layer of strong 
lithium hydroxide solution to dry on the crystal surface, 
followed by heating in air to 700°C for an hour. In 
order to restore the surface sensitivity after this 
treatment, it is necessary to etch the surface for about 4 
hour in 10% HF. Contacts were made to the ends of the 
crystals by wetting with gallium and were ohmic and 
relatively noise-free. 

The crystal conductivities were measured, as shown 
in Fig. 1, by observing the voltage across the load 
resistor R; in series with the crystal and a battery. By 
shadowing the contact area and observing that the 
effect changed only by an amount to be expected from 
the fraction of the crystal shadowed, it was shown 
that the photoconductivity was not associated with the 
contacts. One end of the crystal was held in a copper 
block and the other end in a flexible wire in thermal 
but not electrical contact with the copper. The copper 
block was in a metal Dewar with two quartz windows, 
and could be cooled with liquid nitrogen. In the work 
involving temperature cycling, four contacts were made 
to the crystals which were suspended in a quartz tube, 
and a mercury arc was held nearby for a time long 
enough to give the desired conductivity level. 

8 E. Scharowsky, Z. Physik 135, 318 (1953). 

®D. G. Thomas, J. Phys. Chem. Solids (to be published). 


SURFACE EFFECTS 


Dc CHROWATOR | 1 
es ITLAt 
F l 








OSCILLO- 
| SCOPE 


[a 


> 


; U 
/ 
¢ SHUTTER 
‘ 











H 
: 
OSRAM DEWAR 
Hg arc 
HBO 200 





oc 
AMPLIFIER 





CHART 
RECORDER 











Fic. 1. Experimental apparatus used to study the 
photoconductivity of zinc oxide. 


Usually the crystals were illuminated with mono- 
chromatic light of known intensity obtained from a 
high-pressure dc Hg arc (Osram HBO 200) and a Model 
99 Perkins Elmer Monochromator. A slit width of 
5 10-* cm was used which was wider than the crystals, 
so that when the crystals were placed at an image of 
the exit slit they were completely illuminated on one 
side. As measurements were always made on a line of 
the mercury spectrum, scattered radiation of other 
wavelengths could be neglected. When necessary the 
intensity of the light was reduced by placing wire 
gauzes at a field plane in the focusing optics before the 
monochromator. The absolute energy incident on the 
sample was measured with a thermocouple which had 
been calibrated against a National Bureau of Standards 
standard lamp and is accurate to better than 50%. A 
standard photographic shutter provided a convenient 
means of obtaining variable-length light pulses and at 
the same time a synchronizing pulse for the oscilloscope. 
The results of the short pulses were photographed from 
the oscilloscope trace and longer pulses were displayed 
on a pen recorder. 

RESULTS 
Wavelength Dependence 


The first experiments determined the wavelength 
dependence of the photoconductivity at room tempera- 
ture in air. Light was chopped at 13 cycles/second and 
the signal from the crystal was detected with a phase- 
sensitive amplifier. The response decayed quite rapidly 
if the chopped light was kept on continuously and so 
experiments of short duration were made at different 
wavelengths. The results are shown in Fig. 2. The onset 
of photoconductance coincides with the onset of the 
fundamental optical absorption edge, i.e., the absorp- 
tion due to the excitation of an electron from the valence 
to the conduction band. At wavelengths between about 
0.4 and 4.0 microns (i.e., 3.1 and 0.31 ev) no response 
could be seen at room temperature; at 78°K weak re- 
sponse was noted at 1.0 micron (1.2 ev) and at 3 micron 
(0.4 ev). At 78°K the onset of the photoconductance in 
the fundamental shifted to shorter wavelengths and the 
response in the region of the absorption threshold 
showed several maxima and minima. 
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Fic. 2. Relative photoconductive response at 13 cps to short 
exposures of radiation, as a function of wavelength. 


Rise and Decay of Photoconductivity 


Light absorbed in the fundamental absorption band 
produced an effect which, in the presence of oxygen, 
decayed in the order of minutes, and therefore was not 
simply the production and decay of mobile holes and 
electrons which we may term a “fast effect.” Further- 
more, most, if not all, of the photoconductivity was 
associated with the crystal surface. The conductivity of 
crystal 242, which was 1.6X10~? cm in diameter and 
had a dark conductivity og of 5X10 (ohm cm)~, is 
plotted in Fig. 3 as a function of time in both oxygen and 
nitrogen. On illumination in nitrogen there is an increase 
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Fic. 3. The photoconductivity of ZnO single crystal 24Z in 
1 atmos of O2 and Nz at 25°C when illuminated with 170 uw/cm? 
of 3131 A radiation. Diameter of crystal=0.016 cm. Admitting 
wet O, to the system rapidly restored the initial conductivity. 
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over the initial dark conductivity of more than a factor 
of 10, and in oxygen there is a smaller increase. The de- 
pendence of the rate and magnitude of the change in 
conductivity on the ambient conditions clearly indicates 
the importance of surface effects. Further confirmation 
comes from the rapid destruction of the added con- 
ductance when wet oxygen is admitted to the system 
(breathing on the samples is very effective in this 
respect). The effect may be repeated as often as desired. 
If the crystals are illuminated in a vacuum, the rise is 
similar in magnitude to that for nitrogen and the decay 
is very slow. In pressures of about 10-* mm many hours 
are required for the current to decay to 10% of its 
original value. 


Temperature Variations of Added Conductivity 


The temperature dependence in vacuum of the con- 
ductivity produced by light for a crystal [og=2X10~ 
(ohm cm)~*] is given in Fig. 4. It should be emphasized 
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Fic. 4. Conductivity measured in the dark of crystal 24F 
(1.510 cm diameter) as a function of temperature after the 
following treatment: Curve A—no illumination; Curve B—weak 
illumination at 300°K; Curve F—strong illumination at 300°K; 
Curve C—weak illumination at 78°K; Curves D and E—stronger 
illumination at 78°K for different durations. 
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that these curves are all taken in the dark. Curve A 
shows how the dark conductivity decreases with de- 
creasing temperature. Illumination at 78°K can produce 
curves such as C, D, or E depending on how much light 
had fallen on the crystal. After illumination at 78°K 
the conductivity can be cycled reversibly between 78°K 
and 170°K, but above this point decay begins even at 
constant temperature until curve A is regained. The 
behavior is different if the crystal is illuminated at 
room temperature. Curves F and B result from illumi- 
nation at 300°K and are reversible for cycling between 
300°K and 78°K. Similar curves have been reported by 
Weiss” for sintered ZnO. 


Absence of ‘‘Fast Effect’ 


No rapid initial rise or decay of the photoconduc- 
tivity was observed in our experiments, although the 
effect was followed on an oscilloscope over a wide range 
of light intensity and length of exposure. For undoped 
crystals restored to their dark conductivity, the first 
part of the curve rises linearly with time before§be- 
coming nonlinear and approaching saturation, as shown 
in Figs. 5(a), (b), and (c); 5(a) shows the nonlinear 
rise at high intensity over a long time, 5(b) with a 
weaker light and a short pulse shows the linear region 
for part of the flash, and 5(c) with a very weak light 
and a short pulse shows the linear rise for the whole 
flash. The designation of the vertical scale in 
electrons/cm? cm will be explained below. The absence 
of a “fast” component of decay is also evident from 
these figures. The effect produced by a small number 
of photons being incident on the crystal, as in 5(c), 
does decay over a period of several seconds even in a 
high vacuum, whereas larger increases in conductivity 
decay much more slowly under these conditions. 


Buildup of Photoconductance 
The over-all buildup of the effect was measured by 
taking a series of flashes each 10 times as long as the 
previous one, allowing most of the effect to decay after 
each flash. (In vacuum the decay was not complete, 
but the effect produced by the next flash was always 
large compared to that from the last.) This was done 
for light of different intensities and under different 
ambient conditions. Figure 6 shows the results for 
crystal K—1 [oa=3X10-* (ohm cm)~'] in vacuum 
at room temperature ; the electrons produced per square 
centimeter are plotted as a function of the photon/cm? 
incident on the crystal surface. If the additional 
electrons are assumed to move in a space-charge layer 
near the illuminated surface with a mobility of 100 
cm?/v sec," the number of conduction electrons/cm? 
(N,) is related to the observed conductance change 
(Ag) by 
N,=(P/Aeu)Ag, (1) 


1H. Weiss, Z, Physik 132, 335 (1952). 
1H, J. Krusemeyer, Bull. Am. Phys. Soc. Ser. II, 3, 217 (1958). 
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Fic. 5. Room-temperature photoconductivity of crystal 24Z in 
Np at 3131 A. (a) 5.210" photons/cm® sec. Vert., 500 mv/cm 
=7.5X10" electrons/cm? cm. Horiz., 2 sec/cem. (b) 6.610" 
photons/cm? sec. Vert., 10 mv/cm=1.5X 10" electrons/cm? cm. 
Horiz., 20 msec/cm. (c) 1.65X10" photons/cm? sec. Vert., 0.1 
mv/cm= 1.5X 108 electrons/cm* cm. Horiz., 20 msec/cm. 


where /=distance between electrodes, A=area of 
sample illuminated, e=electronic charge, and 4«=mo- 
bility. A quantum efficiency (electrons per photon) of 
0.25 is observed for the initial linear region. For sample 
K—1, after about 2X10" electrons/cm? have been 
produced, the quantum efficiency steadily falls off 
until saturation is approached near 10" electrons/cm?. 
In vacuum the number of conduction electrons produced 
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Fic. 6. Number of surface conduction electrons/cm? produced as a function of integrated number of incident 
photons/cm? at various light levels for crystal K—1 [¢¢=3X10-* (ohm cm)~']. An electron mobility of 100 


cm? per volt second has been assumed in Eq. (1). 


can be seen (Fig. 6) to display reciprocity between time 
and radiation density. This experiment has been carried 
out with several crystals, with similar results. 

In oxygen a curve similar to the vacuum condition 
curve is followed below about 10" electrons/cm?. Above 
this level the curve falls below the vacuum curve and 
definite saturation values are reached. Figure 7 shows 
saturation values of the surface conductivity of crystal 
PS (¢4=6X 10 ohm™ cm) in air, for light of various 
intensities and for various wavelengths in the funda- 
mental absorption region. The conductivity produced 
by a certain photon intensity is roughly the same for 
photon energies between 3.96 and 3.40 ev. 


Illumination at Low Temperature 


As mentioned above, illumination of the crystal at 
78°K also results in an increase of conductivity which 
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Fic. 7. Saturation surface photoconductivity in air vs light 
intensitv for different wavelengths at room temperature. 


persists long after the light has been extinguished; the 
magnitude of the effect is about the same as that at 
room temperature. However, not until 10% to 10" 
photons/cm? were incident on the surface were ap- 
preciable changes apparent, after which a more normal 
increase of conductance occurred. Although the details 
of the low-temperature process are not understood, we 
believe the phenomena is essentially the same as at 
300°K. At low temperatures the crystals have a high 
resistivity, probably because of electron traps, and these 
traps would have to be filled by electrons produced by 
the light before an increase in conductance could be 
observed. The fact that the conductivity produced at low 
temperatures decays on warming will be discuss below. 


Photoconductivity of Crystals of Different 
Dark Conductivities 


Crystal 24L was doped with interstitial zinc so that 
its conductivity was raised from 0.001 to 0.1 (ohm 
cm)~'. The percentage change in conductance produced 
by light is now much smaller but it is still subject to the 
effects of oxygen. After the interstitial zinc is removed 
and the sample is given a light etch, the behavior of 
the untreated crystal is restored. Although the measure- 
ments do not go to very low values of surface conduction 
electron concentration because of the difficulty of ob- 
servation on the doped crystal, Fig. 8 shows the result 
with the crystal in three conditions. The lack of de- 
pendence of the surface effect on the bulk conductivity 
is clearly seen. 

Crystals doped with substitutional lithium have low 
conductivities and as a result the photoconductivity 
is a large percentage effect. That the presence of the 
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lithium does not limit the over-all conductivity increase 
which may be observed, provided the surface has been 
etched after doping. Figure 9 shows the buildup of 
photoconductivity for crystal 23Z after doping with 
lithium. No region of constant quantum efficiency is 
observed and the initial quantum efficiency is rather 
low, about 0.015. This curve again illustrates the 
reciprocity, particularly in vacuum, between time of 
exposure and intensity of light. Except at the highest 
levels of surface conductance, the same total number 
of photons produces the same effect independent of the 
rate of arrival of photons. As usual the rate of decay is 
strongly dependent on the ambient conditions, and 
wet oxygen can cause an almost instantaneous decrease 
of apparent crystal conductivity by at least a factor 
of 10%. 

A close study of the decay rate has not been made. 
It depends on the pressure of the surrounding oxygen 
and the humidity, and if these factors are held constant 
it is still not a simple function of the excess photo- 
conductivity but depends on the history of the sample. 
The rate appears to be greater for freshly etched 
surfaces than for aged surfaces. 

The results which we have quoted are quite re- 
producible and are very similar from one crystal to 
another whether the crystal is doped or undoped, of 
high or low resistivity. However, certain treatments do 
affect the surface and thereby reduce or alter the 
photoconductive effect. For example, after the inter- 
stitial zinc is removed from a doped crystal by heating 
at 500-600°C in air for a few minutes, the surface is not 
very sensitive to light. Etching the sample for a minute 
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Fic. 9. Number of 
surface conduction 
electrons/cm*? _pro- 
duced as a function 
of integrated number 
of incident photons/ 
cm? on a _ crystal 
doped with substi- 
tutional Li to reduce 
the dark conduc- 
tivity to 10-7 (ohm 
cm), Electron mo- 
bility was assumed 
to be 100 cm?*/volt 
sec. 
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Fic. 8. Number of surface conduction electrons/cm? produced 
as a function of integrated number of incident photons/cm? for a 
single crystal in three conditions of doping: as grown [oa=1X 10-3 
(ohm cm)], doped with interstitial zinc [oq=2X107 (ohm 
cm) ], and after removal of the interstitial zinc [oz=6X 10 


(ohm cm)~]. 


in dilute nitric acid restores the “normal” behavior. 
As much as 0.001 in. has been etched off crystals and 
the surface effects persist. 


DISCUSSION 


It is believed that the largest contribution to the 
photoconductivity just described arises from the 
formation of an enrichment-type space-charge layer 
with donor atoms at the surface, rather than the 
destruction of a depletion layer by light as has often 
been supposed in the past. The following example shows 
that the changes in conductance predicted by the 
depletion-layer model are too small to account for the 
present observations. Under illumination, crystals with 


0 4.5x10'3 PHOTONS/CM2@ SEC 
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a diameter of 2X10~? cm can acquire an apparent 
additional conductivity of approximately 0.01 (ohm 
cm)~'. Figure 3 shows such a case, and shows too that 
in the dark the crystal conductivity is at least 10 times 
less than 0.01 (ohm cm)-~". For the case in which the 
surface is more than 2(k7/e) volts negative with 
respect to the center of the crystal and all the bulk 
donors are ionized, Krusemeyer and Thomas‘ have 
given the formula in the mks system of units for the 
negative-charge concentration at the surface, m™ 


I[Ke- ®, )-1] per meter’, (2) 


2kTn.. €€o 
seize 


where (@)—®,,) is the voltage drop across the space 
charge layer, n,~ is the electron concentration in the 
crystal far from the surface, ¢ is the dielectric constant 
of ZnO which is 8.5," and ¢€ is the permittivity of free 
space. A crystal with bulk conductivity of 0.01 (ohm 
cm) has ,~=3.4X10"/cc, for a bulk mobility of 
180 cm?/v sec. For a cyliridrical crystal of radius r 
cm, a reasonable limiting value of the ratio 


Total number of charges on surface, V, 2m- (3) 
—=—— (3 


Total number of charges in bulk, Ng rm,.~ 





and of m~ can be calculated since the voltage drop 
across the space-charge layer is not likely to be greater 
than about 20k7T/e (0.5 volt at room temperature). 
Substituting this value into (2) gives a maximum value 
of m-=4X10" cm™, and for Eq. (3) a maximum 
value of 

N, 2x4xX 10" 


Ng 10-°X3.4X10" 


An absorbed oxygen layer could therefore affect the 
conductance by only 2%. Since for crystal 24Z the con- 
ductance can be changed by a factor of 10, the destruc- 
tion of a depletion layer contributes but little to the 
photoconductance. 

The dark conductivity of crystal K—1 in vacuum 
indicates a value of m,- near 1X10" cm™*, corre- 
sponding to a reasonable maximum value of m~ of 
2.2X10" cm-. It is interesting to notice in Fig. 6 
that the quantum efficiency starts to decrease at about 
this value of surface conduction electron concentration, 
indicating that the quantum efficiency remains con- 
stant and quite high when the surface is negative, but 
decreases when the surface becomes positive. This con- 
clusion is consistent with the fact that the lithium-doped 
crystals, which have a very low n,~ value, show no 
region of constant quantum efficiency since these crys- 
tals would have a concentration of adsorbed negatively 
charged oxygen ions less than 10° cm~. 

The removal of a depletion layer could account for 
the effects if all the donors in the crystal were concen- 


2 A. R. Hutson, Phys. Rev. 108, 222 (1957). 
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trated very close to the surface (see Heiland‘), but 
etched crystals which show the full effects demonstrate 
that this explanation cannot be correct. Indeed the 
surface sensitivity of crystals doped with interstitial 
zinc on the one hand, and lithium on the other, shows 
that the effect is essentially independent of the donor 
concentration. It is unlikely that any adsorbed im- 
purities could provide electrons for the enrichment layer 
and so the positive charges balancing the electrons must 
be associated with lattice atoms at the surface. 

The model proposed is that the holes from hole- 
electron pairs produced by the light diffuse to the surface 
and are trapped on oxygen ions. Initially the adsorbed 
ions are neutralized and later the holes are trapped on 
surface lattice oxygen ions. As long as the adsorbed 
oxygen atoms are ionized, the surface of the crystal 
will be negative and will provide an attractive potential 
resulting in a high and constant quantum efficiency. 
After a sufficient number of positive holes have reached 
the surface to neutralize the adsorbed ions, e.g., when 
sample K—1 (Fig. 6) has about 2X10" ions/cm’, 
further diffusion will take place against a positive 
potential barrier. The height of the barrier increases 
with the number of trapped holes and eventually 
prevents the diffusion of holes to the surface. When an 
oxygen ion is discharged by the capture of a hole it may 
be thermally desorbed producing, in the case of the 
lattice oxygen ions, a surface excess of zinc atoms to 
act as donors. For decay to occur, it is now necessary 
that oxygen readsorption take place. It is perhaps 
surprising that even in one atmosphere of oxygen the 
readsorption is not very rapid, but the rate determining 
step may be the break-up of an oxygen molecule, 
requiring a considerable activation energy. Water may 
accelerate the rate either by acting as a catalyst or by 
reacting directly with the excess zinc. 

The decomposition of a crystal by the action of light 
absorbed in the fundamental band is an example of 
photolysis and is well known for other materials. In 
the photographic process the photolysis of AgBr results 
in the formation of the latent image and the evolution 
of bromine with quantum efficiencies near unity." Since 
no space charge is formed in AgBr, the process proceeds 
indefinitely. Similarly the formation of visible quantities 
of metal by photolysis has been reported’® for CdS and 
ZnS. 

At 78°K the results are very similar to those produced 
at room temperature and the same model should apply. 
However, the experiments showed that the extra 
conductivity produced by light decayed on warming 
near 170°K, suggesting that at 78°K the surface oxygen 
lattice ions which trap holes are not evolved as free gas 
atoms but remain on the surface. Near 170°K the re- 


WR, dj "WR. J. Collins and D. G. Thomas, Bull. Am. Phys. Soc. Ser. IT, 
2, 271 (1957). 

4G. W. Luckey, J. Chem. Phys. 23, 882 (1955). 

18 W. J. Merz, Helv. Phys. Acta 30, 244 (1957). 
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lease of the trapped holes or the capture of free electrons 
may begin to occur at an appreciable rate. 

The supposition that excess zinc is produced at the 
surface is supported by the observations of Thomas 
and Lander® on the conductivity of crystals with zinc 
adsorbed on their surfaces. Those curves in Fig. 4 
which arose from illumination at room temperature 
are very similar in magnitude and shape to curves 
obtained by adsorbing different amounts of zinc onto 
ZnO crystals. 

The surface lattice oxygen ions which trap holes 
may be regarded as donor surface states having a high 
density which lie in the forbidden gap above the top of 
the valence band. Since holes approaching the surface 
are destroyed by electrons from these donor states, it 
will be difficult to observe a p-type layer in a field-effect 
experiment. 

It is unlikely that the value of 100 cm*/v sec assumed 
for the surface mobility is the precise value or that it 
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remains unchanged as the surface charge changes. 
Field-effect experiments now in progress," are necessary 
to complete the interpretaticn of the present results. 
Nevertheless the mobility figure assumed cannot be in 
great error for the value cannot exceed the bulk value 
of 180 cm?/v sec, and if it were less than 20 cm?/v sec 
a quantum efficiency greater than unity would be 
observed for the initial portion of the photoconductive 
rise. From the magnitude of the quantum efficiency 
and the absorption coefficient measured by Mollwo,! 
one can see that the diffusion length of holes must be 
> 500 A. 
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Magnetic Anisotropy Constant of Yttrium Iron Garnet at 0°K* 


B. R. Coorert 
Department of Physics, University of California, Berkeley, California 
(Received June 30, 1958) 


The anisotropy energy of yttrium iron garnet is separated into two parts, the normal part predominant at 
high temperatures, and the anomalous part important below 50°K. By comparison with ferrite data, the 
cause of the normal anisotropy is expected to be the coupling of the Fe** ions to the crystalline field. The 
following expression for Ky, the first-order anisotropy constant, as a function of the fine structure coupling 
constants da (tetrahedral sites) and a). (octahedral sites) is obtained: K,/unit cell= —46.6a2,—13.6ai¢. 


HE magnetocrystalline anisotropy of yttrium iron 
garnet (YIG) has unusual characteristics at low 
temperatures (below 50°K).!:? Dillon gives a graph for 
K,/M, as a function of temperature. We have dis- 
tinguished between two contributions to this curve: a 
normal part which predominates at high temperatures 
and an anomalous part which first appears at about 
125°K. An attempt has been made to explain the normal 
contribution to K, by considering its value at 0°K. This 
value is —0.23 cm™! per unit cell (found by extrapola- 
tion from high-temperature data). 

Several sources of the magnetic anisotropy energy 
have been discussed for antiferromagnetic and ferri- 
magnetic substances.*-> The relative importance of 

* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

t National Science Foundation Predoctoral Fellow. 

1 J. F. Dillon, Jr., Phys. Rev. 105, 759 (1957). 

2M. H. Seavey, Jr., Lincoln Laboratory Progress Report, 
November 1, 1957 (unpublished). 


3 Nagamiya, Yosida, and Kubo, in Advances in Physics, edited 
by N. F. Mott (Taylor and Francis, Ltd., London, 1955), Vol. 4, 
1 


p. 1. 
*K. Yosida and M. Tachiki, Progr. Theoret. Phys. (Japan) 17, 
331 (1957). 
5 W. P. Wolf, Phys. Rev. 108, 1152 (1957). 


these sources for YIG has been judged by comparison 
with the results obtained by Yosida and Tachiki for 
Mn- and Ni-ferrites.* Just as for ferrites, the contribu- 
tion of the classical dipolar interaction to the anisotropy 
vanishes identically because of the cubic symmetry of 
the crystal and spin lattice. The contribution from 
second-order dipole interaction is found to be only 10 
to 15% of the experimental anisotropy energy for the 
ferrite case. The same is expected for YIG. For YIG, the 
contribution from anisotropic exchange interaction will 
be negligible because the orbital moment is zero in the 
ground state of Fe**. The contribution from noncubic 
terms in the spin Hamiltonian, suggested by Wolf, is 
also negligible. It is therefore expected that the largest 
contribution to the anisotropy energy for YIG, as for 
ferrites, will come from the cubic crystalline field 
anisotropy. The author has estimated the anisotropy 
constant at T7=0 from this source. 

The Fe** ions are located at the centers of two types 
of coordination polyhedra of oxygen ions*®; octahedra 
[16(a)] and tetrahedra [24(d)]. The anisotropy is 
caused by the interaction of the Fe** ions with the 


*S. Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30 (1957). 
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Fic. 1. Possible values of ai¢ and ax, for Ky= —0.23 cm™/unit cell. 


crystalline field at these sites. The polyhedra are not 
quite regular, but the noncubic components average to 
cubic form or to zero. The principal axes of the cubic 
crystalline field for the octahedra lie in the directions of 
the body diagonals, while for the tetrahedra the axes lie 
in the directions of the lines joining the center of the 
tetrahedron with the midpoints of the edges. 

The cubic spin Hamiltonian of Fe** ions is represented 
by 3a(SA+S,‘+-S,4). Where the spin has directional 
COsines , M2, m3 referred to the cubic axes of the 
crystalline field, the result for the anisotropic part of the 
average value of the spin Hamiltonian at 0°K is 


(H)= $aS(S— 3) (S— 1)(S— 3) (m+n + ns‘). (1) 


The anisotropy energy is found in terms of the 
coupling coefficients dy (octahedral sites) and ay 
(tetrahedral sites) by summing (1) over all Fe** sites in 
the unit cell. The direction cosines with respect to the 
crystal field axes are obtained in terms of the direction 
cosines with respect to the cell axes from the lattice 
configuration. We obtain the following expression for 


68 4), m2, and m; for each Fe** site can be found in terms of the 
directional cosines of the spin with respect to the primative cell 
axes (a1,a2,a3) by a rotational transformation of the usual sort 
once the directional cosines of the crystal field axes with respect to 
the cell axes are known. These are easily obtained since the space 

roup of the crystal is known. The resultant anisotropy energy 
E,,) from the summation is 


Ean= [(5/4)(18.6)ae4+ (5/4) (5.4)ai¢ }(a1*+-a2'+<a3'), 
where the value S=$ has been used. 
The usual expression for En» is 


Ean= Fat tas tas). 


(1a) 


(1b) 


the anisotropy constant: 
K,/unit cell= — 46.6a%— 13.644. (2) 


The value of the oxygen parameters and room tempera- 
ture lattice constant found by Geller and Gilleo® have 
been used. The result (2) shows that, in the averaging 
process, the coefficient of a5 is reduced relatively more 
than that of aa. (If all the axes were parallel, the ratio 
of the coefficient of aa to that of ai. would be 3.) 

The possible values of a5 and ay for the experimental 
value K,;= —0.23 cm~/unit cell at 0°K are shown in 
Fig. 1. In order to determine ay, and ay separately, one 
more relation between them is needed besides (2). For 
it, the experimental value of K, at finite temperatures 
can be used; or, we can better determine each of two 
values of a separately by fitting the calculated K, versus 
temperature curve to the experimental curve. The 
values of a determined by this method for two samples 
of Mg-Fe-ferrite by Folen and Rado’ are as follows: 


Octahedral site 
ap=0.0232 cm™ 
ag=0.0250 cm 


Tetrahedral site 
a4= —0.0092 cm 
64= —0.0135 cm™ 


Sample I 
Sample IT 


a4 and az are the coupling constants corresponding to 
dy and dy, respectively. If we tentatively assume 
ay~2.4X10-? cm in (2), then we obtain a4~—0.2 
<10-? cm™. Considering the values for Ni- and Mn- 
ferrites estimated by Yosida and Tachiki‘ and also the 
value of ag for Fe** in MgO obtained by Low,' these 
values including signs are quite reasonable. 

No explanation is offered here for the anomalous 
anisotropy at low temperatures. This can be expected 
to arise from higher order effects. From the theoretical 
point of view this part of the anisotropy would decrease 
more rapidly with temperature. It is therefore quite 
natural for this effect to become appreciable at low 
temperature, but it is difficult to see why the anomalous 
anisotropy is of the order of magnitude observed. 
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Low-Temperature Transition of Magnetic Anisotropy in Nickel-Iron Ferrite* 


NorMAN Menyvukt AND Kirsy Dwicutt 
Lincoln Laboratory, Massachusetts Institute of Technology, cexington, Massachusetts 
(Received June 25, 1958) 


A study of the magnetic properties of single crystal samples of nickel-iron ferrite with composition 
Fe;.o0* + Nio 79+ Feo, 367 Feo 90** ]O4 has revealed an abrupt transition in the magnetic anisotropy character- 
istics at 10°K. Above this temperature the anisotropy energy is small and has cubic symmetry; below 10°K 
the anisotropy energy increases rapidly with decreasing temperature and contains a uniaxial annealing 
term in addition to the cubic terms. The uniaxial term is of the form 2; «26,2, where a; and f; are the direction 
cosines of the magnetization at the measuring temperature and at the annealing temperature, respectively. 
The observed characteristics of this material below the transition cannot be explained on the basis of 
long-range order. A model is proposed which assumes the excess cations of the sample to be located at 
normally vacant octahedral lattice sites. The theory of magnetic anneal introduced by Taniguchi and 
Yamamoto, and independently by Néel, is then applied to this model. The resulting predictions are in 


accord with our experimental findings. 


I. INTRODUCTION 


N the basis of a study of the domain wall motion 

in a single crystal of nickel-iron ferrite, Galt! 
proposed the existence of a loss mechanism arising 
from a relaxation associated with the rearrangement of 
valence electrons on iron ions as the direction of 
magnetization changes. Using this model, Yager, Galt, 
and Merritt? were able to explain the large difference 
between the ferromagnetic resonance characteristics 
of nickel ferrite and nickel-iron ferrite in the tempera- 
ture interval from 85°K to 380°K. Magnetic anisotropy 
determinations were made in this temperature range 
and at 4.2°K. The anisotropy measurement at 4.2°K 
gave an anomalously large value of K,, which could 
not be explained by the electron relaxation model. 
This led Yager, Galt, and Merritt to the conclusion 
that another mechanism must be operating between 
4.2°K and 85°K. Other magnetic measurements on 
nickel-iron ferrites have been restricted to the tempera- 
ture region at and above liquid nitrogen.* 

In this paper we present the results of a study of 
some magnetic properties of nickel-iron ferrite in the 
temperature region below liquid nitrogen. Our measure- 
ments on a single crystal reveal the existence of a 
transition at 10°K. This transition is distinguished by 
a marked change in the magnetic anisotropy character- 
istics of the material. Above 10°K the anisotropy 
energy has cubic symmetry, is small, and is fairly 
constant to 40°K. Below the transition point the 
anisotropy energy increases rapidly with decreasing 
temperature, and its symmetry is strongly dependent 
upon the direction of the crystal axes with respect to 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massachusetts 
Institute of Technology. 

t Staff Members, Lincoln Laboratory, Massachusetts Institute 
of Technology, Lexington, Massachusetts. 

1 J. K. Galt, Bell System Tech. J. 33, 1023 (1954). 

2 Yager, Galt, and Merritt, Phys. Rev. 99, 1203 (1955). 

* Bozorth, Tilden, and Williams, Phys. Rev. 99, 1788 (1955). 

‘Bozorth, Cetlin, Galt, Merritt, and Yager, Phys. Rev. 99, 
1898 (1955). 


the external magnetic field upon cooling through the 
transition. 

The nickel-iron ferrite crystal in which this effect was 
observed was grown by G. W. Clark at the Linde Air 
Products Company using a flame fusion method. 
Portions of the original crystal were analyzed chemically 
by D. G. Wickham of the Lincoln Laboratories for 
total nickel content, total iron content, and ferrous 
iron content. On the basis of his analysis, the chemical 
composition was found to be 


Fey 0° LNio.79?* Feo. 36°* Feo.90°* JOu. 


This compositional formula accounts for slightly less 
than 99°% of the crystal mass analyzed, indicating the 
presence of over one percent impurities.° 

The portions of the crystal on which the analysis was 
performed were taken from various regions surrounding 
the samples used for magnetic measurements. Since 
our measurements indicate compositional inhomo- 
geneity of the sample, the above result must be con- 
sidered the average composition of the entire crystal. 
However, three independent determinations of the total 
nickel and total iron content, taken from different parts 
of the crystal, were internally consistent to within one 
percent. Therefore, any compositional variations are 
apparently due to a change in the ratio of ferrous to 
ferric ions present in the sample. 

In this paper, after describing the experimental 
procedures and techniques used for measuring magnet- 
ization and magnetic anisotropy as functions of temper- 
ature, we present the results of our measurements. 
These include the form of the anisotropy energy below 
the transition, the variation of the anisotropy constants 
with temperature below and above the transition, the 
variation of electrical resistivity with temperature, and 
the saturation magnetization at 4.2°K. Finally, on the 
basis of existing theories of magnetic annealing, we 
arrive at a model which explains our results. 


5 An additional analysis, sensitive to 2 parts in 10 000, failed 
to detect the presence of any cobalt. 


397 





MENYUK 


(001) DISK (110) DISK 


too) 





ci 


(010) fi103 
CHO) cia 
000) 

Fic. 1. Orientation of the (001)- and (110)-faced disk samples 
relative to the original crystal. The principal directions in the 
plane of each sample are shown, and both planes are seen to 
share a common [110] direction. 


Il. EXPERIMENTAL PROCEDURES AND 
TECHNIQUES 


All the magnetic measurements reported in this 
article were taken on disk-shaped slices cut from the 
same single crystal. Both (110)-faced disks and (001)- 
faced disks were used. As shown in Fig. 1, the (110) 
and (001) faces can be considered as part of the same 
crystal, sharing a common face-diagonal direction 
[110]. Therefore, the use of both samples permitted 
us to make a three dimensional study of the crystal 
properties. 

A vibrating-coil magnetometer was used for magnet- 
ization and magnetic anisotropy measurements. This 
type of magnetometer was first developed by Smith, 
and the improved version used in our experiments was 
reported by Dwight, Menyuk, and Smith.’ The 
vibrating-coil magnetometer measures the magnetiza- 
tion of a sample in an external field by converting the 
dipole field of the sample into an ac electrical signal. 
This conversion is effected by vibrating a pickup coil 
along the dipole axis. The induced signal, which is 
proportional to the sample magnetization, is amplified 
and measured on the Y axis of a Moseley X — ¥ recorder. 
The vibrating coil is sufficiently removed from the 
sample to permit the presence of a Dewar and other 
equipment for controlling and measuring the tempera- 
ture of the sample. 

The techniques used for making magnetic measure- 
ments are illustrated in Fig. 2. The sample holder is 
held in a metal tube which is rigidly fastened inside the 
Dewar. This tube can be evacuated or filled with helium 
gas to change the rate of heat transfer of the sample 
environment. The sample holder itself contains a 
heating coil and a carbon thermometer as well as the 
sample. The sample is rotated in the magnetic field by 
rotating the Dewar, and the positions of the principal 
directions are determined magnetically with an accu- 
racy of +3° by means of a dial attached to the Dewar. 

When making magnetic anisotropy measurements, 
the magnetic field is varied by applying a continuously 


6D. O. Smith, Rev. Sci. Instr. 27, 261 (1956). 
7 Dwight, Menyuk, and Smith, J. Appl. Phys. 29, 491 (1958). 
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variable sweep input to the power supply of the magnet. 
The magnetic field strength is measured by a Dyna- 
Empire gaussmeter operating on the Hall-effect princi- 
ple, and its value is plotted on the X axis of the X —Y 
recorder. Thus, for a known crystal orientation, the 
curve of magnetization versus magnetic field is plotted 
directly on a sheet of 11-in. by 17-in. graph paper. A 
number of such curves, each corresponding to a different 
crystal orientation relative to the external field, can be 
plotted on a single sheet. The area between these 
curves, expressed in energy units, is just the difference 
in anisotropy energy between the corresponding crystal- 
line directions. These energy differences can be related 
to the anisotropy constants of the material by standard 
techniques, as discussed by Bozorth.* 

The noise level of the magnetometer is negligible in 
comparison with the signal level of the nickel-iron 
ferrite sample. However, errors are introduced by the 
line width of the ink; by the process of measuring area 
with a planimeter; and by slight misorientation of the 
sample during annealing, which leads to a uniaxial 
anisotropy term differing from the calculated value. 
The resultant error is of the order of +2°% in the value 
of the first order anisotropy constant KA, in the case of 
cubic symmetry. However, in cases where the ani- 
sotropy constant must be determined by a subtraction 
of large numbers to obtain a small difference, large 
errors can result. Because of this, our experimental 
values of the second order anisotropy constant K» are 
of limited validity. 

The resistance measurement was made on a bar 
sample 5 mmX3 mmX2 mm, cut from a (110)-faced 
slice of the same crystal, with the long dimension (the 
direction of the electric field) along the [001] axis of 
the crystal. The resistance was measured using a four- 
terminal method. The terminals were obtained by 
soldering pure indium directly to the crystal using 
ultrasonic techniques. The wires were then soldered 
directly to the indium, using a low-temperature solder. 
The contact resistance obtained by this method is 
small, being less than 1 ohm at room temperature. The 
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Fic. 2. Experimental assembly. 


8 R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), p. 563. 
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Fic. 3. Magnetization curves taken along the [111] (solid line), [110] (dotted line), and [001] (dashed line) directions. Curves (a), 
(b), and (c) were taken at 4.2°K after cooling through transition temperature with the external field in the indicated directions. Similar 


curves, taken above the transition temperature, are shown in (d). 


current through the sample was measured directly on a 
Keithley micromicroammeter capable of reading down 
to 0.8 micromicroamp for full scale deflection. The 
potential drop across the voltage terminals was obtained 
from a bridge circuit which utilized a Keithley elec- 
trometer as a null detector. This electrometer has a 
sensitivity of 8.0 mv full scale with an input impedance 
greater than 10'* ohms. Measurements of sample 
resistance above 10" ohms were impractical with the 
circuit used because of the long RC time constants. 


III. EXPERIMENTAL RESULTS 


Initial determinations of the anisotropy constants of 
the nickel-iron ferrite as functions of temperature were 
carried out from 500°K to 77°K on a (110)-faced disk. 
The first order anisotropy constant is negative through- 
out this temperature region, in the state of the sample 
investigated at low temperatures,’ and has a maximum 
absolute value at about 200°K. Below 200°K the 
absolute value of K, falls steadily, and reaches about 
half the maximum value at 77°K. These results are at 

®K. Dwight and N. Menyuk, Bull. Am. Phys. Soc. Ser. II, 3, 
41 (1958). 


variance with those reported by Yager ef al.,? who 
obtained a slowly increasing absolute value of K, with 
decreasing temperature in this region. However, this 
apparent discrepancy may in part be due to the fact 


that their measurements were made at microwave 
frequencies, while our determinations of the anisotropy 
were based on static measurements. Bozorth et al.! 
found that, although the magnetocrystalline anisotropy 
of nickel-iron ferrite is virtually independent of fre- 
quency at room temperature, at 77°K the value of K, 
determined by a microwave resonance experiment is 
almost twice as great as the static value of K. 

As noted previously, Yager ef a/. obtained an anoma- 
lously large negative value of K, at 4.2°K. We also 
observed this effect. However, since we had observed a 
decreasing | K,| from 200°K to 77°K, ours was a more 
striking result as it indicated a marked change in the 
anisotropy characteristics of nickel-iron ferrite between 
77°K and 4.2°K. 

Our initial investigations below 77°K were carried 
out on the same (110)-faced disk and showed the 
existence of an abrupt transition of the anisotropy 
energy at 10°K. Above this temperature, the anisotropy 
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energy is small and cubic; below 10°K, the absolute 
values of the anisotropy constants increase rapidly 
with decreasing temperature and the anisotropy energy 
symmetry is strongly dependent upon the direction of 
the crystal axes relative to the magnetic field on cooling 
through the transition. Figure 3 shows typical magnet- 
ization curves taken at 4.2°K along the principal 
crystal directions after magnetically annealing along 
each of these directions. In addition, a similar set of 
magnetization curves, taken above the transition point, 
is shown for comparison. 


A. Low-Temperature Symmetry 


In order to study the general symmetry properties 
of the (110)-faced disk at 4.2°K, its relative magnet- 
ization was measured as a function of orientation in a 
fixed field. The field value [H™ in Fig. 3 (a)] was 
chosen to maximize the variation of magnetization; 
and measurements were made at 5-degree intervals over 
180 degrees after magnetically annealing at 10°K along 
the [001 ], [110], [111] directions, and at an angle of 
20° from the [001] axis. The resulting curves of 
magnetization vs orientation do not give the anisotropy 
energy as a function of orientation. However, since the 
magnetization and anisotropy energy are qualitatively 
related (e.g., a larger magnetization in a given direction 
corresponds to an energetically “easier” direction), 
this measurement permits a rapid determination of the 
easy and hard magnetization directions, and of the 
relative hardness of different orientations. Our results 
indicated that the anisotropy energy of the crystal was 
symmetric about the [001] axis independent of the 
anneal direction. In addition, since a [111] anneal led 
to easiest, hardest, and intermediate_magnetization 
extrema along the [111], [001], and [110] directions, 
respectively; we were able to infer that this anneal 
direction retains the cubic symmetry of the anisotropy 
energy. For an anneal in any other direction, cubic 
symmetry was not maintained and the easiest magnet- 
ization direction lay between the [111] and the anneal 
direction. Such properties can be described by an 
anisotropy energy expression of the form 


E,=E.+ Exu= E.— K¢ (Baz, (1) 


where E, represents the cubic contribution to the 
anisotropy energy, Ey. is the uniaxial contribution, 
and a; is the direction cosine of the magnetization 
relative to the [001] axis. K,’(8;) is a constant for a 
given annealing direction, but is dependent upon this 
direction; and 8; are the direction cosines of the 
annealing direction relative to the crystal axes. The 
negative sign is chosen for convenience. 

We inferred from fixed field measurements that the 
magnetic energy of the crystal retained cubic symmetry 
after a low-temperature anneal along a [111] direction. 
In this case, K,'([111])=0, and Z,=E., where the 
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cubic anisotropy £, is usually expressed by 
F..= Kot+ Ky (aya? +0273? +-03°a;") + K o(ay7ar2*ev3”). (2) 


A careful measurement of the magnetic anisotropy 
energy symmetry at 4.2°K was made after a [111] 
anneal by measuring the energy differences between 
magnetization curves in the [001] direction and at 
successive intervals of 10 degrees. The variation of 
anisotropy energy with the angle (@;) of the magnet- 
ization direction from the [001 ] showed” that the low- 
temperature anisotropy energy is indeed cubic for a 
[111] anneal. 

An (001)-faced disk was used to determine the 
functional dependence of K,'(8;) on anneal direction. 
The (001)-faced disk is particularly suited for such a 
measurement, since it contains both a [100] and an 
[010] direction. This permits us to determine the 
contribution of the anneal term to the anisotropy 
energy independently of the cubic contribution by 
measuring the energy differences between magnetization 
curves in the [100] and [010] directions for various 
anneal directions. In this case the cubic anisotropy 
contribution is zero, so the energy difference is entirely 
due to the 10°K magnetic anneal. The annealing angles 
¢ were taken relative to the [100] direction (in general, 
8;=cos@;), and measurements were taken every 5 
degrees from the [100 ] to ¢;= 60°. These measurements 
were made at 4.2°K. After each measurement, the 
sample was heated to 13°K with the sample rotated to 
the desired annealing direction for the next measure- 
ment. The sample was maintained at 13°K for 30 
seconds, the heat was removed, and the temperature 
quickly returned to 4.2°K. The entire cycle took less 
than two minutes, and the time spent going down in 
temperature through 10°K was obviously extremely 
short. However, our results indicate that the relaxation 
time of the annealing process is sufficiently short to 
permit such a procedure. 
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Fic, 4. The experimental dependence of the effective uniaxial 
anisotropy constant upon the angle of magnetic anneal is com- 
pared with a cos2¢ relationship. The first order anisotropy 
constant is seen to be independent of the annealing angle. All 
measurements were taken on an (001) disk at 4.2°K. 


© At intermediate angles it is necessary to correct for the non- 
alignment of the magnetization with the external field. 
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The experimental results obtained for K,'(8;) vs ¢1 
are shown in Fig. 4. If we assume a uniaxial term of the 
same form as in Eq. (1) but relative to [100], namely 
Exu= —K. (B;)a;*, we see our results in the (001) plane 
can be fitted closely to the curve 


K.'(8;)=K’ cos2q,, (3) 


with K’=175M, ergs/cc. The small departure of the 
experimental results from Eq. (3) can be explained by 
the existence of higher order uniaxial terms. However, 
the contribution of these terms is apparently small, and 
is neglected in the remainder of this paper. 

In addition to measurements along the [100] and 
[010 } directions, a magnetization curve was taken along 
the [110] for each anneal direction. It can easily be 
shown that the total anisotropy energy E, between the 
curves taken in the [100] and [110] directions is related 
to the first order cubic anisotropy constant by the equa- 
tion —K,=4(E,—4K’ cos2¢;). The value of K, ob- 
tained using this equation for the different annealing 
directions are also shown in Fig. 4. Since the deter- 
mination of K, involves the subtraction of areas, this 
measurement is less accurate than that of K’. However, 
Fig. 4 shows that within the accuracy of measurement, 
K, is constant and independent of the annealing 
direction. This constancy of K, after subtraction of the 
varying anneal-dependent term represents strong sup- 
port for the efficacy of Eqs. (1) and (3). 

Any general 3-dimensional expression used to de- 
scribe the anisotropy energy must be consistent with 
Eqs. (1) and (3). In addition, it must lead to a vanishing 
noncubic contribution for an anneal along a [111] 
direction in a (110)-faced disk. The equation which 
fulfills all these requirements is: 


E,=E,.—K' ¥ ag6?. (4) 


For the special case of measurements in the (110) 
and (001) planes, Eq. (4) reduces to the forms shown in 
Table I. Terms which are independent of a; do not 
contribute to the energy difference of magnetization 
curves taken in different directions. They merely serve 
to change the zero energy level and are included in the 
Ko term of the cubic anisotropy contribution. 


B. Temperature Dependence 


Further verification of Eq. (4) was obtained on the 
(110)-faced disk by measuring the energy between 
magnetization curves in the [110] and [001 ] directions 


TABLE I. Special forms of anisotropy energy as functions of 
annealing and magnetization directions o given by Eq. (4)] for 
sample planes. 








Anisotropy energy 


E.= ene cos*¢;) — 1] cos; 
Ex= E.—{K' cos2¢, ] cos; 
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Fic. 5. Apparent first order anisotropy constants as functions 
of temperature after magnetic anneals along the [001], [110] 
and [111] axes. The value of Kia/M, obtained after a [111] 
anneal is compared with the value of K,/M, calculated from the 
experimental values of K,4/M, after anneals in the [001] and 
[110] directions using Eq. (5). 


after annealing along each of the three principal 
directions. The resultant energy is expressed as an 
apparent first-order anisotropy constant K,4, where 
K,,=K, only in the special case of cubic symmetry. 
According to Eq. (4) for measurements in the (110) 
plane, Ki, is related to K, and K’ for the various 
annealing directions by the equations: 
(H parallel to [111]): Kius=Ky,, (5a) 
(Sb) 


(5c) 


(H parallel to [110]): Kia=Ki—2K’, 


(H parallel to [001 ]): Kis=K,+4K’. 

The experimental values of K,4 obtained after anneal- 
ing along each principal direction are shown in Fig. 5 
as functions of temperature from the transition point 
to 4.2°K. The values of K; obtained from Eqs. (5b) 
and (5c) are indicated by the solid line. These results 
agree with experimental values taken after annealing 
along the [111], in accord with the prediction of Eq. 
(5a). The difference in the numerical values of K, 
obtained in the (001)- and (110)-faced disks is probably 
attributable to compositional variations between them. 

The values of K,; and K’ are shown as functions of 
temperature in Fig. 6. Above 10°K the anisotropy 
energy is cubic, so K’=0. In addition, determinations 
were made of the second order anisotropy constant Ko. 
Since the latter measurement involves the subtraction 
of two large numbers to obtain a relatively small 
difference, our results contained large errors. The curve 
of Kz vs T shown in Fig. 6 must therefore be considered 
approximate. 


C. Resistivity 


An attempt was made to observe possible electron 
ordering by measuring the electrical resistance of a bar 
sample cut from the same original crystal as our disk 
samples. The resulting curve of resistivity versus 
temperature is shown in Fig. 7. The large ferrous ion 
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Fic. 6. Temperature variation of first and second order cubic 
anisotropy constants and of first order uniaxial anisotropy 
constant. 


content gives rise to the low-resistance values observed 
at room temperature. The curve of logp versus the 
inverse temperature is linear, in general accord with 
semiconductor theory. However, there are two breaks 
in the curve, giving rise to three different slopes over 
the temperature region shown. The higher temperature 
break, which occurs at about 100°K, is undoubtedly 
real. There is some question associated with the break 
in the curve at 22°K in view of the difficulties inherent 
in the measurement of high-resistance values and the 
large resistance variation with small temperature 
changes in this region. However, it is apparent from 
our results that the resistivity is increasing at least as 
rapidly as predicted by semiconductor theory down to 
17.5°K, where the resistance of the sample is 5X10" 
ohms. The high resistance values precluded continu- 
ation of the measurement to 10°K. At 17.5°K the 
resistivity is changing by an order of magnitude every 
two degrees, and extrapolation of the curve would 
predict a change of two orders of magnitude per degree 
at 10°K. Since the resistivity at 17.5°K is sufficiently 
high to classify the sample as an insulator, and in view 
of the enormous temperature variation predicted at 
10°K, it is difficult to conceive of a long-range ordering 
process occurring at the latter temperature. 

These data are at variance with that reported 
previously on the basis of preliminary measurements." 
However, the present data were obtained with much 
more sensitive instrumentation, which has led to the 
discovery of two experimental difficulties which were 
unsuspected when the preliminary measurements were 
made. One of these difficulties is the spurious voltage 
reading due to charge accumulation in the high- 
resistance circuit. This effect was eliminated by taking 
sufficient care in the measurement. The other difficulty 
arises from the nonohmic behavior of the sample, the 
resistivity of which was found to decrease rapidly at 
high voltages. The low-temperature data shown in 
Fig. 7 were taken with only 2 volts applied to the 
sample, which was much less than in our preliminary 


1 N. Menyuk and K. Dwight, Bull. Am. Phys. Soc. Ser. II, 
3, 42 (1958). 
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measurements. For these reasons, we can reasonably 
conclude that our present data are correct and that 
our preliminary results were in error. 


D. Magnetization 


The saturation magnetization of the (110) disk 
sample was determined over the temperature interval 
from 4.2° to 15°K. M, is equal to 340 cgs units and is 
constant throughout this region within the accuracy of 
the measurement (+43%). The absence of any discon- 
tinuity in the saturation magnetization eliminates the 
appearance of Yafet-Kittel coupling” as a possible 
ordering mechanism. 


IV. DISCUSSION 


The low-temperature transformation in magnetite, 
which occurs at 120°K, bears a superficial resemblance 
to the transition described in this paper. However, 
more detailed consideration of the ordering mechanism 
involved in the magnetite transformation shows it 
cannot give rise to the low-temperature properties 
observed in the nickel-iron ferrite. 

On cooling through the transformation temperature 
of magnetite, the distribution of ferrous and ferric ions 
on the octahedral sites of the spinel lattice, which is 
originally random, changes to an ordered arrangement. 
Verwey, Haayman, and Romeijn"™ proposed that this 








RESISTIVITY (OHM-CM) —e= 





| 
Bese! nen | 
1?) 2 4 


100/T (DEGREES KELVIN) 


Fic. 7. Resistivity of nickel-iron ferrite as a function of reciprocal 
temperature from 300°K to 17.5°K. 
2 Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
on” Haayman, and Romeijn, J. Chem. Phys. 15, 181 
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ordered arrangement consists of alternate planes of 
Fe?+ and Fe*+ ions perpendicular to the c axis. The 
cubic lattice becomes orthorhombic below the transfor- 
mation temperature, and the orthorhombic a and } 
axes, which correspond to the original cubic face- 
diagonals, contain Fe** and Fe?* ions, respectively. 

Since the ionic ordering of magnetite is brought about 
by electron ordering, it is accompanied by an abrupt 
change in the electrical conductivity, and such a change 
was first observed by Okimura.™ Such conductivity 
measurements are a sensitive means of indicating the 
presence of this ordering mechanism, and were used by 
Verwey and Haayman" to study the effect of removing 
cations from the magnetite structure. A similar investi- 
gation of the effects of various cation substitutions, 
including nickel, was conducted by Epstein.'® It was 
found that 4% vacancies or the presence of 4% nickel 
ions sufficed to suppress the transformation. Since the 
nickel-iron ferrite we are studying contains nickel ions 
on almost 40% of the octahedral sites of the spinel 
lattice, we conclude that this type of ordering will not 
occur. 

Our conclusion is verified by the distinctly different 
magnetic anisotropy properties of magnetite and nickel- 
iron ferrite below their transition temperatures. In 
magnetite, the anisotropy energy has orthorhombic 
symmetry in this region, and the easy magnetization 
axis corresponds to the ¢ axis of the ordered ortho- 
rhombic structure. A magnetic field applied during 
cooling through the transformation selects the nearest 
cube edge as the c axis.'”"'* This is the only effect of an 
applied field on the magnetic properties of magnetite 
below the transformation, as was shown in an experi- 
ment by Williams and Bozorth.” They applied a 
magnetic field along various directions in a (100) plane 
during cooling, and found that the application of a 
magnetic field over an angular range of 35 degrees from 
a particular [001] direction left the anisotropy prop- 
erties of the magnetite crystal unaltered. 

Such behavior, which is in keeping with the long- 
range ordering mechanism of magnetite, contrasts 
sharply with the results shown in Fig. 4 for a similar 
experiment on nickel-iron ferrite. Here we observe a 
continuous variation of effective uniaxial anisotropy 
with changing applied field direction. This behavior 
eliminates long-range ordering’as the transition mecha- 
nism at 10°K, since it would require a continuously 
variable, ordered arrangement. The results of our 
resistivity measurements further confirm the elimi- 
nation of long-range ordering. 


4 T, Okimura, Science Repts. Téhoku Imp. Univ. 21, 231 
(1932). 

16 FE, Verwey and P. Haayman, Physica 8, 979 (1941). 

16 J. H. Epstein, thesis, Massachusetts Institute of Technology 
(unpublished). 

17C. H. Li, Phys. Rev. 40, 1002 (1932). 

18 L. R. Bickford, Phys. Rev. 78, 449 (1950). 

19 1.5]. Williams and R. M. Bozorth, Revs. Modern Phys. 25, 
79 (1953). 
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The observed dependence of the uniaxial anisotropy 
on the external field direction can be obtained as a 
special case from the theory of induced anisotropy 
proposed by Taniguchi and Yamamoto” and inde- 
pendently by Néel.** This theory, briefly stated, is as 
follows. Let us consider a solid solution of two types of 
atoms (a and 6 atoms). The @ priori probability of a 
given atom pair being an a-a, a-6, or 6-8 pair will 
depend on the relative concentrations of these atoms. 
However, the interaction energy of an atom-pair 
depends both on the type of atoms involved and on 
the angle between the pair axis and the magnetization 
direction (which can be taken as the direction of a 
saturating external field). Therefore, upon application 
of a magnetic field, the atoms will redistribute them- 
selves so as to minimize the interaction energy, if they 
have sufficient mobility. This mobility is obtained by 
annealing at elevated temperatures. The new distri- 
bution is then frozen in by reducing the temperature. 
The calculation based on this model gives rise to an 
energy expression which is noncubic and of the form 


Erxv=C(F Do a78?2+6 > aa,88;), (6) 
‘ 


>i 


where C is a proportionality factor which is related to 
the atomic concentrations, the-saturation magnetiza- 
tion, the energy gained during an atom-pair inter- 
change, and the annealing temperature.” F and G are 
constants which depend upon the lattice structure of- 
the annealed sample. For a body-centered cubic lattice, 
F=0; for a face-centered cubic lattice, the ratio F/G 
equals one-fourth; and G=0 for a simple cubic lattice. 

Equation (6) is identical with the noncubic term in 
Eq. (4) for the special case G=0. This corresponds to 
the simple cubic lattice, or near-neighbor interaction 
along the cube edges of the crystal. 

It is well known that ferrites form a spinel structure 
containing both tetrahedral (4) and octahedral (B) 
lattice sites, as shown in Fig. 8. There are three types 
of nearest-neighbor interactions which normally need 
be considered. These are the A—A, B—B, and A—B 
interactions. In reality, each interaction is coupled by 
an oxygen ion, as indicated by heavy lines in Fig. 8. 
However, the effective A—A interactions are along the 
cube diagonals, for which F=0 in Eq. (6). The effective 
B—B interactions, which are along face diagonals, 
lead to the ratio F/G equals one-fourth. The effective 
A—B interactions lie along [113] directions, for which 
the F/G ratio is 19/16.” Thus, there is no near-neighbor 
interaction in a stoichiometric ferrite of the type 
required to give rise to Eq. (4). 


*”S. Taniguchi and M. Yamamoto, Science Repts. Research 
Insts. Téhoku Univ. A6, 330 (1954). 

1S, Taniguchi, Science Repts. Research Insts. Té6hoku Univ. 
A7, 269 (1955). 

2S. Taniguchi, Science Repts. Research Insts. Téhoku Univ. 
A9, 196 (1957). 

*L. Néel, J. phys. radium 15, 225 (1954). 
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However, the chemical analysis of the nickel-iron 
ferrite showed its composition to be Fey.oo*+[Nio.79?*- 
Feo.36°* Feo.9o°* }O4, indicating the presence of an excess 
cation for every twenty molecules. Due to spatial con- 
siderations, these excess cations can be expected to 
occupy unfilled octahedral sites, as shown in Fig. 8. 
If we designate by B’ a normally unfilled octahedral 
site which is occupied by an excess cation, there will be 
B’—B near-neighbor interactions lying along cube 
edges. These interactions will take part in the annealing 
process. We propose that this is the mechanism re- 
sponsible for the experimentally observed magnetic 
anisotropy properties below 10°K, as described by 
Eq. (4). 

The original theory of Taniguchi, Yamamoto, and 
Néel dealt with the changes in interaction energy 
brought about by the motion of ions through the 
lattice. Ionic mobility requires relatively high temper- 
atures, and obviously is not present in our crystal at 
temperatures immediately above 10°K. However, 
nickel-iron ferrite contains electrons which are rela- 
tively free to move between iron ions even at these low 
temperatures. Since the loss or gain of an electron 
changes a ferrous ion to a ferric ion or vice versa, an 
electron interchange effectively produces an ionic inter- 
change. The resultant change in interaction energy 
depends only on the net change in the ionic distribution, 
so the Taniguchi type anneal can indeed take place. 

There is, however, one modification brought about 
by the low annealing temperature. In the course of his 
derivation of Eq. (6), Taniguchi obtained a probability 
function w(@)«exp[—w(@)/kO], where © is the 
annealing temperature and w(@) is the change in 
interaction energy brought about by altering the pair 
distribution at the annealing temperature. He then 
expanded the exponential and, by assuming the thermal 
energy to be much greater than the change in inter- 
action energy [w(@)<<kO], ignored all w(@)/k@ terms 


of higher than first order. However, for @=10°K, as in 
nickel-iron ferrite, the thermal energy is between one 
and two orders of magnitude smaller than in a normal 
annealing process. Therefore, the assumption that 
w(@)<kO may no longer hold, in which case terms 
containing higher powers of w(@)/kO must be included 
in the expansion. These additional terms give rise to 
higher order uniaxial anisotropy contributions, the 
existence of which is indicated experimentally by the 
data shown in Fig. 4. However, these additional terms 
do not alter the first order effect as given on the right- 
hand side of Eq. (6). 

Although the presence of excess cations on normally 
vacant octahedral sites leads to the experimentally 
observed anisotropy symmetry, it has been shown that 
the A—A, A—B, and B—B interactions give rise to 
angular dependent terms of the form }> js; aa,8,8;. 
No such angular dependence is observed experimentally. 
Therefore, if our model is valid, the effect of annealing 
on A—A, A—B, and B-—B interactions must be 
negligibly small compared to the effect on the B—B’ 
interaction in nickel-iron ferrite. Our measurement of 
the magnetization at 4.2°K indicates that nickel-iron 
ferrite forms an inverse spinel, which agrees with the 
conclusion of Verwey and Heilman™ that both nickel 
ferrite and iron ferrite (magnetite) are inverse spinels. 
That is, all the Ni?+ and Fe®* ions are on octahedral 
(B or B’) sites, and the tetrahedral (A) sites are 
occupied solely by Fe** ions. Therefore, the concen- 
tration of Fe** ions on A sites (m4p,2+) is zero, Since 
n4y.** appears as a multiplicative term in the propor- 
tionality factor C of Eq. (6) for both A—A and A—B 
interactions,” these interactions can make no contri- 
bution to the uniaxial anisotropy of the crystal. 

The contribution of the concentration terms to the 
proportionality factor C for the B—B interaction is 
nonvanishing. However, C is also proportional to the 
change in interaction energy brought about by a change 
in the participating ions. The B—B interaction takes 
place through an intermediate oxygen ion, with the 
interaction path appearing as two segments which 
make a right angle through the oxygen ion, as shown 
in Fig. 8. Since this mechanism, known as super- 
exchange, occurs through the 29 electrons of the oxygen, 
the interaction energy will have the same directional 
properties as the 2 electrons. The 2p wave function 
is dumbbell shaped; hence the interaction will be 
strongest between neighbors which are collinear through 
the oxygen ion and much weaker between neighbors 
making a 90° angle2® The B—B interaction, which 
corresponds to the latter case, will therefore be weak 
regardless of the atom-pair involved, and any change 
in interaction energy brought about by an ion exchange 
will be correspondingly small, as has been borne out 
by experimental results obtained on numerous types of 


% E, Verwey and E. Heilman, J. Chem. Phys. 15, 174 (1947). 
28 P. W. Anderson, Phys. Rev. 79, 350 (1950). 
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ferrites. Therefore, the contribution of the B—B 
interaction to the uniaxial energy will be small. Further- 
more, the B—B’ interaction is collinear through the 
intermediate oxygen ion. Since this satisfies the condi- 
tion for strongest coupling, the B—B interaction can 
26 FE, W. Gorter, Philips Research Repts. 9, 295, 321, 403 (1954). 
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be neglected compared with the B—B’. Thus, of the 
four types of interactions which occur in ferrites with 
cation excess, our model predicts that only the B—B’ 
interaction can give rise to a sizeable annealing effect. 
This predicted effect is in accord with our experimental 
results. 
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Dielectric and Thermal Study of (NH,).SO, and (NH,).BeF, Transitions* 


S. Hosnino, K. VepAm, Y. OKAYA, AND R. PEPINSKY 
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received May 29, 1958 


The behavior of the various dielectric properties, specific heat, and thermal expansion of (NH,4)2SO, and 
(NH,)2BeF’, has been studied in detail under various experimental conditions, with particular reference to 
the ferroelectric transitions in these crystals. The curves of dielectric constant vs temperature do not obey 
the Curie-Weiss law. The shift of the transition temperature as reported in the literature could not be de- 
tected even under extreme experimental conditions. The transition energy and entropy change have been 
evaluated from a C, vs T curve. The variation of the lattice parameters and the unit cell volumes with 


temperature has been measured by the x-ray method. 


The transition of (NH,4)2SO, appears to be of first order, while that of (NH4)2BeF, is also of first but 
very close to second-order. Deuteration of these crystals does not affect the transition of (NH,4)2SO,; but 
in the case of (NH,)2BeF, the transition temperature is raised by 3°C by deuteration, and the transition 


energy is also increased. 


The phase diagram of (NH4)2SO,— (NH,)2Belk’, system is given. 


INTRODUCTION 


T is well known that ammonium sulfate (NH,4)2SO,4 

has a phase transition at — 50°C. The measurement 
of the various physical properties connected with this 
transition has been the subject of study by numerous 
investigators’; but only recently Matthias and 
Remeika" discovered that this crystal becomes ferro- 
electric below the transition point. No detailed investi- 
gation on the dielectric properties of this crystal with 
particular reference to the ferroelectric transition has 
been carried out so far. The only observations reported 
in the literature are those of Kamiyoshi” and Le 
Montagner,"* both of whom carried out measurements 


* This research was supported by contracts with the Air Force 
Office of Scientific Research, with the Signal Corps Engineering 
Laboratories, and with the U. S. Atomic Energy Commission. 
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(1942). 
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A9, 94 (1957); J. Chem. Phys. 26, 218 (1957). 
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on the dielectric constant under various experimental 
conditions. Kamiyoshi found an unbelievably large shift 
of the transition temperature by the application of a dc 
electric field. Le Montagner reported that the transition 
temperature of (NH,)sSO, is shifted to —38°C by 
carrying out the measurements in vacuum. 

Ammonium fluoberyllate, (NH4)2BeF4, has a tran- 
sition at —97°C, and Pepinsky and Jona found that 
the low-temperature phase of this crystal was also ferro- 
electric. No detailed study on the phase transition 
has been reported as yet. The crystal structure of 
(NH,)2Bel, at room temperature was reported as iso- 
morphous with (NH,4).SO,.!°"® The fact that these 
crystals are actually nonisomorphous was discovered by 
Okaya et al.!” by a precise x-ray study. It was found 
that the symmetries of (NH,4)2SO, and (NH,4)2BeF, 
differ from one another in both their room-temperature 
and low-temperature phases; and, furthermore, the 
polar axes in the ferroelectric phases of these two 
crystals are not in the same crystallographic direction. 
One can expect, therefore, that the nature of the phase 
transition of (NH,4)sBeF, is different from that of 
(NH,)3S0,. 

The facts described above suggest the necessity of 


4 R, Pepinsky and F. Jona, Phys. Rev. 105, 344 (1957). 

18 P. L. Mukherjee, Indian J. Phys. 18, 148 (1944). 

16 R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1953), Vol. II, Chap. 8, p. 47. 

17 Okaya, Vedam and Pepinsky, Acta Cryst. 11, 307 (1958). 
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re-examination of the physical properties of (NH,4)2SO,, 
and the carrying out of a similar detailed study of 
(NH,)2BeF,, in order to understand the mechanism of 
the ferroelectric phase transitions in both crystals. The 
results obtained on the measurements of the dielectric 
properties, specific heat and thermal expansion of 
(NH4)2SO,4 and (NH,)2BeF, and their solid solutions, 
as well as the corresponding deuterated samples, are 
described below. 

In what follows, the accepted modern convention for 
the notation of the crystallographic axes is adopted; 
i.e., c<a<b. Thus for (NH4)2SOx4, one has'* a=7.729 A, 
b=10.560 A, and c=5.951 A; and for the “basic cell’’!” 
of (NH,4)2BeFy, one has'® a2=7.49 A, 6=10.39 A, and 
c=5.89 A at room temperature. 


DIELECTRIC MEASUREMENTS 


The low-temperature behavior of the dielectric con- 
stant e«. of (NH4)2SO, at a frequency of 10 kc/sec and a 
field of 5 v/cm is represented in Fig. 1, as a function 
of temperature. The dielectric constant e, has a value 
of about 9.2 at room temperature, and this value re- 
mains constant until the phase transition temperature 
at —49.5°C is nearly reached. The dielectric constant 


70. 
70 





60F 


bad 
° 


b 
° 


us 
° 





DIELECTRIC CONSTANT, Ep 


Nn 
°o 


ei 


i 4 
~100 ~50 
TEMPERATURE, °C 














Fic. 2. (NH,4)2BeF,: Dielectric constant »s temperature. 
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suddenly jumps to a high value of 165 at —49.5°C. As 
the temperature is further lowered, this value drops to 
nearly the original value at about —65°C. The rate of 
cooling or warming of the crystal affects the shape of 
the curve, in that the slower the rate of cooling, the 
sharper the peak ; and the temperature range over which 
the dielectric constant has a large value is also lowered. 
In the present experiments the rate of cooling near the 
transition temperature was 1°C in 4 minutes. 

A fairly similar behavior is noticed for the case of 
(NH,)oBeFy, under identical experimental conditions. 
Figure 2 represents the variation of €, of (NH4)2BeF, 
with temperature. In both (NH4)2SO, and (NH,4)2Bel’, 
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no dielectric anomaly was noticed at the transition 
temperature when the electric field was applied along 
the other two crystallographic directions, namely, a 
and b for (NH,4)2SO,, and a and c for (NH4)2BeF,. For 
these directions the dielectric constant merely pro- 
gressively decreases slightly as the temperature is 
lowered. The numerical values at room temperature 
and at a temperature near that of liquid nitrogen are 
also entered in Figs. 1 and 2. 

A small but reproducible thermal hysteresis of 1°C 
was noticed in the case of (NH4)2SO,, on comparing the 
transition temperatures during warming and cooling. 
On the other hand, in (NH,4)2BeF, the thermal hys- 
teresis, if it exists at all, is not more than 0.5°C. 





(NH4)2SO, 


At this point, mention may be made of the results 
obtained by Le Montagner™ on the effect of vacuum 
on the transition temperature of (NH4)2SO4. According 
to Le Montagner, the transition temperature can be 
shifted to higher temperatures (about —38°C) when 
the measurements on the crystal are carried out in 
vacuum; and this result was explained by him as due 
to the effect of an adsorbed layer of water on the crystal. 
In one of our own experiments a crystal of (NH4)2SO,4 
was kept in vacuum at a pressure of 1X10~-' mm Hg 
for two days, and then was very rapidly transferred to 
a medium of dry nitrogen, in which the dielectric 
measurements were carried out. The transition tempera- 
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ture recorded under these conditions did not vary from 
our previously measured values within the limits of 
experimental error. 

According to Kamiyoshi," the transition in (NH4)2SO, 
can either be “suppressed or accelerated” by the appli- 
cation of a dc electric field. According to him the tran- 
sition temperature can be shifted to as low a tempera- 
ture as —82°C, or can even be raised to as high a 
temperature as — 15°C. No such shift in the transition 
temperature of (NH4)2SO, could be observed by us, 
even with an applied electric field of 30 kv/cm. Further, 
according to Kamiyoshi, the value of the dielectric 
constant increases at any temperature by the application 
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Fic. 5. (NH4)2SO,4: Spontaneous polarization vs temperature 
in the neighborhood of the Curie point. 


or reversal of the electric field. Again no such phenom- 
enon was observed, as the accompanying Fig. 3 shows. 
Here the experimental arrangement was such that one 
could apply or reverse the polarity, or remove the dc field 
suddenly, by throwing a switch, and the dielectric con- 
stant could be measured at each setting. Similar meas- 
urements carried out on various single crystals and 
pressed powder samples, with different prehistories such 
as (1) untreated, (2) annealed at 80°C for ten days, 
(3) evaporated or painted electrodes, etc., did not alter 
the above conclusions. Figure 4 represents the results 
of similar measurements on the field-dependence of the 
transition temperature and the dielectric constant of 
(NH,).BeF,. 

Figures 5 and 6 show the variation of the spontaneous 
polarization with temperature of (NH,4).SO, and 
(NH,)2BeF,, respectively. Immediately above the tran- 


. sition temperature in (NH,4)2Bel’, one can clearly ob- 


serve the well-known double hysteresis loops of the type 
observed by Merz'® in the case of BaTiO;. However, 
no such loops could be detected in (NH,4)2SO, even with 
an applied field of 30 kv/cm, and with very slow vari- 
ation of temperature near the transition point. 

Figures 7 and 8 represent the variation of the coercive 
field of (NH4)2SO4 and (NH,)2BeF4, respectively, in the 
vicinity of the transition temperatures. 

The transition in (NH,4)2SO, is rather violent, so that 
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Fic. 6. (NH,)2BeF,: Spontaneous polarization vs temperature 
in the neighborhood of the Curie point. 


18 W. J. Merz, Phys. Rev. 91, 513 (1953). 
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the crystal usually shatters to bits when it is taken 
through the transition, unless the sample is fairly thin 
and the rate of variation of the temperature is very slow. 
Nosuch behavior was noticed in the case of (NH,)2BeF,. 


EFFECT OF DEUTERATION 


Deuterated samples of these salts, (ND4)2SO, and 
(ND,)2BeF,, were obtained by recrystallizing from a 
solution of (NH,)2SO, and (NH,)2BeF4, respectively 
in 99.9% DO. The dielectric behavior of (ND4)2SO, 
was found to be exactly the same as that of (NH4)2SOx,, 
within the limits of experimental errors. On the other 
hand, (ND,)2BeF, was found to have a transition tem- 
perature 3° higher than that of (NH,)2BeF,. Otherwise 
the shape of the e vs T curve and the values of P,, etc., 
was quite the same within the limits of experimental 
error. 
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SPECIFIC HEAT MEASUREMENTS 


The apparatus used in the present work was an adia- 
batic calorimeter of the modified Sykes’ type.” This 
calorimeter was altered to permit low- as well as high- 
temperature measurements. The outer tube was shielded 
by Styrofoam, and the liquid nitrogen vessel was placed 
on the lid of the outside heater. As a result of these 
modifications we can now measure specific heats in the 
temperature range from — 140°C to +650°C, 

The sample is enclosed in a vessel made of thin paper 
(about 0.1 g). About ten grams of sample are used in 
the measurements. The heat input to the sample is be- 
tween 0.001 and 0.002 cal/g sec. The heating rate 
resulting is in the range from 0.7 to 0.3 degree/min in 
the normal part of the specific heat range. 


THERMAL RESULTS FOR (NH,).SO, 


The specific heat anomaly of (NH4)2SO,4 has been 
reported by Shomate,’ and by Nitta and Suenaga‘ who 
found a typical lambda-type anomaly at —50°C. Al- 
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though the shift of the transition temperature as re- 
ported in the literature’: was not found by the dielec- 
tric measurement by us, it seemed desirable to perform 
the specific heat measurements using very pure samples 
under various conditions: (1) cp (Baker) powder 
sample, no heat treatment ; (2) same material, preheated 
at 75°C for ten days; (3) same material, preheated up 
to 175°C; (4) same material, ground severely; (5) pul- 
verized sample from good single crystals, without any 
heat treatment; (6) same material as (5), preheated 
up to 120°C. 

The results obtained in every case are exactly the 
same within the limi‘s of experimental error. The specific 
heat vs temperature curve in the vicinity of the tran- 
sition is shown in Fig. 9. Anomalies are observed at two 
temperatures: one at — 50°C, coinciding with the Curie 
point, and another at —47.5°C. Even though the meas- 
urements are extended on either side, i.e., from — 130°C 


S. Nagasaki and Y. Takagi, J. Appl. Phys. (Japan) 17, 104 
(1948). 
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to +170°C, no other anomaly was detected. The esti- 
mated transition energy AQ and the entropy change AS 
of the double peak do not differ among the six samples 
investigated, and have the following values: 


AQ=0.93 kcal/mole; AS=4.2 cal/mole deg. 


These values are in good agreement with Shomate’s 
data.’ 


THERMAL RESULTS FOR (ND,).SO, 


Here again two peaks were observed in the specific 
heat curve, at —49.5°C and —48.0°C, as shown in Fig. 
10. Within the limits of experimental error, the entropy 
change AS was the same as found for (NH4)2SO.. 


THERMAL RESULTS FOR (NH,).BeF, 


Measurements were performed on the following ma- 
terials: (1) powder sample pulverized from large single 
crystals, without any heat treatment; (2) same material 
as (1), but preheated at 75°C for 8 days. 





150 





ie 








i rt 
-50 
TEMPERATURE, °C 





Fic. 10. (ND4)2SO,: Specific heat vs temperature. 


The specific heat curves for these two samples are 
almost the same. The measurement was carried out 
from — 140°C to +130°C, and only one anomaly was 
found at the ferroelectric transition temperature. Figure 
11 represents the specific heat vs temperature curve of 
(NH,)oBeF,. The transition energy AQ and entropy 
change AS are estimated as: 


AQ=0.31 kcal/mole; AS=1.90 cal/mole deg. 


THERMAL RESULTS FOR (ND,).BeF, 


The same type of specific heat anomaly as (NH,4)2BeF, 
was obtained (Fig. 12) for the deuterated material, but 
the transition temperature is slightly higher than that 
of (NH,)2BeFs, in conformity with our dielectric meas- 
urements. The transition energy AQ and the estimated 
entropy change AS are larger than those of (NH4)2BeF,, 
and have the following values: 


AQ=0.38 kcal/mole; AS=2.27 cal/mole deg. 
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Fic. 12. (ND,4)2BeF,: Specific heat vs temperature. 


THERMAL EXPANSION MEASUREMENTS 


Observations of thermal expansions of (NH4)2SO,4 and 
(NH,)2BeF, were made by precise x-ray measurement 
of changes of lattice constants with temperature. A low- 
temperature x-ray camera of 114.6-mm diameter was 
used, with Cu Ka radiation. The single-crystal back- 
reflection technique was employed in these investiga- 
tions. Figures 13 and 14 represent the variation of the 
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Fic. 14. (NH,)2BeF,: Lattice constants vs temperature. 


lattice constants of (NH4)2SO, and (NH,)2BeF,, respec- 
tively with temperature. According to Okaya et al.,!” 
(NH,)2BeF, exhibits superstructure along the } and c 
axes at room temperature, the true cell dimensions being 
a, 2b, and 2c. Below the transition point, the a axis is 
also doubled. In other words, the “basic cell” of the 
low-temperature phase is a’2a, 6’b, and c’=c; and 
the true cell is a’ =a’, b” = 2b’, and c’’=2c’. 

On the other hand, in the case of (NH,4)2SO, the 
superstructure was observed along the b and c axes at 
room temperature in a few cases, but not always; and 
in no case was a-axis doubling observed in the low- 
temperature phase. In the figures, the variation of 
lattice parameters of the “basic cell’’ is illustrated. 

Figure 15 shows the unit cell volume as a function 
of temperature. 
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of (NH4)2SO, and (NH,)2BeF,. 
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PHASE DIAGRAM OF (NH,).SO,— (NH,).BeF, 
SYSTEM 


Single crystals of various concentrations of the solid 
solutions of (NH4)eSO, and (NH,4)2BeF, were grown 
from aqueous solutions. The composition for each 
crystal was estimated from the density values, deter- 
mined by the flotation method. The dielectric constant 
vs temperature curve was obtained for each concen- 
tration to detect the transition temperature, and x-ray 
photographs were taken for determination of the lattice 
symmetry and space group. From these results the 
phase diagram of (NH,4)2SO,— (NH,)2BeF, system was 
drawn as shown in Fig. 16. 

As seen in the diagram, for intermediate compositions 
ranging from about 20 to 70 mole % of (NH4)2BeF’, no 
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Fic. 16. Phase diagram of (NH,)2BeF,— (NH4)2SO, system. 


transition could be detected in the temperature range 
+25°C to — 196°C. The space group for these compo- 
sitions was found to be P2;2;2; at room temperature. 


DISCUSSION 


Before proceeding to discuss the results obtained, it 
would be worth while to again point out that we could 
not detect any noticeable shift of the transition temper- 
atures of (NH,)2SO, and (NH,).BeF, either by reducing 
the working pressure, by the application of a dc electric 
field, or even by exposing the experimental sample to 
extreme conditions. In these respects our results dis- 
agree with those obtained by Kamiyoshi”® and by 
Le Montagner.” 

One of the striking features noticed in these studies is 
the fact that the shape of the ¢ vs T curves of (NH4)2SO4 
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and (NH,)sBeF, is rather unusual for a ferroelectric 
transition. The Curie-Weiss law is not obeyed above 
the transition temperature, unlike most of the ferro- 
electrics discovered thus far. The only other examples 
are: (NH4)eCdo(SO,)3,2° which has a dielectric behavior 
almost similar to that of the present crystals; and 
NaNH, tartrate,*! which undergoes a phase transition 
with just a small but abrupt decrease of the dielectric 
constant. 

At this point mention may be made of the measure- 
ments of Couture, Le Montagner, ef al.”* and Freymann® 
on the dielectric behavior of (NH4)2SO, at microwave 
frequencies. These authors found a normal type of 
dielectric behavior at the high frequencies. In other 
words, the dielectric behavior of the crystal seems to 
undergo a radical change at some frequency between 
10 kc/sec and 24 000 Mc/sec. In order to understand 
this phenomenon, measurements on the dielectric prop- 
erties were carried out by us at a number of frequencies 
between 10 kc/sec and 50 Mc/sec, using a Boonton Q 
meter. It was found that the lower limit of the frequen- 
cies at which (NH,)2SO, exhibits a normal type of 
dielectric behavior occurs in the megacycle region, the 
actual value of the frequency depending on the thickness 
of the crystal. This indicates that when one is measuring 
at very high frequencies, he is actually measuring the 
clamped dielectric constant, while at low frequencies 
the measured value yields the free dielectric constant. 
Hence it is not surprising to find noticeable differences 
in the shape of the « vs T curves of (NH,4)2SO, at 
different frequencies. 

As mentioned earlier, the rate of cooling or warming 
of the crystal near the transition temperature affects 
the shape of the low-frequency dielectric constant vs 
temperature curve considerably. It was found that the 
slower the rate of variation of temperature, the sharper 
is the peak, and the temperature range over which the 
dielectric constant has a large value is also narrowed. 
Very recently Makita and Takagi® have found that 
with an extremely slow rate of variation of temperature 
(about 1°C in 14 minutes), (NH4)2SO, exhibits a normal 
type of dielectric behavior. 

The value of the spontaneous polarization of (NH,4):- 
SO, given in Fig. 3 represents the highest values 
obtained by the authors from among several crystals. 
Since the values fluctuated by as much as 50% from 
one to another, one might conjecture that a single- 
domain crystal is not usually obtained, and that in a 
multidomain crystal some of the domains are clamped 
so that they cannot reverse their polarities. 

The specific heat vs temperature curves for (NH4)2SO, 
and (NH,)sBeF, indicate that the mechanisms of the 
phase transitions of these two crystals are of different 


”F, Jona and R. Pepinsky, Phys. Rev. 103, 1126 (1956). 
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2 Couture, Le Montagner, Le Bot, and Le Traon, Compt. rend. 
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type. There seems to be evidence of the appearance of 
latent heat in the (NH,)2SO, transition, whereas 
(NH,)2BeF, exhibits a broad peak at the transition, 
similar to that observed in the ferroelectric transition 
of (glycine)3: H2SO,,™ at 47°C which is presumed to be 
a typical second-order transition. 

Furthermore, the specific heat data of (NH4)2SO4 
provide some interesting features. As mentioned before, 
two peaks are observed in the C, vs T curve: one at 
— 50°C and the other at —47.5°C, irrespective of the 
prehistory of the sample. A critical analysis of the results 
obtained in the various runs seems to indicate that the 
rate of variation of temperature affects the temperature 
of the second peak, whereas the peak at —50°C is not 
affected. It appears that the slower the rate of variation 
of temperature, the less is the temperature difference 
between the two peaks. Thus it is quite probable that 
one might obtain only one peak at —50°C, with an 
extremely slow rate of variation of temperature. This 
is possibly the reason why Shomate® and Nitta and 
Suenaga‘ obtained only one peak in their measure- 
ments. Again, one is tempted to relate this phenomenon 
with the radical change noticed in the dielectric be- 
havior of this crystal with different rates of cooling or 
warming. In other words, these data indicate the ex- 
istence of a relaxation mechanism with very large re- 
laxation time. 

As seen in Figs. 13 and 14, the variations of the lattice 
constants of (NH,4)eSO,4 and (NH,4).BeF, through their 
transition points are the opposite of each other along 
any corresponding axis, and the variation for (NH4)2SO4 
is much more drastic than that for (NH4)2BeF,4. These 
facts again suggest differences in the transition mecha- 
nisms of these two crystals. In both (NH,4).SO,4 and 
(NH,)2BeF,, it is seen from Fig. 15 that as the tempera- 
ture is increased the unit cell volume undergoes a con- 
traction at the transition point. This is in agreement 
with the results of dilatometric measurement by Nitta 
and Suenaga.* 

Even a. casual survey of the results described above 
immediately leads us to the conslusion that the tran- 
sition in (NH,4)2SO, is of first order. Some of the factors 
leading to the above conclusion are: the abrupt discon- 
tinuity in P, vs T curve; the appearance of latent heat 
at the transition; the very large and abrupt variation 
of the lattice dimensions of the crystal—and hence the 
strain with consequent shattering of the crystal—during 
the transition; etc. The absence of the double hysteresis 
loops in a transition of this kind is rather unique here; 
generally, ferroelectric crystals which have a first-order 
transition do exhibit double hysteresis loops at tempera- 
tures just above the transition temperature. The reason 
for this is not far to seek, if one evaluates the variation 
of transition temperature with the applied field from 
the formula d7../dE= —AP/AS. On substitution of the 
indicated values one finds, for a field of 20 kv/cm, a 


as Mitsui, Jona, and Pepinsky, Phys. Rev. 107, 1255 
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shift of the transition temperature of only 0.05°C, and 
hence it is not surprising that no shift of the Curie tem- 
perature is detected in the dielectric measurement (Fig. 
2), and that the double hysteresis loops fail to appear. 

On the other hand, the situation in (NH4)2BeF, is 
quite the opposite. Above the transition temperature 
one definitely observes double hysteresis loops, thereby 
clearly demonstrating that the transition is of first 
order. However, when one considers the smooth change 
of P, with temperature at the transition point, the shape 
of the specific heat curve, and the thermal expansion 
data, the transition could be considered as of second 
order. 

X-ray studies on (NH,)2BeF, provide an interesting 
clue to this peculiar behavior. As mentioned before, 
superstructuring has been observed along the 6 and c 
axes at room temperature. And as the crystal is cooled 
below the transition point, one finds the @ axis in 
addition is doubled. Thus the question arises: whether 
(NH,)2BeF, is antiferroelectric at room temperature 
and the transition at —97°C is from an antiferroelectric 
state to a ferrielectric state. Here the word ferrielectric 
is used according to the terminology of Cross*® and 
Kanzig.** Detailed structure analyses by x-ray and 
neutron diffraction methods, in progress here and at 
Brookhaven National Laboratory, should provide an 
answer to this puzzle. However, on the assumption 
that (NH,)2BeF, is antiferroelectric at room tempera- 
ture, one can expect another transition at high tem- 


8 L. E. Cross, Phil. Mag. (8) 1, 76 (1956). 
26 W. Kinzig, Solid State Physics (Academic Press, Inc., New 
York, 1957), p. 8. 
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perature, the crystal transforming from an antiferro- 
electric to a paraelectric state. To test this possibility, 
dielectric measurements were carried out at high temper- 
atures up to the decomposition point. Except for a slight 
apparent increase in the value of the dielectric constant 
at very high temperature, due to an increase in con- 
ductivity, no noticeable anomaly was observed in any 
of the three crystallographic directions up to 225°C, 
where the crystal decomposes. A phase transition might 
exist at higher temperature, but this temperature is 
higher than the decomposition point. Thus only a 
complete structure analysis of (NH,).BeF, can establish 
whether the crystal is paraelectric or antiferroelectric 
at room temperature. 

Several points do establish the fact that the mecha- 
nism of transition in (NH,4)2BeF, is quite different from 
that of (NH,)2SO,. Furthermore, from the fact that 
the deuteration of (NH4)2SO,4 does not affect the tran- 
sition temperature one might conjecture that the tran- 
sition may not depend only on the order-disorder 
arrangement of NH,* radicals, just as in the case of 
NH,Cl. The same cannot be said of (NH4)sBeFs, since 
deuteration in this case shifts the transition point 


by 3°C. 


ACKNOWLEDGMENTS 


The authors wish to express their sincere thanks for 


many stimulating discussions with Dr. T. Mitsui. Our 
gratitude is due as well to Professor Y. Takagi and 
Dr. Y. Makita of the Tokyo Institute of Technology, 
for kindly permitting use of some of their unpublished 
results. 

+ 





PHYSICAL REVIEW VOLUME 


112, 


NUMBER 2 OCTOBER 15, 


Transition to the Ferroelectric State in Barium Titanate* 


D. MEYERHOFERT 
Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 19, 1958) 


The phase transition in BaTiO; at the Curie point was investigated on single crystals with optical and 
electrical techniques. Besides raising the cubic-tetragonal transition about 15°C in the usual way with an 
electric field along the cube-edge direction, an orthorhombic phase was induced above the Curie point by 
a field along a face-diagonal direction. Birefringence, polarization, and dielectric constant were measured 


above and below the Curie point as functions of field strength and field direction. 


The data fit a unified 


description using the free energy equation of Devonshire. An atomic model for the induced orthorhombic 


phase is proposed with Ti ions displaced in alternate cube-edge directions. 


The shift of the ferroelectric 


transition with electric field was observed optically and compared with predictions derived from the free- 
energy curves. Two types of transition were observed: In the slow transition the new phase nucleates at 
the edges of the crystal and grows by domain-wall motion; in the fast transition, which occurs only if the 
electric field is changed faster than about 1 kv/cm sec, the entire crystal switches in a uniform, continuous 


motion in 1 to 2 psec. 


I. INTRODUCTION 


HE study of the spontaneous orientation of dipole 
moments in ferroelectrics and ferromagnetics is 

one of the long-range research projects of the Laboratory 
for Insulation Research.' The present investigation is 
concerned with the creation of the ferroelectric state in 
BaTiOs, with particular attention to questions of short- 
vs long-range interaction near the Curie point, the 


nucleation of the ferroelectric state, and the speed of 
its formation. Only a limited amount of information on 
the spontaneous formation of dipoles can be obtained 


from the dielectric measurements of previous investi- 
gations. A combination of electrical and optical tools, 
as used in this study, gives a more complete picture of 
the onset of the ferroelectric phase. 

BaTiO; is used preferentially for ferroelectric studies 
because of its simple perovskite structure, its availa- 
bility in the form of single-crystal plates, the wide 
variation of properties obtainable by cation substitu- 
tion, and the predominant technical importance of 
titanate ceramics.' The dielectric constant and polari- 
zation of single crystals of BaTiO; have been measured 
extensively since they became available. The most 
recent data were from single crystals grown from KF 
flux by the Remeika method,’ since they are larger and 
less strained than those grown by other methods. These 
crystals yield higher values of polarization and dielectric 
constant both above and below the Curie point.*~® 

A deeper understanding of the electrical properties 


* Sponsored by the Office of Naval Research, the Army Signal 
Corps, and the “Air Force; it is based on a thesis submitted in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in Physics at the Massachusetts Institute of 
Technology. 

+ Present address: David Sarnoff Research Center, RCA Labo- 
ratories, Princeton, New Jersey. 

1 A. von Hippel, Revs. Modern Phys. 22, 221 (1950). 

2 Miles, Westphal, and von Hippel, Revs. Modern Phys. 29, 
279 (1957). 

J. P. Remeika, J. Am. Chem. Soc. 76, 940 (1954). 

4W. J. Merz, Phys. Rev. 91, 513 (1953). 
5M. E. Drougard and D.R. Young, Phys. Rev. 95, 1152 (1954). 
¢ Drougard, Landauer, and Young, Phys. Rev. 98, 1010 (1955). 


has been acquired by investigating the dynamic be- 
havior of the domains.’.* The phase transitions them- 
selves have been investigated only scantily. The Curie 
point was found to represent a first order transition, as 
Merz‘ proved conclusively by double hysteresis loops. 
For 15° above the Curie point the crystal can be 
switched from the paraelectric to an induced ferro- 
electric phase by application of an electric field, i.e., the 
Curie point can be raised by the field. Huibregtse and 
Young’ made a similar study of the tetragonal-ortho- 
rhombic transition. 


Il. EXPERIMENTAL 


The polarizing microscope was the primary tool used 
in these investigations. It allows clear observation of 
domain and phase boundaries and accurate birefringence 
measurements. Larger values of birefringence were 
measured with a quartz wedge and small ones with a 
quarter-wave plate.!° The values could be obtained also 
by recording the light output with a photomultiplier 
tube mounted on top of the microscope; the output of 
the tube was fed into an oscilloscope and photographed. 
Since the birefringence of BaTiO; shows a strong dis- 
persion near 5450A, the green mercury line was chosen 
for illumination. 

Thin, single-crystal samples of simple geometric shape 
were required for these observations. Electrodes had to 
be attached intimately and permanently to two opposite 
edges, covering them completely because of the high 
dielectric constant and piezoelectric coefficients.*® 

Samples about 1.0 by 1.5 mm were cut from single- 
crystal plates grown by the Remeika method and the 
edges were polished to microscopic smoothness. The 
crystals were then etched to the desired thickness of 15 


TE. A. Little, Phys. Rev. 98, 978 (1955). 
8 W. J. Merz, Phys. Rev. 95, 690 (1954); H. H. Wieder, J. Appl. 
Phys. 27, 413 (1956). 
*E. J. Huibregtse and D. R. Young, Phys. Rev. 103, 1705 
1956). 
0 See, e.g., C. Burri, Das Polarisations Mikroskop (Birkhauser, 
Basel, Switzerland, 1950), pp. 138-158. 
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Fic. 1. Electrode geometry used for simultaneous 
electrical and optical measurements. 


to 100 u by concentrated phosphoric acid above 120°C, 
a process which leaves all surfaces plane-parallel and 
smooth." The electrodes were formed by depositing a 
semiconducting layer of tin oxide on the crystal surface 
because evaporated metals were found not to adhere 
well enough. A layer of gold was evaporated on top of 
the semiconducting layer and the crystals were mounted 
in a sample holder between two soft springs of gold- 
coated tungsten wire (Fig. 1). 

Two microscope stages were provided with tempera- 
ture control (— 40° to 150°C) and electrical connections 
to the sample holder. A solid copper stage, heated by 
circulating oil, was used for precise temperature meas- 
urements. With it the temperature of the sample 
changed much less than 0.1°C in several hours. 
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Fic. 2. Temperature dependence of birefringence in the 
tetragonal phase for four crystals at zero field. 


uJ, T. Last, Phys. Rev. 105, 1740 (1957). 


II]. STEADY-STATE INVESTIGATION OF THE 
FERROELECTRIC TRANSITION 


General Problems 


Space-charge build-up, causing inhomogeneous fields, 
is a problem in all steady-state measurements, especially 
at high temperatures. For this reason, previous measure- 
ments near the Curie point have been made with alter- 
nating fields.® 

Space-charge effects could be eliminated in the bi- 
refringence measurements by using square waves with a 
period much longer than the response time of the crystal. 
Observations of polarization and dielectric constant 
were made with low-frequency ac fields. Both tech- 
niques may raise the crystal temperature by hysteresis 
effects ; hence only frequencies low enough to make this 
effect negligible were used. The crystal may also heat 
reversibly by the electrocaloric effect (inverse pyro- 
electric effect), but this influence was previously shown 
to be small.® 

The permanent space-charge layer observed by 
Chynoweth” might also interfere with the measure- 
ments. He reports that this layer can produce consider- 
able fields in the crystal which may change some of the 
measurements above the Curie point. In the present 
case, however, the geometry of the samples is such that 
any built-in fields would be reduced by a factor 10 to 
20 below those observed by Chynoweth, and therefore 
they may be neglected. 

The crystals were polarized to the single-domain state 
whenever possible to avoid internal clamping. This can 
be checked visually since both 90° and 180° walls can 
be observed under the microscope.’ 


Observations below the Curie Point 


A [100] crystal [electrodes in the (100) plane] could 
always be polarized parallel to the field in the tetragonal 
phase. The birefringence (An) was measured (Fig. 2) 
for several samples at zero field. The samples have differ- 
ing Curie temperatures due to the different amounts of 
impurities they contain. The average value of Am is 
0.073 at 20°. Even if all the curves are adjusted to this 
value to correct for inaccuracies in thickness measure- 
ments, the curves differ considerably for the various 
crystals. There is a general trend for the birefringence 
to decrease more slowly with temperature in crystals 
with higher Curie points. 

The polarization of the [100] crystals was measured 
by a display of hysteresis loops in the usual Sawyer and 
Tower circuit." The domain structure was observed at 
the some time to insure that the entire crystal reversed 
its polarization. The loops [Fig. 3(a)] did not change 
shape for ac fields as high as 5000 v/cm. The values of 
spontaneous polarization obtained from these loops 
showed the same variations as the birefringence values 


12 A. G. Chynoweth, Phys. Rev. 102, 705 (1956). 
1 C, Sawyer and C, Tower, Phys. Rev, 35, 269 (1930), 
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Fic. 3. Hysteresis loops: (a) typical hysteresis loop in the tetragonal phase; (b) double loop in the [100] direction; 
(c) double loop in the [110] direction; (d) quadruple loop in the [110] direction. 


(Fig. 2). The average values were equal to those 
previously reported.‘ 

The dielectric constant of [100] crystals was meas- 
ured parallel (x.’) and perpendicular (x,’) to the polar 
axis (Fig. 4). The values of x,’ are the same as those 
previously reported.® x,’ has not been measured pre- 
viously on crystals grown from KF flux, because this 
measurement is possible only if the permanent elec- 
trodes are on the sides of the sample, as in the present 
case. The crystals can then be polarized in a direction 


perpendicular to the plate by using temporary glycerin 
electrodes. 


Observations Above the Curie Point 


In Fig. 5 the dependence of birefringence on electric 
field in the [100] direction is shown for various tem- 
peratures around the Curie point, and also the dis- 
continuous transition between the para- and ferro- 
electric phases with the fields and hysteresis observed 





Fic. 4. Dielectric con- 
stant in the cubic and 
tetragonal phases: per- 
pendicular ag and par- 
allel (x-’) to the direction 
of spontaneous polari- 
zation. 
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Fic. 5. Induced birefringence vs electric field 
in the [100] direction. 


in the polarization measurements.‘ The value of bi- 
refringence in the paraelectric phase can be expressed 
as An=d,F?+-d,E*+ ---. There will be sixth and higher 
order terms, which cannot be measured at these field 
strengths but become important in the induced ferro- 
electric phase. The values of d,; and d, are shown as 
functions of temperature in Fig. 6. 

When a field of 3000 to 6000 v/cm was applied to a 
[110] sample below the Curie point, the domain struc- 
ture nearly always changed to that shown in Fig. 7. The 
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Fic. 6. Induced birefringence in the paraelectric phase: co- 
efficients of the equation An=d,E*+d2E* vs temperature (in °C 
above the average Curie point) for various crystals. 


number of 90° walls tended to increase with field. The 
individual domains were quite narrow. At about 500 
v/cm, if the field direction was reversed, the domain 
polarization was reversed by 180°. The induced bi- 
refringence was parallel to the field ({110] direction) 
in the paraelectric phase. The sample transformed to 
an induced ferroelectric phase at higher fields. This 
phase could be identified by the direction of the polar 
axis. It was entirely orthorhombic [110] at higher 
temperatures, but contained a mixture of tetragonal 
[100] and orthorombic domains near the Curie point. 
The dependence of birefringence on the strength of the 
electric field in the [110] direction is shown in Fig. 8. 
Some of the values in the orthorhombic ferroelectric 
phase were difficult to obtain accurately because the 
orthorhombic regions were small and intermixed with 
tetragonal regions. However, the values were repro- 
ducible for various crystals. As in the [100] direction, 
the birefringence in the paraelectric phase could be 
expressed by An=d,F?+-d,E'+ --- (Fig. 6). 

To clarify the dependence of Aw on intermediate 
directions of the electric field, a set of crystals was 
prepared with edges approximately halfway between 
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Fic. 7. Domain configuration in the tetragonal phase below the 
Curie point after a field has been applied in the [110] direction. 


the [100] and the [110] axes. In the paraelectric phase 
the coefficients d, and dy» fall between the curves of 
Fig. 6 (dz is very small and negative). The induced 
ferroelectric phase above the Curie point is completely 
tetragonal with many 90° walls. A very small ortho- 
rhombic region appeared in only one case. 

Polarization measurements on [100] crystals showed 
the same double hysteresis loops as the birefringence 
measurements (see Fig. 5). From these [ Fig. 3(b) ] the 
dependence of polarization on electric field and temper- 
ature was obtained. Hysteresis heating effects were con- 
sidered negligible because the curves were independent 
of frequency. In the paraelectric phase the curves can 
be expressed as P= eH+)E*+---. € and d are shown 
in Fig. 9 as functions of temperature with a curve of 
\/é for comparison with the thermodynamic theory 
(see below). 

Double hysteresis loops appear also for fields applied 
in the [110] direction above the Curie point [ Fig. 3(c) ] 
and give similar characteristics (Fig. 9). The induced 
phase is orthorhombic in this case, as confirmed by 
optical observation. 





TRANSITION 


Some crystals show two induced phases. The first 
change to the orthorhombic phase is followed by another 
one at higher fields to a new configuration which cannot 
be determined by electrical and optical methods alone. 
It has a smaller birefringence than the orthorhombic 
phase and a poorly defined optical axis approximately 
along the [110] axis. Since the polarization along the 
field is larger than in the orthorhombic phase, quadruple 
hysteresis loops are obtained [Fig. 3(d) ]. 

All steady-state measurements were repeated on 
various crystals which contained different, but unknown 
amounts of impurities and strain, and therefore had 
different Curie points. However, most results were re- 
producible if they were plotted relative to the Curie 
point temperature (see Figs. 6 and 9 which contain 
measurements from many different samples). The 
maximum variations of +10% occurred at high field 
strengths. 


Discussion 
The polarization and dielectric constant data can be 
fitted into a unified picture by using the relatively simple 
thermodynamic formulation developed by Devonshire." 


TABLE I. Coefficients of the Devonshire equation. 


Bo 5.7(T—T»)* 

fu —[10—0.167(T—120°)] 
bie —[4+0.10(7—120°)] 
tin [24—0.24(T — 120°) ] 
Sue 20 


105 vm coul~ 
108 v m® coul 
108 v m® coul 
10° v m® coul™ 
10° v m® coul 


* To varies with the Curie point Te; Te —To =13.5°C. 

He expresses the free-energy difference between the 
actual ferroelectric or paraelectric state and a hypo- 
thetical cubic state as a power series in polarization 
for zero stress: 


G,(T,P)—Gy(T) 
=48o(P2+P/+P2)+tiu(PAt+P,A+P-) 
+4612(PP2+P2P2+P2P,?) 
+S (PP+ P+ P29) +h il P22 (Py +P.) 
+P (Pét+ PA) +P2(Pt+Py') +i isP oP YP? 


(The last two terms have been added to the original 
formulation to complete the power series to the 
sixth order of the polarization.®) The coefficients are 
isothermal and depend, in general, on temperature, 
although Devonshire assumed this only for the Curie- 
Weiss law coefficient 8. The relations between polari- 
zation, dielectric constant and electric field are derived 
by differentiating the free-energy function. 

The coefficients of the free-energy function were 
determined from all the measurements of dielectric 
constant and polarization except those of the polari- 


4 A. F, Devonshire, Phil. Mag. 40, 1040 (1949); 42, 1065 (1951). 
A. F. Devonshire, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 85. 
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Fic. 8. Induced birefringence 2s field strength 
in the [110] direction. 


zation in the induced orthorhombic phase, where meas- 
ured values are ca 30% smaller than those calculated 
(Table I). 

Birefringence can be related to the square of the 
polarization because in first approximation both quanti- 
ties are proportional to the spontaneous strain.‘ !® The 
measured values of P?/Am in the [100] direction always 
fell between 0.9 and 1.25 coul?/m‘. The birefringence 
behaved similarly in the orthorhombic phase: at 0°C, 
P=0.31 coul/m?, An=0.1150 and P?/An=0.83 coul?/m‘4, 
This is not the case for the [110] direction above the 
Curie point. In the paraelectric phase An was expressed 
by d; and d,: d; was approximately the same for the 
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Fic. 9. Induced polarization in the paraelectric phase: co- 
efficients of P=xE+ XE os temperature in the [100] and [110] 
direction. 
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Fic. 10. Models of the perovskite lattice projected onto the 
(100) plane parallel to the polar axis: (a) tetragonal, (b) ortho- 
rhombic-ferroelectric phase, (c) proposed induced orthorhombic 
phase, with movement of the Ti ions only, (d) with movement 
of all the ions. 


[100] and [110] direction, but dz proved to be positive 
in the [100] and negative in the [110] direction (Fig. 6). 
This effect became much more pronounced in the tran- 
sition to the induced ferroelectric orthorhombic phase. 
The birefringence decreased discontinuously (Fig. 8) 
while the polarization increased [Fig. 3(c) ], resulting 
in values of P?/Amn as high as 5 instead of 1. This shows 
that the induced orthorhombic phase must be different 
from the one below 5°C. 

The atomic configuration which leads to the thermo- 
dynamic behavior described above can be represented 
by the following simplified model. Let the Ba and O ions 
have zero polarizability and let them be positioned at 
the corners and face centers of the perovskite lattice, 
leaving only the Ti ion free to polarize and move. 
Neutron diffraction showed that the Ti ion is displaced 


Position of Ti ion 


Fic. 11. Potential energy curves for coherent 
movement of all Ti ions (schematic). 


relative to the oxygen octahedron along the [100] axis 
in the tetragonal phase, with the displacement «x pro- 
portional to the polarization.'® Similarly, the polariza- 
tion in the orthorhombic phase is due to the Ti displace- 
ment in the [110] direction.!’ The birefringence is 
proportional to the strains and to the square of the 
polarization in both cases. Figure 10 shows projections 
of the perovskite lattice onto the (100) plane parallel to 
the polar axis; a and d are simplified configurations for 
the tetragonal and orthorhombic phases. It can be 
assumed that the same proportionality will hold approx- 
imately in the induced orthorhombic phase, which 
therefore requires a model with a large Ti displacement 
and a small strain. Such a model is shown in Fig. 10(c). 
The Ti’s are displaced alternately in the [100] and 
[010] directions. In a first approximation the other 
ions are held in their cubic positions; a square lattice 
without birefringence results. Actually, they are shifted 
slightly to keep the interatomic distances approximately 
the same, producing a small orthorhombic shear in the 
unit cell [ Fig. 10(d) ]. The resulting birefringence is much 
smaller than in model b; the net polarization along the 
axis is alsosomewhat smaller than for b because P= mx/! 
rather than mx, corresponding to the experimental ob- 
servations. Obviously, other models might be con- 
structed with similar properties and a thorough struc- 
ture analysis is required to select the right one. 
According to model d, the potential minima for the 
Ti ions in the induced orthorhombic phase lie near the 
[100] axes; they must be the ones that are occupied in 
the tetragonal phase. The potential energy is spherically 
symmetrical near the origin, as shown by the behavior 
in the paraelectric phase (Figs. 6 and 9). The Ti ion 
tends to be displaced along the [110] axis when a small 
field is applied in that direction. The strongly aniso- 
tropic second-order terms become important at higher 
fields and the Ti ion moves away from the [110] axis. 
The potential-energy curves for coherent movement of 
all Ti ions and positions of the Ti ions as a function of 





Time —> 
Fic. 12. Phase-transition temperatures of a good single crystal vs 


time: A to C and a tom refer to microphotographs (Figs. 13 and 14) 
of the crystal made at the time shown. 


16 Frazer, Danner, and hoe ¢ Phys. Rev. 100, 745 (1955); 


Bull. Am. Phys. Soc. Ser. II, 2, 23 (1957). 
17 Shirane, Danner, and Pepinsky, Phys. Rev. 105, 856 (1957). 





TRANSITION TO 
the field in the [110] direction are schematically 
sketched in Fig. 11. 


IV. DYNAMICS OF THE PHASE TRANSITION 
Phase Transition at Zero. Field 


Careful observation with the polarizing microscope 
showed that the crystals did not transform abruptly 
from cubic to tetragonal and vice versa, but formed one 
or more domains of the new phase which grew slowly, 
continuously or in steps. The nucleation took place at 
special points along the edges of the crystal. The walls 
between the phases were straight lines that might or 
might not be orientated in the direction of any of the 
simple crystal axes. The temperature for nucleation, 
the domain pattern, and the speed of growth of the 
domain walls varied with temperature, even for the 
same crystal under identical external conditions. 

The statistical switching behavior of a strain-free 
sample is illustrated in Fig. 12, where the temperature 
range of each transition is indicated. The temperature 
was changed by 0.1°/min; no movement of the phase 
boundaries occurred when the temperature was held 
constant part way through the transition. The crystal 
randomly assumed one of three distinctly different final 
domain configurations (A, B, or C, Fig. 13) upon trans- 
forming to the tetragonal phase. The mixed phase 
regions took on a large number of different forms de- 
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Fic. 13. Photomicrographs of tetragonal domain 
configurations (see Fig. 12). 


pending on the final tetragonal configuration. The 
photographs of some of these, taken at times a to m of 
Fig. 12, are shown in Fig. 14. (The black regions are 
cubic, the others tetragonal.) From the single-domain 
state (A) the transition usually proceeded by the 
continuous movement of a single phase boundary 


Fic. 14. Photomicrographs of mixed phase regions 
of the crystal of Fig. 12. 
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Fic. 15. Change of the first-order transition with the electric field 
in the [100] direction: (I) slow, (IT) fast transition. 


(a—b—c—d). The two-phase regions (f to n, Fig. 14) 
were more complex when they started with the configu- 
rations B or C (Fig. 13). 

Some samples appeared to have more built-in strains 
or impurities and always transformed to the same 
domain pattern in the tetragonal phase. In those cases 
the transformation in one direction was the exact in- 
verse of that in the other direction indicating that 
different parts of the crystal had different Curie tem- 
peratures. This behavior could be changed, sometimes 
permanently, by changing the domain pattern in the 
tetragonal phase with an electric field. 
_ The average temperature'* hysteresis (72—T 1) 

varied from 1.0 to 2.2°C for various crystals. The 
average Curie point (T+T7.2)/2 ranged from 115.6° 
to 119.9°C for our crystals grown by the Remeika 
technique in air; other samples had Curie point tem- 
peratures from 106.2° to 115.6°C. 


Field-Induced Transition 


The influence of electric field on the Curie point was 
studied first by varying the temperature at constant 
field. The transition proceeded by nucleation and growth 
of the new phase, as in the zero-field case, but the 
crystal always assumed the single domain status (A, 
Fig. 13) in the tetragonal phase and the transition 
points shifted to higher temperatures (Fig.15, curve I). 
The external fields shown do not completely correspond 
to the internal situation because of space-charge build- 
up during the long time required for these measure- 
ments; they vary considerably from crystal to crystal. 
Above 5000 v/cm, field distortion made the transition 
point relatively uncertain. 

Next, the field was varied at constant temperature. 
This gave more quantitative information because the 
field could be changed much faster and space-charge 

1%8From here on the Curie temperature of a crystal will be 
defined as the temperature at which, on the average, one half of 


the crystal has changed phase: 7. for the cubic — tetragonal 
transition, 7-2 for tetragonal — cubic. 


build-up avoided. For very slow changes of field 
(<0.1 kv/cm sec) the transition proceeded exactly as 
when the temperature was varied. One or more domains 
of the opposite phase nucleated at the edges of the 
crystal and grew. The average transition points coin- 
cided approximately with those induced by temperature 
variation (Fig. 15, curve I). 

The transition behaved quite differently if the field 
was changed rapidly (>0.1 kv/cm sec). The entire 
crystal changed abruptly from one phase to the other 
without any evidence of boundary motion as far as 
optical observations could discern. The fields at which 
this transition took place (Fig. 15, curves II) were well 
reproducible for various crystals except at high temper- 
atures, where the two phases nearly coalesce. In the 
regions of positive field (curve IIa and curve IIb for 
T>T,) the curves were independent of the rate of 
change of field as long as the whole crystal switched at 
once. This was checked from 10’ to 0.1 kv/cm sec. 

The reverse transition from the tetragonal to the 
cubic phase took place at negative fields in the tempera- 
ture region between 7,2 and 7, (Fig. 15, curve IIb) as 
long as the field was varied faster than 100 kv/cm sec. 
At lower rates of change all crystals switched back to 
the cubic state near zero field, either suddenly or grad- 
ually by wall motion. The reason apparently is that 
the tetragonal phase could break up into a variety of 
domain patterns at that point if given enough time. 
The crystal transformed only partially to the cubic 
phase below 7.2 and not at all below 7... 

The transition to the induced orthorhombic phase 
was investigated in the same manner. The tetragonal 
phase, stable below the Curie point, interfered with the 
orthorhombic phase in the cases of slow transitions and 
no definite transition points could be assigned. For rapid 
changes of the field the crystal transformed suddenly 
from the cubic to the orthorhombic phase analogously 
to the tetragonal case (Fig. 16). 


Discussion 


The temperature of the first order transition as a 
function of field strength cannot yet be derived from 
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Fic. 16. Change of the first-order cubic-orthorhombic phase 
transition with electric field in the [110] direction. 
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atomic theory because the free energies cannot be calcu- 
lated very accurately. It is therefore necessary to use 
the phenomenological thermodynamic theory as a basis 
for a discussion. The stable phase at each value of 
temperature and electric field is the one with the lowest 
total energy. Since (G,— Gy) represents only the reversi- 
ble work needed to change the polarization of the crystal 
from zero to P at zero field, the total energy W must in- 
clude an electrostatic term W(E,7,P)=G,(T,P)—E-P. 
W can be plotted as function of Z, T, and P, using the 
coefficients of Table I. There is always at least one 
energy minimum, for high temperatures near P=0 
(paraelectric phase) and for low temperatures at a large 
value of P (ferroelectric phase). In an intermediate 
range there are two minima as long as FE<E,. 
(E.=11 kv/cm for the [100] direction.) 

At what temperature the transition from one mini- 
mum to the other takes place will depend on the relative 
depth of the minima, the height of the potential barrier 
between them, and the temperature vibrations. Two 
special cases can be considered: (1) The temperature 
(or the field) is changed slowly and the thermal vibra- 
tions are large enough so that the crystal is always in 
its most stable state, in which case the transition must 
take place where the two minima are equally deep, 
i.e., there will be no thermal! hysteresis. (2) The temper- 
ature (field) is changed very fast so that the crystal 
has no chance to move out of the higher potential well 
until the well completely disappears when 0°G,/dP?=0. 

These special transition points are shown for the 
[100] direction in Fig. 15 (dashed lines); the middle 
line refers to case 1 while the other two lines refer to 
case 2. The actual observation of the slow transition 
compares to case 1 except that it shows a small amount 
of temperature hysteresis. The activation energy be- 
tween the minima must be high even at the special 
points along the edges where the new phases nucleate. 
The slope of the experimental curves also differs from 
that of the theoretical one because, due to space charge, 
the measured fields are higher than the actual fields. 
The curves of the fast transition show the same shape 
as case 2 but the temperature hysteresis is 40% of the 
theoretical one. This is to be expected since the total 
transition time could not be decreased below 1 usec, 
even with rapidly rising fields (see below) ; the tempera- 
ture vibrations cannot be neglected during such a period. 

This analysis can be made for the cubic-orthorhombic 
transition, except that only the fast transition could 
be measured. The temperature hysteresis is here only 
14% of the theoretical (Fig. 16), while the qualitative 
behavior is again the same as theoretically predicted. 
The potential barriers between the two phases must be 
smaller than in the previous case. 


Pulse Measurements 


Since the field-induced transition can be made to 
take place very rapidly, detailed information about the 
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Fic. 17. Change in light output and birefringence during a 
3-usec electrical pulse large enough to switch the crystal from the 
cubic to the tetragonal! phase. 


actual process requires pulse techniques. Pulses and 
step functions of 0.1 usec rise time were applied to the 
samples and the light output recorded (the recording 
system had a time constant of slightly less than 0.1 usec). 
For monochromatic light polarized at 45° to the optical 
axis, the light output under crossed polarizers is related to 
the birefringence as [= J sin?(A¢/2)=J» sin?(rAnd/\), 
with A@ the phase difference between the ordinary and 
the extraordinary ray, d the crystal thickness, and A 
the light wavelength. 

In the paraelectric phase a quadratic Kerr effect was 
observed since An« E*, For a 3-usec pulse the bi- 
refringence followed the electric field strength without 
delay, indicating that the time constant for the Kerr 
effect was less than 0.1 usec. This corresponds to the 
observations of Koelsch,” who observed a time constant 
of 40 musec or less. The birefringence continued to in- 
crease slightly after the voltage pulse had reached its 
maximum value. This effect was smaller on a crystal 
with gold electrodes only; the distributed circuit ele- 
ments of the tin oxide and surface layers may be 
responsible for it. 

The light output shows a more complicated behavior 
when the crystal is switched to the induced tetragonal 
ferroelectric phase (Fig. 17). A typical high-speed oscil- 
logram shows a number of large oscillations in light 
intensity at the beginning of the pulse (4). These were 
accurately reproducible and were caused by a continu- 
ous change of birefringence from zero to its final value, 
which fell on the same curve as the dc measurements 
(Fig. 5). 

Subsections of the crystal, investigated by masking 
sections of its image on the surface of the photomulti- 
plier, showed the same behavior of the birefringence 
as the whole crystal. Hence, for high-speed pulses, the 
crystals transformed uniformly and continuously from 
one phase to the other without evidence of wall motion. 


A. G. Koelsch, Institute for Radio Engineers Convention 
Record (Institute for Radio Engineers, New York, 1957), Part 3, 
pp. 169 ff. 
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The time of the transition from 10 to 90% varied 
between 1 and 2.5 usec, depending on the crystal and 
sample holder but not on temperature or electric field. 
Pulses were applied to a much smaller crystal (0.26 mm 
between electrodes) to investigate the effect of crystal 
geometry. The sample did not behave as well as the 
larger crystals, probably because of electrode-edge 
effects; the oscillations in light output (A) were only 
barely noticeable, but the transition definitely took 
place in about 0.5 usec, considerably faster than for 
the larger samples. 

After An reached its final value, the average light 
output was constant for the remainder of the voltage 
pulse (B). 

The behavior after the pulse ended (C) depended on 
temperature. Above 7, (Fig. 15) the crystal switched 
back to the cubic phase immediately. The light output 
curve was approximately the inverse of that observed 
at the rise of the field. The number of large oscillations 
was the same but they were less pronounced possibly 
due to induced strains. It took 2 to 3 usec for most of 
the light to disappear. 

The crystal did not change immediately to the cubic 
phase when the pulse was removed between 7,2 and 7), 
but remained for a while in the ferroelectric state with 
only a slight change of An (C). After a time the light 
output changed by one or more sudden jumps, and 
eventually reached zero. The intermediate states were 
evidently partly tetragonal with various domain struc- 
tures. This reiterates the importance of domain forma- 
tion to the break-up of the tetragonal state in this 
temperature region. The first jump led to zero in about 
half the cases and occurred from 200 to 1500 usec after 
the pulse ended. This time varied only slightly for a 
given crystal at constant temperature, decreasing with 
increasing temperature. This could not be determined 
quantitatively since the range between 7.2 and 7; was 
only 2°. 

Small sinusoidal oscillations were superimposed on 
the constant values of light output in both regions (B 
and C, Fig. 17). They continued undiminished some- 
times for long periods and were also observed in the 
paraelectric phase. Their period was between 0.5 and 
0.8 usec for samples 1.0 to 1.5 mm long, and 0.2 usec 
for the short crystal (0.23 mm long), an average of 
0.6 wsec/mm. Piezoelectric resonances observed in the 
dielectric constant spectrum of these samples at room 
temperature” showed that the fundamental longitudinal 
vibration occurs at 0.5 wsec/mm. This indicates that 
the oscillations were electromechanical vibrations excited 
by the electric pulse. 

Pulse measurements were also made on [110 ] crystals. 
In this case the birefringence in the induced ferroelectric 
phase is only slightly different from that in the para- 
electric one and the transitions were difficult to detect 
and investigate by this method. However, it could be 


2” W. B. Westphal, Massachusetts Institute of Technology 
(private communication). 
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seen that the transition required about the same time 
asin the[ 100 ] caseand the decay from the orthorhombic 
to the cubic phase was similar. 

The behavior differed if pulses were applied to the 
samples with edges halfway between the [110] and 
[100] directions. The induced state was multidomain 
tetragonal, and the transition took place in 1 to 2 usec 
with only one or two noticeable oscillations. The forma- 
tion of domain walls evidently proceeds during the tran- 
sition, and not after its completion. 


The Transition Process 


The fast transition, during which the crystal switched 
as a whole, allowed a more quantitative investigation 
by measurements of the change in birefringence (see 
Fig. 17). The ultimate limit of the speed of transition 
must be the time it takes for the feed-back effect to 
build up. The ions will be displaced a small amount by 
the external field, thereby producing a larger local field 
which in turn increases the displacement, and so on. 
The temperature will influence this effect because it will 
produce variations in the local field. The magnitude of 
the electric field should also change the speed of tran- 
sition. No such dependence on temperature and field 
was observed, hence the feed-back mechanism takes 
effect faster than the observed transition time of 1 usec 
and a slower process must limit the speed of transition. 

The slower process must be connected with the 
mechanical deformation occurring during the transition, 
as demonstrated by the shorter transition time of the 
smaller crystal. The deformation is a longitudinal ex- 
tension along the polar axis and a considerable rearrange- 
ment of the ions in the crystal lattice is associated with 
it. A type of shock-wave pattern can be expected to 
form during the transient state to keep the deformation 
and ion rearrangements uniform throughout the crystal 
and cause the transition to be somewhat longer than 
the transit time of a sound wave. The shock-wave 
pattern will create a high attenuation and account for 
the “relaxation-type” rise in birefringence (see Fig. 17). 
This is the same process that determines the high- 
frequency relaxation spectrum of the dielectric constant 
as postulated by von Hippel.” 

In contrast, the piezoelectric resonances ebserved 
once the crystal had switched were attenuated only 
slightly (see Fig. 17). Their frequency corresponds 
exactly to the transit time of a sound wave and there- 
fore they have a shorter period than the damped 
transition (0.6 vs 1.5 usec/m). They are identical to 
the piezoelectric resonances observed in the dielectric 
constant spectrum, as was mentioned previously. 

The fact that the fast transition takes place at the 
same value of electric field under all conditions shows 
that it always occurs in the manner discussed in this 


21 A. von Hippel, Technical Report 99, Laboratory for Insulation 
Research, Massachusetts Institute of Technology, August, 1955 
(unpublished). 
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section. Every part of the crystal starts to transform at 
the same time, in contrast to the slow transition with 
its one or two nucleation points. The transition process 
is also very different from the polarization reversal in 
the tetragonal phase. The latter always takes place 
through nucleation and growth of antiparallel domains. 
The reversal time varies continuously and exponentially 
with the electric field except that it must also be limited 
by the velocity of sound.® This is as expected since it 
must be more difficult to reverse an already established 
polarization than create or destroy one. 
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Optical Absorption and Photoconductivity in Magnesium Oxide Crystals* 


W. T. Pertat 
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(Received March 20, 1958) 


Optical absorption and photoconductivity spectra of magnesium oxide crystals from various sources are 
presented. The effects of ultraviolet and x-ray irradiation are described, and the results are interpreted in 
terms of valence changes of impurities, principally iron. A method for the analysis of the photoconductivity 
data is given. This method corrects for the effects of strong nonionizing absorption, which may lead to 
spurious peaks in photoconductivity spectra. The sign of the optically excited charge carriers was deduced 
by a method which involves the formation of a space-charge field by the motion of carriers in an applied 
electric field, and the detection of the asymmetry in this space-charge field when carriers are subsequently 
allowed to move under the influence of the space-charge field only. 

A band centered at 5.05 ev has been detected in all specimens measured and this is believed to be due to 
the impurity Fe**. Irradiation in this band provides free electrons some of which are believed to be trapped 
by other Fe?* ions. Three absorption bands previously observed by other authors are believed to be associ- 


ated with the impurity Fe**. 


1. INTRODUCTION 


HE work to be described in this paper was part 

of a program!.? whose purpose was the determina- 

tion of the nature of certain imperfections in magnesium 

oxide crystals. The imperfections of interest are those 

which evidence themselves as electronic excitation proc- 

esses occurring in a region of the spectrum where light 

is not absorbed by the perfect crystal. According to the 

usual usage of the term, they may therefore be denoted 
as “color centers.” 

One of the principal reasons for the interest in color 
centers in MgO is the desirability of extending the in- 
formation and understanding that has been gained in 
the study of the alkali halide group of compounds,’ to 


* Supported by Electronic Components Laboratory, Wright Air 
Development Center under Contract AF 33(616)-3325. 
t Now at Honeywell Research Center, Hopkins, Minnesota. 
( a Dekker, and Sturtz, J. Phys. Chem. Solids 5, 23 
1958). 
2B. V. Haxby (to be published). 
3 F. Seitz, Revs. Modern Phys. 26, 44 (1954). 


a compound of divalent elements with a similar type 
of binding. So far as the author is aware, there is not 
in the present nor in any previous work, any evidence 
that an analog to any of the well-known color centers 
has been found in MgO. There are known, however, 
several optical transitions‘. which can be introduced in 
certain ways. The purpose of this work was to study 
these transitions by the measurement of absorption and 
photoconductivity spectra and to attempt to determine 
the nature of the corresponding imperfections. 

Measurements of this sort have previously been pub- 
lished : optical absorption spectra by Weber and photo- 
conductivity spectra by Day.® Their conclusions have 
been extensively used by other authors in the discussion 
of measurements of conductivity,® ultraviolet activa- 
tion,’ luminescence,® and Hall effect® of MgO crystals. 

*H. Weber, Z. Physik 130, 392 (1951). 

5H. R. Day, Phys. Rev. 91, 822 (1953). 

6. Yamaka and K. Sawamoto, Phys. Rev. 95, 848 (1954). 

7F. P. Clarke, Phil. Mag. 2, 607 (1957). 


8 E. Yamaka, Phys. Rev. 96, 293 (1954). 
*E. Yamaka and K. Sawamoto, Phys. Rev. 101, 565 (1956). 
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TABLE I. Spectrographic analysis of a typical specimen.* 








Element Concentration (atomic %) 


Fe 0.01-0.03 
Mn 0.005 
Cr 0.001 











® See reference 2. 


It is believed, that the measurements and interpreta- 
tions of these two papers‘: err sufficiently in detail that 
one can be led to confusion concerning the energy level 
diagram necessary to make consistent all the data 
presently available. In the following we attempt to show 
the reasons for our disagreement with previous data 
and to construct a partial energy level diagram. 


2. EXPERIMENTAL 
2.1 Source and Purity of Material 


Most of the crystals used in these experiments were 
obtained from the Norton Company, Niagara Falls, 
New York. A few were also obtained from the Infrared 
Development Company, Welwyn Garden City, Herts, 
England and others from the Advanced Lamp Develop- 
ment Laboratory of the General Electric Company, 
Cleveland, Ohio. Except where a particular reason 
exists, the sources of the individual specimens are not 


identified in the following sections. Haxby* has made 
extensive spectrographic analyses of material from all 
three sources and a typical result is reproduced in 
Table I. The material to which the table applies is 
referred to in the following as ‘‘normal,”’ which designa- 
tion is meant to imply that a large proportion of the 
samples measured had similar impurity concentrations. 


2.2 Specimen Preparation 


Crystals about 5X10 mm on the faces and from 0.2 
to 1.0 mm thick were cleaved from larger pieces which 
had been selected for their lack of visible optical absorp- 
tion. Some of the crystals were heated in vacuum before 
use. Such heat treatments were carried out in a small 
furnace operating inside a bell jar. The pressure was 
usually about 5X 10-° mm Hg. To prevent contamina- 
tion of the crystal faces during the heat treatment, they 
were placed in a boat ground from a large MgO crystal, 
and a MgO slab lid was tied on with molybdenum wire. 

Crystals were prepared for photoconductivity meas- 
urements by painting electrodes of air-drying silver 
paste (Dupont No. 4817) on two opposite edges. They 
were held between Teflon blocks, also coated on one 
face with the same paste, inside a light-tight box which 
could be desiccated when necessary. 


2.3 Apparatus 


A Bausch and Lomb grating monochromator was 
used to provide the illumination. The dispersion was 
33 A/mm, and the monochromator was normally used 
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with slits of 3 mm or less in width so that the band 
width was normally about 100 A or less. At 5 ev this 
corresponds to an energy range of 0.2 ev in the mono- 
chromator output, and the energy spread decreases as 
the square of the energy. Sharp-cut glass filters were 
used to remove the higher order dispersions. 

The output of the monochromator passed through a 
fused quartz plate set obliquely to the beam so that a 
fraction of the beam was reflected to a Type 935 photo- 
cell, while the main beam was focused on the sample. 
The photocell was calibrated in a separate experiment 
by placing a calibrated thermopile in the sample position 
and measuring the output of both photocell and thermo- 
pile as a function of wavelength. The photocell could 
then be used to measure the light intensity correspond- 
ing to each measured photocurrent. Three light sources 
were employed to cover the energy range from 1.7 to 
about 5.6 ev. A carbon arc, using a National Carbon 
Company Type W cored anode, operating at 40 v, 60 
amp, could be used over the entire range. More stable 
output was obtained from a General! Electric Company 
Type AH6 high-pressure mercury arc (2.3-4.6 ev) or a 
tungsten lamp (1.7-2.3 ev). At energies greater than 
5.0 ev there was an appreciable amount of stray light 
in the monochromator output. This was accounted for 
by measuring the decrease in photocurrent and light 
intensity when a Corning 9700 filter was placed in the 
beam. This filter cut off the energy at which the meas- 
urement was being made but passed practically all the 
stray radiation. 

Owing to the lack of sensitivity, the photocell could 
not be used at quantum energies below 2.30 ev. By using 
the calibrated thermopile the variation of the output 
of the tungsten lamp with energy was determined in a 
separate experiment. Then, under a given set of con- 
ditions, the intensity could be measured at 2.3 ev using 
the photocell and the intensity at lower quantum 
energies could be calculated from this. 

The electric field was applied to the crystal by a 
number of 300 v dry cells, while the current was meas- 
ured by a direct-coupled feedback amplifier whose first 
stage (CK5889) was mounted near the crystal. An input 
resistor of 10" ohms could be employed, and currents 
of 5X 10—* ampere were readily measurable. With this 
input resistor the time constant of the system was about 
2 seconds. 

In all the photocurrent measurements, the exposure 
of the crystal to light, when the electric field was 
applied, was kept as small as possible in order to mini- 
mize the formation of space-charge fields. The light was 
allowed to fall on the crystal in single “pulses” varying 
from 0.05 to about 5 seconds depending on the sensi- 
tivity (and hence response time) of the apparatus. Aside 
from the prevention of space-charge formation, the use 
of short pulses of light was desirable because of the poor 
long-term stability of the carbon arc and the effect of 
prolonged ultraviolet radiation on the photoconductive 
response (Sec. 3.4). 





OPTICAL ABSORPTION 

Absorption spectra were measured with a Beckman 
Model DU quartz spectrophotometer using the point- 
by-point method. 

Where a specimen is designated “x-rayed,” an ex- 
posure to the beam from an x-ray tube with a tungsten 
target and beryllium window is implied. The samples 
were placed about 8 cm from the target and the tube 
was operated at 50 kv and 15 ma. During the x-irradia- 
tion the specimens were covered with aluminum foil 
to protect them from optical radiation. 


2.4 Calculation of the Data 


Absorption data are presented in terms of the absorp- 
tion coefficient, A, defined by 


T=Ipe~*4(1—R)?, 


where J) and / are the incident and transmitted in- 
tensities, respectively, d is the specimen thickness, and 
R is the reflection coefficient. The above expression 
allows for the losses at the first and second partial 
reflections only. Since R is small, this approximation is 
sufficiently accurate for our purposes. R was calculated 
from the index of refraction data of Strong and Brice,” 
which was extrapolated into the short-wavelength region 
by using the Sellmaier equation," 


w= 1.945d"/ (A?— 1.251 X 10°), 


where yu is the index of refraction and \ the wavelength 
expressed in A. 

In order to make clear the manner in which the 
photoconductivity data were plotted, the following 
simple analysis is presented : 

Consider a crystal with an absorption coefficient 
K(E), where E designates the quantum energy. K may 
be a composite coefficient which defines the total ab- 
sorption, at a given energy, due to several different 
absorption processes, K,(£), ie., K=>0; K,(E). If the 
crystal absorbs a fraction, a, of the incident radiation, 
the fraction absorbed by optical transitions of type 7 is 
K,a/K. Let p; be the probability that such a transition 
leads to a free charge carrier. Then the fraction of the 
incident radiation which produces free charge carriers, 
by all possible types of transitions, is (a/K)>>; piK;,. 
Let the carriers move an average distance x; in unit 
field (we use the subscript here to allow for the possi- 
bility that both electron and hole excitation occur at 
the same energy, i.e., x; takes on one of two possible 
values). Then each contributes a charge x;Ve/w? to the 
external circuit, where w is the distance between the 
electrodes and V is the applied voltage. Then if V 
quanta/sec fall on the crystal, the observed photo- 
current is 

i= (NaeV/Kw*)> xip:Ki, 
10 J. Strong and R. T. Brice, J. Opt. Am. 25, 207 (1935). 


uF, A, Jenkins and H. E, White, Fundamentals of Physical 
Optics (McGraw-Hill Book Company, Inc., New York, 1937), p. 
294. 


AND 
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> xipiK = (t/N)(K/a)(w*/eV)=Y. 


K was determined by optical absorption measurements 
on each crystal and a calculated therefrom. Thus, from 
a combination of optical absorption and photocon- 
ductivity measurements, the quantity Y(£) could be 
determined. 

It should be observed that the photoconductive yield 
Y as defined above is essentially the ratio of photo- 
current to incident light intensity, multiplied by a 
correction factor, A/a. The correction factor allows for 
the light which may be lost (insofar as the production 
of free carriers is concerned) by one or all of three 
important processes, vz., transmission through the 
sample, reflection from the sample, and absorption by 
processes which do not lead to conductivity (p=0). 
An example of the importance of the correction factor 
is given in Sec. 3.5. 


2.5 Sign of the Charge Carriers 


Whenever a photocurrent is detected and a photo- 
ionization process thus revealed, it is always desirable 
to know whether the current is carried by electrons or 
by holes. Most of the methods which allow this deter- 
mination for semiconductors do not apply to good 
insulators, although Yamaka and Sawamoto’ have em- 
ployed the Hall effect for this purpose. Day® devised a 
method which depended on the direction of displace- 
ment of an optically activated region of a crystal when 
the activation was performed, first with no applied 
electric field, then with the field applied. It is believed 
that the results of this technique are subject to mis- 
interpretation as explained later in this section. For 
this reason a somewhat different method was employed 
in this work. 

The method depends upon the asymmetry of the 
electric field distribution within a crystal when a space- 
charge field has been set up by the flow of carriers and 
carriers are subsequently allowed to flow in this space- 
charge field only. That space fields can be readily 
observed and maintained in MgO is shown in Sec. 3.2. 
It is also shown in that section that the assumption that 
a negligible fraction of the excited charge passes through 
the electrodes is in agreement with experiment. Consider 
the experimental situation as illustrated by Fig. 2(c) 
wherein the ZY planes constitute the electrodes of a 
with the light beam incident on the XZ plane and crystal 
illuminating a fraction of the volume, 5 wide as shown 
in the figure. Assuming that the distance moved by each 
excited carrier before trapping is small compared to 
either a or 5, the result of an irradiation, during which 
the electric field is applied, is to give the field distri- 
bution shown by the solid line in Fig. 1(a). The dotted 
line shows the field before irradiation, i.e., that which 
would be calculated from the applied voltage and the 
electrode separation. 
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Fic. 1. Idealized electric field profiles, illustrating the method 
of determining the sign of the charge carriers. The crystal lies 
between two electrodes represented by solid vertical lines and is 
illuminated in the central region bounded by the dotted vertical 
lines; (a) shows the field profile after irradiation with a voltage 
applied such that the initial field is Eo, (b) is the same profile after 
removal of the external voltage, while (c) shows the profile after 
a subsequent irradiation with the two electrodes held at the same 
potential. The space-charges shown are for the case that the 
carriers are electrons. 
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The second step in this idealized experiment is to 
remove the applied voltage and bring the electrodes to 
the same potential. The field distribution is then as 
shown in Fig. 1(b) which is simply a vertical displace- 
ment of the previous diagram. 

For definiteness it is assumed at this point that the 
excited carriers are electrons. (The discussion can be 
easily altered to fit the case of hole excitation.) The 
field distributions of Figs. 1(a) and (b) are then the 
result of the space-charges indicated on Fig. 1(a). The 
important fact here is that the electron excess lies 
outside the illuminated region while the electron de- 
ficiency lies within this region. 

The third step of the experiment consists in the exci- 
tation of more carriers (within the same volume as 
previously irradiated) and their motion under the in- 
fluence of the space-charge field alone. Under these 
conditions the motion of the excited electrons is to the 
right and the tendency is for the former electron de- 
ficiency to be neutralized and a new deficiency to form 
at the left-hand side of the irradiated region. (Notice 
that the electron excess is not disturbed because it lies 
outside the irradiated region.) If this process could be 
carried to completion, the space-charge distribution 
would be as shown in Fig. 1(c) with the corresponding 
electric field having an appreciable value only at the 
left hand edge of the illuminated region. If the photo- 
current were carried by holes rather than by electrons, 
the “dipole” layer would exist at the opposite edge of 
the illuminated region (i.e., the edge nearest the elec- 
trode which was held negative during the first step of 
the experiment). 

According to the foregoing discussion the sign of the 
charge carriers can be determined if the dipole layer 
can be located. This can be done in practice by moving 
a narrow beam of light across the crystal and measuring 
the photocurrent as a function of the beam position. 
If the electrodes are at the same potential during this 
“scanning,” the photocurrent observed will be due to 
the motion of carriers in the previously developed 
space-charge field and hence will be a measure of this 


field. The measured dependence of photocurrent on 
beam position will, of course, be a true representation 


-of the electric field distribution only if the sensitivity 


of the crystal is uniform: that is, if the ultraviolet 
irradiation has not appreciably activated the crystal. 
This condition very likely cannot be met in practice, 
but nevertheless this effect does not interfere with the 
location of the dipole layer. 

In an actual experiment the results may be expected 
to deviate from those shown schematically in Figs. 1 (a) 
to (c). There are several obvious reasons for this: 
(a) the carrier range may not be small compared to the 
width of the irradiated region, (b) the carrier range may 
vary during the course of the experiment by means of 
the activation effect mentioned above and also because 
the electric field is not constant during the experiment, 
(c) the term, “range,” as used above should actually 
read “mean range”’ since the displacement of a given 
electron can vary between zero and a distance com- 
parable to the distance between the electrodes, (d) the 
width of the scanning beam is not negligible compared 
to the width of the irradiated region, and (e) it is difficult 
to estimate the optimum duration of the second irradia- 
tion (no applied field). If insufficient time is employed, 
the field due to the dipole layer may be masked by that 
due to the un-neutralized charges at either edge of the 
illuminated region. If the second irradiation is prolonged 
to avoid the former effect, the dipole itself may be 
destroyed, by the continuous dark current for example. 

In spite of the above-listed difficulties, it is believed 
that the method may be used to determine the sign of 
the charge carriers excited under various conditions. 
For, even if a clearly defined field maximum, correspond- 
ing to the “dipole” of Fig. 1(c), cannot be discerned, 
the location of the “dipole” can be deduced from the 
asymmetry of the field distribution. Examples of the use 
of this method are given in Secs. 3.3 and 3.5. 

In the method of Day the irradiation is of necessity 
performed with the electric field applied. Thus, the 
electric field within the crystal becomes distorted by 
space-charge and a subsequent scan of the crystal with 
a beam of longer wavelength results, not in a profile of 
photosensitivity (implicitly assumed in Day’s method), 
but in a profile of the product of photosensitivity and 
electric field. It seems, therefore, that the method may 
lead to incorrect results unless the effect of the space- 
charge is considered. 


3. RESULTS 
3.1 General Features of the Photoconductivity 


In untreated crystals the photocurrent was found to 
be proportional to the electric field up to about 6000 
volts/cm. In this range of fields, the dark current was 
negligible, i.e., less than 10-'* ampere. However, for 
fields greater than some critical value (about 6000 
volts/cm), the dark current rose sharply to 10“ ampere 
or more. This current was sufficiently unstable that 
photoconductivity measurements were impossible. 
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Usually, the photocurrents were small enough at full 
light intensity to prevent an investigation of the de- 
pendence of current on intensity. However, because of 
the larger currents available it was possible to perform 
the experiment on an x-rayed crystal, using 2.3-ev 
quanta. In this case, the photocurrent was proportional 
to intensity for a 40 to 1 variation of intensity. Because 
of the irregular spectral output of both the carbon arc 
and the mercury arc, it is believed that any significant 
deviations from proportionality in the cases of other 
types of crystals would have led to corresponding 
irregularities in the calculated yield curves. Since the 
latter irregularities were not observed, we conclude 
that in the range of intensities used (at least 1000 to 1) 
the photocurrent was proportional to light intensity. 
The photocurrent was in all cases rather small so that 
the possibility that a surface effect was being observed 
had to considered. In order to check on this point, the 
following experiment was performed. The photoconduc- 
tive yield of a thick (~1 cm) specimen was measured. 
A section was cleaved off and the remainder remeasured. 
This procedure was repeated several times, measuring 
the yield at each step. Although it was impossible to 
obtain a specimen sufficiently homogeneous to be com- 
pletely satisfactory for this experiment, the yield calcu- 
lated at each step was essentially independent of 
thickness as should be found. The deviations from 
constancy which were obtained were random and not 


explainable in terms of a surface effect. 


3.2 Development of Space-Charge 


As explained in Sec. 2.3 the exposure of the crystal 
to light was held to a minimum in order to prevent the 
formation of space-charge fields. In order to demonstrate 
the development of such fields, the following experiment 
was performed. 

With an electric field applied to a crystal, a portion 
of the volume between its electrodes was irradiated with 
4.4-ev quanta and the photocurrent measured as a 
function of time. At intervals the electric field was 
removed, the electrodes were brought to the same poten- 
tial, and the photocurrent measured under this con- 
dition. Figure 2(a), curve A shows the variation with 
time of irradiation of the photocurrent with applied 
field, while curve B gives the current when measured 
with no applied field. The photocurrents of curve B flow 
in the opposite direction to those in curve A. 

The irradiation was then continued with no applied 
electric field (electrodes connected) and the photo- 
current was measured as a function of time. At intervals 
the electric field was applied and the photocurrent was 
measured under this condition. The corresponding 
curves are presented in Fig. 2(b). In each case curve C 
is the sum of curves A and B. 

The results of the foregoing experiment are consistent 
with the following assumptions which are reasonable 
in any case: 
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Fic. 2. Develop- 
ment and removal of 
space-charges by op- 
tical irradiation. (a) 
Irradiation with elec- 
tric field on, A meas- 
ured with field on, 
B with field off. 
(b) Irradiation with 
field off, A measured 
with field on, B with 
field off. In both 
cases the currents of 
A and B flow in op- 
posite directions and 
C is the sum of the 
absolute values of A 
and B. (c) Geometry 
of the experiment. 
The electrodes lie in - 


YZ planes and the 3 8 12 16 
light beam travels TIME OF IRRADIATION (min) 


parallel to the Y < i. 
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axis. The irradiated 
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region lies between 
the dotted lines. 


(a) the mean range of the charge carriers is small 
compared to the distance between the electrodes and 
to the width of the irradiated region; 

(b) the amount of charge which passes through the 
electrodes is negligible; 

(c) carriers are lost by trapping in states from which 
their release time is large compared to the duration of 
the measurement. 


If the above assumptions hold, then the net result of 
the experiment is to remove a sheet of charge from one 
side of the irradiated region” and to place it at the other. 
We consider, for example, the situation at 7, the instant 
at which the curves of Fig. 2(a) intersect. At this instant 
the electric field in the irradiated region is reduced to 
one-half its initial, known, value and the charge in the 
sheets may, therefore, be calculated from Poisson’s 
equation. The sheet charge may also be calculated by 
integrating the external photocurrent up to time T. 
For the experiment of Fig. 2 the values calculated in 
these two fashions differed by 4%, well within the 
experimental error. 

It is also easily shown that under the above assump- 
tions the sum of the absolute values of the currents 
measured with and without the applied electric field 
give the true no-space-charge value of the photocurrent. 
This would imply that curve C of Fig. 2 should be a 
horizontal line. However, it is shown in Sec. 3.4 that 
such prolonged exposure to ultraviolet light increases 
the photoconductivity, probably because of trap-filling. 
Consequently, the sum of curves A and B is expected 
to increase with time as observed. It should be noted, 
however, that this does not influence the calculation 
of the sheet charge, when the calculation is performed 
as outlined above. 


2H. Kallmann and B. Rosenberg, Phys. Rev. 97, 1596 (1955). 








ICIENT (cm) 








ABSORPTION COEFF 





5.0 4.0 
QUANTUM ENERGY (ev) 


3.0 


Fic. 3. Typical absorption spectra before any treatment. 
Spectra such as B could be obtained from A by heating the speci- 
men in vacuum. 


3.3 Untreated Crystals 


Most of the specimens, as obtained, showed an ultra- 
violet absorption spectrum consisting of two obvious 
bands (Fig. 3, curve A). Those which did not, showed 
a spectrum as shown by curve B. The actual magnitude 
of the absorption varied considerably from crystal to 
crystal but these two shapes were always found. Spectra 
like curve A have been shown! to consist of three bands, 
centered at 4.3, 4.8, and 5.7 ev. 

The photoconductivity spectrum of crystals charac- 
terized by absorption spectra of either type A or type 
B (Fig. 3) were as shown in Fig. 4. Variations from 
crystal to crystal as far as the shape of the spectrum is 
concerned, occurred mainly in the energy region above 
5 ev. For some specimens the yield continued to rise 
after a slight inflection at about 5 ev. Below 5 ev, how- 
ever variations in shape were minor. Indeed, it was 
found that over part of the energy region the spectrum 





Fic. 4. A_ typ- 
ical photoconductive 
4 yield curve before 
j any treatment of the 
} specimen. The solid 
curve at high ener- 
gies, becoming a dot- 
ted line at somewhat 
lower energies, is a 
Gaussian centered at 
5.05 ev. 
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was well represented by a Gaussian-shaped band 
centered at 5.05 ev. The nature of the fit is also shown 
in Fig. 4. In the subsequent discussion we consider the 
yield in the vicinity of 5 ev as being due to the 5-ev band. 

Variations in the magnitude of this band were not 
very great. Table II shows the magnitude of the yield 
at 4.6 ev for a selection of crystals. Also indicated is 
the type of absorption spectrum found for each, classi- 
fied according to Fig. 3. It may be seen that there is 
no correlation between the magnitude of the 5-ev band 
and the presence or absence of the 4.3-, 4.8-, and 5.7-ev 
bands. Neither was any other feature of the photo- 
conductive yield connected with this particular property 
of the crystals. 

Considering that the measured 5-ev yield depends 
both on the density of photoionizable centers and on 
the range of the free carriers (which is itself determined 
by the density of trapping centers), it is perhaps sur- 
prising that the magnitude of the yield does not show 
a greater variation from crystal to crystal. There are 
at least two possible reasons for this, viz., (1) the im- 


TABLE IT. Photoconductivity at 4.6 ev for a selection 
of MgO crystals. 


Type of 
absorption 
spectrum 

(Fig. 3) 


Type of 
absorption 

at 4.6 ev spectrum 
(10 cm/volt) (Fig. 3) 
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purity responsible for the 5-ev band may be one of those 
whose concentration was found? to vary little among 
specimens, and (2) an important range-limiting (tra- 
ping) mechanism may be contributed by the photo- 
ionizable center itself. In the former case the concentra- 
tion of trapping centers would also be required to vary 
little among specimens. In the latter case, however, if 
n is the density of ionizable centers, we have K~n and 
x~1/nso that Y=xpK~p and is therefore independent 
of the density of centers. Since the yield is not strictly 
constant among specimens, we are compelled to postu- 
late either the first possibility above or a mixture of 
both possibilities. It will later be argued (Sec. 3.6) that 
the latter is more likely for the specimens measured 
in this work. 

The sign of the charge carriers produced by irradia- 
tion in the 5-ev band was determined by the method 
described in Sec. 2.5. In this case the irradiations were 
performed at 4.4 ev. The field distributions at various 
stages of the process are shown in Fig. 5. After the 
second and third irradiations, the location of the maxi- 
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mum field intensity is seen to be shifted towards the 
electrode which was positive during the first (applied 
field) irradiation. According to our interpretation the 
charge carriers are therefore negative. 

Further discussion as to the nature of the 5-ev center 
will be given in a later section. For the present we 
summarize the conclusions and postulates of this section 
in two equations describing the photoionization of the 
5-ev center and two alternative trapping mechanisms. 

A"+hyv(5-ev band)—A"t!+e, 
A*+e>A™1, (1) 
B™+e—B" 1 

In the foregoing, the photoionizable 5-ev center is 
designated as imperfection A having a positive charge 
ne while all other imperfections capable of trapping 
electrons are lumped into B (m and nm are integers). 
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Fic, 5. Electric field distributions obtained in the determination 
of the sign of the charge carriers excited by 5-ev band irradiation 
(4.6 ev). All currents were measured with the crystal electrodes 
held at the same potential, A after irradiation with applied electric 
field, B after a subsequent irradiation with no applied field, and 
C after further irradiation with no applied field. A has been re- 
duced vertically to } to accommodate it on the same scale as the 
other two curves. The signs indicate the polarity of the electric 
field during the initial irradiation. 


The sign of the charge carriers excited in the 4-ev 
region was determined as above except that this time 
the irradiating energy was 3.8 ev. The corresponding 
field distributions are shown in Fig. 6. Here the field 
maximum shifts towards the originally negative elec- 
trode upon the second irradiation and hence the carriers 
are, according to our interpretation, holes. 


3.4 Effect of Optical Irradiation 


Prolonged irradiation by quanta which are capable 
of exciting charge carriers may be expected to change 
the photoconductivity and absorption spectra.*:7"= The 
charge carriers can be trapped by the photoionizable 
centers themselves or by other shallower levels, in either 
case giving rise to types of centers not present before 
the irradiation. The changes which are occasioned by 
the prolonged irradiation may, of course, be expected 
to depend upon the sign of the carrier excited. There- 


8 J, H. Hibben, Phys. Rev. 51, 530 (1937). 
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Fic. 6. Electric 
field distributions ob- 
tained in the deter- 
mination of the sign 
of the charge carriers 
excited in the energy 
region lying below 
the 5-ev band. All 
currents were meas- 
ured with the crystal 
electrodes held at the 
same potential, A 
after irradiation (3.8 
ev) with applied elec- 
tric field, B after a 
subsequent irradia- 
tion with no applied 
field. The signs indi- 
cate the polarity of 
the electric field dur- 
ing the initial 
irradiation. 
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fore, these experiments offer a means of testing one 
conclusion of Sec. 3.3, viz., that either holes or electrons 
may be excited in normal crystals depending upon the 
wavelength of the irradiation. 

Figure 7 shows the effect on the photoconductivity of 
irradiations in the 5-ev band and in the 4-ev region. The 
absorption change brought about by the 5-ev irradia- 
tion has the same shape as curve A of Fig. 3 with an in- 
crease in absorption coefficient at 4.3 ev AK=1 cm“. 
The total irradiation was 4X 10'” quanta/cm’. Irradia- 
tion in the 4-ev region resulted in a barely measurable 
increase in the ultraviolet absorption. Nothing specific 
could be determined about this increase, but was defi- 
nitely not of the nature produced by the higher energy 
irradiation, 

It seems reasonable to conclude from the above noted 
differences in the effect of irradiation in the 4- and 5-ev 
regions that different charge carriers are involved in 





Fic. 7. The effect 
of optical irradiation 
on the photoconduc- 
tive yield. A, un- 
treated crystal; B, 
irradiated with 3.8- 
ev quanta (1.6 10" 
cm™*); C, irradiated 
with 4.6-ev quanta 
(4X 107 cm), 
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the two regions. This, of course, is consistent with our 
previously quoted direct determination of the sign of 
the charge carriers. 

The enhancement of photoconductivity by irradiation 
in the 5-ev band is believed to be due to centers formed 
by the trapping of electrons released by the enhancing 
irradiation. The interpretation is the same as that given 
by Day® who performed the irradiation at 4.0 ev and 
obtained an enhanced spectrum similar to that shown 
in Fig. 7, curve C. Day subsequently determined that 
the charge carriers excited by 3.7-ev quanta were holes, 
in agreement with our determination (Sec. 3.3). How- 
ever, the conclusion’ that the enhanced photoconduc- 
tivity spectrum (Fig. 7, curve C) is therefore due to 
trapped holes is believed to be in error, since as outlined 
above the change from 4.0 ev to 3.7 ev would be 
sufficient to change from predominantly electron exci- 
tation to predominantly hole excitation. 

The enhanced spectrum obtained by irradiation in 
the 5-ev band is the same as is also obtained after the 
x-irradiation and partial thermal decay of crystals at 
room temperature. Consequently the further discussion 
’ of this spectrum will be deferred to the next section. 

The absorption change brought about by 5-ev band 
irradiation, viz., development of the 4.3-, 4.8-, and 
5.7-ev absorption bands, implies a close relation between 
these transitions. We now present a model which is in 
accordance with the experimental results. This model 
has already been employed by Soshea, Dekker, and 
Sturtz' to explain their extensive results on x-rayed 
crystals. 

None of the three absorption bands (5.7, 4.8, 4.3 ev) 
was observed in photoconductivity spectra, even in 
cases where they dominated the absorption spectrum. 
Consequently, it must be concluded that the proba- 
bility of thermal ionization of the excited states is 
considerably smaller than for the 5-ev band or the 
4-ev region. 


CONDUCTION BAND 
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VALENCE BAND 
(a) (b) (c) (d) 

Fic. 8. (a) Partial energy level diagrams and (b) possible repre- 
sentations of the transitions providing the 4.3-, 4.8-, and 5.7-ev 
absorption bands. (c) Model of center responsible for 2 of these 
transitions. A* designates an impurity ion A with charge +ne. 
(d) Proposed origin of the 5-ev transition observed in photocon- 
ductivity. The ion A* is identified as Fe** in the text. 
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Since it is reasonable to expect that the excess oxygen 
is incorporated substitutionally as a divalent ion, the 
observed optical transitions thus produced may be 
expected to result from electronic transitions to levels 
which have been emptied to complete the outer shell 
of the ionic excess oxygen. Thus, if the transitions took 
place from the valence band they might be visualized 
as in Fig. 8(a). However, it has been argued above that 
the transition produces a free hole with very small 
probability. Hence, we visualize transitions such as that 
illustrated by Fig. 8(b). 

It has been observed by several workers'*- that the 
ratio of the intensities of the 4.3- and 5.7-ev bands is 
strikingly constant under rather widely varying condi- 
tions, while the 4.8-ev band has a different intensity 
relative to the other two, depending on the conditions 
of formation of the bands. These facts strongly suggest 





Fic. 9. The ef- 
fect of x-rays on 
the photoconductive 
yield. A, untreated 
crystal; B, after 40 
min of x-irradiation; 
C, after 4 hours sub- 
sequent thermal de- 
cay at room temper- 
ature; D, after 50 
hours decay. 
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that the 4.3- and 5.7-ev transitions occur in the same 
center while the 4.8-ev transition may be characteristic 
of a different center. The experimental evidence would 
still require, however, that circumstances which would 
produce the one type of center would also produce the 
other. The transitions which are visualized as giving 
rise to the 4.3- and 5.7-ev absorption bands are shown 
in Fig. 8(c). 

Now the appearance of the 4.3- and 5.7-ev absorption 
bands upon prolonged irradiation in the 5-ev band is 
readily explained if the 4.3- and 5.7-ev bands are associ- 
ated with the A**! center [see Eq. (1) of Sec. 3.3]. This 
still leaves the 4.8-ev transition to be accounted for. 
Since the latter is apparently developed during the 
single reaction (1) we tentatively assign it also to A**? 
with perhaps somewhat different surroundings. 


144 J. P. Molnar and C. D. Hartmann, Phys. Rev. 79, 1015 (1950). 
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3.5 Effect of X-Ray Irradiation 


Figure 9 shows the enhancement of photoconductivity 
obtained by exposure to x-irradiation. The absorption 
spectrum before the irradiation was of the type exempli- 
fied by Fig. 3, curve B, while that after the irradiation 
contained the 5.7-, 4.8-, and 4.3-ev bands as well as 
additional absorption in the visible region of the spec- 
trum. Changes of this nature in the absorption are 
discussed by Soshea et al.! It may be observed that after 
the end of the irradiation there was a rather rapid 
change in the shape of the photoconductivity spectrum. 
The shape represented by curve D, however, was main- 
tained thereafter. It should be noted that this shape is 
similar to that obtained by optical irradiation in the 
5-ev band (Fig. 7) and is therefore probably due to a 
single sign of carrier over the whole energy range. By 
the method previously described it was determined that 
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Fic. 10. Electric field distributions obtained in the determina- 
tion of the sign of the charge carriers excited in a specimen such 
as that represented by curve D of the previous figure. All currents 
were measured with the crystal electrodes held at the same po- 
tential, A after irradiation (4.4 ev) with applied electric field and 
B after further irradiation with no applied electric field. The 
signs indicate the polarity of the electric field during the initial 
irradiation. 


the carriers were electrons (Fig. 10) in agreement with 
the previous conclusion concerning the carriers excited 
by 5-ev band radiation. 

The more stable shape of the enhanced photoconduc- 
tivity spectrum is shown over a wider energy range in 
Fig. 11, curve 2. At energies lower than about 3.5 ev 
this is the same as that obtained by Day,’ both by 5-ev 
band irradiation and by neutron bombardment. This 
spectrum should be compared with that obtained by 
x-irradiation at a higher temperature (Fig. 11, curve 3). 
The low-energy photoconductivity was not obtained in 
the latter case implying that the centers in question 
were not stable at the temperature involved. More 
important, however, is the fact that the shape of the 
spectrum at higher energies was unchanged. This implies 
that the higher energy photoionization is principally 
due to a single type of center. This conclusion is further 
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Fic. 11. The effect 

of crystal tempera- - 
ture during x-irradi- 10 F 
ation on the enhance- 
ment of the photo- 
conductive yield. 1, 
untreated crystal; 2, 
x-rayed at room tem- 
perature; 3, x-rayed 
at 260°C. All spectra 
were measured at 
room temperature. 
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supported by the observation that optical irradiation 
of a crystal x-rayed at 260°C did not show any selective 
bleaching of the photoconductivity at the energy of 
irradiation (3.25 ev). Indeed, the effect of the irradiation 
was to fill the shallow (optical ionization energies 
<2.5 ev) traps and thus enhance the photoconduction 
in the higher energy region by a factor which was 
independent of energy. 

According to the above arguments we classify the 
electron traps into two groups, viz., those evidenced by 
the low-energy (<2.5 ev) photoconductivity and those 
which supply the photoconductivity above this energy. 
There is some reason for believing that the low-energy 
photoionization is supplied by more than one type of 
center: (1) Yamaka® detected a number of traps whose 
thermal ionization energies were estimated to fall in the 
region 0.56 to 1.58 ev. Since these traps were apparently 
filled either by x-irradiation or by ultraviolet irradiation 
in the 5-ev band they are, according to the present 
interpretation, electron traps. Some of these would pre- 
sumably have optical ionization energies lying in the 
range in question. (2) The complex thermal decay at 
room temperature of the x-ray induced absorption 
implies the presence of several shailow electron traps. 
This is discussed in more detail by Soshea, Dekker, 
and Sturtz.! 

Day® measured photoconductivity in neutron-irradi- 
ated MgO and reported two bands introduced, one at 
3.6 the other at 4.8 ev. Since the excitation was in that 
case believed to be at least partially electronic, we 
looked for these bands in x-rayed crystals. According 
to the data already presented, no bands were found at 
these energies. However, when the measurements were 
repeated on an x-rayed specimen which was about 1 cm 
thick in the direction of the light beam (this is about 
the thickness used by Day) the results shown in Fig. 12 
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were obtained. Here, curve A is essentially the ratio of 
photocurrent to light intensity, while in curve B the 
correction K/a from Sec. 2.4 has been applied. It is 
evident that the peak at 3.6 ev in the apparent yield is 
removed by the application of the correction factor, 
which itself peaks at 4.3 ev.' Although the measure- 
ments were not extended that far, a similar result would 
undoubtedly have been obtained at 4.8 ev since a 
minimum in the optical absorption (and hence in the 
correction factor) occurs at this energy (Fig. 3). The 
spurious peaks were not obtained in the uncorrected 


yield curves of thinner crystals because of the manner 
in which the thickness enters into the expression for 
the correction factor. 


3.6 Crystals Doped with Iron 


Crystals containing higher concentrations of certain 
impurities than found in normal crystals were obtained 
from the General Electric Company, Cleveland.'® These 
were grown from a melt doped with an oxide of the 
desired impurity. 

Figure 13, curve 1, shows the photoconductivity 
spectrum of a specimen containing approximately 0.4 
atomic percent of iron. The magnitude of the 5-ev band 
is somewhat greater than found in most normal crystals. 
This implies that the A” center may be associated with 
some valence state of the iron impurity. On the other 
hand, the magnitude of the 5-ev band is not as great 
as might be expected simply on the basis of the increase 
in iron concentration and indeed is not as great as in 
some undoped crystals. However, according to the 
discussion of Sec. 3.3, if A" is one of the principal 
trapping centers the photoconductive yield from A" 
tends to be independent of the concentration of A". 
Thus, it is still possible that the A” center is associated 
with some valence state of the iron impurity. 

Now, according to the electron spin resonance meas- 
urements of Wertz" and the optical absorption measure- 

15 We are indebted to the Advanced Lamp Development Labo- 
ratory of the General Electric Company, Cleveland, for their 


cooperation in supplying specimens doped with various impurities. 
16 J, E. Wertz and P. Auzins, Phys. Rev. 106, 484 (1957). 
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ments of Haxby’ the 5.7- and 4.3-ev absorption bands 
may be associated! with the center Fe**. In Sec. 3.3 we 
have associated these bands with A”*!. Thus, we deduce 
that the 5-ev band ionization (A") is due to the center 
Fe**, 

It has been postulated in the above that the Fe?+ 
center is itself the principal electron trap. Thus, it is 
interesting to attempt to associate a portion of the 
enhanced photoconduction in x-rayed crystals with the 
filled trap, Fe+. There seems to be no direct evidence 
available on this point but if we assume that Fe? 
accounts for at least some of the photoconduction at 
low energies (Fig. 11, curve 2), then one hitherto un- 
explained fact can be understood. Haxby’ has shown 
that in contrast to crystals of normal purity,' the x-ray- 
induced absorption in iron-doped specimens decays to 
zero at room temperature. This implies that such 
crystals contain a preponderance of shallow trapping 
levels and it therefore seems reasonable to associate 
these levels with the dominant impurity, viz., iron. 

A comparison of Fig. 13, curve 2 and Fig. 11, curve 2, 
shows that the x-ray enhancement of photoconductivity 
is greatly inhibited by the presence of the greater con- 
centration of iron. This result is to be expected on the 
basis of our previous arguments, for the specimen in 
the state corresponding to curve 1 of Fig. 13 showed no 
ultraviolet absorption bands and therefore contained all 
its iron as Fe**. Thus, the electron range was much lower 
than normal and remained lower even after x-raying 
because, as Haxby’ has shown, less of the iron is 
converted to Fe**, Thus, the large enhancement of 
photoconductivity (Fig. 11, curve 2), previously shown 
to be due to electrons, was not observed. 


CONCLUSIONS 


The main conclusions to be drawn from this work 
are listed below. 


(1) All MgO crystals measured show a Gaussian- 
shaped absorption band centered at 5.05 ev (Sec. 3.3). 
This band is usually not detected in optical absorption 
measurements because it occurs in a region of the 
spectrum where absorption by other mechanisms is 
dominant. It is readily detectable in photoconductivity 
measurements, however, presumably because the ex- 
cited state of the corresponding center is readily ionized 
by thermal energy. The thermal process results in an 
electron in the conduction band. The 5-ev transition was 
shown to be closely related (Sec. 3.4) to a center which 
shows three ultraviolet absorption bands (5.7, 4.8, and 
4.3 ev) but no corresponding photoconductivity. The 
latter center seems to be identifiable?® with the im- 
purity Fe** and through the relation just mentioned, 
a correspondence between the 5-ev transition and the 
impurity Fe?* is deduced. 

(2) The Fe®+ center acts as an electron trap for 
optically excited carriers. This conclusion is based on 
the observation that the magnitude of the 5-ev band is 
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relatively insensitive to the concentration of iron and 
to the proportion of the total iron which is in the form 
Fe*+. The filled trap (Fe*) is believed to be responsible 
for at least some of the low-energy (<2 ev) photo- 
conductivity observed in x-rayed crystals (Sec. 3.6). 
The association with the /ow-energy photoconductivity 
in such crystals is based on the observation of Haxby’* 
that the x-ray-induced absorption in iron-doped crystals 
decays thermally as though they contain a preponder- 
ance of shallow electron traps. 

(3) Optical irradiation at energies near 4.0 ev excites 
free holes. The transitions involved have not yet been 
associated with a specific impurity. 

(4) Crystals of normal purity contain impurities other 
than Fe?+ which can act as electron traps. These show 
up as an enhanced photoconductivity above about 
2.5 ev in x-rayed specimens. 

(5) There is no evidence for bands of photoconduc- 
tivity at 3.6 and 4.8 ev in x-rayed specimens. The 
apparent bands at these energies reported by Day’ are 
believed to be due to intense non-ionizing absorption 
at 4.3 and 5.7 ev. 


DISCUSSION 


Clarke’ has concluded that the 4.3-, 4.8-, and 5.7-ev 
bands are due to positive holes trapped at lattice in- 
homogeneities. This is in contradiction to the conclu- 
sions of this paper which deduces that the absorption 
bands in question are associated with holes which have 


been trapped by Fe?* ions. Clarke arrived at his con- 
clusion by a process of elimination in which the possi- 
bility of hole trapping by Fe** was removed from 
consideration by a comparison of the thermal stabilities 
of “holes trapped at iron or chromium ions”! and the 
“excess oxygen bands.’’ The experimental evidence is 
that, although the number of Fe** ions decreases rapidly 
when x-rayed or ultraviolet-irradiated specimens are 
heated at 600°C, the 4.3-, 4.8-, and 5.7-ev bands in 
unexcited crystals are stable against such a heat treat- 


17 F. P. Clarke, Phil. Mag. 2, 621 (1957). 
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ment. It is believed that this argument is not legitimate 
when one considers the principal result of Sec. 3.4, viz., 
that the ultraviolet irradiation employed by Clarke and 
by Day lay in the 5-ev band and in fact, results in 
trapped electrons and not in trapped holes as previously 
supposed. The stability of the absorption bands formed 
by ultraviolet excitation is then determined not by the 
stability of the corresponding center but rather by the 
stability of the trapped electrons. Consequently the 
bands would be expected to be stable in the absence of 
trapped electrons as is the case when the absorption is 
the result of nonstoichiometry. 
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A theory of the static dielectric constant is developed on a quantum-mechanical basis, starting from the 
Lorentz microscopic field equations. By introducing the concept of “‘local field,” a molecular version of the 
general theory is obtained and applied to compressed non-(di)polar gases at low densities. This leads to a 
virial series for the dielectric constant. It is shown that such a molecular theory is fundamentally ineffective 
in accounting for the observed results within the experimental accuracy. 





I. INTRODUCTION AND SUMMARY 


HE basic assumption in a molecular theory of di- 
electric properties is that such properties may be 
expressed in terms of molecular characteristics and 
molecular interactions. Because of the nature of di- 
electrics, the molecular standpoint is a logical choice. 
Simple examples of molecular theories are those which 
lead to the Clausius-Mossotti and Debye-Langevin 
equations for non-(di)polar and polar substances, re- 
spectively. The molecular constants occurring in these 
equations are molecular polarizability and electric 
dipole moment. Numerous experimental results have 
shown deviations from the above equations, which in 
the case of polar media may be quite radical. Highly 
accurate experiments, particularly those of Michels 
and co-workers, have revealed more subtle deviations 
from the Clausius-Mossotti equation for compressed 
gases consisting of nonpolar molecules.’ The latter 
deviations are theoretically of great interest because 
they should be accessible to more refined theoretical 
analysis (for example, for compressed rare gases). 
Therefore it will be relatively simple to find out whether 
or not such “fine structure” effects can satisfactorily be 
explained from a molecular point of view. 
The Clausius-Mossotti (C-M) relation (in Lorentz- 


Heaviside units), 
e—1 Na 
( yr-=, (1) 
e+2 3 


states that (e—1)V/(e+2) is independent of the density 
of the medium (and independent of the temperature). 
Here « is the static dielectric constant of the medium, 
V its molar volume, NV is Avogadro’s number, and a is 
the polarizability of a constituent molecule. Accurate 
experimental results for different nonpolar gases all 
show the same characteristic behavior: (e—1)V/(e+2) 
with increasing density first increases, reaching a 
maximum at about 150 to 200 Amagat units of density, 
and then decreases, eventually becoming smaller than 
its value for standard conditions. The maximum rela- 


* This research was supported in part by a grant from the 
National Science Foundation. 7 
1 See, for example, W. F. Brown, Handbuch der Physik (Verlag 


Julius Springer, Berlin, 1957), Vol. 17. 


tive deviation of (e—1)V/(e+2) from its value at zero 
density amounts to one-half of one percent for com- 
pressed argon at room temperature and occurs at 
approximately 200 Amagat density. For compressed 
carbon dioxide the maximum relative deviation is two 
percent higher at 48°C, again at 200 Amagat density. 
The C-M relation is based in part on the Lorentz ex- 
pression for the average local field. Kirkwood,? Yvon,’ 
Van Vleck,‘ Brown,® and de Boer® have shown that 
owing to fluctuations in the induced dipole moments of 
the molecules, the local field averaged over time is 
actually larger than the Lorentz field at low and 
moderate densities. The fluctuation effect may be ex- 
pressed as a virial expansion in powers of the density 
of the medium. The factor (e—1)V/(e+2) is at low 
densities larger than Na/3 and at very high densities 
it is smaller, which is in qualitative agreement with 
experiments. The virial theory should permit accurate 
comparison with experimental results at low densities; 
however, it was found that the initial increase in the 
C-M function with increasing density is about one-half 
of the experimental value for compressed argon. 

This discrepancy indicates a fundamental inadequacy 
of a molecular theory of the dielectric constant, espe- 
cially with regard to the meaning of molecular con- 
stants such as polarizability. Mazur and the present 
author’'* found that the factor a in the C-M function is 
density-dependent and gives rise to an additional in- 
crease in the C-M function at low densities. Numerical 
results for hydrogen atoms with parallel spins and 
helium atoms showed that the resulting increase is of 
the same order of magnitude as that of the fluctuation 
effect. Similar calculations were carried out by Mazur 
and Mandel’ for optical frequencies. In a previous paper 
(hereafter referred to as I) Solem and this author” 
extended the theory to the heavy rare gases and also 
to diatomic and other “cylindrically symmetric” mole- 

*F. G. Keyes and J. G. Kirkwood, Phys. Rev. 37, 202 (1931); 
J. G. Kirkwood, J. Chem. Phys. 4, 592 (1936). 

3J. Yvon, Recherches sur la Théorie Cinétique des Liquides 
(Hermann et Cie, Paris, 1937). 

4J. H. Van Vleck, J. Chem. Phys. 5, 320, 556 (1937). 

5 W. F. Brown, Jr., J. Chem. Phys. 18, 1193, 1200 (1950). 

6 J. de Boer et al., Physica 19, 265 (1953). 

7L. Jansen and P. Mazur, Physica 21, 193 fies 

8 P. Mazur and L. Jansen, Physica 21, 208 (1955). 


° P. Mazur and M. Mandel, Physica 22, 289, 299 (1956). 
1 L. Jansen and A. D. Solem, Phys. Rev. 104, 1291 (1956). 
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cules. The present paper is in part a conclusion to I. 
Other treatments for nonspherical molecules were de- 
veloped by Zwanzig,!' and by Buckingham and Pople.” 

Notwithstanding the large number of theoretical 
analyses which has been published during the past 
few years, a satisfactory molecular theory of the di- 
electric constant is still lacking. In all theories mentioned 
above, explicit use has been made of the concept of 
“local field.” We wish here to investigate whether such 
a molecular theory can be expected to agree with ac- 
curate experimental results a/ all. To do this we shall 
start from the Lorentz microscopic field equations and 
develop a molecular theory, instead of starting with 
macroscopic fields as is usually done. This procedure is 
similar to the one followed by Mazur and Nijboer™ in 
their derivation of the Maxwell equations from electron 
theory. In Sec. II the macroscopic field equations will 
be derived from electron theory. Section III contains 
the formal development of the molecular theory of the 
dielectric constant, whereas in Sec. IV numerical re- 
sults are given for the rare gases and for gases consisting 
of “cylindrically symmetric” molecules. 


II. MACROSCOPIC FIELD EQUATIONS 


In electromagnetic theory atoms or ions are char- 
acterized by an electric charge density p, and an electric 
current density i. The electromagnetic field e, b, due 
to the charges and currents, satisfies at any point of 
space and at any instant of time the Maxwell equations 
in vacuo. In general this microscopic field varies irregu- 
larly with space and time. The macroscopic field E, B 
and all other macroscopic quantities are continuous 
space-time functions; they satisfy the corresponding 
macroscopic laws. The transition from e, b to E, B is 
effected by averaging the microscopic quantities over 
“physically infinitesimal” space-time regions."* Mazur 
and Nijboer" have developed a more rigorous averaging 
procedure, in which the physically infinitesimal regions 
are replaced by ensemble averages with the help of a 
probability distribution function. The transition from 
microscopic to macroscopic variables is herewith 
complete. 

It is convenient for later use to specify a microcon- 
figuration of the ensemble in coordinate space by 
position vectors R, of the center of molecule k, vectors 
R,, for the nuclei of molecule k, and vectors ry; for 
the electrons associated classically with the kth mole- 
cule. The center of positive charge of an isolated mole- 
cule is chosen as the center of the molecule. It is suffi- 
cient to consider only molecules with one nucleus; the 
following equations retain their validity for diatomic 
or many-atomic molecules. We make the essential 


1 R, W. Zwanzig, J. Chem. Phys. 25, 211 (1956); 27, 821 (1957). 


#2 A.D. Buckingham and J. A. Pople, Trans. Faraday Soc. 51, 


1029 (1955); J. Chem. Phys. 27, 820 (1957). 
13 P, Mazur and B. R. A. Nijboer, Physica 19, 971 (1953). 
4, Rosenfeld, Theory of Electrons (North-Holland Publishing 
Company, Amsterdam, 1951), p. 22. 


OF THE 


DIELECTRIC CONSTANT 435 
assumption that the ensemble averaging process may 
be carried out over the internal coordinates (r;;) and 
external coordinates (R,) separately; this assumption 
implies validity of the Born-Oppenheimer approxima- 
tion. The expectation value of an operator A for a fixed 
configuration of nuclei will be denoted by (A); the 
average of (A) over the positions of the nuclei will be 
written as {(A/)}, or simply as {(A)} if no ambiguity 
will arise. The distribution function f= (Rx; 4) refers 
to the external coordinates only. The macroscopic field 
E, B is defined in this notation by 


E={(e)}, B={(b)}. (2) 


The expression for the divergence of E is of special 
importance in dielectric theory, since the dielectric 
constant ¢ is defined in conjunction with this equation. 
The corresponding microscopic (Lorentz) field equa- 
tion is 


V-e=> ed(R—R)+D e::6(Rittii—R); (3) 
k ki 


ex and e,; are the nuclear and electronic charges, re- 
spectively. Thus we have 


A E= {> e.6(R— RJ A+KS e.,0(Ritri— R)f)}. 
k ki 


If the function 6(R,+1.;—R)/ varies only slowly with 
R, then it may be expanded as a Taylor series around 
R. The result is 


6(Ri+rii— Rf=E a aD] 05(Ri— R)f, (4) 


nm) MN! 


where V is the differential operator, and where [n] 
denotes that the product of the two mth-rank tensors 
r,;" and ¥" is contracted m times. We suppose that all 
molecules (atoms, in this case) are of the same species 
and introduce the electric moment operator of order n, 
N), of a molecule as 


N® = > .e:r;" ; 


the summation extends over all charged particles of the 
molecule. The average number density of molecules, 
{p}, at R is given by 


{o} = {0 .6(R—R,)f}. 


With the help of these equations the expression for 
v-E may be written symbolically as 


wo (—1)” 


VBE v"Ln }{o(N™)}. 


The meaning of {p(N‘)} is that it represents the aver- 
age density of electric multipole moment of order n at 
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a particular point in the medium.!* The term with n=0 
gives the “true” charge density, {p:}, at R. The terms 
with n=1 and n=2 contain the dipole polarization P 
and the quadrupole polarization Q, etc., so that 


v-E={p.J—Vv-([P—3v-Q+--- ]. (6) 
By introducing the electric displacement vector 
D=E+P-}¥-0+---, 
we may write (6) in the familiar Maxwellian form 
Vv -D= {p:}. 


The series for D is usually broken off after the dipole 
polarization. The error involved is of the order of a/I, 
where a denotes the order of magnitude of atomic 
linear dimensions, and / that of the distances over which 
the macroscopic properties vary appreciably.’® If, in 
addition, the dielectric is linear, i.e., if P= xE, then 
D= cE, with e= 1+. This completes the definitions of 
electric susceptibility x and dielectric constant e. 

So far the theory is general. A molecular version is 
now developed by introducing the concept of “local 
field.” This is the electric field intensity acting at the 
center of a specific molecule. The microscopic (instan- 
taneous) local field, ei, is given by the field intensity 
at the center of the selected molecule due to the charge 
distributions of all other molecules; the macroscopic 
local field is the ensemble average of €ixc. We denote 
by Ej.< the expectation value (e;,.) for a fixed con- 
figuration of nuclei, and by { E,<} the average over all 
nuclear configurations. Since the general expression for 
the local field is of formidable mathematical com- 
plexity, approximate methods must be used in the 
evaluation of this field. One of the main problems in 
dielectric theory is associated with the difficulty of 
finding suitable approximate expressions for the local 
field. The local field method drastically reduces the 
generality of the theory. The calculations become very 
complex unless one assumes that the zero-order wave 
function for the system of N molecules may in good 
approximation be written as a simple product of 
molecular wave functions. This, in turn, justifies the 
use of a multipole expansion for the electrostatic po- 
tential. In that case an accurate expression for the 
local field may be derived as follows. Let a molecular 
distribution of charge consist of point charges e; at 
vector distances r; from the center of the molecule; 


18 The definition of moment densities used here differs some- 
what from that given by Mazur and Nijboer, reference 13. In- 
stead of a nuclear distribution function f, these authors introduce 
an atomic distribution function g;x, in which the averaging process 
has been performed over all nuclei and all electrons, with the 
exception of nucleus & and associated electrons 7. There is in 
general no such atomic probability distribution in quantum 
mechanics, because of the occurrence of exchange contributions 
to the charge density. 

16 L. Rosenfeld, reference 14, p, 20. 
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the center is 


' 


» (—1)" 1 

ri<R; V(R)=> — Lainwy(-). (7) 
n=) Nl. 1 R 

It is understood in (7) that ¥ operates on R but not 

on r;. It is convenient to write (7) in tensor form by 

introducing” the nth-rank tensor 


T= —¥*(1/R); (8) 


the components of T’” are (solid) spherical harmonics 
of degree —n—1. By using the definition for the multi- 
pole moment operator of order n, N“, of a molecule, 
the expectation value of (7) can be written as 


2 (—1 n+l 
r<R; (V(R))=> 


n= mn! 


T™[n}(N™). (9) 


This expression for the electrostatic potential is, strictly 
speaking, valid only if r;<R for all i, i.e., if the point 
of reference lies outside the charge distribution. Nor- 
mally this condition is not fulfilled; in that case the 
series (9) may diverge for all values of R and represent 
the asymptotic expansion of the true potential as a 
series of inverse powers of R.!’ We assume that R is so 
large that a multipole expansion may be applied with 
sufficient accuracy. The electric field strength at R, 


(F(R)), is 


a (—1 n 


) 
(F(R))=—¥(V(R))=> — Tn }(N™), (10) 


n=O nN. 


and the local field, Ecc, is obtained by summing (10) 
over the charge distributions of all molecules, for a 
fixed configuration of molecular centers, and adding the 
externally applied field Ep. 


Ill. FORMAL DEVELOPMENT OF THE THEORY 


A molecular theory of the dielectric constant trans- 
lates the dielectric constant or the electric susceptibility 
in terms of molecular quantities. Since these macro- 
scopic quantities are defined by P=yE=(e—1)E, the 
theory must relate P and E on a molecular basis. For 
P the problem is simple: since P is the dipole density, 
we must evaluate the dipole moment induced in a 
selected molecule and perform a statistical averaging 
process. Assume first that the atoms or molecules are 
spherically symmetric and characterized by a scalar 
polarizability a with a value equal to that for an isolated 
atom. The induced dipole moment in atom & is, for a 
specific configuration of nuclei, 


(11) 


and the dipole polarization P is, for a homogeneous 


(pi) = aE ix, 


(1958) Jansen, Physica 23, 599 (1957); Phys. Rev. 110, 661 
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medium with density p= V/V, 


(12) 


N N 
P={p(N\)}~ mile } — Exec}. 


Since P= (e—1)E, one must relate E and Ej. The 
best-known method of establishing such a relationship 
is due to Lorentz; he showed that under certain condi- 
tions the average local field is equal to E+4P. In that 
case we obtain, from (12), 


e—1 Na 
(3) 

e+2 3 
As is well known, Lorentz’ derivation of the average 
local field was based on a model of point dipoles ar- 
ranged on a lattice with cubic symmetry. The dipoles 
must all have the same constant vector moment. Actual 
materials may deviate from this model in several 
respects; in gases, for example, the molecules are not 
bound to lattice sites, and the dipole vectors are not 
constant in space or in time. However, as follows from 
experimental results, the C-M equation is a good first 
approximation if the molecules do not possess per- 
manent electric dipole moments. In this and the follow- 
ing sections we shall be concerned with a theoretical 
interpretation of the observed deviations from the C-M 
equation. The analysis will be restricted to gases, at 
low and moderate densities, consisting of non-(di)polar 
molecules. An accurate comparison with experiments is 
possible in this case, since very precise measurements of 
the static dielectric constant have been made on such 
systems. These experimental results'* all show the same 
characteristic behavior: (e—1)V/(e+2) with increasing 
density first increases, reaching a maximum at 150 to 
200 Amagat units of density, and then decreases. In 
terms of the assumptions associated with the C-M 
equation, this behavior must be explained on the basis 
of the following possibilities : 


(C-M equation) (13) 


(a) The average local field is not equal to the 
Lorentz field E+ 4P. 

(b) The restriction to dipole coupling between the 
molecules is not a sufficient approximation. 

(c) The quantity a in the C-M equation does not 
represent the polarizability of an isolated molecule. 


The theory pertaining to (a) was developed by 
Kirkwood,’ Yvon,’ and van Vleck‘; modified versions 
were later given by Brown,’ de Boer* and Buckingham 
and Pople.’ The analysis deals with the effect of trans- 
lational fluctuations in the induced dipole moments on 
the average local field. It appears that the average local 
field would be equal to the Lorentz field 7f the molecules 
retained during their motions always the same constant 


18 For a detailed discussion and references see, for example, 


W. F. Brown, Jr., reference 1, and C. F. J. Boettcher, Theory of 


Electric Polarization (Elsevier Publishing Company, Inc., New 
York, 1952), Chap. VII. 
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vector moment. Starting from this as a first approxima- 
tion, we may proceed to approach the actual state of 
the system in a number of steps of increasing correla- 
tion between the induced dipole moments of the mole- 
cules. In the first correlation term all molecules except 
the selected one have constant dipole vectors. In the 
next term all molecules, except the selected one plus 
one other molecule, have constant dipole vectors, etc. 
The result is a virial expansion for the left-hand member 
of the C-M equation of the form 


e—1 Na 
(—)r- - [1+5$(p,T) ], 
e+2 3 


where S, a function of the density p and the tempera- 
ture T of the system, may be written as 


S(p,T) = aip+bop?+ +>. 


A careful analysis for argon by de Boer et al.6 showed 
that the translational fluctuations account for approxi- 
mately half of the observed deviation from the C-M 
equation at limiting low densities. Qualitatively (14) 
shows the correct density dependence: with increasing 
density it first increases, reaches a maximum and then 
decreases. It fails, however, at low densities, where a 
virial expansion should be sufficiently accurate. An 
additional effect, due to rotational fluctuations in the 
induced dipole moments, arises if the molecular charge 
distributions deviate from spherical symmetry.?” In 
this case a is no longer a multiple of the unit second- 
rank tensor. Even if the average local field is equal to 
the Lorentz field, the average dipole moment may not 
be written as the product of the average polarizability 
and the average local field. 

In a rigorous molecular theory of the dielectric 
constant the polarizability of an atom or molecule does 
not occur as a characteristic of the constituents. 
Polarizability is defined only for an isolated atom or 
molecule and loses its significance in a many-body 
environment. Instead of starting with (11) and evaluat- 
ing the local field, we must calculate the induced dipole 
moment of a molecule in a different way. It is assumed 
that this may be accomplished with perturbation theory. 
The induced dipole moment of molecule &, (p,), is 
written as 


(Di)= (Pe) + (pe)? + (pe) + (pe) O +--+, 


in increasing orders of perturbation theory. The per- 
turbation Hamiltonian H’ consists of two parts 


H'=He'+Hc’, 


(14) 


where H xo’ = — > xpx- Eo is due to the external field Eo, 
and H¢’ represents the Coulomb interactions between 
the charge distributions. An explicit expression for H¢’ 
may be derived easily in terms of two multipole series. 


1?C, V. Raman and K. S. Krishnan, Proc. Roy. Soc. (London) 
A117, 589 (1928). 
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The Coulomb interaction between two charge dis- 
tributions, 1 and 2, is!’ 


o © (—1)" 
> YS ——_ NLT" ne IN“, (15) 


ni=0 n2=0 ,!No! 


and H-’ is obtained by summing (15) over all pairs of 
molecules. In explicit calculations we replace the 
symbol [ ] for n=1, 2, or 3 by one, two or three dots 
in a vertical line. Also, the dipole, quadrupole, and 
octupole moment operators will be indicated by p, q, 
and | instead of N®, N®, and N®), respectively. The 
evaluation of (p,) with perturbation theory leads, in 
principle, to an infinite series of increasing integral 
powers of T“, as is evident from (15). It is necessary 
to cut the series off after a small number of terms. We 
impose the restriction that only those contributions 
which vary with the distance R between the centers of 
two molecules not higher than R-, will be taken into 
account. As a consequence terms higher than quadratic 
in T™ are not included, and interactions between three 
and more molecules can be neglected. The induced 
dipole moment {(p,)} may be written as 


{(Pi)} = {(Px) #0} + {(Pe)c}- 


In this expression {(p,)#0} is that part of the induced 
dipole moment which arises directly or indirectly from 
the external field Eo, whereas {(px)c} is due to the 
surrounding charge distributions of the other molecules. 
The evaluation of {(pi)c} is simpler than that for 
{(px)#0} and will be carried out first. 


(b) Average Dipole Moment {(f;)c} 


In the first order of perturbation theory the expres- 
sion for the induced dipole moment of molecule k, for a 
fixed configuration of molecular centers, due to the 
electric field of the surrounding molecules, is given by 


(piyoP =—F DL an - Ter : (qr), (16) 
Xk 

where a is the polarizability of an isolated molecule. 
The average of (16) in an isotropic medium is, of course, 
zero. However, the medium is no longer isotropic when 
the external field Eo is applied, and the average of 
(px)c does not vanish, because of the occurrence of E> 
in the Boltzmann factor. The interaction energy be- 
tween (p;)c) and Ep is given by 


=" (pic: E,=+43 > Eo: ax - Ty: : (qi), 


l#k 


(17) 


and we have to evaluate, in first approximation, 


1 
{(pedo™} “a D ax > Ter : (qr) Eo- ax - Ter : (qu) 
lxk 


tea. + Ty: (qu) Eo: a: - Ti: (q)}. (18) 
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The brackets { } on the right-hand side of (18) now 
denote an unweighted average over the molecular 
orientations. The evaluation of (18) is straightforward, 
but rather tedious. The result is 


(0)2¢92 


((Pk)o } = aren D Te: Tir} Eo, 


lk 
which gives, with the help of the equation!” 


TO (nT = (2m) 1/2*R?"*?, (18") 


that 
(2 PY 


1 
{pedo} =——(1+ te)} | Eo (19) 
kT izk R,8 


In the last equation x stands for the anisotropy factor 
of the molecular polarizability”; Q is the molecular 
electric quadrupole moment. 


(c) Average Dipole Moment { (p;) #0} 


The evaluation of the induced dipole moment (px) £0 
was discussed in detail in I; we shall mention some of the 
results. Instead of starting from (11), we now write 


(px) #0= Bx Eo; k=1, 2, --N, 


where § is a tensor of rank two (as yet undetermined). 
An expression for 6, may then be found in successive 
orders of perturbation theory. It was shown in I that 
the set of Eqs. (20) is consistent at least up to and in- 
cluding the third order of perturbation. The electric 
field intensity at the center of molecule k, due to the 
external field Eo and the induced dipole moments of 
the surrounding molecules, is 


(F,)z0= E,— We Ta P (pi) Bo. 


lk 


(20) 


(21) 


The subscript EZ» has been added on to (F,) to indicate 
that we include only that part of the local field which 
is directly or indirectly due to the external field. It is 
now possible to introduce a “polarizability tensor” e, 
for molecule k, defined as (see also reference 7) 


(px) Bo= ax: (Fx) x0, (22) 


which gives the following relation between a, and the 
tensors §: 


a. = 6. (U—> Tir 8,))-, (23) 


tk 

® Since « is of the order of 0.15 to 0.20 for most diatomic 
molecules, the contribution of anisotropy in the polarizability 
to (19) is very small. If it is neglected, then (19) is the same as 
the result derived by A. D. Buckingham and J. A. Pople [Trans. 
Faraday Soc. 51, 1029 (1955)]. In a later publication [J. Chem. 
Phys. 27, 820 (1957)] these authors, and also R. W. Zwanzig 
[J. Chem. Phys. 27, 821 (1957)] conclude that the anisotropy 
contribution should be 2x. It appears, however, that they have 
assumed the second term of (18) to vanish, which is not correct. 
All three authors now agree with the result given by (19) (private 
communications). 
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where U is the second-rank unit tensor. The right-hand 
side of (23) may be expanded as a series of powers of 
T-§; configurations of molecules for which the series 
diverges will generally have zero statistical probability. 
With the help of (23) the expressions for a; in different 
orders of perturbation theory may be obtained from 
those for $,. For explicit calculations we assume that 
the zero-order wave function for the system of N inter- 
acting molecules may be written as a simple product of 
molecular wave functions. The perturbation Hamil- 
tonian for a pair (1k) of molecules has the following 
form: 


Hx! = pi Tie: pet hpi Tie : Qu dpe: Tes : qi 
—44q;:Tu" qutdpy: Tix" ‘|, 


+3pe Tis ihit---. (24) 


The different terms represent the operators for dipole- 
dipole, dipole-quadrupole, quadrupole-quadrupole and 
dipole-octupole” interactions, respectively. If we adopt 
the convention that the differential operator ¥ of T 
operates from the symbol on the left of T to that 
on the right, then we may drop subscripts (7k) or (7) 
on T™. The evaluation of (px) zo, 8, or a, in different 
orders of perturbation theory is straightforward. In the 
first two orders the following results are obtained 
(8; corresponds to (p;) #0", etc.) 


6; = a, 


4 
=e a (pipPaoo T® . (PPx) 00 


go k#i 


6,0 = oe 


3 
T L (PiPiqi)oo: T: (qu) oo 
2U 0 ki 
ae 
. :2 (psPx)00(qs)00: T™: (qx)oo 


2U 62 kw 


2 
a PN a (piPi)oo: T™: (ips) oo 


3U (2 kw 


2 
oe LX (pils)oo: T - (pepx)oo. 


31 og ki 


(25) 


The symbol a? denotes the polarizability of an isolated 
molecule; Uo is an “‘average excitation energy.” When 
an unweighted average of §;“) is performed over the 
orientations of the molecular symmetry axes, then all 
terms of §,“, except the first one, vanish. Thus, for 
spherically symmetric distributions of charge, 6; re- 
duces to only the first term of (25). In that case it 
follows from (23) that a;’=a®, a;"’=0, so that the 


%1 The perturbation Hamiltonian used in I did not involve 
dipole-octupole interactions; these should, however, be considered 
if any term containing T™ is included. 
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“polarizability tensor’ @ in (22) is the same as the 
polarizability of an isolated molecule. For cylindrically 
symmetric (nonspherical) charge distributions we de- 
note the weighted average of $; over the molecular 
orientations by [.G; Jor. If we include in [ 8, }or only those 
terms which vary with distance R between two mole- 
cules as 1/R" with n<8, then it follows from the 
properties of the 7-tensors that also for this class of 
molecules {a@;“} =0. 

The results for $;° or e@;", corresponding to the 
third order of (p;)zo, are quite complicated. The com- 
plexity is reduced somewhat by the fact that contribu- 
tions which vanish when an unweighted average is 
performed over molecular orientations, may be left out. 
The result may be given in the following form (com- 
pare I, 32) 


(6: Jor= (Cit 1 > Ta . Ta 


kAi 


2) 


+C2 (Tx Ty? )U+C; bk Tx :T.@ 
ki ki 


+C, (Te :T YU+.---. (26) 


ki 


The coefficients (C:+1),C2,--- are, in general, 
rather complicated; they depend on the specific ex- 
pressions for the molecular wave functions. (I, 32-36). 
However, if the charge distributions are spherically 
symmetric, then each coefficient reduces to only a small 
number of terms. The corresponding expression for 
[ a; |e may be obtained from (23), (25), and (26); 
the result is 


La; Jor= [6;° b:—a " 1+2x?)>- Tu ).T ; (27) 


ki 


where « denotes the anisotropy factor of the polariza- 
bility of an isolated molecule. Strictly speaking there is 
an additional term in (27), but its contribution is pro- 
portional to Soxe:(Ty: Ta) and the statistical 
average of this term in a central field potential vanishes 
(I, 44). It should be noted that [@,‘ ],, is in general 
not zero, so that in third order of perturbation of (p;) zo 
the symbol @ in (22) no longer stands for the polariza- 
bility of an isolated molecule. 


(d) Virial Expansion for the Dielectric Constant 


To derive an explicit expression for the static di- 
electric constant of the medium in terms of molecular 
quantities, we return to the average 


{(pi)} = {(Pi) #0} + {(Pi)c}.- 


Now multiply both sides of this equation by the number 
density p= N/V. For large N the left-hand side is equal 
to the dipole polarization P=(e—1)E. Further we 
have that 


{(pi)#0} = (a; (Eo— Tix + (De) B0)}. 
ki 


(28) 


(29) 
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This expression may be rewritten as 


(8:} ={as)— fer X Ta x} 
= (Cas) (aa) 2 (Tie) (84) 


+{a)}-> (Tx {Gx} — (asd Tix Bx}. (30) 


ki 


If the last two terms of (30) would cancel, then (30) 
would result in the Clausius-Mossotti equation, with 
an additional term involving {(pi)c}. The correction 
due to these terms represents the effect of fluctuations in 
the induced dipole moments. The evaluation of the 
fluctuations proceeds along the same lines as in the 
statistical theory by Kirkwood? and Yvon’; the only 
additional complication is that @ no longer represents 
the polarizability of an isolated molecule. We shall use 
here in part a modification of the statistical theory de- 
veloped by de Boer and co-workers.* To this end we 
introduce another tensor §,’, defined as 


B/= a; (U—2 {Tix} - (8:}), 


ki 


(31) 


so that 


(BI=(B+ (ed Z (Ta) -(8)— far Tat 


The following relation holds for the §,’: 
B,’=[(e+2)/3e Jai. 
To show this we consider? 


2D {T° }-((p.)}= 


2(e—1) 
J5 


so that 
2(e—1) 
LiTs @ } : { Bi} r Bvt 2 (Tu) . {(p. dc} = ——_——— a 


ki JE 


However, the contribution involving {(px)c} is of 
higher order, and (32) follows. We may now proceed 
by substituting for 8, in (30) the tensor 6,’ plus a 
fluctuation term ; the process may be repeated to include 
ever higher fluctuations. If we neglect higher-order 
contributions, then the following result is obtained: 


e+2 
{3.} =—_ led + (ad DT) {ax} 


= {a;> Ta? ‘axjt{ai >, Tix? + ay Ty; a} 


ki ki 


— fees} DET ie} fen- Tes as} J. (33) 


The next step is to substitute the perturbation results 
for the different orders of a; into (33) and to average 
over the molecular orientations. If, in the second and 
third members on the right of (33), we replace a by the 
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polarizability of an isolated molecule a’, then the two 
terms cancel if the molecules are spherically symmetric. 
If the charge distributions deviate from spherical sym- 
metry, then the sum of these two terms is in general 
not zero and it represents the effect of rotational fluctua- 
tions?® in the induced dipole moments on the di- 
electric constant. Kirkwood? has evaluated the rota- 
tional fluctuations; however, he considered the simpler 
type of fluctuations {a}-{T°}—{a-T™)} instead of 
{ai} -{T@}- {ax} —{a;- T® ax}. In that case an ex- 
plicit expression may be obtained in terms of surface 
integrals J,,, defined as 


1 
Ju=— fof Jonna, s=1, 2, 3. 
r 


The integrals are extended over the surface of a mole- 
cule; dA is a surface element with outwardly directed 
normal. The distance between a surface element and the 
center of the molecule is 7; n, is a unit vector along the 
s-axis. The rotational correction was evaluated by 
Kirkwood for a molecule having the shape of an ellipsoid 
of rotation. Compared to the /ranslational fluctuations 
the rotational effect is important only for extremely 
elongated molecules; henceforth we shall neglect rota- 
tional effects altogether.” 

The expression for the dielectric constant now be- 
comes, if we exclude rotational fluctuations, 


(— 
e+2 
+ 414202)? D(T i: Te?) 
ki 
a 0 PY 


+14 $e (Ti! Ta] (34) 
OORT pure 


This is a general expression for the linear density de- 
pendence of the dielectric constant of gases consisting 
of non-(di)polar, axially symmetric molecules.t The 
third term on the right of (34) represents the effect of 
translational fluctuations in the induced dipole mo- 
ments of the molecules; it is equivalent to de Boer’s® 
expression a)S», restricted to pair interactions, but 
extended to take into account anisotropic polariza- 
bility. Since a, x and the molecular quadrupole mo- 
ment Q may be obtained in principle from experimental 
measurements, the remaining task is to evaluate 
{e;°}. Because of the approximations inherent in this 
type of theory, only relatively large contributions to 
{a;‘?} may be considered. 


* Dr. A. Isihara has kindly informed this author that the cor- 
rect rotational fluctuations {@,;}-{T®)}-{ax}—{a;-T®-ax.} may 
be evaluated by an extension of the method developed by 
A. Isihara and T. Hayashida [J. Phys. Soc. Japan 6, 40, 46 
(1951) ]. Work on this subject by Ishihara is now in progress. 

t Note added in proof.—It may be noted that Eq. (34) has a 
wider range of validity; it applies for molecules with symmetry 
Dan, with s>2. 
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(e) Spherically Symmetric Distributions 
of Charge 

The expressions (I, 33-36) for the coefficients Ci+1, 
C2, Cs, and C, are simplified considerably if the mo- 
lecular charge distributions possess spherical sym- 
metry. The coefficients C;+1 and C2 refer to dipole- 
dipole, C3 and C, to dipole-quadrupole interactions. 
Therefore we may write 


{a;} = {as ain-dip} + {a5 dip-quaa} . 


The following results are obtained 


(08 34 (Pa) 
{ a; dip-aip} = — |= -— 23 YH {Ta®-Ta®} 
S23 (p2)? ki 


a 3017 (pat 
—— 2 1] (Tae Ti}. (35) 


3243 (pa)? iw 
17 (Pa'){qaa’) 
(a4?) dip-quaa) air 7 : 
288 (p.°)% 
17 (Deduct 13 (Pa Jaa ? 


> i: >» (Ta? Ty, } 
240 (pa?)? 144 


(Pa’)’ kx#i 
17 Pat Xda’) 17 (paGaa’) 7 ea 
960 (pa’)® 32 (pa) 
XP (Ta®: Ta). 


ki 


576 


(36) 


In these equations pq stands for an arbitrary component 
of the dipole operator; gaa for any diagonal component 
of the quadrupole tensor. The notation gg, denotes the 
By-component of q, in which 8 and y are not equal but 
otherwise arbitrary. A major difficulty is now en- 
countered in the evaluation of the molecular quantities 
occurring in (35) and (36). It is relatively easy to 
evaluate such quantities for atomic hydrogen (parallel 
spins) and for helium.’ By means of the relation 


3{T™En—1]T™) = {Tin JT U, 
we may write {e;‘’} in the following form: 
(as) =a" D, F (Ta®: Ta) U 

i ta8Dy YT: Ty) U. 


ki 


(37) 


For the following we shall omit the unit second rank 
tensor U after T‘™[n]T, in order not to complicate 
the notation. For atomic hydrogen the values for D, 
and Dz» are 


:= 0.651, De2= 1.9184, 


(ay being the radius of the first Bohr orbit), whereas 
one obtains for helium, with Slater wave functions, 


D,=0.4297, D2=0.5058a,’. 


THE 
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The simple screened hydrogenic model should give a 
good account of the principal facts for the heavy rare 
gases; on the basis of this model it may be expected 
that D, and Dz for neon, argon, krypton, and xenon 
are of the same order of magnitude as for helium. A 
more accurate estimate of D,; and Dz, will not be 
attempted here; we shall assume that these constants 
for the heavy rare gases are the same as for helium.” 


(f) Nonspherical Charge Distributions 


In the case of nonspherical (but cylindrically sym- 
metric) distributions of charge, the main difficulty lies 
again in the evaluation of {a;°*)}. For such molecules 
the expressions for the coefficients D; and D2 are much 
more complicated than (35) and (36) and the evalua- 
tion is even less accurate than for the rare gases. In- 
stead of (35) one obtains 


1 E (Oso: 


32 


9 (Pa® we SS 


Do — 


This equation shows that D, for nonspherical molecules 
is somewhat larger than for spherically symmetric dis- 
tributions of charge. A few approximate results for 
nitrogen, carbon monoxide, and carbon dioxide are 
given in an appendix to this paper. The corresponding 
expression for D» is of considerable complexity and will 
not be evaluated. 


(g) Statistical Averages 


The last step of the analysis involves the process of 
averaging the scalar products of tensors T over a 
canonical ensemble. Since the medium is homogeneous, 
we may average the tensor products for an arbitrary 
pair of molecules and multiply the result by the total 
number of molecules, NV, for large V. Let R denote the 
distance between the centers of two molecules; we drop 
the subscripts on the tensors T), since they are 
irrelevant. Only contributions linear in the density of 
the gas are considered. For tensors T™ of arbitrary 
rank n, we have 


L(Ta (nT “ft T 
+p 4%) on oe =_ (n (n) 
(Ta (nT } 7, Ln] 


ki 


Xexp(—W/kT)RdR, (38) 


*% It appears to be impossible to develop a molecular theory of 
the dielectric constant on the basis of a Gaussian distribution 
function, p(r)=(b'/x!) exp(—b*r*), for the electronic charge 
density of the atoms. The Gaussian modél gives D;=0.218 and 
D,=0.286/6*. The values for b may be determined empirically by 
equating the second-order dipole interactions between two 
Gaussian atoms to an empirical expression for the rare gases 
{L. Jansen and R. T. McGinnies, Phys. Rev. 104, 961 (1956) ]. 
The resulting values for b are 1.07, 0.623, 0.532, and 0.454 A™ for 
neon, argon, krypton, and xenon, respectively. When a statistical 
average of (37) is carried out with this Gaussian model, then it 
appears that the second term on the right in (37) gives a larger 
contribution to the dielectric constant than the first term, and the 
ratio of the two contributions increases rapidly with increasing 
numbers of electrons. 
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TABLE I. Relative deviation (linear with density) from the Clausius-Mossotti equation for compressed heavy rare gases and 


gases of some nonspherical molecules, at a density of approximately 100 Amagat units. 








102 X {@;)} /a® 


Gas T°K dip-dip 


Total relative 


dip-quad total 102 XS: 10?°xP(Q) deviation x10? 





291 
284 
295 
318 
316 
266 
333 
280 
388 
372 
338 
324 


Neon 
Argon 
Krypton 
Xenon 
Nitrogen 


0.0223 
0.2498 
0.5251 
1.190 

0.2116 
0.2188 
0.2422 
0.2503 
0.3022 
0.4460 
0.3155 
0.4657 


Carbon monoxide 


Carbon dioxide 


tn tn ie Bm be be Sin Ge Sr 








where W is the intermolecular potential, averaged over 
molecular orientations. It is convenient to choose for 
W the Lennard-Jones (6-12) potential function, char- 
acterized by a parameter \ which denotes the depth of 
the potential well, and by Ro, the value of R at zero 
potential. The average (38) may be expressed in terms 
of functions H;, introduced by Pople™ and defined as 


Hy(y)=12Ro**y! | R-*exp(—W/kT)R*dR. (39) 
) y } 
0 


Here W is the Lennard-Jones (6-12) potential, and 
y’=4)/kT. In terms of I'-functions the definition reads 


(39’) 


2 (6p+k—3\y" 
Hy(y)=y28 > r(-———. 
p=0 


12 
It follows from (18’), (38), and (39) that 


N a(2n) ! Ho, + 2(y) 
Ela (syle) =— ——— 
273 RR," lyf 


p! 


(40) 
ki V 
Values for the functions H,(y) have been tabulated by 
Buckingham and Pople* for all integral values of n 
from 5 to 17 and for values of y from 0.6 to 3.2. It 
should be noted that the term R-* in the integrand of 
(39) arises in the present case from a long-range ex- 
pansion of the perturbation Hamiltonian as a multipole 
series. The value R=0 for the lower limit of integration 
over the distances between the molecules may lead, 
therefore, to considerable error for large values of k 
and small values of y. It is then preferable to modify 
the H,-functions in such a way that the lower limit of 
integration is Ro. The modified H,-functions will be 
denoted by H,,(Ro) ; they are defined as” 
Lo} 


H,,(Ro)= 12Ro4y f R-* exp(—W/kT)dR 


Ro 


© 6p+n—3\y" 
= yn z: ro(——— 
p=0 12 p! 


% J. A. Pople, Proc. Roy. Soc. (London) A221, 498, 508 (1954). 

2A. D. Buckingham and J. A. Pople, Trans. Faraday Soc. 51, 
1173, 1179 (1955). 

26 A. Solem and L. Jansen, J. Chem. Phys. 25, 686 (1956). 


(41) 


0.0089 
0.0667 
0.1236 
0.2445 


0.0312 
0.3165 
0.6487 
1.435 


0.0173 
0.1937 
0.4073 
0.9231 
0.1759 
0.1818 
0.1985 
0.2051 
0.1149 
0.1696 
0.2791 
0.4120 


0.0485 
0.5102 
1.056 
2.358 

0.0841 

0.1153 

0.1070 

0.1467 

0.3233 

1.536 

0.3902 

1.854 





where I',? is the incomplete gamma function 


y? 
r(a)= f t?le- “dt. 
0 


In explicit calculations we shall use the functions H,(Ro) 
instead of H,. 


IV. NUMERICAL RESULTS 


In Table I the results of the present analysis are given 
for the relative deviation (linear in the density) from 
the Clausius-Mossotti equation of the rare gases neon, 
argon, krypton, and xenon, and for nitrogen, carbon 
monoxide, and carbon dioxide at a density one hundred 
times that of an ideal gas under standard conditions 
(approximately equal to a density of 100 Amagat units). 
The values of y for the different gases are chosen so that 
the corresponding temperatures are in the neighborhood 
of 300°K. The values of Dy, for all gases, are taken equal 
to the value for helium. In addition, we assume that 
Dz for the rare gases is also the same as for helium. 
It has not been attempted to estimate D- for nitrogen, 
carbon monoxide, and carbon dioxide. The values for 
the electric quadrupole moment of nitrogen and carbon 
monoxide are 1.3 10-* and 1.6X 10~* esu, respectively. 
The molecular parameters \ and Ro for these two gases 
are taken as equal to those determined from gas data 
with a central-field model. There exists a large dis- 
crepancy in the literature with respect to the value of Q 
for carbon dioxide.” In order to obtain some average 
value for the quadrupole contribution P(Q) to Eq. (34), 
two sets of values for Q, \ and Ro were selected, namely 
(a) Q=3.43X10-* esu, A= 261 10~* erg, Ro= 4.486 A, 


27J. A. Pople, Proc. Roy. Soc. (London) A221, 508 (1954) 
(properties of dilute gas of crysta] data) Q=5.73X 10 esu. 

28R. W. Zwanzig, reference 11 (dielectric constant of gas) 
Q=7.07 X 10-** esu. 

* A.D. Buckingham, J. Chem. Phys. 23, 412 (1955) (properties 
of dilute gas and crystal data) Q=5.29X 10-** esu. 

%* A. D. Buckingham, Trans. Faraday Soc. 52, 747 (1956) 
(refractive index of gas) Q=3.5X 10~* esu. 

31 W. C. Hamilton, J. Chem. Phys. 25, 1283 (1956) (self-con- 
sistent field) Q=8.59X 10-*6 esu. 

® Feeney, Madigosky, and kyoery Chem. Phys. 27, 898 
(1957) (microwave experiments) Q=3,43+0.27 X 10~** esu. 
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(b) Q=5.29X 10-* esu, A= 250 10-* erg, Ro= 3.94 A. 
The resulting values for P(Q) probably represent lower 
and upper limits. 

The following conclusions may be drawn from the 
results listed in Table I. For the rare gases the deviation 
{a;}/a is of the same order of magnitude as S2; 
the total correction {a;°}/a-+S, increases rapidly 
with increasing atomic weight. However, these results 
have only qualitative significance, since the values of 
D, and Dz were assumed to be equal to those for 
helium. It should be noted that the ratio of the dipole- 
quadrupole and dipole-dipole contributions to {a,°?)}/ 
a decreases somewhat from neon to xenon. This ratio 
is equal to 

15D2H5(Ro)/LReDill6(Ro) ]; 


since D, and D, are assumed to be constant, its value 
is determined by Ro and by the ratio of Hs(Ro) and 
H.(Ro). The value for this ratio is, for the temperatures 
listed in Table I, 0.398, 0.267, 0.235, and 0.206 for neon, 
argon, krypton, and xenon, respectively. This char- 
acteristic is probably an erroneous result, since for the 
heavier gases one would expect an increase of the 
quadrupole contribution in comparison to the dipole 
term. There is no clear indication of how a better model 
could be designed. For a Gaussian model the above 
ratio increases with increasing molecular weight. This 
model leads, however, to a divergent series for the 
dielectric constant. 

Of the rare gases, accurate experimental results are 
available only for argon.* These results have been 
analyzed by de Boer, van der Maesen, and ten Seldam.® 
The contribution linear in the density is in substantial 
agreement with the value listed in Table I. As was 
mentioned above, for nonspherical molecules we have 
not estimated the value of Dy. With respect to {a;°?)}/ 
a® and S, the same qualitative conclusions may be 
drawn as for the rare gases. The quadrupole contribu- 
tion, P(Q), is the smallest correction term for nitrogen 
and carbon monoxide. It is evident that experimental 
data on the dielectric constant cannot be used to deter- 
mine values for the electric quadrupole moment of 
these diatomic molecules. The results for carbon dioxide 
vary widely with the choice of intermolecular pa- 
rameters. The experimental results for compressed 
carbon dioxide obtained by Michels and Kleerekoper™ 
were analyzed by Brown’; the term linear in the density 
gives, extrapolated to a density of 100 Amagat, a con- 
tribution to the relative deviation from the C-M equa- 
tion of approximately 2.5% at 50°C. Although this 
value agrees very well with the tabulated result (b) for 
y=1.5, it should be remembered that D2 is not known 
at all for carbon dioxide and that the value for D, is 
only qualitative. In addition, higher multipole com- 
ponents of the perturbation may contribute significantly. 


% Michels, ten Seldam, and Overdijk, Physica 17, 781 (1951). 
* A, Michels and L. Kleerekoper, Physica 6, 586 (1939). 


CONCLUDING REMARKS 


The theory which forms the basis for the Clausius- 
Mossotti equation is very elementary indeed. It is 
therefore surprising that it proves to be unfeasible in 
practice to improve significantly upon such a theory from 
a molecular point of view, even at very low densities. 
Essentially, the molecular basis of dielectric theory is 
provided through the introduction of the concept of 
“local field.”” This method must be abandoned in order 
to arrive at a considerably more accurate theory of di- 
lectric properties.t 

The quantity a in the Clausius-Mossotti equation 
does not represent the polarizability tensor of an iso- 
lated molecule; neither may it be considered as a 
“density-dependent” polarizability and transferred to 
the analysis of different physical phenomena.* It occurs 
in this form only in connection with dielectric properties 
and is simply a variable, unknown until the solution 
has been found, and therefore of no use for finding that 
solution.! In this connection, an interesting suggestion 
has been made by Buckingham.** Suppose that an 
isolated atom is brought into a uniform external 
electric field Eo. The induced dipole moment of the 
atom may be written as 


(p)n0= a”) Bothy: Bot. 


It appears possible to express the experimental Kerr 
constant in terms of the molecular parameter y’, a 
tensor of rank four.*? Thus both a and y® are ob- 
servables. The author now supposes that the same 
equation (42) applies to an atom in the presence of 
others, with the same values of a and y, in which 
E is replaced by the local field intensity. Differentiation 
of (p)zo with respect to the external field, in the limit 
of vanishing Eo, then gives a result which may be 
considered to represent an “apparent” polarizability of 
an atom in a many-body environment. In this way the 
apparent polarizability is obtained as a function of 
a, y®, and intermolecular parameters, and may 
thus directly be computed from experimental results. 
However, in quantum theory the operator representing 
the electric field intensity at the center of a selected 
molecule, due to the charges of the surrounding dis- 
tributions, is not equivalent to an additional external 
field. (This may be verified explicitly on the basis of 
the perturbation expressions for (p)zo.) The above 
procedure does give classical effects correctly (the 
translational fluctuations $2), but it is not a valid 
method for determining {a;} or {(,}. 


(42) 


t Note added in proof. —The intended implication of this state- 
ment is: A more general means of attack ought to be found, not 
operating via the concept of local field, which makes the quantita- 
tive evaluation of these fine-structure effects more accessible. 

35 V. Gaizauskas and H. L. Welsh, Proceedings of the Confer- 
ence on Optical and Acoustical Properties of Compressed Fuids, 
Paris, July, 1957 (unpublished). 

3 A. D. Buckingham, Trans. Faraday Soc. 52, 1035 (1956). 

37 A. D, Buckingham and J. A. Pople, Proc. Phys. Soc. (London) 
A68, 905 (1955). 
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APPENDIX. EVALUATION OF D, FOR 
NONSPHERICAL MOLECULES 


The order of magnitude of D, may be obtained from 
a model calculation. For nitrogen, carbon monoxide, 
and carbon dioxide we take a two-parameter Gaussian, 


p(x,y,2) = (b1b2*/x!) exp—[[biz?+ b2?(x°+-y’) J, 


as the analytic expression for the electronic charge dis- 
tribution of the molecule. The axis z coincides with the 
length axis of the molecule. Values for the parameters 


TABLE II. Molecular parameters for some nonspherical molecules. 


bi 
At 


0.621 
0.623 
0.503 
0.508 
0.491 
0.496 


be 
A“ 


0.795 
0.788 
0.733 
0.725 
0.715 
0.708 


a Uo 
At d 


Molecule 


Nitrogen 
Carbon monoxide 
Carbon dioxide 


2.60 
4.10 
4.01 
4.10 
4.01 


b, and b: may be obtained from the polarizability 
tensor; if we denote the polarizabilities parallel and 
perpendicular to the length axis by a, and a, re- 
spectively, then 

b6,7°7=a,,U 9 ‘e*, bP? =a,U' "sob 


U) stands for the average excitation energy. With the 


JANSEN 


TABLE III. Values of (Pa*)or/ (Pa? or’, Di, AD, = dD; _ (D,)spherical 
and 2«*/3 for nitrogen, carbon monoxide, and carbon dioxide, 
(Gaussian distribution functions). 


AD: 


0.026 
0.023 
0.058 


Molecule 2x2/3 


0.021 
0.019 
0.047 


Pq" or/ (Pa? or? Di 
3.074 0.234 


3.067 0.231 
3.168 0.266 


Nitrogen 
Carbon monoxide 
Carbon dioxide 


help of experimental values for aj, ai, and Uo (first 
ionization potential), we may compute (Pa‘)or/(Pa*)or® 
and x. In Table II the parameters aj,, ai, Uo, b1, and by 
are listed for nitrogen, carbon monoxide, and carbon 
dioxide. If the charge distribution were spherical 
(6,= be), then D, would be equal to 0.208. In Table IIT 
we list values for the coefficients (pa‘)or/(Pa’)or’, Di and 
also AD,=D,—(D,)sphericai for these molecules. For 
comparison, the anisotropic coefficient 2«?/3 of the 
translational fluctuations, is also included in the table. 
The values for carbon dioxide are an average computed 
with the four sets of values of Table II. It is seen from 
Table III that anisotropy of the charge distributions 
results in an increase of D,; compared with spherically 
symmetric molecules; the increase is of the order of 
10% for nitrogen and carbon monoxide, and 20% for 
carbon dioxide. The anisotropic part of the dipole 
fluctuations is of the same order of magnitude as 
that of D. 
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Interaction Energy and Mobility of Lit Ions in Helium* 


E. A. Mason, H. W. Scuamp, Jr., AND J. T. VANDERSLICE 
Institute for Molecular Physics, University of Maryland, College Park, Maryland 
(Received April 14, 1958) 


The interaction energy of Lit and He has been calculated for a range of internuclear separations. The 
results are not in very good agreement with a similar calculation by Meyerott, who used the same wave 
functions but approximated many of the molecular integrals. Considerable uncertainty is caused by lack 
of knowledge of the second-order exchange energy. The results are used to calculate the mobility of Li* ions 
in He gas as a function of temperature for comparison with experiment. It is concluded that the theoretical 
interaction energy is not inconsistent with the experimental mobility data, within the uncertainty caused 


by the second-order exchange energy. 


INTRODUCTION 


HE interaction between Li* and He is of interest 

in connection with the theory of ion mobilities in 
gases. The main interest in the system Lit— He arose 
originally from the fact that it is similar to the system 
He+—He, but does not exhibit the strong electron 
exchange forces shown by the latter. Meyerott! made a 
completely quantum-mechanical calculation of the law 
of force between Li* and He, and from the force law 
calculated the mobility of Li* ions in He gas as a func- 
tion of temperature. His results were not entirely satis- 
factory, inasmuch as calculated mobilities were about 
20 to 30% lower than experimental values. Further- 
more, the calculated maximum energy of attraction 
between Lit and He appeared to be several times 
greater than was consistent with ion clustering measure- 
ments at low temperatures. 

More recently, the interaction between Lit and He 
has been calculated from measured mobilities by 
classical kinetic theory methods, in which a semi- 
empirical form was chosen to represent the interaction 
energy and the relevant cross sections were accurately 
computed.’ The depth of the potential energy minimum 
calculated in this semiempirical manner was only about 
one-fourth that of Meyerott’s reported potential depth. 

The above-mentioned discrepancies made it seem 
worthwhile to reconsider the problem of determining 
the Lit— He interaction by direct quantum-mechanical 
calculation. Meyerott suggested that the greatest error 
arose from his neglect of second-order exchange forces, 
but large errors might also be expected to arise from his 
approximation of many of the molecular integrals which 
occur, especially the so-called exchange integral. In 
the present calculations all integrals are accurately 
evaluated, with the result that the discrepancies are 
materially reduced. They are not eliminated, however, 
and it appears likely that the second-order exchange 
energy makes a substantial contribution to the interac- 
tion in the region around the potential minimum. 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

1R. Meyerott, Phys. Rev. 66, 242 (1944). 

2 E. A. Mason and H. W. Schamp, Jr., Ann. Phys. 4, 233 (1958). 


INTERACTION ENERGY 


At not too small internuclear separations the energy 
of interaction for Lit—He can be written to a good 
approximation as the sum of four terms, 


©(R)= E,+ Einat Eaist Eexch; (1) 


where ®(R) is the interaction energy, / is the first-order 
perturbation energy which is dominant at small separa- 
tions, and the other three terms arise from the second- 
order perturbation energy. The terms Ejng and Fajs 
give the asymptotic behavior of @(R) at large separa- 
tions, and are usually obtained by a second-order 
perturbation calculation with a molecular wave func- 
tion which is not antisymmetrized with respect to 
electron exchange. The term Exch arises in the secend- 
order calculation when a properly antisymmetrized 
molecular wave function is used, and represents the 
nonadditivity of £; and the other two terms. Accurate 
calculation of Eexch is quite complicated,*~® and is not 
attempted here. 

» The induction energy, Fina, represents the attraction 
energy between the charge on the ion and the electric 
moments it induces in the polarizable He atom. The 
first two terms of Ejna, corresponding to the induced 
dipole and quadrupole, have been calculated approxi- 
mately by Margenau® as 


ea ay 
Eina= — (14159 —f oss ), (2) 


2R* : 
where ¢ is the electronic charge, a is the polarizability 
of the He atom, R is the internuclear separation, and 
do is the radius of the first Bohr orbit (@o=0.5292 A). 

The dispersion energy, Eais, is also attractive, and 
can be calculated as a power series in R™. Since Eais is 
small, it is sufficient to represent it by its leading term, 
which varies as R~6, and to calculate the coefficient of 


3 R. Eisenschitz and F. London, Z. Physik 60, 491 (1930). 

‘H. Margenau, Phys. Rev. 56, 1000 (1939). 

5A. Dalgarno and N. Lynn, Proc. Phys. Soc. (London) A69, 
821 (1956). 

*H. Margenau, Philosophy of Science 8, 603 (1941). 
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this term by an approximate formula. The result is® 


0.75¢e2a9° 
Eais= —————-—-: :-. (3) 
Ré 


To calculate £, an approximate molecular wave 
function was constructed from sums of products of 
one-electron orbitals, a and 8, centered on the lithium 
and helium nucleus, respectively. For closed shells, 
the wave function can be written as a single Slater 
determinant, 


¥=|aa a6 ba OB, (4) 


where a and @ are the usual electron spin functions. 
This formulation is equivalent to the simple LCAO-SCF 
(linear combination of atomic orbitals, self-consistent 
field) molecular orbital formulation. The value of £; is 
then given as the difference between the total energy 
at some nuclear separation R, and the total energy at 
infinite separation, both calculated with the same 
approximate wave function given in Eq. (4). That is, 


Ey= [vintdr / [ var E(Li*)— Ee), (5) 


where H is the complete Hamiltonian, given in atomic 


units as 
3 2 
[—+— 


TAi TRB 


+¥ (1/n). © 


i=l j>i=1 

Here the unit of energy is e/ao=27.210 ev and the 
unit of distance is dp. We adopt the convention that 
capital letters represent the nuclei and the correspond- 
ing lower case letters represent the one-electron orbitals 
centered on the same nuclei. Hydrogen-like 1s atomic 
orbitals were used, such as 


a(1)= (z.°/x)! exp(—zara1), (7) 
b(1) = (2.3/2)! exp(—2ern1), 


for electron 1, and similar functions for the other 
electrons. The effective nuclear charges were taken to 
be z2= 43/16 and z,= 27/16, the values which minimize 
the energy at infinite internuclear separation.’ The 
energies of the separated atoms are /(Li*+) = — (43/16)? 
and E(He)=— (27/16)? for these approximate wave 
functions. 

Substitution of Eqs. (4), (6), and (7) into Eq. (5) 
leads to an expression for Z, in terms of standard two- 
center molecular integrals, for which we adopt the 


7L. Pauling and E. B. Wilson, Jr., Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 
1935), pp. 184-185. 
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following general notation: 


I(ab) = f a(1)b(1)dny, 


J(ab,c)= f a(1)6(1)(1/resddns, (8) 


Labjed)= ff a(1)8(1)(1/ra)o(2)d(Q)aradrs 


The energy can be written, after some manipulation, 
as the sum of three terms, 
E,=[¢:1—2¢2+ ¢3 ] [1—J/?(ab) FP, (9) 
where 
¢1= (6/R)—6J (bb,A)—4J (aa,B)+4L(aa,bb), 
¢2= [?(ab)[ (6/R)—2J (aa,B)—3J (bb,A)+ L(aa,bb) 
— (175/128) ]—1(ab)[(53/16)J (ab,A) 
+ (37/16)J (ab,B)—2L(ab,aa)— 2L(ab,bd) | 
+L(ab,ab), 


¢3= (6/R)I*(ab)— F’(ab)[ (53/8)J (ab, A) 
+ (37/8)J (ab,B) }+6I?(ab)L(ab,ab). (12) 


All integrals except L(ab,ab) could be evaluated in 
closed form by well-known methods,** and were 
calculated as needed. The exchange integral L(ab,ab) 
was calculated as a rapidly converging infinite series by 
a previously described method,” and evaluated nu- 
merically with the aid of the tables of Kotani eé al." 

The numerical results are given in Table I in terms 
of the reduced internuclear distance, g= }(Za+2»)R/do. 
Also shown are Meyerott’s results as calculated from 
his empirical representation,' 


E,=36.9 exp(—1.425q) &/ao. 


(10) 


(11) 


(13) 


The present results and Meyerott’s ought to be in 
essential agreement, since the same approximate wave 
functions were used in both calculations. Actually, the 
agreement is quite poor, especially at the largest sepa- 
rations which are most important in determining the 
mobility. The disagreement is no doubt caused by 
Meyerott’s approximation of many of the molecular 
integrals. The change in £, made by accurate evaluation 
of molecular integrals is in the right direction to reduce 
the discrepancies mentioned in the Introduction; it 
remains to investigate how much discrepancy may 
remain. 

The greatest error in the determination of the total 
interaction energy (R) is probably caused by ignorance 
of E.xch. The simplest approximation is to put it equal 


8C. C. J. Roothaan, J. Chem. Phys. 19, 1445 (1951). 

® Ruedenberg, Roothaan, and Jaunzemis, J. Chem. Phys. 24, 
201 (1956). 

10 Mason, Ross, and Schatz, J. Chem. Phys. 25, 626 (1956). 

4 Kotani, Amemiya, Ishiguro, and Kimura, Tables of Molecular 
Integrals (Maruzen Company, Ltd., Tokyo, 1955). 





MOBILITY OF 

to zero in Eq. (1). This procedure was adopted by 
Meyerott, and for the present calculations leads to the 
following expression : 


0.685 1.84 
(R) = 44.38 exp(—3.044R) -——--——(#/a»), (14) 
R‘— RR’ 


for R in ao, where we have represented the values of Fy 
in Table I by an exponential for R>1.8a. An alter- 
native approach is to recognize that at small R, (R) 
is given essentially by /,, whereas at large R, ®(R) is 
given by Eina plus Lais. Some reasonable algebraic form 
is then assumed for @(R) such that it reproduces /, at 
small R, and at large R takes up the proper form as 
given by Eina plus Eais. The hope is that such a scheme 
will successfully interpolate in the region of intermediate 
R in which Exch is most important. This procedure 
applied to the present results yields the following 
expression : 


0.685 1.84 


(R) =3.82 exp(—1.80R)—-——-———(€/a»), (15) 
Rt R® 


valid for R>2.5a 9. Equation (15) was obtained by 
assuming that / alone was an accurate representation 
of &(R) for R less than about 3.8ap. 

The various results for @(R) are shown in Fig. 1, 
together with the semiempirical potential energy func- 
tion determined from mobility measurements.? The 
semiempirical curve falls between the curves for Eqs. 
(14) and (15), as might be expected since these latter 
were obtained on the basis of what are probably extreme 
assumptions. Thus the present results appear to be 
consistent with the semiempirical potential within the 
rather large uncertainty caused by ignorance of Eexen. 
It should be mentioned that the depth of the minimum 
for the semiempirical curve is uncertain by at least 20%, 
and the position of the minimum by at least 10%. 


TaBLe I. Calculated interaction energy of Lit and He. 


q=2R/ao RA Present Meyerott 


205.2 
100.9 
$2.11 
27.49 
14.62 
7.784 
4.125 
2.170 
1.131 
0.5838 
0.2984 
0.1512 
0.07592 
0.03784 
0.01873 
0.009209 
0,0001181 


0.242 
0.363 
0.484 
0.605 
0.726 
0.847 
0.968 
1.089 
1.210 
1.331 
1.452 
1.572 
1,693 
1.814 
1.935 
2.056 


1.65 

0.808 
0.396 
0.194 
0.0953 
0.0467 
0.0229 
0.0112 
0.00551 
0.00007 67 
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Fic. 1. Interaction energy of Lit and He. Curve 1: Meyerott’s 
approximate calculation. Curve 2: present results, Eq. (14), corre- 
sponding to Meyerott’s calculation but with all integrals ac- 
curately evaluated. Curve 3: present results, Eq. (15), in which 
the second-order exchange energy is not ignored. Curve 4: semi- 
empirical result based on mobility data. 


MOBILITY 


In this section the interaction energies are used to 
calculate the mobility of Li* ions in He gas at different 
temperatures for comparison with experiment. The 
attraction energy for the system Lit—He is large 
enough that at ordinary temperatures the mobility is 
primarily determined by the attraction and only 
moderately affected by the repulsion. It is thus reason- 
able to replace the exponential repulsion terms in Eqs. 
(13)—(15) by an empirical inverse power term, so as to 
be able to make direct use of tabulated cross sections. 
Tabulations are available for the following form of 
interaction potential : 


P Rn\® 
w1n)=a+0(=) 
R.\° Ra\* 
-(—) -31-(—) | (16) 
R R 


where ¢ is the depth of the energy minimum, R,, is the 
value of R at which the minimum occurs, and y is a 
third parameter which is a measure of the relative 
strength of the inverse sixth power term. Equations 
(13)-(15) were adjusted to the form of Eq. (16) by 
ignoring the relatively small term in R~*, and requiring 
that R,, and the coefficient of the R- term be correct. 
This procedure assures the correct mobility at low 
temperatures but occasions some error at high tempera- 
tures. Nothing more elaborate seemed justified in view 
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K., cm@/volt-sec 











400 
T, °K 
Fic. 2. Mobility of Lit in He at standard density. The circles 
represent the experiments of Hoselitz. The numbering of the solid 
curves corresponds to the numbering of the interaction curves of 


Fig. 1. Curve 1A was obtained by Meyerott from an approximate 
quantum-mechanical calculation 


of the large variation among the theoretical ®(R) 
curves. 

The mobility in cm*/(volt-sec) referred to standard 
gas density at 18°C and 1 atmos can be written as 
follows? : 


Ko= (17) 


6279.8 7ym+M\} 
Gazer 


T} mM 


where Ko is the mobility, 7 the absolute temperature, 
m the mass of an ion, M the mass of a gas molecule, and 
(24.)* a dimensionless cross section (“collision integral”’) 
tabulated as a function of 7, ¢, and y in reference 2. 
The quantity go is a dimensionless correction factor 
which takes account of the kinetic-theory higher 
approximations, and in the present case is equal to 
unity within the experimental accuracy to which Ko 
has been measured. The calculated and experimental” 
values of Ko are compared in Fig. 2. The agreement for 
the present calculations appears to be within the limits 
set by ignorance of Exch. Two sets of results are shown 
for Meyerott’s potential, one calculated from Eq. (17) 


2K. Hoselitz, Proc. Roy. Soc. (London) A177, 200 (1941). 
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and the other from Meyerott’s formula, 


(18) 


Ko=19.7/(1.265—0.01467"). 


Equation (18) was obtained by Meyerott from a 
quantum-mechanical calculation of the diffusion cross 
sections for his potential energy function, and should 
agree with the results from Eq. (17) for the same 
potential, inasmuch as the behavior of Lit—He is 
classical over most of the temperature range." Evidently 
some systematic error was made in the quantum- 
mechanical calculations, especially in the low-energy 
region. 


DISCUSSION 


The present results show that the purely theoretical 
calculations of the interaction energy of Lit and He 
are not inconsistent with experimental ion-mobility 
measurements, within a rather large uncertainty caused 
by lack of knowledge of the second-order exchange 
energy. It should be mentioned that the calculations 
are also not inconsistent with ion-clustering measure- 
ments."* The calculations further indicate the unusually 
great importance of the second-order exchange energy 
for this system. This can be interpreted to mean that 
the approximate wave functions used are not too good, 
since really accurate functions would give the whole 
interaction curve with just a first-order perturbation 
calculation. 


ACKNOWLEDGMENT 


The authors wish to thank Mr. Louis T. Ho for his 
help with some of the calculations. 


13H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (oxford University Press, New York, 1952), 
p. 408. 

t Note added in proof.—This conclusion has been reached inde- 
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Soc. (London) A250, 411 (1958), in a paper published after the 
present work had been submitted for publication. These authors 
also derived a semiempirical interaction energy for Lit—He 
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as curve 4 in Fig. 1). The agreement is especially gratifying since 
Dalgarno, McDowell, and Williams used quite different calculation 
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4 R. §. Munson and K. Hoselitz, Proc. Roy. Soc. (London) 
172, 43 (1939). 
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The pressure shift, caused by collisions with various noble gases in the zero-field ground-state hyperfine 
interaction of Cs“, has been measured by an optical transmission, microwave saturation method. A pressure 
shift to higher frequency was found in the case of the lighter gases, hydrogen, helium, nitrogen, and neon 
(+1900, +1600, +930, +650 cps/mm Hg) while a pressure shift to lower frequency was found in the case 


of the heavier gases, argon, krypton, and xenon (—250, — 1300, - 


NVESTIGATIONS of the frequency shift produced 

by argon and neon buffer gases in the zero-field 
hyperfine splitting of Na’ have been previously re- 
ported.! This note gives the results of similar experi- 
ments performed with Cs'®, 

The experimental apparatus is essentially the same 
as the one previously described for sodium. Cesium, in 
a spherical glass cell about 1 inch in diameter, was 
maintained at a temperature of 30°C. Spectroscopically 
pure buffer gases were used, ranging in pressure from 
1 mm to 15 mm Hg.:Resonant light from a standard 
cesium lamp was used for optical pumping and optical 
detection of the (4.0) to (3.0) microwave hyperfine 
transition. The microwave frequency was obtained from 
an X-band klystron phase-locked to a stable crystal 
oscillator, and measured with an electronic counter 
monitored with station WW V with a short-term ac- 
curacy of 1 part in 10* to 1 part in 107, 

The value of the hyperfine splitting of cesium in the 
ground state was found to be 9192.632X10® cps +500 
cps in agreement with the value obtained by atomic 


FREQUENCY 
|MC/SEC 


9 192.640 | 


9 192.635 
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9 192.630 


9 192.625 
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Fic. 1, Pressure shift of zero-field 
hyperfine splitting of Cs, 


* A division of International Telephone and Telegraph Corpo- 
ration. 

t Consultant to Federal Telecommunication Laboratories. 

1M. Arditi and T, R. Carver, Phys. Rev. 109, 1012 (1958). 


2400 cps/mm Hg). 


beam measurements.’ A shift in the hyperfine frequency 
which is proportional to the pressure of the buffer gas 
has been observed for various kinds of gases (Fig. 1). 
A pressure shift to higher frequency was found in the 
case of the lighter gases, hydrogen, helium, nitrogen, 
and neon (+1900, +1600, +930, +650 cps/mm Hg) 
while a pressure shift to lower frequency was found in 
the case of the heavier gases, argon, krypton, and xenon 
(—250, —1300, —2400 cps/mm Hg). 

These results suggest pressure shifts for the hyperfine 
transition quite similar to optical pressure shifts,* al- 
though the order of magnitude is quite different. In a 
mixture of buffer gases, the pressure shift 6 is approxi- 
mately equal to 6=)0;6,p;, where 6; is the pressure 
shift of a pure gas and #;, the partial pressure of the gas 
in the mixture (3°; p:=1). For example, the following 
mixtures gave very little pressure shift: A 75°%%—Ne 
25%; A 85%— He 15%; A 70%—Ne 30%. 

In these experiments the line width of the resonance 
frequency was broadened by power saturation and 
frequency modulation. When extrapolated to zero field 
and zero modulation, the line width was of the order of 
100 to 125 cps and was independent of the pressure or 
the nature of the buffer gas within the range of our 
measurements (from 1 to 15 mm Hg). The line width 
in this range of pressure may be due to the combined 
effects of a residual Doppler broadening which decreases 
with pressure of the buffer gas and a statistical collision 
broadening effect which increases with pressure. The 
signal strength is half again as strong for the pair of 
buffer gases Ne and A which produce the least pressure 
shift as for the pair Kr and He. The strength for Xe is 
very poor. This suggests that those gases which produce 
the greatest pressure shift also produce the greatest 
mixing and disorientation in the excited states. 
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Narrow Hyperfine Absorption Lines of Cs’ in Various Buffer Gases 
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Line widths as narrow as 40 cps have been obtained for the hyperfine transition at 9192 Mc/sec in cesium 
vapor. The Doppler width was greatly reduced by collisions with an inert buffer gas. An optical detection 
method was used to observe the microwave absorption lines. Shifts in the observed frequency due to collisions 
with the buffer gas were measured as a function of the temperature and pressure of the gas. It was found 
possible to reduce greatly the shift in frequency with temperature by using the proper mixtures of inert 
gases. The contribution to line width due to collisions with the buffer gas was also determined. 


ECENTLY collisional narrowing! has been used 
to reduce the Doppler width of hyperfine transi- 

tions observed in hydrogen? and in alkali vapor absorp- 
tion cells.*-* For the ground-state hyperfine transition 
in Cs! at 9192 Mc/sec we have obtained line widths of 
40 cycles/sec with good signal-to-noise ratios. The 
method used was an extension of the optical pumping 
procedures introduced by Kastler,* Dicke,’ and 
Dehmelt.® 

A schematic diagram of the energy levels in Cs is 
given in Fig. 1. The excited state hyperfine splittings 
are much smaller than the ground state splitting and 
will be ignored. The 8521.4A line from an argon 
discharge underwent Zeeman splitting in a field of 
about 5000 gauss and focused on an absorption cell 
containing Cs vapor and an inert buffer gas. One 
component then overlapped the 8521.2 A component 
of the Cs 6S,;—6P, absorption line and produced transi- 
tions from the F=4 sublevel of the ground state to the 
excited state. Subsequent spontaneous emission to both 
ground state sublevels left a net difference in population 
between them. Since light could be absorbed by only 
those atoms in the F=4 sublevel, the amount of 
scattered light provided a convenient measure of the 
population difference. When microwaves of the right 
frequency to produce the relatively field-independent 
(3,0)—>(4,0) transition were applied, the population 
difference decreased and this was seen as an increase in 
the scattered light intensity. The frequency source, 
supplied by the NRL Radio Techniques Branch, has 
been described elsewhere.* It was stable to 1 part in 
10" over periods of from several seconds to many hours. 
Figure 2 shows the type of line obtained with this 
apparatus by changing the frequency in 4-cps steps. 

1R. H. Dicke, Phys. Rev. 89, 472 (1953). 

2 J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 
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The resonance frequency was found to be proportional 
to buffer gas pressure, the shifts being +1050, +890, 
+580, — 190 and — 1300 cps/mm Hg for He, Ne, Ne, A, 
and Kr. These results are similar to those of Arditi and 
Carver reported in the preceding paper.’ A mixture of 
75% A-25% Ne gave no pressure shift at 23°C. At 
higher temperatures the shift was linear and negative, 
and at lower temperatures it was linear and positive. 
An extrapolation to zero buffer gas pressure gave a 
frequency about 30 cycles/sec below the Cs beam 
reference frequency.’ The absorption cells used were 
thoroughly outgassed 500-ml Pyrex flasks containing 
distilled Cs and spectroscopically pure buffer gases. 
The shifts in frequency with bulb temperature were 
found to be about +15, +1, —7 and —5 cps/(deg- 
cm Hg) for He, Ne, A, and the A-Ne mixture. A small 
amount of A in Ne is expected to make the resonance 
frequency independent of temperature for a fixed 
density. 
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Fic. 1. Energy level diagram for Cs". 
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Fic. 2, Optically detected cesium hyperfine transition for an 
absorption cell containing neon at 10-cm pressure as the buffer gas. 
The frequency of the transition is shifted by about 59 kc from the 
frequency that would be obtained with no buffer gas present. 


Line-width measurements gave considerably narrower 
lines for Ne and He than for A. With Ne the width at 
half-power was about 40 cps from 1 cm to 10 cm, and 
about twice this width at 3 mm and 50 cm with much 
weaker signals. With He, line widths of 40 cps were 
found at 1 and 3 cm. For Ne, the calculated reduced 


Doppler width at 3 mm was about 50 cps, while the 
extra width at 50 cm was consistent with a contribution 
from buffer gas collisions of 1 to 2 cps/cm. The line 
width for A, however, was about 120 cps at 1 and 4 cm, 
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and somewhat more at 15 cm. Light intensity, magnetic 
field inhomogeneity, and Cs-Cs collisions do not appear 
to be responsible for the residual line widths, but 
short-term fluctuations in the applied frequency could 
contribute. The lines observed were Lorentz-shaped. 

Measurements were also made of line widths for the 
Zeeman transitions” (AF=0) in Rb and Cs vapor by 
transmission monitoring.*:! At high buffer gas pressures 
the line widths in Cs were comparable with those for 
the hyperfine transition, i.e., about 4 cps/cm for A and 
roughly one third as much for Ne. The value of 7, 
derived from the line width for Cs in A was about a 
factor 5 smaller than the relaxation time measured by 
Dehmelt’s method.’ A reasonable explanation is that 
the transitions for which the change in M is small are 
the most important ones in the relaxation process. 
Line widths as low as 15 cps were observed in the 
earth’s field,”* permitting complete resolution of the 
46-cps second-order splittings in Rb*’ and observation 
of multiple quantum transitions. 
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Shell-model analysis is applied to configurations containing both p, and sy nucleons. Energy levels of 
excited configurations (often recognized by their parity being opposite to that of the ground state) as well 
as binding energies are considered. Good agreement is obtained which gives support to the jj-coupling 
scheme. The results obtained are used for calculating other levels. In particular, the modes of excitation 
of the first excited 0+ level in O'* and the $— level in F"® are determined. 


I. INTRODUCTION 


R ZCENTLY a new approach to shell-model calcu- 
lations has been used.'~“* This approach, is based 
upon the 77-coupling shell model and involves no specific 
assumption on the nuclear forces. We assume only that 
(a) the potential energy of the nucleus is due to two-body 
forces between nucleons. Similarly, we do not take the 
radial parts of the single-nucleon wave functions to be 
of any specific form. We assume only that (b) these 
radial functions are the same in a definite subshell 
independent of the number of nucleons (at least for all 
nuclei in which the same shells are being filled). When- 
ever we consider protons and neutrons together we take 
the nuclear forces to be charge-independent. We also 
assume, in these cases, the same radial functions for 
neutrons and protons. We thus (c) take the total 
isotopic spin T to be a good quantum number. 

We treat in every case a group of nuclei, each con- 
taining extra nucleons outside the same closed shells. 
In these nuclei we consider the energy levels obtained 
by the different modes of coupling of the extra nucleons. 
Under our assumptions all these energies, both of ground 
states (binding energies) and of excited levels, can be 
expressed as combinations of a smaller number of 
parameters. These parameters are expectation values of 
the nuclear interaction in two-body configurations (or 
linear combinations thereof) and single-nucleon energies. 
The latter we interpret as the sum of the kinetic energy 
of a single nucleon and its interaction with the closed 
shells. We check the validity of our assumptions (and 
the configuration assignment of the levels) by looking 
for values of the parameters which will reproduce the 
experimental energies. If we succeed in finding such a 
set of values from which the energy levels can be 
calculated accurately enough, our assumptions seem to 
be justified. We can further use the parameters thus 

* This work has been sponsored in part by the Aeronautical 
Research Laboratory, Wright Air Development Center of the Air 
Research and Development Command, U. S. Air Force, through 
its European Office. 
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obtained for calculating positions of other levels which 
have not been found or have not been identified. 

In the papers mentioned above,'~“ energies of both 
ground states and excited levels have been considered. 
However, in all those cases, all levels were members of 
ground configurations, i.e., configurations to which the 
ground states belong. By configuration we mean, as 
usual, the numbers of nucleons in the various j sub- 
shells (those in closed shells are usually omitted). The 
excited states observed in the spectrum of any nucleus 
belong both to the ground and to excited configurations. 
The main difficulty in handling excited states is that we 
do not know to which configurations they belong. We 
know that configurations overlap, their levels appearing 
alternately (this does not necessarily mean that they 
get mixed). Therefore, even when spins and parities are 
known we cannot be sure of the configuration assign- 
ment. However, there are cases in which it is rather 
easy to assign a configuration to excited levels. If a 
low-lying level has a parity opposite to that of the 
ground state we know that its configuration was ob- 
tained from the ground configuration by raising an odd 
number of nucleons to higher orbits of an opposite 
parity. In many cases it is just one nucleon which is 
excited into a higher orbit. It is easy to guess the correct 
configuration since the occupied orbits in the ground 
state as well as the neighboring higher orbits are known 
from shell-model interpretations of experimental data. 
Such low-lying levels with opposite parity are found in 
nuclei where an oscillator shell is being completed. In 
this case all the available neighboring orbits have a 
parity opposite to that of the last orbit being filled. 

In the present work we apply this analysis to energy 
levels of nuclear configurations which contain both 0; 
and 1s; nucleons. Some of the configurations we treat 
are ground configurations while in others there are 
nucleons excited from the p; to the s; orbit. Of the three 
subshells of the oscillator third shell, the dy subshell is 
considerably higher than the s; and dg subshells and 
therefore excitations into this subshell probably involve 
higher energy. In some simple cases we can distinguish 
between excitations into the ds and s; subshells by the 
value of the resulting spin. We can thus handle sepa- 
rately the configurations with s,; nucleons and those 
with ds nucleons. In this paper we treat only the former 
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configurations. Excitations into dy orbits will be con- 
sidered in a subsequent paper. Only in a few cases will 
this restriction prevent us from making definite 
statements. 

» The problem of the center-of-mass motion in the 
shell model appears in the present case more drastically 
than in the cases of ground configurations. The diffi- 
culty encountered is that of spurious states> which 
differ from states of ground configurations only by a 
different center-of-mass motion. For central fields of 
arbitrary shape the center-of-mass motion cannot be 
separated in shell-model wave functions. Only if har- 
monic-oscillator wave functions are used can the ground- 
state wave function be written as a product of a func- 
tion which describes the center-of-mass motion in the 
Os orbit of an oscillator potential and an internal wave 
function. It could be argued that this internal wave 
function describes also the ground state of a real nucleus, 
in which the center of mass moves in a uniform motion. 
This separation holds for all levels of the ground con- 
figuration and those configurations in which extra 
nucleons are excited into orbits in the same oscillator 
shell. States of other configurations might well contain 
contributions from spurious states in which the internal 
wave function is that of states which belong to the 
configurations mentioned above while the center-of 
mass is raised into a higher orbit of the oscillator 
potential. In particular all states of configurations in 
which a p nucleon is raised into the next s or d orbit 
might contain contributions from spurious states in 
which the center of mass moves in a 0p orbit of the 
oscillator potential. 

In the jj-coupling scheme this difficulty does not 
appear if a ; nucleon is raised into d, orbit. All such 
spurious states can be obtained by operating with 
R= (1/V)>or; on all wave functions of configurations 
with the closed Os shell and nucleons in the Op shell. 
In the configurations we consider all the p; and Os, 
nucleons do not change orbits whereas a p; nucleon is 
raised into the dy orbit. Obviously such configurations 
cannot be obtained by operating with R. Every r; is a 
vector and therefore can change the total 7 of a nucleon 
by one unit only. A p, nucleon can be moved by R only 
into dy or sy orbits. 

States of excited configurations with s; nucleons con- 
sidered here can well contain spurious states. In this 
case there are also simple selection rules on the operation 
of R which in some cases prevent the appearance of 
spurious states. In all other cases we calculated the 
weight of the spurious states in the shell-model wave 
functions on the assumption of harmonic-oscillator 
wave functions. The method of calculation is presented 
in the appendix. The weight found was less than 10% 
in all cases. However, the agreement obtained in the 
present paper between theory and experiment is very 
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good. We do not have any explanation for this fact. 
It might indicate that a few percent of spurious states 
do not do much harm to the calculation. In any case, 
the difficulty of spurious center-of-mass motion is 
present when using any central field other than that 
of the harmonic oscillator even in ground configurations. 
Perhaps understanding this difficulty in our case will 
have to wait for the understanding of those simpler 
cases. 

Our analysis show very good agreement between the 
simple jj-coupling shell model and the experimental 
data. As a result we obtain expectation values of the 
effective two-body interaction and single-nucleon en- 
ergies. These parameters can now be used to treat 
others, less certain, cases. Of special interest are the 
5 level of F'* which is only 0.11 Mev above the ground 
state and the first excited 0+ level of O'*. We find the 
3— level of F" in very good agreement with the calcu- 
lated level obtained by exciting one p, nucleon into the 
s; orbit. The case of O'* is more complicated. Since the 
6.06 level has even parity it can be obtained only by 
raising an even number of p; nucleons into s; or dy 
orbits. We find that all levels due to excitation of two 
p, nucleons lie a few Mev higher than the observed 
level. This is a result of the large attraction of two 
protons and two neutrons in the same orbit (fj, 5), or 
ds) as compared to twice the attraction of two such 
nucleons. If two nucleons out of four are raised from 
one orbit (p; say) into another one (s; or dy), the attrac- 
tion between the two pairs is rather small and does not 
compensate the attraction lost by the separation. 

We therefore calculated the position of an 0+ level 
obtained by exciting all four p; nucleons. If these 
nucleons are excited into the ds orbit the level seems 
still to lie too high. But if the excitation is to the s; 
orbit good agreement is obtained. On the basis of our 
model we assign the first excited 0+ level of O'8 to a 
configuration in which there are four 1s; nucleons and 
no Op; present. This mode of excitation somewhat 
recalls the a-particle model. It is interesting to find out 
whether experiments will verify or disprove this 
assignment. 

After completing this work we were pleased to find 
that the configuration assignment we made in these 
cases is precisely the one suggested a few years ago by 
Christy and Fowler.® Also the }— level of O' and F"” 
to be treated in Sec. IV was assigned the same con- 
figuration by us as by these authors who made a rough 
estimate of the energies neglecting the p,;— 5; interaction. 

In this paper, as well as in previous work,’~ only 
the energies of states are considered. Since the energy has 
a stationary value at the correct wave function, even 
our approximate wave functions can give energies in 
agreement with experiments. Matrix elements of other 
operators, such as magnetic moments and transition 
probabilities, do not have the stationary property and 
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are rather sensitive to small admixtures in the wave 
functions. It is the authors opinion that any theory 
must at least predict correct energies. If and only if 
this requirement is satisfied we can hope to go to higher 
approximations which will enable us to calculate more 
sensitive quantities. 


II. METHOD OF CALCULATION 


As already mentioned, we do not calculate the energy 
levels with a specific interaction or radial functions. 
We have to calculate the expressions of the energy 
levels in the many-nucleon configurations in terms of 
expectation value in two-nucleon configurations. Let us 
now discuss the total energy of the levels. 

We consider nuclei in which the 0s; and 0p; subshells 
are closed and extra nucleons are in the 0; and 1s, 
orbits. The sum of the kinetic energy and mutual inter- 
action of the nucleons in the closed shells (the core) is 
constant, according to our assumptions, and independ- 
ent of the number of extra nucleons. This core energy 
is equal to the binding energy of the nucleus in which 
there are no extra nucleons, namely C”. In order to 
analyze the contribution of the extra nucleons, we 
therefore first subtract the binding energy of C® from 
the experimental total energies of all the levels 
considered. 

The result of this subtraction is the sum of the 
kinetic energies of the extra nucleons, their interaction 
with nucleons in closed shells and their mutual inter- 
action. Because of the spherical symmetry of the closed 
shells the interaction of a single nucleon with the core 
is independent of the orientation of its spin 7 in space. 
Obviously, this is true also for its kinetic energy. Thus, 
the sum of the kinetic energy of the extra nucleons and 
their interaction with the closed shells can be expressed 
as a sum of single-nucleon energies. 

The mutual interaction can be expressed in terms of 
the expectation values of the effective interaction in 
the two-nucleon configurations p,’, 45;, and s;’. If 
there is only one s; nucleon present, there is no need 
of the expectation values in the s;’ configuration. All 
the states of the p,"s," configurations can be written 
as linear combinations of wave functions in which the 
“stripped configuration” p,;” is in a definite state char- 
acterized by T and J. The kinetic energy of the m p; 
nucleons, their interaction with the core and their 
mutual interaction are independent of the presence of 
the s,; nucleons. The sum of these energies can, there- 
fore, be taken from nuclei with no s; nucleons. Energies 
of p;" nuclear configurations were analyzed in refer- 
ence 2 and very good agreement was obtained. We take 
these energies, due to the ,” configurations, from 
reference 2 and subtract them too from the total: en- 
ergies. If there are several s; nucleons, their mutual 
interaction can be taken care of in the same manner. 
What finally remains is the sum of single s; nucleon 
energies and their interaction with the m , nucleons. 
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We now define the single-nucleon energies. Let A, 
denote the sum of the kinetic energy and interaction 
with the closed shells of a single sy neutron. This will be 
taken as a free parameter to be determined by the 
experimental data. The corresponding single proton 
energy differs from A, by the electrostatic repulsion 
between the extra proton and the core (the difference 
in radial functions of neutrons and protons also con- 
tributes). In previous papers the Coulomb energy was 
expressed in terms of a single parameter e*(v/x)! by 
using harmonic-oscillator wave functions. We use here 
a slightly more convenient procedure. The single 5; 
proton energy A,’ will be taken as an independent 
parameter. The rest of the Coulomb energy is due to 
the mutual electrostatic interaction of the extra protons. 
This we calculate from the oscillator model, taking the 
value of e?(v/2)! from reference 2 to be 0.349 Mev. We 
subtract also this part of the Coulomb energy from the 
total energies of the levels. This way we are left with 
energies equal to a combination of the free parameters 
A,, A,’, and those of the s;— p; interaction. 

Some care must be given to the Coulomb energies. 
Since all the states have a definite isotopic spin we 
sometimes cannot say whether nucleons excited into sy 
orbits are protons or neutrons. In order to evaluate the 
Coulomb energy and take the correct linear combina- 
tions of A, and A,’ we have to consider the way the 
states are built. We work in a scheme that the m p;- 
nucleons are in a state of definite 7; and J; and the 
n s, nucleons are in a state with definite JT, and J». 
Every state with a definite 7 and J built from such 
states is a linear combination with Clebsch-Gordan 
coefficients of products of states with 7;,M7 and 
T2, Mrz. The values of Mr; and Mr, along with m 
and m give us the numbers of ; protons and s; protons 
and so the Coulomb energy can be computed for every 
term in this linear combination. For example in the 
case of a single s; nucleon we can write the wave func- 
tion of a state with a definite Mr= (Z—N)/2 as 


V(py"(T1J1)54; TMJ) 


= = V(py"(T1M r1J) symi; TMrJ) 
MT\m; 


X (TM ri4m;,| 713TM7). (1) 


Thus we see that the s; nucleon has a probability 
(T;M7—444|T:4TM7)* to be a proton and (7\Mr 

44—3|/7,47M,7)? to be a neutron. In the same way 
we have to take the Coulomb energy of the p,”" con- 
figuration in the states with the various Mr values with 
weights given by the squares of these vector addition 
coefficients. 

The last term to be calculated is the s;— py, inter- 
action. The calculation is almost identical to that of 
reference 3. The only difference is that here states are 
characterized also by T in addition to J. This means 
that unlike the case in reference 3, we have to anti- 
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symmetrize the wave function in the proton and 
neutron coordinates, including the isospin coordinates. 
However, the change due to antisymmetrization is only 
the introduction of appropriate exchange terms in the 
expectation values of the ps; fwo-nucleon configurations. 
Since we do not calculate explicitly these expectation 
values we have only to characterize them with the 
correct value of 7.’ 

The formulas we gét are easily obtained from those of 
Sec. II in reference 3. The expressions there, where the 
various J values appear, should be multiplied by the 
same expressions with the appropriate values of the 
isospin 7. For completeness we give here the derivation 
of the results in the case of a single sy-nucleon. The 
configuration is p;"s; and the interaction considered is 
DLene”*'V ie where nucleon number 1 is the s; nucleon. 
We write 7 for p; and 7’ for s; and calculate the expecta- 
tion value of the interaction in the j”j’ configuration. 
We have to express it in terms of the expectation values 
in the states with T and J of the 77’ configuration. 

We calculate diagonal as well as nondiagonal matrix 
elements of the interaction in a scheme where the 
m j nucleons are coupled to form a state with definite 
T, and J;. In this scheme we obtain 


m+1 
(j"(T1J1)7'TI | Viel (Ti) j’TJ) 


k=2 
=m(j"(T1J1)j'TI| Viol f(T Iv) j'TJ). (2) 


Because of the total antisymmetry of the wave function 
in the coordinates of the m j nucleons, it is possible to 
calculate the contribution of one term of the interaction 
and multiply by m. Since we chose the term V4, it is 
desirable to rewrite the 7” wave function in order to 
have nucleon number 2 in a more convenient position. 
This is achieved by writing the totally antisymmetric 
jm wave function in terms of fractional parentage 
coefficients : 


W(j"TS i) = LD WG" "(Tod 2) j2T Ji) 
T2J2 
X(j"'(TaJ2)jTii"TiJ1). (3) 


Introducing these expressions into both sides of the 
matrix element in (2), we obtain the following form 


m L G(T 2J2)jT Ji hi" TJ) 


T2J2,T2! Js’ 
KTS [7 '(T I /)jT YI ') 
X(j""(T2J 2) j2(T J) jx'T J | Vie| i 

X(T! T2)jo(Ty'Si')j'TJ). (4) 
In order to obtain the expectation value of V2 in 


the 77’-configuration in states with definite T and J, we 
have to change the coupling scheme. On the left-hand 


7In the appendix there is a simple example of a specific calcula- 
tion and there we take care of the exchange terms explicitly. 
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side of the matrix element in (4), 72 and J: are coupled 
first to t2=4,j2= 7 to give T:J; which then are coupled 
to 4 =4,j:;/=7' to give the total 7/. We go over into 
the scheme where #:=4,j2=j7 are first coupled to 4; 
=4,7;'=7' to give some 7’J’ which are coupled to T2J2 
to give the total 7/. In this scheme the matrix elements 
of Viz can be written down immediately. The trans- 
formation we have to make is a product of two simple 
transformations, one for the J’s and one for the 7’s. 
Every coefficient of the simple transformation contains 
a Racah coefficient. On carrying out these transforma- 
tions on both sides of the matrix element in (4) we can 
integrate over all nucleon coordinates other than 1 and 
2, since only these appear in V2. As a result, in order 
to get a nonvanishing contribution, we must have 
T:'=T2J2'=J>. Because of the invariance of Vi2 under 
rotations in ordinary and spin spaces and in the isospin 
space, 7’ and J’ must have the same values as both 
sides of the Viz matrix element. We thus obtain 


m pO Gj7'T'S' | Vie! j7’T’J') 
Fl he 


XD GTI) jT Si hi"T 11) 
T 


2J2 
X(T yy [j""(P2J)jT IY) 
<C(2T:+1) (27 y +1) (21 +1) (2 +1) }(2T’ +1) 
x (2'+1)W (T4373; T1T)W (TTS; Ty'T’) 
XW (JojJj'3 JTW (IojIj'3 IVI). (3) 


This is the desired expression of expectation values and 
nondiagonal matrix elements of the interaction in the 
jj configuration in terms of the expectation values in 
the two nucleon jj’ configuration. Upon using this re- 
sult with j=} and j’=}, all the matrix elements re- 
quired for this work were calculated. 


Ill. CONFIGURATIONS WITH ONE s; NUCLEON 


Nuclear configurations p;"s;, which contain m p;- 
nucleons and one s;-nucleon outside the C” core, occur 
in nuclei from C" up to F!’. In many cases the levels 
of these configurations can be easily identified. First by 
the parity of the states which is even (or odd) according 
to m being even (or odd). Then the spin of the state 
often determines whether the even parity nucleons is in 
a $s; or dy orbit. We first treat all the cases in which there 
is no ambiguity in the configuration assignment. The 
experimental data were taken from the Ajzenberg and 
Lauritsen review article,® from Nuclear Data Cards,'° 
and from Mattauch’s review article." 


8G. Racah, Phys. Rev. 63, 367 (1943), Eq. (4). 
aos and T. Lauritsen, Revs. Modern Phys. 27, 77 

Nuclear Data Cards (National Research Council, Washing- 
ton, D. C.). 

1 Mattauch, Waldmann, Bieri, and Everling, Z. Naturforsch. 
Ila, 525 (1956). 
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TABLE I, Experimental and calculated energies of p;"s, configurations in Mev. 
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weight of 
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states 


Total 
energy 
minus 

B.E.(C) 


Position of 
level above 
Nucleus g.s. J, parity, T 


Configu- 
ration 


Exp. 
energy 
treated 


Calculated 


Energy in terms of the parameters energy 





1.86 5.1 

—0.42 A 

6.23 . 
7.03 
3.79 
4.43 
7.58 
6.26 
14.33 
25.87 
25.60 
38.72 
35.53 


C73 3.09 +3 4 
2.37 $+4 Sy 
6.89 0-1 py sy 
6.09 i—1 Pi Sy 
8.70 0-1 Py Sy 
8.06 i—1 Pysy 
4.91 0—0 Pi Sy 
6.23 1—0 py 
ea we 
0.12 0-1 psy 
0.39 i—1 psy 
0.87 3+4 pi'sy 
Te oe ee 


A, 1.86 1.64 
ae —0.42 
+ Vo’ 0.75 
+ V,’ 1.55 
+ Ve’ 


—0.17 
+ Vi’ 


ae ee te 
-*® «@ 


A, +44,’ 
+44,’ 
et44s'+2V0— Vo’ 
sth +20, 

; +4Vo' +401’ 
f +Vo +4V0' +40; 


* 


3 
4A 
3A 
4A 
A 


vm V;’ 


+Vit4V0'+$9Vi' 
+4V0+8Vi pa 
Al +4Vot9Vi +4V0' +301’ 


a 
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In C® and N®, with one nucleon outside the C” core, 
we interpret the lowest 3+ levels as due to excitation 
of the single extra nucleon from the 9; to the s; orbit. 
In C* and N*, with two extra nucleons, odd parity 
low-lying levels belong to the £45; or p4ds configurations. 
Of these, states with spins J=0 and J=1 belong to 
the former and states with spins J=2 and J=3 belong 
to the latter configuration. Experimentally, there are 
known low-lying 0— and 1— levels in C" (and T=1 
such levels in N“). In N™ there are in addition T=0, 
0—, and 1— observed levels. The experimental situa- 
tion is less certain in the case of C’. We expect the 
ninth neutron to be in a d; or s; orbit. Before the analysis 
is completed, it is impossible to conclude from C® 
(and N®) that the s; orbit is lower than the dy orbit in 
C, Similarly it would be wrong to arrive at the oppo- 
site conclusion from O" (and F'’). The ground state of 
C” 8 decays into the $— ground state of N™ with a 
logft value of ~6. This can be at most an ordinary 
first forbidden transition with AJ=0, 1 but not AJ=2. 
This is an indication that the ground-state spin of C¥ 
is 3+.” The energy of this state agrees very well with 
our calculated value which lends further support to 
this assignment. In N" the ninth neutron is again 
either in a dy or a sy orbit. When it is coupled to the p; 
proton the resulting spin can be 2— or 3— in the first 
case and 0— or 1— in the second. In fact, the lowest 
four states of N'® are known experimentally to have 
these spin values. In O'” and F"’ there is one nucleon 
outside the closed shells of O'*. It can therefore be in a 
dy orbit (experimentally the ground state) or in the s; 
orbit (experimentally observed as the first excited 
state). In all these cases there is no ambiguity in the 
configuration assignments. In some of the nuclei men- 
tioned protons and neutrons are in different shells and 
the analysis of reference 3 could have been made. 
Instead, we prefer to consider all configurations to- 
gether by treating protons and neutrons alike with the 
isotopic spin formalism. 


2 This assignment is made for other reasons by G. A. Bartholo- 
mew et al., Can. J. Phys. 34, 147 (1956). 


The experimental situation is summarized in Table I. 
The levels are listed according to the nucleus in which 
they occur (column 1), their position above the ground 
state of that nucleus (column 2) and their spin, parity, 
and isotopic spin (column 3). The configuration assign- 
ments for the nucleons outside the closed shells of C” 
are given in column 4. The total energies of the levels 
(being the binding energies of the nucleus minus the 
corresponding values of column 2) from which the 
binding energy of C' was subtracted are listed in 
column 5. The percentage weight of spurious states in 
the wave function of each level, calculated with har- 
monic-oscillator wave functions, is given in column 6. 

As already explained, we are interested in the single- 
nucleon energy in the s; orbit (A, or A,’) and in the 
interaction of this single nucleon with the p; nucleons. 
The actual parameters we use for this interaction are 
defined in terms of the expectation values in the p45; 
configuration as follows: 


Vs=3{(py8yT =0 J| Vis! pysyT=0 J) 
+(pys3T=1 J | Vie| pysyT=1J)}, 
Vs = (pysyT=1 J | Vis] pysyT=1 J). 


The physical meaning of these parameters is very 
simple. Vz is the interation in a state with spin J of a 
~; proton and an s; neutron (or a f; neutron and an sy 
proton). Vy’ is simply the interaction in a state with 
spin J of two protons or two neutrons (or a proton and 
a neutron with 7=1), one in a f; and the other ina 5; 
orbit. The expression of the part of the energy we treat 
in terms of A,, A,’, Vz, and V,’ is given in column 7. 
The corresponding experimental energies are listed in 
column 8. These values were obtained from the experi- 
mental energies of column 4 by subtracting E(p,"), 
the energy due to the p;" configuration, and the electro- 
static interaction between the p; and s; protons. 
Energies of p" configurations were taken from an 
analysis of the experimental binding energies in the p, 
shell according to reference 2. The Coulomb energy we 
calculated with harmonic-oscillator wave functions tak- 
ing the value of e*(v/x)! from reference 2. 
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We now equate the expressions in column 7 to the 
corresponding experimental energies in column 8. In 
this way 13 equations with 6 unknown parameters are 
obtained. We look for values of the parameters which 
will fulfil best these equations by a least square fit. 
The best values (in Mev) obtained for the parameters 
are 

A,=1.636, 


Vo= 1.162, 
V,=0.914, 


We check the agreement by plugging these values in 
the expressions of column 7. This way we obtain the 
calculated energies (column 9) which should be com- 
pared with the experimental energies in column 8. As 
easily realized, the agreement is very good. The ac- 
curacy obtained can be measured by the root-mean- 
square (rms) deviation. This is defined as [>> i." A? 
(N—k) ]!, where A; denote the deviations of the calcu- 
lated energies from the experimental, V is the number 
of equations, and & is the number of free parameters. 
The rms deviation computed from Table I is only 
0.13 Mev. 

The difference of the values obtained for A, and A,’ 
is well accounted for by the electrostatic repulsion. 

The parameters thus obtained can be used to deter- 
mine positions of levels in other, less certain, cases. 
Our results can be immediately applied to the O" 
nucleus with a ;‘ ground configuration. There should 
be four odd-parity levels which belong to the excited 
p;*s; configuration. That part of the energy which 
depends on the parameters for these levels is given 
below: 

T=0, J=0: 

T=0, J=1: 

T= 1, J=0: 4A,+3A J t+Vo +3Vo'+3V iy’. 

T=1, J=1: 4A,+}4,' + Vit3Vo'+3Vy’. 
If we insert the values of our parameters and add the 
rest of the energy, we obtain the total energies. The 
values of these turn out to be, in the same order, 23.55, 
25.36, 22.77, and 22.53 Mev. These correspond to 0— 
levels with T=O at 11.89 and with 7=1 at 12.67 Mev 
above the ground state. Similarly the 1— levels are 
calculated to lie 10.08 (7=0) and 12.91 Mev (T=1) 
above the ground state ‘of O'°. 


A,’=—0.522, 
Vo =—0.770, 
V,'=0.011. 


+3Vi49V0'—3VyY. 
$A,+4A,'+Vo0t+2Vi1—4V0'+3V 1’. 


$A,+3. *y 
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One 0— level has been identified in O'*, 12.78 Mev 
above the ground state. This seems to agree well with 
the predicted 12.67 Mev. Still no isospin assignment has 
been made experimentally. No other 0— level has yet 
been found at ~12 Mev but there are already many 
levels in this region and a new one might well be soon 
found. 

On the other hand, 1— levels are known at 7.12, 
9.58, and 13.09 Mev above the ground state. The level 
at 9.58 appears as a resonance in C”+a scattering which 
probably indicates its having 7=0. This would agree 
fairly well with the calculated position of the T=0 level 
at 10.08 Mev. The agreement between the experimental 
value of 12.91 and the calculated 13.09 Mev is rather 
good. However, the experimental situation should be 
better known before definite conclusions are drawn. 
The main difficulty in O'* is the occurrence of a low- 
lying 1— level at 7.12 Mev. This is lower by 3 Mev 
than the lowest predicted value. It is very difficult to 
reconcile such a big shift, if due to configuration inter- 
action, with our model. This would involve extremely 
large nondiagonal matrix elements. The weight of 
spurious states in these 1— states of p,;*s; is not bigger 
than in the previous cases. We therefore conclude that 
this low 1— state of O"* is due to a different mode of 
excitation. 

A slightly more complicated case is that of the }+ 
levels in N® and O". All the states considered until now 
were built from a single state of the p;” configuration 
(simply because m=1 and m=3 correspond to a pj 
nucleon and a p; hole, respectively). Some of the low- 
lying 3+ states in N“ and O” presumably belong to 
the p;’s; configuration. Two states with T=} and J=} 
can be obtained by adding the s; nucleon to the two p;? 
states. These are the T=0 J=1 and T=1 J=0 states 
of the p;? configuration. If there were no ~;—s; forces, 
the two states thus obtained would diagonalize the 
interaction matrix. Since these forces exist (and are 
quantitatively determined by our analysis), we have to 
calculate the nondiagonal element and diagonalize the 
two by two matrix. The energy matrix £, for O", is 
given below in terms of the parameters. The corre- 
sponding matrix for N® is slightly different, since 
E(p#) includes the Coulomb energy. Also A, and A,’ 
should be interchanged. 


(px2(TrJ1)5)T = 4 J=4| E| pp (Tr'Jy’)s\T=4 J=3). 











Ty'Ji' 
rN i, 10 








ool Fy 1Vo+(9/4)Vi-2V 0! 


01 $(Vo—Vi—Vo'+Vi1’) 


—iv,’ 


01 
$(Vo—Vi—Vo'+ V1’) 
11.98+4 +3Vo0t}Vit3Vo'+3V1' 








We substitute the values we obtained for the pa- 
rameters and diagonalize the matrix. The eigenvalues 
which are the total energies (relative to C™) of the }+ 
states turn out to be 11.01 and 12.59 Mev. These corre- 





spond to levels 8.83 and 7.25 Mev above the ground 
states of O'*. The levels in N™ are calculated to be at 
7.55 and 9.11 Mev. 

To these predictions should be added that of the 
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T=} J=} level of the same p,’s; configuration. The 
total energy of this level (relative to C”) is 


11.98+-A,’4+V,4Vy’, 
in the case of O'§ and 
12.44+A,4VitVy’, 


in N*. Thus these levels should lie 7.46 and 8.33 Mev 
above the respective ground states. 

Levels with spins 3+ and $+ are observed in O" 
and N™. However, the experimental situation is far 
from being clear cut so that we shall not attempt to 
compare calculated with experimental levels. Our 
model predicts also another 3+ state in O"§ and N* in 
the same neighborhood. This state which belongs to the 
s; configuration will be treated later. 

These were all the cases in which only one nucleon 
occupies the s; orbit. The treatment of more sy nucleons 
will be carried in the next section. This will include the 
cases of the 0+ level in O'* and the 3— level in F". 


IV. CONFIGURATIONS CONTAINING SEVERAL 
s; NUCLEONS 


In the last section we treated ;"s; configurations. 
We could get information on the ~;—s; interaction by 
subtracting from the total energies the energies due to 
the p;" configurations. We would now like to consider 
configurations of the type p;"s;" with m>1. To do this 
we have to know the interaction energy in the s," con- 
figurations. The values of these energies, however, 
cannot be taken from reference 2. This is because the 
s;" configurations treated there occur as ground con- 
figurations only beyond Si** where the ds shell is closed. 
There is no good reason to believe that the effective 
forces between s; nucleons will be the same in the ab- 
sence of the closed dy shell. In fact, if we take the inter- 
action parameters from reference 2, the s;° configuration 
which is probably the ground configuration™ of F", is 
calculated to lie 7 Mev higher than observed. 

We can determine the effective interactions in 5," 
configurations by analyzing nuclei with these configura- 
tions outside the closed shells of O'*. This procedure 
will give us the necessary interaction parameters. The 
difficulty is to find out where the configuration is 5," 
and not d,", say. In O"” and F"’ the single nucleon $+ 
states are well known. We compare the level schemes 
of F'* and F"® (or Ne") to those of Al?’ and Al® (or 
Mg”) with corresponding numbers of holes in the dy 
shells. From the fact that there is no similarity we con- 
clude that the /=1 ground state of F'* belongs to the 
sy configuration. Similarly, we take the ground state 
of F® (and Ne”) with J=} to belong to the s;’ con- 


%In our model configuration interaction is assumed to be 
negligible and thus s;* must be the ground configuration since it 
is energetically preferred to ds*s;. Also in other treatments, where 
rather strong configuration interaction is assumed, the s}° con- 
figuration is postulated to lie rather low and it has a large ampli- 
tude in the ground-state wave function of F". 
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figuration. These cases are sufficient to determine the 
interaction parameters. However, apart from the 
Coulomb energy there are as many equations as un- 
knowns. The s;" interaction parameters thus obtained 
are, in the notation of reference 2, in Mev, 


a=3.57 and b=—1.91. 


These values are considerably bigger than the values 
1.98 and —0.32 obtained in reference 2 from nuclei 
beyond Si”. 

With these parameters the T=1J=0 state of the 
sy configuration is calculated to lie 3 Mev above the 
experimental ground state of O'*%. This result is, how- 
ever, satisfactory. There are indications (e.g., position 
of the 2+ excited state) that the O' ground state as 
well as the corresponding T=1 state at 0.95 Mev in 
F'® belong predominantly to the df configuration.")* 
The sy T=1J=0 level in F'® is calculated to lie 3.8 
Mev above the ground state. 

We can also calculate with these parameters the 
energy of the J=0 state of the s;* configuration. The 
result, 33.00 Mev, is in excellent agreement with the 
experimental binding energy of Ne” which is 33.05 
Mev (these energies are relative to O'*). This might be 
a strong argument in favor of our procedure here. How- 
ever, we do not know the correct configuration assign- 
ment for the ground state of Ne”. We hope to return 
soon to this discussion in more detail. Nevertheless we 
shall tentatively use the quoted values of the inter- 
action parameters. As we shall presently see, the rather 
strong interaction between the s; nucleons gives rise to 
interesting modes of excitation. 

The procedure adopted can be simply described as 
using the experimental binding energies of F'*, F (and 
Ne”) and Ne”. In dealing with these energies it does 
not matter what the exact configurations are. However, 
in addition to these binding energies we must use the 
parameters of the interaction between the p; nucleons 
and nucleons in the next higher shell. The values of 
these parameters for sy nucleons are different from those 
for dy nucleons. Thus the results depend on the pre- 
dominant configurations assigned to the states. This is 
the reason for the preceding discussion. In the cases 
treated below, fair agreement is obtained only with the 
previously determined pj—s, interaction parameters. 
We have enough information on the p,;— dy parameters 
to exclude the possibility of getting similar agreement 
by using them. 

The first nucleus in which two s; nucleons can occur 
is N“ (or C“ with levels corresponding to the T=1 

siart M. Bilaniuk and P. V. C. Hough, Phys. Rev. 108, 305 
/ as The experimental values for configuration mixing given in 
reference 14 are obtained by assuming that 81% of the J=4 
state in O"* belongs to dy’, whereas the rest belongs to the yay 
configuration. Having in mind the large dy—d separation and the 
pairing effect, we can assume instead an almost pure dg’ con- 
figuration for the J =4 state. Then the experimental weight of the 


P — in the J=0 ground state of O08 turns out to be 
ye 95%. 
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levels of N“). If the two p; nucleons are raised into the 
$s; orbit, the configuration is simply s,? and there are 
two levels with T=0 J=1 and 7=1/=0. The total 
energies of these are simply 


T=0, J=1: A,+A,’+a— 3b=7.54 Mev, 
T=1,J=0: A,+A,'+a+}b=3.73 Mev. 


The numerical values were obtained by inserting the 
values of the parameters. The corresponding levels are 
at 4.95 (T=0 J=1) and 8.76 Mev (T=1 J=0) above 
the ground state of N“. Experimentally there are 
levels with J=1+ at 5.10 and with T=1J=0+ at 
8.62 Mev. It is tempting to identify these levels with 
the predicted ones. The agreeme.it obtained is, thus, 
very good and encouraging to treat in this manner 
further cases. 

The next pair of nuclei to be considered is the 
O¥-N" pair. The ground configuration of these is 
pi. The p,*s, configuration was treated in the previous 
section. If one more ; nucleon is excited the configura- 
tion becomes #45;*. The states of this configuration lie 
rather high where there is not enough experimental 
information. If the last ~; nucleon is also excited the 
sy configuration is obtained. The energy of the only 
state T=} J=}+ can be easily calculated with the 
values of A,, A,’, and the s;" interaction parameters. 
This 4+ level in O" is calculated to lie 6.52 Mev above 
the ground state. This would agree fairly well with the 
experimental level at 6.82 Mev with positive parity 
and possible spins } and $. On the other hand, in N® 
the corresponding $+ level turns out to lie 7.00 Mev 
above the ground state. Again there are experimentally 
even-parity levels with possible spin } at 7.16 and 7.31 
Mev. However, there is in N' an additional low-lying 
level, 5.31 Mev above the ground state, with a possible 
spin 4+. Therefore, it is not yet possible to conclude 
whether there is agreement in this case. The experi- 
mental situation should be cleared up first and par- 
ticularly the correspondence between the mirror nuclei 
O” and N®. 

A more interesting case is O'* in which the first ex- 
cited state, at 6.06 Mev, is a 0+ state. If two p; 
nucleons are raised into s; orbits, two states with 
T=0 J=0 can be formed. In the scheme we use, these 
two states are pP(7;=1 J:=0)s2(72=1 J.=0)T=0 
J=0 and p?(71:=0 J,;=1)sP(T2=0 J2=1)T=0 J=0. 
The energy matrix defined by these states has a non- 
diagonal element due to the p,;—s; interaction. The 
eigenvalues of this matrix give two 0+ states, 13.81 
and 16.91 Mev above the ground state of O'*, Both 
these values are much higher than the experimental 
6.06 Mev. Preliminary calculations show that also the 
excitation of two p; nucleons into dy orbits gives levels 
in about the same range. 

These energies turn out to be so high because of the 
following reason. The attraction between a pair of 
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nucleons in the #; orbit and a pair in the s; (or dy) 
orbit, as determined by our parameters, is much smaller 
than the attraction of two pairs in the same orbit. 
Thus we were led to try the excitation of all four p; 
nucleons into the s; orbit. The total energy (relative 
to C”) of the resulting 7=0 J=0 state turns out to 
be 28.54 Mev. This corresponds to a 0* level at 6.90 
Mev above the ground state of O'*. This is reasonably 
close to the experimental value. If the four ~; nucleons 
are raised into the dy orbit the resulting level is much 
higher. We thus adopt the assignment of the first ex- 
cited O0* state in O' to the s;‘ configuration with no 
p; nucleons present. It would be very interesting to 
verify or disprove experimentally this mode of excita- 
tion. The occurrence of the electric monopole transition 
from the excited 0+ level to the ground state indicates 
admixtures to our wave function. However, it is rather 
difficult to determine quantitatively such admixtures. 

A related mode of excitation gives a low-lying state 
also in O"” and F"’. In these nuclei the $+ state, of the 
p's, configuration, is the first excited state. The lowest 
state (J=}—) of the p,°s;? configuration is calculated 
to lie 6.69 Mev above the ground state of O'” (and 6.32 
Mev above the ground state of F!”). However, a still 
lower }— level belongs to the 5; configuration. The 
total energy of this level is easily calculated from the 
interaction parameters and turns out to be 35.58 Mev 
in O"’ and 31.67 Mev in F" (relative to C”). The corre- 
sponding }— levels should therefore be at 4.01 Mev in 
O" and 4.37 Mev in F"’. Experimentally, there are }— 
levels in O" and F" at 3.06 and 3.10 Mev above the 
respective ground states. The agreement, although sig- 
nificant, is not very good, the deviation being about 1 
Mev (which should be compared to the calculated value 
of 36 (or 32) Mev). If we would take for this level the 
pid; configuration, the agreement would turn much 
worse. Still this result might be considered satisfactory 
since this mode of excitation causes a great change in the 
occupation of orbits in the nucleus. These consider- 
ations should be applied also in the similar case of O"*. 

In view of the previous cases, the occurrence of the 
very low-lying }— level in F” could be well understood. 
The ground configuration of F” is p,'s;° and its total 
energy (of its only level $+-) is 55.61 Mev (relative to 
C”). The simplest excited configuration is p;°s;* and its 
energy can be simply calculated in the same manner as 
before. This energy turns out to be 55.79 Mev which is 
even slightly bigger than the ground-state energy. The 
$4— state would thus be predicted to be ~0.2 Mev 
below the $+ ground state. Actually it lies ~0.1 Mev 
above it. In the mirror nucleus Ne” the 4— state is 
calculated to lie 0.23 Mev above the $+ ground state. 
Experimentally it lies 0.26 or 0.29 Mev above it. These 
}— states were usually interpreted as due to a p; hole.* 
Now this interpretation has been given a quantitative 
basis. 
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There is a simple way to calculate the weight of 
spurious states in the wave functions used in this work. 
In the ground state the center of mass is moving in a Os 
oscillator orbit and its total energy is $/w. If one nu- 
cleon is excited into a higher oscillator shell there might 
be some motion of the center of mass in the 0 orbit. 
If x? is the weight of the spurious states it is also the 
amount of the 0p motion. Thus, the energy of the center- 
of-mass motion will be (1—2”) ($hw)+2°($hw). If we 
calculate the energy of the center-of-mass motion, we 
can, in these simple cases, obtain right away the weight 
of the spurious states. 

Instead of calculating the total energy we calculate 
the expectation value of the potential energy. This is 
well known to be equal to half the total energy in the 
harmonic-oscillator motion. This potential energy V has 
no cross terms between states with Os motion and 0p 
motion and therefore it can be used in the cases we 
treat here. Let V denote the number of nucleons and m 
the mass of each. We then have 


‘= $3(Nm)o(Dri/N)= (1/2N )mw(Y 15)? 


This is equal to a sum of potential energies of single 
nucleons and simple two-body terms: 


(Al) 


1 ma 
va fEret-mod (ren)], (a2) 


i<j 


The first term within the brackets is one half the sum 
of the energies of the single nucleons in the various 
orbits of the oscillator potential. The second term can 
also be easily evaluated. 

In practice, things are even simpler when we take 
into account the fact that in ground states (V)=2hw. 
If there are No nucleons in closed shells and lowest 
unfilled shells, we can rewrite V as 


No 
V=(No/N)(1/ 2No)meo(2, r,)° 


mou No N ms N 
+ (L0)-( DL Ht+—( LW (AS) 
i=1 j=Notl 2N Not 


N 


The first term is simply (No/N)({hw). The third term 
represents single-nucleon terms and two-nucleon terms 
of the nucleons in excited orbits, while the second term 
represents their “interaction” with the No nucleons in 
the lowest orbits. 

The “interaction” r,-rz has very simple selection 
rules. Taken between nucleon states /;7;,/2j2 and 
1,'j1', le'j2’ it vanishes unless the triangular conditions 
are satisfied by (jij1'1), (jojo’1), (hti’1) and (/o/2’1). 
Furthermore the parities of /; and /;' must be opposite 
and the same must hold for /, and /,’. This means that 
only exchange terms contribute to (V). Our results in 
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Sec. II give any two-body interaction in terms of the 
expectation values in the two-nucleon configuration. 
Thus, we have only to calculate these for the special 
type of interaction we deal with here. 

Only V,’ contains exchange terms and therefore we 
have to consider its value. Writing explicitly the 
nucleon coordinates 1 and 2, we have 


Vs’ =(j7T=1I |r 02|57’T=1 J) 
=(jfije'J| ry° Te! frje'T)—(jrje'I |ti-t2| joji'J). (A4) 


We change the order of 7 and j’ in the right-hand side 
of the exchange term in order to get an ordinary matrix 
element. We obtain from the symmetry properties of 
the Clebsch-Gordan coefficients the expression 


Vs’ =(frje'J | N° ¥e| fijeJ) 

— (= 1)F P(r je'T | 11 82| j'j2J). 
Here nucleons 1 and 2 appear in the same order through- 
out and we can drop these indices. We get from the 


second term, only which contributes, by use of well- 
known techniques :'® 


Vs = (— DAP IAG | 821 777J) 
= (— 1) FS (— 1) A F4 (Gllr|[7)(7'[lr 19) 
XW (59°75; JI) =— (llr PW G77; 1). (AB) 


The value of the reduced matrix element is readily 
given by'® 


(nl j||r\\n'0'3 7’) = (—1)#*-'/(nll|r||n'1’) 
X[(2j+1) (27’+1) PW (Ljl’7’ ; #1). 


Obviously: 2n+/ must differ from 2n’+1’ by one only 
for the matrix element not to vanish. Because of the 
parity, / and /’ must differ by one and m and n’ can 
differ at most by one. For such values of the single- 
nucleon quantum numbers we have 


(AS) 


(A7) 


(nllrn't) = (aICI1) fF Ra(r)Rwv(r)rdr, (A8) 
0 


where R,, are the harmonic-oscillator wave functions!”:!8 
and the angular part is'® 


(HC |[2) =[(2+-1) (20 +14 Cur}. 


We write down the final expression 


(A9) 


Vy’ = —(2j+1)(27’+1) (214-1) (20 +1)4Cur 


2 
XW (5775; IVWVl 7; $0] [ Rerkeenir) (A10) 


16 G. Racah, Phys. Rev. 62, 438 (1942). 

TT. Talmi, Helv. Phys. Acta 25, 185 (1952). 

wR, ae Nuclear Phys. 2, 533 (1956/57). In this paper 
there is a slight error on page 534: Vy, should be equal to 
1 | (4%/2+3)r°. 








NUCLEAR CONFIGURATIONS 


The term which has the form of the interaction of an 
excited 7’ nucleon with the closed shells can be written 
down in a close form. We have to add contributions 
from the appropriate shells and only from nucleons 
identical to the excited one. We get for a closed shell 
with 2j+1 identical nucleons, by using the technique 
of Sec. IT, 


2j+1 
(p+1(0);’| ( \ § r,) r’ | j2+1(0) 7’) 
wl 


= (2j-+1)(j21(0) 7’ rye’ | P**(0)7’) 
= (2j+1) (71(j)j1(0) 7" | r- | 7?*(g) 910) 7) 
= (2j+1)D (2I+1)W2(ji7'7’ 5 OJ) Vs 

J 


1 
=—— F(2J+1)Vy’. (All) 
2j'+1 7 


Inserting the values of Vy’ from (A6) and (A7), we 
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obtain 


—sepp EMH lel AHN OTD 
W(t’ AW i753 JN) 
= — (2j+1)(nll\r|\n'l’)2W2(Ljl'j’ ; #1) 
XE (U+1)W i755 IV). (A12) 


Using Eq. (43) reference 16, we can carry out the sum- 
mation over J: 
Ds (2I+1)W (59'7'5; IN) = —[(25 +1) (27’+ 1) 
X (— 1)” Fa (— 1) W (577; O) 
XW (57'7'7; II) = — (— 1)" [ (27+1) (27’+1) }! 
XW (7777; 01)=1. (A13) 


Thus the interaction of a n’/’j’ nucleon with the closed 
nlj shell is 


— (2j+1)(nll|r||n'I’)2W2(1jl'7’ 41). (A14) 
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Gamma-Ray Threshold Method and the O'*(d,n y)F’® Reaction 
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A neutron threshold technique involving observatioas of the gamma rays from the de-excitation of the 
residual excited states is described. A study of the O'*(d,my)F" reaction with this technique has resulted 
in the observation of neutron thresholds at bombarding energies of 346-48, 525+8, and 584+10 kev. These 
thresholds correspond to states at 6.048+0.014, 6.210+.0.014, and 6.262+0.015 Mev in the F” nucleus, 
respectively. A detailed gamma-ray spectrum was obtained at a bombarding energy of 1.00 Mev using a 
single-crystal spectrometer, and another detailed spectrum was obtained at 1.40 Mev using a three-crystal 
pair spectrometer. Coincidence measurements were made for several of the cascade gamma rays. 


I. INTRODUCTION 


EUTRON threshold techniques have been used 

to observe a number of nuclear reactions! in order 

to determine the energies of excited states in the residual 
nuclides. The essence of the neutron threshold method 
is the use of a detector which discriminates against the 
“fast”? neutrons in favor of the “slow” neutrons (a few 
kev of energy) which are emitted just above their 
threshold. Since these techniques generally have utilized 
enriched BF; or boron-lined proportional counters sur- 
rounded by a small amount of paraffin moderator, this 
discrimination against the faster neutrons is purely a 
statistical matter involving the B"” neutron-capture 
cross section as a function of neutron energy and the 


1T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951). 
T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). Brugger, 
Bonner, and Marion, Phys. Rev. 100, 84 (1955). Butler, Dunning, 
and Bondelid, Phys. Rev. 106, 1224 (1957). 


scattering cross section of hydrogen, also as a function 
of neutron energy. In addition, the fractional energy 
loss of the neutron per collision in the paraffin is also a 
statistical function, but is independent of neutron 
energy. Thus the ratio of “slow” to “fast” efficiencies 
is never large, as contrasted with electronic pulse-height 
discrimination employed in modern scintillation de- 
tectors. A further complication in the above method of 
threshold detection is that a neutron which leaves the 
target as a fast neutron might enter the detector as a 
slow neutron because of degradation of its energy by 
the floor and walls of the laboratory, or by the target 
assembly and the detector equipment. 

A technique which involves the observation of the 
resulting gamma rays instead of the neutrons obviates 
many of the inherent disadvantages of neutron detec- 
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tion. A new threshold may’ result in the emission of a 
quantum of higher energy than any previously available, 
avoiding the necessity of detecting low-energy particles 
with a background of high-energy particles. Another 
advantage of gamma-ray detection is that modern 
scintillation techniques can be used, and therefore elec- 
tronic pulse-height discrimination can be employed. If 
the (d,ny) Q-value is higher than those for the competing 
reactions, as in the case of O"*, and if the new threshold 
involves an excited state which decays primarily to the 
ground state, the “background” of pulses in the highest 
energy region due to lower energy gamma rays is usually 
negligible. Even when these two conditions are not met, 
the appearance of a new gamma ray can frequently be 
detected with the aid of multichannel pulse-height 
discriminators. 

Still another advantage of this “gamma-ray threshold” 
technique over the neutron threshold technique is that 
quite often information can be obtained concerning the 
decay schemes of the excited states corresponding to 
the thresholds. Since two closely spaced states in the 
nucleus might decay by different schemes, they can 
sometimes be resolved by determining different thresh- 
olds for gamma rays of different energies. 

For the reasons stated above, a gamma-ray threshold 
technique was used to investigate the F*(d,ny)Ne” re- 
action, and several thresholds were found and reported* 
in preliminary form. The present experiment concerns 
the application of the gamma-ray threshold technique 
to the O'8(d,ny) Fe” reaction. 

Before the present experiment was performed, the 
region of excitation between 5.5 Mev and 8.5 Mev in F” 
was completely unexplored. With the use of threshold 
techniques and deuterons up to 1.8 Mev in energy, one 
can investigate the region of excitation from 6.0 to 
7.3 Mev. That has been done and is reported herein. A 
preliminary account of a part of the present work has 
been published.‘ 


Il. THRESHOLD DETERMINATIONS 
A. Experimental Procedure 


Targets of O'* were prepared from the enriched gas*® 
by oxidation of thin nickel foils (ten microinches thick). 
The deuterons were supplied by the NRL Nucleonics 


2 The word “may” is used because (1) the new state might not 
decay by emission of a single gamma ray to the ground state, and 
(2) the Q-values for the (d,wy) reaction and competing reactions, 
such as proton or alpha-particle emission, might be such that 
higher energy gamma rays are emitted in connection with such 
competing reactions. 

3J. W. Butler, Phys. Rev. 98, 241(A) (1955). Thresholds at 
0.51, 0.60, 0.76, 0.85, 1.15, 1.35, 1.79, and 2.06 Mev of bombarding 
energy were reported verbally and also in a complete written 
account in an NRL progress report not generally available. A 
complete account is to be published. 

4H. D. Holmgren and J. W. Butler, Phys. Rev. 99, 655(A) 

1955). 
é 5 The enriched O"* gas was kindly supplied by Professor A. O. 
C. Nier. The isotopic composition was as follows: O', 59.8%; 
O", 0.89%; and 0%, 39.3%. 
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Division 2-Mv Van de Graaff accelerator. The gamma- 
ray spectrometer consisted of a 3-in. diam X3-in. 
NalI(TI) crystal, a DuMont K 1197 three-in. multiplier 
phototube, a 20-channel differential pulse-height ana- 
lyzer, and associated electronic equipment. 

The crystal was placed about 2 in. from the target 
at 90° with respect to the deuteron beam. A liquid 
nitrogen cold trap was placed about one foot from the 
target, between the target and the magnetic beam ana- 
lyzer, to deter the formation of carbon films or other 
contaminants on the target. This trap was not nearly 
so effective as later adaptations,® but did help con- 
siderably in keeping target contamination to a reason- 
ably low value. 

The gamma-ray spectrum was displayed on the 
20-channel analyzer at each bombarding energy used. 
For most of the spectra, the analyzer calibration was 
about 166 kev per channel, and the 20 channels covered 
the region between about 3.3 and 6.6 Mev. Because the 
yield from the reaction rose rapidly as a function of 
deuteron energy, and because the gain of the phototube 
was observed to be a function of counting rate (or 
phototube current), precautions were taken to insure 
gain stability from one bombarding energy to another. 
For bombarding energies below 500 kev, where the yield 
was low, a Cs'*? source was taped to the side of the 
Nal crystal to provide a calibration check. The source 
remained in position continuously to keep the total 
counting rate the same during calibration checks as 
during the data-taking periods. Before and after the 
spectrum was obtained at each different bombarding 
energy, the coarse (but precise) gain switch of the 
amplifier was changed by a factor of 8 to put the Cs!*7 
0.662-Mev gamma-ray peak at about the same position 
as that of a 5-Mev gamma ray. If the Cs"? peak had 
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‘J. W. Butler and C. R. Gossett, Phys. Rev. 108, 1473 (1957). 
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Fic. 2. (a) The sum of the individual channels at bombarding 
energies of 360 and 380 kev minus the sum of the individual 
channels at bombarding energies of 300, 320, and 340 kev. (b) The 
sum of the three peak channels—30, 33, and 36—as a function of 
bombarding energy. The position of the break determines the 
threshold energy. (c) The decay scheme of the residual state 
associated with the neutron threshold. 


shifted slightly between bombarding energies, the photo- 
tube high voltage was changed slightly to bring the 
peak back into the same channel as before. The beam 
was on the target continuously. Above 500 kev of 
bombarding energy, the 1.37-Mev gamma ray from the 
reaction (de-excitation of the 1.57-Mev state by stop- 
over transition through the 0.197-Mev state) was used 
for acalibration check, and the Cs'*” source was removed. 


B. Results 


Since the yield from the reaction was very low below 
about 250 kev of bombarding energy, data were not 
taken below this energy. Figure 1 illustrates the gamma- 
ray spectra at bombarding energies of 300, 320, 340, 
360, 380, and 400 kev. Note the sudden appearance of 
a gamma ray of about 6.1 Mev of energy between 
bombarding energies of 340 and 360 kev. The three 
peaks at 6.1, 5.6, and 5.1 Mev are the total-capture, 
single-escape, and double-escape peaks, respectively, for 
a gamma ray of 6.1 Mev. Since the Q value of the re- 
action is 5.737 Mev,’ the energy of a F™ state corre- 
sponding to a threshold in the vicinity of 350 kev would 
be about 6.1 Mev. Therefore, the gamma ray appearing 
at this threshold has the proper energy for a ground- 
state transition from the new excited state. 

If one sums the individual channels for bombarding 
energies of 300, 320, and 340 kev and subtracts this 
spectrum, channel by channel, from the sum of the 
individual channels for bombarding energies of 360 and 
380 kev, the spectrum shown in Fig. 2(a) is obtained. 
(The summing process is employed to obtain better 
statistics than were available from the spectrum ob- 
tained at a single bombarding energy.) Then if one sums 


"7 Calculated from the mass tables of A. H. Wapstra, Physica 21, 
367 (1955). 
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the three peak channels—30, 33, and 36—at each bom- 
barding energy and plots this sum as a function of 
deuteron energy, the curve shown in Fig. 2(b) is the 
result. The threshold energy is thus fixed by the break 
in the curve at 346+8 kev. From this threshold energy, 
one computes that the corresponding excited state in F¥ 
is at 6.048+0.014 Mev. Part of the uncertainty in the 
energy of the state comes from the uncertainty in the 
masses. 

A 4.4-Mev gamma’ ray exhibits the same threshold 
and therefore probably represents a transition from the 
6.048-Mev state to the 1.57-Mev state. The decay 
scheme is illustrated in Fig. 2(c). 

In the preliminary account of the present experiment, 
the 6.048-Mev state was given as 6.04 Mev because the 
mass tables of Ajzenberg and Lauritsen* were used, 
whereas in the present account the mass tables of 
Wapstra’ were used. The threshold energy has not 
changed. 

There was some evidence for another break in the 
vicinity of 370-380 kev, but such evidence was incon- 
clusive and is therefore not illustrated. The excitation 
curve between 300 and 460 kev was obtained several 
times. On two of the curves, the possible break at about 
370 kev was more pronounced than on the others. The 
gamma-ray energy appeared to be essentially the same 
as the one exhibiting a threshold at 346 kev. If there is 
another threshold about 370 kev, it corresponds to an 
excited state at 6.07 Mev in F¥. 

The excitation curve was measured at 20-kev intervals 
up to a bombarding energy of 1.80 Mev. Two other 
thresholds were found and are illustrated in Figs. 3 and 4. 
Figure 3(a) was obtained by summing the individual 
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Fic. 3. (a) The sum of the individual channels at bombarding 
energies of 540, 560, and 580 kev minus the normalized sum of the 
individual channels at bombarding energies of 440, 460, 480, 500, 
and 520 kev. The normalization process makes the algebraic sum 
of the counts in all 20 channels equal to zero. (b) The sum of the 
peak channels—25, 28, 31, 34, 35, 37, and 38—as a function of 
bombarding energy. (c) The decay scheme of the residual state 
associated with the neutron threshold. 

(1988) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 





ee 


GAMMA-RAY ENERGY (MEV) 
4 5 6 





(Q) 


(SCALES O 
' 
on 
oo 





25 30 35 
CHANNEL NUMBER 
(b) 


E,=584 KEV 
Ey = 6.262 MEV 














520 560 600 640 Fig 
DEUTERON ENERGY (KEV) 


Fic, 4. (a) The sum of the individual channels at bombarding 
energies of 600, 620, and 640 kev minus the normalized sum of the 
individual channels at bombarding energies of 540, 560, and 580 
kev. (b) The sum of the peak channels—30, 33, and 36—as a 
function of bombarding energy (solid circles); and the ratio of 
this sum to the sum of all 20 channels as a function of bombarding 
energy (open circles). Note the displaced zero on the “Ratio” 
scale, which is in arbitrary units. (c) The decay scheme of the 
residual state associated with the neutron threshold. 


channels at bombarding energies of 540, 560, and 580 
kev, and subtracting from this sum the normalized’ sum 
of the channels obtained at bombarding energies of 
440, 460, 480, 500, and 520 kev. 

Note that the energy of the gamma ray shown in 
Fig. 3(a) is slightly higher than the one shown in 
Fig. 2(a), and that some evidence exists for a gamma 
ray in the region of 4.6 Mev, again representing a 
cascade transition to the 1.57-Mev state. The sum of 
the peak channels—25, 28, 31, 34, 35, 37, and 38—is 
plotted as a function of bombarding energy in Fig. 3(b), 
indicating a threshold break at 525+8 kev correspond- 
ing to an excited state at 6.210+0.014 Mev in F". The 
decay scheme is shown in Fig. 3(c). 

Figure 4(a) shows the sum of the individual channels 
for bombarding energies of 600, 620, and 640 kev minus 
the normalized sum for bombarding energies of 540, 
560, and 580 kev. In this case, the normalization number 
was 2.49. The range 540 to 580 kev was chosen because 
it represents the interval above the lower threshold 
(at 525 kev) but below the present threshold. Since the 
spectrum below about 5 Mev is primarily in the negative 
region of the graph, there is probably no new gamma 
ray 1ppearing in this region at this threshold. 

The solid circles in Fig. 4(b) show the sum of channels 
30, 33, and 36 as a function of bombarding energy. 
Sometimes, when the over-all yield is rising rapidly or 
fluctuating as a function of bombarding energy, it is 

® The normalization process consists of multiplying the latter 
sum by a constant (in this case 1.46) to make the 20-channel sums 
equal. It would be unrealistic to subtract one peaked spectrum 
from another peaked spectrum of higher over-all intensity and 
expect to find other peaks in the difference. The normalization 
process meant that if the only difference between the two spectra 
was one of over-all intensity, because of the higher cross section, 


a straight line along the abscissa would be the result, with sta- 
tistical deviations, of course. 
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useful to “normalize” the yield by dividing the counts 
in each channel by the total counts in all 20 channels. 
This type of normalization was not necessary for the 
thresholds of the present experiment, but to illustrate 
the method, this type of normalization was used to 
obtain the open circles in Fig. 4(b). These’ open circles 
show the ratio of the sum of channels 30, 33, and 36 to 
the sum of all 20 channels as a function of deuteron 
energy. The threshold break is at slightly different 
points on the two curves, so the average value of 
584+ 10 kev is adopted. This threshold energy corre- 
sponds to an excited state at 6.262+0.015 Mev in F¥. 
Figure 4(c) shows the decay scheme. 

No other thresholds were observed up to the maxi- 
mum deuteron energy used, 1.80 Mev. Table I lists a 
summary of all the thresholds observed, Q values, 
excited states, and gamma-ray energies. 


III. GAMMA-RAY SPECTRA 


A. Single Crystal 


A detailed spectrum of the gamma rays emitted at a 
bombarding energy of 1.00 Mev was obtained by making 
six consecutive “sweeps” with the 20-channel analyzer. 
The resulting spectrum is shown in Fig. 5. The three 
peaks of the 6.1-Mev gamma ray are evident, with some 
slight indicatior. of a 5.2-Mev gamma ray. This indica- 
tion is very weak, however, because the other two peaks 
of such a gamma ray are not evident. There is some 
evidence” for a 5.2-Mev state in F", but the data of 
Fig. 5 are not considered to be additional evidence for 
such a state. The three peaks of the 4.4-Mev gamma ray 
are also evident. As suggested before, the 4.4-Mev 
gamma-ray peak is primarily from a cascade from the 
states at 6 Mev to the 1.57-Mev state, although it could 
also include a ground-state transition from a state of 
that energy or possibly some other cascade. The three 
peaks of a 3.09-Mev gamma ray are quite evident. This 
gamma ray comes from the C"(d,py)C® reaction as the 
result of a contaminant film of carbon on the target. 
The 1.35-Mev gamma ray is the cascade from the 
1.57-Mev state to the 0.197-Mev state. Its great in- 
tensity is an indication that most of the upper states 
decay to the 1.57-Mev state a great deal of the time, 
unless the neutron group corresponding to this state 
also has a very high relative intensity. Seale” measured 


TaBLeE I. Summary of neutron thresholds observed in the 
O!8(d,ny)F® reaction. 








Energy of 
excited state Gamma-ray 
in F¥ energies 
(Mev) (Mev) 


6.048+ 14 4.4 and 6.0 
6.210+14 4.6 and 6.2 
6.262+15 ; 


Deuteron 
energy 
(kev) 


3464 8 
525+ 8 
584+ 10 


Q-Value 
(kev) 


—31147 
—472+7 
—52549 





1 R. L. Seale, Phys. Rev. 92, 389 (1953). 
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the neutron spectrum of the O'*%(d,n)F" reaction for a 
deuteron energy of 2 Mev, and in his spectrum the 
neutron group leaving the F nucleus in the 1.57-Mev 
state was of average intensity. The lowest energy 
gamma-ray peak (which goes off the top of the graph) 
represents the 0.875-Mev gamma ray from the 
O!*(d,py)O" reaction. 


B. Pair Spectrometer 


In order to search for other gamma rays which might 
be present, but obscured under on of the “escape” peaks 
of the more intense gamma rays, a three-crystal pair 
spectrometer was built and used to obtain the spectrum 
at a bombarding energy of 1.4 Mev. The nature of the 
spectrometer was relatively conventional and therefore 
will not be described (or shown) in detail. The center 
crystal was 1-in. diam X1}-in. long and the two wing 
crystals were 1}-in. diam X 1-in. long. The windows for 
the wing crystals were set for the range 460-560 kev, 
and a resolving time of 1 usec was used. 

Figure 6 illustrates the spectrum at a deuteron energy 
of 1.40 Mev. In addition to the 6.1- and 4.4-Mev peaks 
(labeled “6.0” and “4.3” Mev, respectively, in Fig. 6 
the independent values from these data), there is weak 
evidence for the peaks at 4.8 and 3.4 Mev, and strong 
evidence for peaks at 3.9 and 2.6 Mev. Another spectrum 
obtained with twice the amplifier gain (and therefore 
channels half as wide) confirmed the 3.4-Mev peak and 
gave weak evidence for another peak at 2.3 Mev. In 
the single-crystal spectrum of Fig. 5, the peaks at 3.9 
and 3.4 Mev appeared too intense with respect to the 
4.4-Mev peak for them to be due to a single gamma ray- 
but such evidence in a single-crystal spectrum is not 
conclusive. The 3-crystal pair spectrum confirms the 
presence of the 3.4- and 3.9-Mev gamma rays. 

Another pair spectrum obtained at a deuteron energy 
of 2.00 Mev (not illustrated) indicated a low intensity 
gamma ray of about 7.0-Mev energy. Also in this spec- 
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Fic. 5. Gamma-ray spectrum obtained with a 3-in.X3-in. Nal 
crystal at a deuteron energy of 1.00 Mev. The peaks at 3.09 and 
0.875 Mev are due to the (d,p) reaction on C” and O"*, respectively. 
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Fic. 6, Gamma-ray spectrum obtained with a three-crystal pair 
spectrometer at a deuteron energy of 1.40 Mev. Uncertainty bars 
are shown at representative points to indicate the statistical 
uncertainties. 


trum, the peak at about 4.3 Mev was almost twice as 
high as the 6.1-Mev peak. 


IV. COINCIDENCE MEASUREMENTS 


In order to observe the decay schemes of the states 
excited in the reaction, coincidence measurements were 
performed. The two crystals employed were 3-in. 
diam X3-in. long and 1}-in. diamX1-in. long, respec- 
tively. In all cases the smaller crystal was used. for the 
lower energy gamma rays and the larger crystal for the 
higher energy gamma rays. A Pb brick was placed 
between the crystals, and a resolving time of 1 usec 
was used. 

Figure gamma rays in co- 
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Fic. 7. Low-energy gamma-ray spectrum in coincidence with 
pulses in the larger crystal between 5.25 and 7.00 Mev, at a deu- 
teron energy of 1.40 Mev. The solid circles are the accidental coin- 
cidences. The open circles are the total coincidences, true plus 
accidental. The total coincidence count in channel 6 is apparently 
spurious. The 205-kev peak represents the ground-state transition 
from the 197-kev state. The 130-kev peak is probably a ground- 
state transition from the 109-kev state even though the energy 
agreement is not good. A 14-in. diam X 1-in. long crystal was used 
to obtain this low-energy spectrum. 
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Fic. 8. High-energy gamma-ray spectrum in coincidence with 
pulses in the smaller crystal between 150 and 250 kev. The solid 
circles are the accidental coincidences. The open circles are the 
total coincidences, true plus accidental. A 3-in.X3-in. crystal 
was used. 


incidence with pulses in the larger crystal between 5.25 
and 7.00 Mev, at a bombarding energy of 1.4 Mev. The 
0.197-Mev state is clearly involved in cascades with the 
high-energy states, and the 0.110-Mev state is probably 
also involved although here the identification of the 
peak at 130 kev with the 110 kev transition is rather 
nubilous. The time intervals required to obtain the 
coincidence data were relatively long compared to the 
ungated spectra, and gain shifts could have occurred. 
The 0.197-Mev state cascades through the 0.110-Mev 
state less than 1% of the time," so if the 110-kev gamma 
ray does appear here, it is excited by a transition whose 
energy appears in the window, that is, 5.25 to 7.00 Mev. 

Figure 8 shows the complementary spectrum—the 
high-energy gamma rays in coincidence with pulses in 
the smaller crystal between 150 and 250 kev. The ex- 
perimental arrangement here is less advantageous than 
the previous arrangement because (1) the high-energy 
pulses are spread out over a larger energy region (and 
therefore good statistics with good energy resolution are 
more difficult to obtain), and (2) some of the pulses in 
the 150-250 kev interval arise from gamma rays of any 
higher energy (and therefore true coincidences could 
be obtained without a 0.197-Mev gamma ray being 
involved). 

The 4.4-Mev gamma ray appears strong in the co- 
incidence spectrum and therefore probably represents, 
as suggested before, a cascade from the 6-Mev states 
to the 1.57-Mev state, which decays by emission of a 
1.35-Mev gamma ray cascading through the 0.197-Mev 
state. 

One final coincidence spectrum was obtained by 
setting a window about the 1.35-Mev gamma ray and 
using the resulting pulses to gate the analyzer recording 
the output of the larger crystal. The resulting spectrum 


1 C. A. Barnes, Phys. Rev. 97, 1226 (1955). 
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Fic. 9. Gamma-ray spectrum in coincidence with pulses in the 
smaller crystal between 1.20 and 1.60 Mev. The solid circles are 


the accidental coincidences. The open circles are the total co- 
incidences, true plus accidental. 


is shown in Fig. 9. Although the 4.4-Mev gamma ray 
might be present in the coincidence spectrum, it is not 
so prominent as gamma rays of 3.3, 2.6, and 2.0 Mev. 
Perhaps the levels in the region of 4.9, 4.2, and 3.6 Mev 
(excited by neutron emission) also decay through the 
1.57-Mev state, and thus tend to obscure the cascade 
contribution from the 6-Mev states. 


V. DISCUSSION 


Of the various reactions possible when O'* and O'* 
are bombarded with deuterons, the (d,n) reaction on 
O# has the highest Q value, 5.7 Mev. The (d,a) reaction 
on O'* has the second highest Q-value, 4.2 Mev, but is 
not expected to produce gamma rays higher than about 
3 Mev of an intensity at all comparable with the (d,m) 
reaction, due to the energy dependence of the alpha and 
neutron partial widths. The (d,p) reaction on C® pro- 
duces an intense 3.09-Mev gamma ray, and can produce 
gamma rays of 3.68 and 3.86 Mev above their thresholds 
at about 1.1 and 1.3 Mev, respectively. But these higher 
energy gamma rays are not expected to be of appreciable 
intensity until at least 0.5 Mev above their thresholds 
because of the Coulomb barrier to proton emission. 

The spectrum of Fig. 6 has therefore been interpreted 
to arise from the O'*(d,ny)F" reaction, except for the 
3.09-Mev peak, which comes from the C#(d,py)C® re- 
action, but this peak includes some contribution from 
the 3.06-Mev gamma ray from the 0'*(d,py)O" reaction. 

When F’* is left excited by the O'*(d,n)F"” reaction, 
it can decay by both alpha-particle and gamma-ray 
emission if the residual state is above 4 Mev of excita- 
tion (as are all the states associated with neutron 
thresholds in the present experiment). Therefore, one 
might expect that above about 5 Mev of excitation the 
predominant mode of decay would be by alpha emission, 
and that gamma-ray emission would be unobservable. 
(This situation is reversed, however, if the residual 
excited state has an isobaric spin of $.) The states which 
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are observed (by means of their gamma-ray emission) 
in the present experiment are therefore expected to have 
relatively narrow alpha-particle widths. 

In a recent experiment performed by Smotrich, Jones, 
McDermott, and Benenson,” observations were made 
on the alpha particles scattered by N", and in their 
results confirmation of all the levels found in the present 
experiment can be found. In the region of interest to 
the present experiment, they found states at 6.05, 6.07, 
6.22, 6.26, 6.31, 6.51, and 6.53 Mev. The states at 6.05, 
6.22, and 6.26 Mev are in excellent agreement with the 
states found in the present experiment at 6.048+0.014, 
6.210+0.014, and 6.262+0.015 Mev, respectively. In 
addition, the indication mentioned previously (in Sec. 
ITIB) for a threshold at 6.07 Mev was probably a real 
effect, although the existence of the state on the basis 
of the present experiment is still open to question. 

No “gamma-ray thresholds” corresponding to the 
higher states were observed in the present experiment. 
Several possible reasons may be stated. (1) Selection 
rules inhibit low-energy neutron emission leaving these 
residual states. (2) These states have relatively small 
reduced proton widths. (3) These states have relatively 
small gamma-ray widths. (4) These states decay pre- 
dominantly by cascade through one or more of the lower 
states. (5) The gamma-ray energies involved in the 
decay of these states are essentially the same as those 
associated with the lower states, and their appearance 
therefore makes only a very small increase in the yield 
of these gamma rays (or in other words, the sensitivity 
of the experimental technique has decreased). 

One outstanding feature of the spectra of Figs. 5 and 
6 is the relative intensity of the 6-Mev gamma ray with 
respect to the others. If most of this intensity is due to 
the 6.048-Mev state, as the spectra of Fig. 1 seem to 
suggest, then this state must have (1) a relatively large 
reduced proton width, (2) a relatively large gamma-ray 
width, (3) a relatively small alpha-particle width, or 
(4) a wave function having a relatively large overlap 
with the compound nucleus. 

The first three possibilities mentioned above would 
be expected to hold if the 6.048-Mev state has an iso- 
baric spin of 3. On the basis of the O"-F mass difference 

2 Smotrich, Jones, McDermott, and Benenson, Bull. Am. Phys. 
Soc. Ser. II, 3, 26 (1958), and private communication from 
K. Jones. 
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and the F'7-0" decay energy, one would expect the first 
T= 3 state in F” to be at an excitation energy of about 
7.5 Mev. Therefore, it appears unlikely that the 6.05- 
Mev state is a T= state, even though the reasons 
given in the previous paragraph to explain the intensity 
of the gamma ray from this state are consistent with a 
T=} state. The 6.05-Mev state was formed by alpha- 
particle bombardment of N’*, and neglecting mixing 
and impurity of the isobaric spins, this fact would in- 
dicate that the isobaric spin of this state, as well as all 
the others found in the present experiment, is . Thus 
it is not clear which of the possibilities mentioned above 
is primarily responsible for the relative intensity of the 
6-Mev gamma ray. 

Harlow ef al." observed the neutrons from the 
O'8(d,n)F* reaction, using the “ratio method’? and 
found a neutron threshold at 0.497+0.015 Mev indicat- 
ing an excited state in F at 6.184+0.018 Mev. They 
did not extend their data below 400 kev, and therefore 
could not have observed the lowest threshold found 
in the present experiment, 346 kev. Their threshold at 
497+15 kev probably corresponds to the one at 525+8 
kev found in the present experiment, although the 
agreement of the measurements is not good. They did 
not observe the threshold found in the present experi- 
ment at 584 kev, and this is probably due to the greater 
sensitivity of the “gamma-ray threshold” method over 
the neutron threshold method with present-day detec- 
tion techniques. 

Another experiment relating to the same region of 
excitation in F was performed by Hossain and Kamal.” 
Using 9.5-Mev bombarding protons, they observed the 
inelastically scattered protons from the F(p,p’)*F¥ 
reaction, using photographic emulsions to measure the 
energies of the protons. They found a state at 6.07+0.02 
Mev and a possible state at 6.50+0.09 Mev. They 
identified their state at 6.07+0.02 Mev with the 6.05- 
Mev state reported in the preliminary account of the 
present experiment.‘ However, since Smotrich et al.” 
found states at both 6.05 and 6.07 Mev, it seems 
probable that the 6.07-Mev excited-state proton group 
of Hossain and Kamal was an unresolved doublet due 
to both states. 


‘8 Harlow, Marion, Chapman, and Bonner, Phys. Rev. 101, 214 
9 ; 


(1956). 
4 A, Hossain and A. N. Kamal, Phys. Rev. 108, 390 (1957). 
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Inelastically scattered proton spectra from targets of natural chromium and targets enriched in Cr®, 
Cr, and Cr have been studied for bombarding energies in the region of 4.3 to 4.6 Mev using a double 
focusing magnetic spectrometer, at angles of observation of 91.5° and 136.2°. The enriched targets were 
prepared by the vacuum evaporation of Cr2O; from a small carbon crucible mounted on a tungsten filament 
onto gold-leaf backings. Surveys were taken up to at least 2.0-Mev excitation. The following level energies 
in kev were determined: Cr®, 78043; Cr, 143245; Cr, 5622-3, 1006+-4, and 128745; Cr, 842+6. 
The new level in Cr occurs at the energy expected for the first 2+ state. Inelastically scattered proton 
groups corresponding to the known second excited states of Cr and Cr® were not of sufficient intensity to 


be observed. 


INTRODUCTION 


HE program of investigating inelastically scattered 

proton spectra at Bartol using the 180° double- 
focusing magnetic spectrometer has been extended to 
the stable isotopes of chromium. For unambiguous 
identification of some of the groups observed, studies 
were made at two angles of observation. The various 
refinements that had been reported previously’? were 
included also in this experiment. A preliminary report 
of these measurements has been presented.’ 


EXPERIMENTAL PROCEDURE 


During the course of these investigations, the Office 
of Naval Research-Bartol Van de Graaff generator 
provided protons of energies 4.3 to 4.6 Mev. Charged 
particles from the target at mean angles of 91.5°+0.2° 
and 136.2°+0.3° were analyzed in the 180° double- 
focusing magnet and detected by a 1 mm thick Nal 
crystal. 

Calibrations of the spectrometer were made daily by 
obtaining the momentum profiles of Po-a particles for 
which Wapstra’s momentum value‘ of 331.65+0.06 
kilogauss-cm was assumed. Additional calibrations were 
obtained from the analysis of proton groups elastically 
scattered from the targets of gold and zinc phosphide 
at the energy of the 3.246-Mev resonance for the 
production of 1.26-Mev y radiation from the P*'(p,p’) P# 
reaction. These data provided an energy calibration 
curve for the magnetic spectrometer. 

In order to determine the location of each observed 
group, a detailed analysis of the momentum profiles 

+ This research was supported by the U. S. Air Force, through 


the Office of Scientific Research of the Air Research and Develop- 
ment Command. 
* To be submitted to the Temple University Graduate Council 
in partial fulfillment of the requirements for the Ph.D. degree. 
t Present address: Pennsylvania Military College, Chester, 
Pennsylvania. 
1 Van Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 
656 (1956). 
2Van Patter, Porter, and Rothman, Phys. Rev. 106, 1016 
1957). 
Van Patter, Porter, Rothman, and Mandeville, Bull. Am. 
Phys. Soc. Ser. II, 3, 38 (1958). 
4 A. H. Wapstra, Physica 21, 367 (1955). 


was obtained as described in previous publications.'* 
Corrections for resolution and acceptance angle of the 
spectrometer and target thickness for each group were 
applied to the momentum profile so that determination 
of the energy of each group could be obtained. 

To obtain sufficient yield for the reaction group to be 
studied, it was necessary to choose a bombarding 
energy corresponding to a high yield for that particular 
reaction group. Rough excitation curves for the elastic 
and inelastic groups were measured over limited energy 
ranges for the purpose of locating resonances. 


PREPARATION OF TARGETS 


Targets of natural chromium were prepared by the 
evaporation of metallic chromium in vacuum from a 
tungsten boat onto thin backings of Formvar strength- 
ened by an evaporated layer of gold. These targets 
proved to be quite satisfactory, and withstood beam 
currents of up to 1 wa. The chromium enriched in 
various isotopes was obtained in the form of Cr,Os 
powder, in amounts as small as 15 mg. Because of the 
difficulties inherent in obtaining metallic Cr from such 
small amounts of Cr,O;, it was necessary to develop a 
procedure to make satisfactory targets using natural 
Cr203. Several methods were attempted before a 
successful one was evolved. During the first attempts, 
it was found that when the Cr,O; melted and the oxygen 
was pumped off, the Cr formed an alloy with either 
the tungsten or the tantalum which were used as 
filaments. During the formation of this alloy, holes 
would often appear in the filament, and it would 
usually break before a temperature high enough for 
evaporation was reached. In order to eliminate the 
formation of the chromium-tungsten alloy, a small 
carbon crucible (diameter } in.) containing about 5 mg 
of Cr2O; was placed on top of a tungsten filament. The 
Cr,03 melted at about 2000°C. (Temperatures were 
determined roughly by the use of an optical pyrometer.) 
However, the Cr did not evaporate at this temperature, 
possibly as a result of alloying with the carbon. In this 
case it was found possible to evaporate the Cr from the 
crucible at temperatures above about 2100°C, the 
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Fic. 1. Inelastically scattered proton spectra from a 12-kev Cr® target (94% enriched) at E,=4.41 Mev, @=91.5° and 136.2°. 


temperature of the filament being in excess of 2600°C. 


In order to achieve these temperatures, a cylindrical 
tantalum heat shield for the filament was of consider- 
able help. The carbon crucible also reacted with the 
tungsten filament, causing the filament to break on 
occasion. This difficulty was alleviated by the placing 
of a small spacer of 0.001-in. tungsten between the 
carbon crucible and the filament. 

Another problem in the preparation of chromium 
targets from Cr2O; was to obtain target backings which 
could withstand thermal radiation from the tungsten 
filament at temperatures exceeding 2600°C. In addition, 
the fact that only about 5 mg of enriched Cr2O3 were 
used for one evaporation made it necessary to place the 
target backings 3 to 4 inches from the filament. For 
other earlier evaporations target backings of Formvar 
strengthened by gold were used, but it was found that 
they could not withstand the thermal radiation under 
these new conditions. Target backings of beaten gold 
leaf (23 karat) were tried and they usually did not 
break during the CreO; evaporations. These target 
backings are of satisfactory thickness (~10 kev thick 
for 4-Mev protons), but have the distinct disadvantage 
that the gold leaf contains known amounts of copper 
and silver, as well as contaminations of sodium, silicon, 
sulfur, and potassium. 

The targets prepared this way were found to be of 
satisfactory thickness, in the range of 2 to 12 kev, and 
withstood beam currents of up to 2.5 wa. 


RESULTS AND DISCUSSION 
Cr°°(p,p’)Cr®® Reaction 


A survey for inelastically scattered proton groups 
from a 12-kev target of Cr°® (94% enriched) was made 
at a bombarding energy of 4.41 Mev, at an angle of 
observation of 91.5°. A region of excitation in Cr°? 
from 0 to 2.05 Mev was covered in this survey, the 
results of which are shown in the lower curve of Fig. 1. 
The bombarding energy was chosen to correspond to a 
pronounced resonance in the yield of the only inelastic 
group observed from Cr*®, corresponding to a level in 
Cr® at 0.780+0.003 Mev. This energy level was not 
previously known. The inelastically scattered proton 
group has a relatively large yield, large enough so that 
the same group’ was also seen from the natural 
chromium target which contains only 4.3% of Cr* 
(see Fig. 2). 

The yields of this inelastically scattered group from 
Cr®, and the elastically scattered Cr®°(p,p) group were 
measured in the range of bombarding energies of about 
4.34 to 4.50 Mev, at an angle of observation of 91.5°. 
The yields of both groups showed strong resonance 
effects: the yield of the inelastic group varying,as much 
as a factor of 8, and the elastic group as much as a 
factor of 2. In general, minima in the yield of the 


‘This inelastic proton group was observed previously by 
Hausman, Allen, Arthur, Bender, and McDole, Phys. Rev. 88, 
1296 (1952), from the bombardment of natura] chromium by 
8-Mev protons, with a Q-value of —0.81+:9.02 Mev, wat since they 
did not use enriched chromium targets, it could not be definitely 
assigned to any particular isotope at that time. 
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Fic. 2. Inelastically scattered proton spectra from targets of natural chromium (84% Cr®) and 
Cr (86% enriched), E, = 4.38, 4.40 Mev, 6=91.5°. 


Cr®°(p,p) group corresponded to pronounced resonances 
in the yield of the Cr®°(1) group. 

The large yield of the inelastic group from Cr**, and 
the level energy of 0.780 Mev both indicated that this 
level is the first 2+ state in Cr®°, since this level energy 
is quite consistent with the positions of the first 2+ 
states in neighboring even-even nuclei. 

In the survey at 91.5° for inelastically scattered 
proton groups, some of the region for possible inelastic 
groups was obscured by the intense elastic groups from 
C® and O'* contaminants. In order to examine this 
region, a similar survey was also made at an angle of 
observation of 136.2°, as shown in the upper curve of 
Fig. 1. The two curves are aligned so that the Cr°(p,p) 
group at each angle appears at the same position. It can 
be seen that the only other group which maintains 
about the same position is that labelled Cr°(1), 
indicating that the energy shift of this group with 
angle is consistent with a target mass of 50. The shift 
of the C"(p,p) and O'*(p,p) group to relatively lower 
energies in going from 91.5° to 136.2° can be seen very 
clearly. Also the improved resolution for mass analysis 
of the various target elements at 136.2° is demonstrated, 
since, for example, the Ag(p,p) group could not be 
resolved from the Au(p,p) group at 91.5°. 

Sinclair® has observed a y-ray of 787+10_kev from 
inelastic scattering of neutrons using a scatterer of 
enriched Cr®. As indicated in Table I, his assignment of 
this y-ray to the first level of Cr®® has now been verified. 


*R. M. Sinclair, Phys. Rev. 107, 1306 (1957). 


Cr°*(p,p’)Cr*? Reaction 

As indicated in the lower curve of Fig. 2, which 
covers a region of excitation from 0 to 2.46 Mev, only 
one inelastic group was observed from targets of natural 
chromium (83.8% Cr®) which could be attributed to 
Cr. For proton energies greater than 2.8 Mev, a 
4-kev target prepared by the evaporation of Cr2O3 was 
used; for proton energies below 2.8 Mev, a 8-kev target 
prepared by the evaporation of chromium was used. 
The expected location for the group Cr*?(2) is indicated, 
corresponding to the second excited state at 2.368 
+0.005 Mev.’ No inelastic group was observed with an 
intensity greater than 6% of the intensity of the first 
excited state group. This group Cr**(1) was also ob- 
served from all the targets enriched in Cr®°, Cr®*, and 
Cr at angles of observation 91.5° and 136.2°. It 
corresponds to a level at 1.4320.005 Mev. As indicated 
in Table I, this determination is in exceilent agreement 
with other precise determinations,®’ such as those 
recently published by Mazari e¢ al.’ The yields of both 
this inelastic group and the elastic Cr*(p,p) group were 
measured at 6=91.5° for bombarding energies ranging 
from 4.1 to 4.6 Mev. The intensities of both groups 
varied appreciably as a function of bombarding energy, 
in a manner similar to the corresponding groups from 
Cm. 

Cr°‘(p,p’)Cr®* Reaction 

Cr*, like Cr®° and Cr®, is an even-even nucleus, with 

‘the first level having spin and parity of 2+. Using a 


7 Mazari, Buechner, and Sperduto, Phys. Rev. 107, 1383 (1957). 
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16-kev target of Cr (86% enriched), an inelastic group 


was observed which could be assigned to Cr*, corre- - 


sponding to a level at 0.842+0.006 Mev. This determi- 
nation is compared with other precise determinations*-"” 
in Table I. The yield of this group was measured at 
6=91.5° for E,=4.36 to 4.51 Mev. Some resonances 
were observed, the most prominent occurring at 
E,=440 Mev. This energy was then chosen as a 
suitable bombarding energy to use in making a survey. 
The survey, shown in the upper curve of Fig. 2, covering 
a region of excitation from 0 to 2.05 Mev, did not reveal 
any additional groups which could be attributed to Cr*. 

The yield of the Cr**(1) inelastic group was consider- 
ably lower than either the Cr°°(1) or Cr®*(1) groups. 
These observations are consistent with the fact that 
in the case of Cr®° or Cr, the bombarding energy was 
below either the Cr®°(p,) or Cr®(p,m) threshold, while 
it was considerably above the Cr*(p,n) threshold 
which occurs at 2.2 Mev. The competition of neutron 
omission evidently reduces considerably the proba- 
bility of inelastic proton scattering. 

Elwyn and Shull" have recently investigated the 
Cr**(d,)Cr® reaction using a 90% enriched Cr* target. 
They measured (-values of 7.55, 6.69, 6.24, 4.88, 4.36, 
and 3.76 Mev, corresponding to levels at 0, 0.86, 1.31, 
2.67, 3.19, and 3.79 Mev. Their ground-state Q-value 
can be compared to the value of 7.502+0.004 Mev 
which is calculated from the latest mass measurements 


TABLE I. Energy levels of Cr®, Cr and Cr® (in kev).* 





Cr#(1) 


780+3 
78143 


First level of Cr#® 
Cr®(n,n'y)> 


Cr®(p,p’)* 
Average 





First level of Cr 


Cr®(n,n'y)> 
1434 


Mn**(p,a)4 
& 143345 


Cr‘) p’)* 
Cr#*(p,p")° 143245 
Average 143344 
Cr(1) 


First level of Cr 
83544 


Cr6)(n,y)P 

Mn*(e,7)! 840+7 

V#(B-,y)8 83549 

Cr (nny) 849+ 10 

Cr(p,p’) 842+6 
Average 839+3 





455410 

















* Only determinations with errors <10 kev are listed. 

» See reference 6. (This value has not been included in the average value 
in the case of Cr®,) 

¢ Present paper. 

4 See reference 7. 

* See reference 8. 

! See reference 9. 

© See reference 10, 


*B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
1953). 
( 9 mo Wapstra, Nijgh, and Ornstein, Physica 20, 521 
1954). 
1 A, W. Schardt and B. J. Dropesky, Bull. Am. Phys. Soc. Ser. 
II, 1, 162 (1956). 
uA, J. Elwyn and F, B. Shull, Phys. Rev. 111, 925 (1958). 
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Cr 


Fic. 3. Energy level scheme for Cr, 


of Giese and Benson.” Using this latter value, the 
remaining Cr**(d,p) Q-values would correspond to 
levels at 0.81, 1.26, 2.62, 3.14 and 3.74 Mev. 

The least prominent of the Cr**(d,p) groups was that 
with Q=6.24 Mev corresponding to a state at 1.31 Mev 
(or 1.26 Mev), which according to Shull appears to 
check nicely with Kinsey and Bartholomew’s y-ray 
C of energy 8.499+0.007 Mev, observed in the Cr(n,y) 
reaction.® According to this assignment, the correspond- 
ing Cr8(d,p) Q-value would be 6.274+0.008 Mev, 
giving a level at 1.217+0.010 Mev. This energy level 
does not agree very well with the reported level at 1.31 
Mev. In addition, y-ray C has the correct energy to be 
assigned to the Cr°°(m,y) reaction, as a transition to the 
0.75-Mev level of Cr. Hence there is probably no 
supporting evidence for a level in Cr at about 1.3 
Mev aside from the Cr**(d,p) reaction. 

The level in Cr at about 1.3 Mev does not appear 
to be consistent with the energy and spin systematics 
for the second level of neighboring even-even nuclei.“ 
In neighboring nuclei, the second level occurs at about 
0.9 to 1.2 Mev above the first 2+ level, and the spin 
and parity is always 4+ when measured. Elwyn and 
Shull" report /,=1 for this level, which restricts the 
spin to 3+ or less. On the basis of these considerations, 
the existence of this 1.3-Mev level is considered to be 
uncertain. No Cr®*(d,p)Cr* group was observed 
corresponding to the 1.83-Mev level seen from the 
V*4(8-) decay,"® which is likely to be the 4+ level." 


12 G. F. Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 

8 F, B. Shull (private communication). 

4D. M. Van Patter, Bull. Am. Phys. Soc. Ser. II, 3, 212 (1958). 
18 A, W. Schardt (private communication). 
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Fic. 4. Inelastically scattered proton spectra from a 14-kev Cr® target (82% enriched) at E,=4.47 Mev, 6=91.5° and 136.2°, 


As indicated in Fig. 3, it is now possible to assign 
several y-rays seen from neutron capture in natural 
chromium to transitions in Cr, which should comprise 
56% of all the captures.’® Since the 0.83+0.03 Mev 
y-ray seen by Braid!’ has an intensity of 40% of all 
captures, it is expected that there should be consider- 
able cascading of the higher levels into the first level 
at 0.84 Mev. Hence Braid’s 1.84+0.03 Mev y-ray is 
assigned to a cascade from the 2.63-Mev level. It is 
likely that at least part of the intensity of the 2.28+0.03 
Mev y-ray"” may be attributed to a cascade from the 
3.14-Mev level, although this y-ray at this energy 
would also fit into the Cr® level scheme (see Table IT). 
Gamma-rays A, B, G, M, and Q observed by Kinsey 
and Bartholomew all have energies which agree very 
well with their assignment to Cr. The energies given 
for the levels of Cr in Fig. 5 represent averages of the 
various determinations. 


Cr°*(p,p’)Cr** Reaction 


The investigation of inelastically scattered proton 
groups from targets of Cr** (82% enriched) turned out 
to be quite difficult, since the yields of the inelastic 
groups proved to be much lower than in the case of 
Cr or Cr. This fact is again consistent with the 
competition between neutron emission and inelastic 


16 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C. 1955). 

17 T. H. Braid, Phys. Rev. 102, 1109 (1956). 


proton scattering. The bombarding energies used were 
considerably above the Cr**(p~,n) threshold which 
occurs at 1.4 Mev. 

Considerable time was spent in trying to observe the 
inelastic group corresponding to the known second level 
of Cr** at about 1.0 Mev. A pronounced broad resonance 
for the yield of the Cr®*(2) group was finally located at 
E,=4.47 Mev. A survey was made at this bombarding 
energy at @=91.5°, using a 14-kev target covering a 
region of excitation from 0 to 2.13 Mev, the results of 
which are shown in Fig. 4. Two inelastic proton groups 
were observed which were attributed to Cr, corre- 
sponding to the second level at 1.006+0,004 Mev, and 
a possible third level at 1.287+-0.005 Mev. 

The intense C"(p,p) group obscured the region 
around 0.56 Mev where a level in Cr** had been reported 
from the Cr**(d,p) and Cr®(n,7) reactions.’ In order to 
examine this region of excitation, a similar survey was 
made at #=136.2°, which is shown in the upper curve 
of Fig. 4. In this survey, a weak group Cr®*(1), corre- 
sponding to a level of Cr®* at 0.562+0.003 Mev was 
observed, which had been obscured by the C"(p,p) 
group at 0=91.4°. The Cr*(2) group also appeared in 
this survey, but the Cr®*(3) group did not. 

A weak satellite to group Cr**(2), occurring about 
40 kev higher in energy, was seen in the survey at 
6=91.5°. In the 6=136.2° spectrum, this group shifted 
to an energy 16+3 kev higher than expected for a Cr* 
group, indicating that it must originate from a target 
mass of 6342 amu. A possible assignment of this group 
would be to the Cu®(p,p’) reaction, corresponding to 
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TABLE II. Energy levels of Cr* in Mev. 
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Cr(#)(d,p)s Cr2(d,p)> V8(8-,y)° Cr8(p,p’)4 


Cr (82) (m,-y)e Cr(8)(n,y)t Theoret icale 





0.562+0.003 
1.006+0.004 
1.287+0.005 


0.57 


0.97 1,.00+0.01 


0.54 
0.97 


2.31 


0.46(4) 


1.41(}) 
1.83(3) 
2.34(4) 


F 0.565+0.011 
7(1.285+0.010) 


N(2.32+0.02) 
O(2.67+0.02) 


0.52+0.03 


(2.28+0.03) 














* McFarland, Bretscher, and Shull, Phys. Rev. 89, 892 (A) (1953). 
> See reference 11. 

© See reference 10. 

4 Present paper. 

¢ See reference 17. 

! See reference 8. 

«R. D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 


the second excited state of Cu® at 0.961+-0.005 Mev,'* 
since at 6= 180°, E,=4.619 Mev, this group is known 
to be the most intense inelastic proton group from 
natural copper.'® However, this assignment gave an 
observed Q-value of —0.98 Mev, which is not in good 
agreement with the known Q-value. This Q-value was 
computed by using the observed Cu(p,p) elastic group 
to determine the bombarding energy, which should 
largely eliminate any error due to lack of knowledge of 
exactly where the copper contamination occurs in the 
target. Assignment of this group to the Zn™(p,p’) 
group with Q=—0.991 Mev” would give good agree- 
ment for the Q-value, but zinc is not a known contami- 
nation of these targets. 

Since the group Cr®(3) was observed only at @=91.4°, 
no target mass estimate was possible. Since copper is a 
known contaminant, it is necessary to examine the 
possibility that the group Cr**(3) might rather be a 
Cu"(p,p’) group. This group, if assigned to the 
Cu™(p,p’) reaction, had a measured Q-value of —1.31 
Mev which is close to the known Q-value of —1.325 
+0.005 Mev'* for the group corresponding to the third 
level of Cu®. However, if we assign the satellite group, 
with observed Q=—0.98 Mev to the Cu®(p,p’) 
reaction, then the two groups differ in Q-value by 0.33 
Mey, instead of the measured 0.364+0.005 Mev. The 
fact that the Cr**(3) group was not seen in the survey 
using the enriched Cr target is not conclusive, since 
the Cr**(3) group was barely distinguishable above 
background. It must be concluded that the assignment 
of group Cr8(3) to the Cr*(p,p) reaction is subject 
to some uncertainty, since the possibility that it may 
be due to the Cu®(p,p’) reaction cannot be definitely 
ruled out. 

In Table II are listed all the data presently available 
concerning the levels of Cr®*. Two investigations of the 
Cr*8(d,p)Cr® reaction have been made at Washington 


18 Windham, Gossett, Phillips, and Schiffer, Phys. Rev. 103, 
1321 (1956). 

Van Patter, Rothman, Porter, and Mandeville, Phys. Rev. 
107, 171 (1957). 


University: the first?® using natural chromium, and 
the second" using a target of 999% Cr*?. Since the four 
highest-energy proton groups observed from the natural 
chromium target (83.8% Cr®) can now be definitely 
assigned to the Cr®(d,p) reaction, it is likely that the 
remaining groups seen in the first investigation are also 
correctly identified. It ‘should be noted that the third 
level reported in the first investigation is at 2.29 Mev, 
rather than 1.29 Mev which has been listed.!®! 

As indicated in Table II, several y-rays seen from 
neutron capture in natural chromium can tentatively 
be assigned to the Cr(n,y)Cr** reaction. The 0.52+0.03 
and 2.28+0.03 Mev y-rays seen by Braid" probably arise 
from the decay of Cr* levels with these energies. Gamma- 
rays D, F, I, N, and O observed by Kinsey and 
Bartholomew*® could represent transitions from the 
capturing state to the ground state and to levels at 
0.565, 1.285, 2.32 and 2.67 Mev, respectively. However, 
one cannot rule out the possibility that some of these 
y-rays could arise from transitions in Cr*! or Cr because 
of the limited knowledge of the level schemes of these 
nuclei. 

Using the j-7 coupling model, Lawson and Uretsky”! 
have predicted the following levels for Cr**: 0.46(3), 
1.41($), 1.83(§), and 2.34(3) Mev. So far no experi- 
mental evidence for a state at about 1.8 Mev has been 
found. They associated the predicted level at 1.41 Mev 
with the experimental level at 1.29 Mev. As has been 
pointed out, the evidence for such a level is limited to 
the Cr“) (n,y) and Cr**(p,p’) reactions, and in both 
cases is subject to uncertainty.” 


( — Bretscher, and Shull, Phys. Rev. 89, 892(A) 
1953). 

21 R. D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 

® Note added in proof.—Recently we have obtained a gamma-ray 
spectrum for inelastic scattering of 1.40-Mev neutrons from 
natural chromium. This spectrum includes y rays of energies 
0.56+0.01, 1.01+0.015, and 1.29+0.02 Mev which have been 
assigned to the Cr(n,n’y) reaction. In addition, Dr. A. W. 
Schardt has informed us of the observation of a y ray of 1.28 Mev 
in the decay of V®. These two independent results confirm the 
existence of the 1.29-Mev level in Cr®. 
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CONCLUSIONS 


Inelastically scattered proton spectra from the even- 
even isotopes Cr®®, Cr®*, and Cr have been observed 
at proton bombarding energies around 4.4 Mev. In 
each case only the inelastic proton group corresponding 
to the first excited state (2+) was of sufficient intensity 
to be observed. In the case of Cr®°, the second level is 
expected to occur at about 1.7 to 1.9 Mev." No inelastic 
group was seen in this region with an intensity greater 
than 5% of the intensity of the first excited state group. 
In the case of Cr®, the second level is known to be at 
2.368 Mev.® The intensity of an inelastic group corre- 
sponding to this level was less than 6% of the intensity 
of the first excited state group at E,=4.47 Mev. Ata 
higher bombarding energy of 6.5 Mev (@=90°) the 
intensity of the second excited state group Cr®(2) 
has been found to be about 8% of the intensity of the 
first excited state group.*® 

The spin and parity of the second level of Cr® is 
known to be 4+.'* One possible explanation for the 
fact that the intensity of the Cr*°(pp’) group corre- 
sponding to the second level of Cr® was not sufficient 
to be observed is that the spin of the second level of 
Cr must also be 4+. A study of the energy and spin 
systematics of the second levels for even-even nuclei in 
this region indicates that it is likely that all even-even 
nuclei with neutron number 22< NV <30 have second 
levels with 44+ (with the possible exception of the 
doubly magic nucleus Ca**). 


ROTHMAN, AND MANDEVILLE 


In the case of Cr*, the yield of the first excited state 
group Cr(1) was very low, evidently due to the com- 
petition of neutron emission. On the basis of the results 
for Cr and Cr®, no other inelastic groups would have 
been expected to be observed. Considerations concerning 
the level scheme of Cr* indicates that the second level 
is probably that found at 1.83 Mev from the V*(8-) 
decay," which is likely a 4+ level. 

In a previous investigation of inelastic proton 
scattering from natural zinc,’ an inelastic proton group 
was observed with Q= —1.80 Mev, which at that time 
could not be assigned to a particular zinc isotope. This 
group can now be assigned to the second level of 
Zn™ at 1.799+0.005 Mev, on the basis of Sinclair’s 
measurements® of gamma rays from inelastic neutron 
scattering of enriched zinc isotopes. At E,=4.66 
(@=91.4°) the intensity of this group Zn™(2) was found 
to be 234+5% of the intensity of the Zn™(1) group. The 
enhancement of the intensity of the second excited 
state group (as compared with Cr or Cr**) can be 
understood if the second level of Zn®™ is 2+, rather than 
4+. Of course one cannot rule out the possibility that 
the relative intensities of the inelastic proton groups 
may vary widely from one resonance to another. 
These observations have led to a study of the energy 
and spin systematics of the second levels of even-even 
nuclei in this region," which indicates that it is likely 
that all even-even nuclei with neutron number 
32 <N <50 have second levels with spin 2+ (omitting 
the low-lying 0+ states in Ge” and Ge”). 
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Differential cross sections for the elastic scattering of protons by N“ have been measured for proton 


energies between 1.0 and 4.1 Mev at center-of-mass scattering angles of 90.0° and 168.1°. 


Above 3.5 Mev 


the study was extended to four additional angles, 140.8°, 125.3°, 54.7°, and 39.2°, to provide information 
on a broad resonance near 3.9 Mev and a narrower resonance at 3.980 Mev. These two resonances also 
exhibit a measurable width for inelastic scattering to the first excited state of N“ at 2.31 Mev. All measure- 
ments were made with a differentially-pumped scattering chamber containing natural nitrogen gas. The 
probable error in the cross section is estimated at 3%; the energies of the incident protons were determined 
to +3 kev. The data were analyzed to provide information on the resonance energies E, and total widths I’. 
Evidence was found for a previously unreported level with E,= 2.535 Mev, [1.8 kev. From an investiga- 
tion of the elastic and inelastic scattering data in the region of the level at 3.9 Mev it is concluded that the 
resonance is due to d-wave formation of a state of O8 having spin and parity $*, with E,=3.878+0.008 


Mev, l'=85+8 kev, I';=7 kev. 


I, INTRODUCTION 


HE elastic scattering of protons by N™ has been 

studied prior to 1956 by several different investi- 
gators for proton energies ranging from 1.0 to 2.9 
Mev.!? Recently a rather comprehensive study was 
completed at Minnesota’ in which differential cross 
sections were measured for five angles of scattering for 
protons with energy between 1.5 and 3.5 Mev. 

A similar experiment was in progress at Duke* when 
the Minnesota results were first reported. Differential 
cross sections have been measured for proton energies 
between 1.5 and 4.1 Mev at the center-of-mass scatter- 
ing angles of 167.8° and 90.0°. Above 3.5 Mev the study 
was extended to four additional angles to provide in- 
formation on a broad resonance near 3.9 Mev,* about 
which little was known. In the region of overlap be- 
tween the two studies, advantage has been taken of a 
precision electrostatic analyzer and thin gas targets to 
obtain a more accurate determination of proton energies 
and better energy resolution than was obtained in the 
Minnesota investigation. The data for 167.8° extend 
the cross section measurenients to a larger scattering 
angle than has been studied previously. At this angle 
a rather comprehensive search for previously unreported 
resonance structure was made. 

The cross sections for inelastic scattering to the 2.31- 
Mev level of N“ were also studied for incident proton 
energies above 3.0 Mev. Two resonances were observed 
at about 3.88 and 3.98 Mev. The existence of the corre- 
sponding levels in O"8 has been reported recently from 


ie by the U. S. Atomic Energy Commission. 
1G. W. Tautfest and S. Rubin, Phys. Rev. 103, 196 (1956). 

2 Ferguson, Clark, Gove, and Sample, Preliminary Report 
PD-261, Atomic Energy of Canada Limited, Chalk River Project, 
1956 (unpublished). 

* Bolmgren, Freier, Likely, and Famularo, Bull. Am. Phys. 
Soc. Ser. IT, i, 339 (1956) and Phys. Rev. 105, 210 (1956). 

( a Vorona, and Lewis, Bull. Am. Phys. Soc. Ser. II, 1, 51 
1957). 

5 Bashkin, Carlson, and Jacobs, Bull. Am. Phys. Soc. Ser. II, 1, 
212 (1956), and Douglas, Carlson, Bashkin, and Broude, Bull. Am. 
Phys. Soc. Ser. IT, 3, 198 (1958). 


Oak Ridge® from a study of the gamma rays resulting 
from inelastic scattering. 

The elastic and inelastic scattering cross sections 
have been analyzed to determine the resonance energies 
and total widths of the resonances observed in the 
cross section data. A recent report by Hagedorn et al.’ 
presents a detailed analysis of the four resonances 
below 2.0 Mev, and contains also references to the 
results of earlier investigations. Duncan and Perry,*® 
from a study of N"(p,7)O" have reported widths and 
resonance energies for the resonances observed in the 
capture cross section. However, for several of the higher- 
lying resonances observed in the elastic scattering cross 
sections, these parameters were either not known, or the 
values given involved relatively large uncertainties. 
In the present work it has been possible to determine 
these parameters, for most cases, with considerable 
accuracy. 


II. EXPERIMENTAL PROCEDURE 


A differentially-pumped scattering chamber con- 
taining natural nitrogen gas as the target was used for 
the measurement of the absolute’ differential cross 
sections. The angular spread and the size of the proton 
beam were defined by two 0.16-cm apertures located 
at a separation of 40 cm in the body of this tube. The 
number of protons incident upon the target volume 
during a given bonbardment was determined with a 
standard current integrator connected to a collector 
cup, which was isolated from the main chamber by a 
0.5-u nickel foil and kept at a vacuum of the order of 
10-* mm Hg by an oil diffusion pump. The detector was 
a thin (~0.03mm) CsI crystal coupled to a 6292 
photomultiplier. A precision slit system defined the 
effective target volume and also the acceptance solid 
angle of the detector. The chamber pressure was 


as on” Cohn, Kington, and Willard, Phys. Rev. 104, 1595 
6). 

? Hagedorn, Mozer, Webb, Fowler, and Lauritsen, Phys. Rev. 
105, 219 (1956). 

*D. B. Duncan and J. E. Perry, Phys. Rev. 82, 809 (1951). 
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_ Fic. 1. Differential cross sections for the elastic scattering of protons from N™ as a function of incident proton energy for the scatter- 
ing angles of 168.1° and 90.0°. Cross sections and angles are given in the center-of-mass system, proton energies in the laboratory 


system of coordinates. 


regulated by a needle valve located in the nitrogen 
input line and was measured with an oil-filled U-tube 
manometer and two travelling microscopes. The deter- 
minations of the geometry of the chamber, the pressure 
of the target gas, and the elastic scattering counting 
rates were carried out to an accuracy calculated to yield 
values for the elastic cross sections with a maximum 
possible error of less than 3%, exclusive of counting 
statistics. The scattering angles were measured to 
within +0.05°. The energy determination of the proton 
beam from the Van de Graaff accelerator was made 
with a cylindrical electrostatic analyzer, set for an 
energy resolution of 0.1%. The net spread in energy 
introduced by the finite thickness of the target and 
straggling effects due to the energy loss in the chamber 
gas was of the order of 1 kev for 2-Mev protons. 

The target gas was ordinary tank nitrogen supplied 
by National Welders Supply. Mass spectroscopic 
analysis of a sample of this gas indicated a purity of 
better than 99.3% No contaminant, other than 0.37% 
N", was present in any amount greater than 0.1%. 

The energy resolution of the CsI detector was of the 
order of 10% for 2-3 Mev protons. Examination of the 
pulse-height data showed the spectra to be quite clean 
in the region of the elastically scattered group; how- 
ever, a slight background was present in the region of 
the inelastically scattered group. It was thought that 
this was due primarily to slit-edge scattering; the 


extreme thinness of the crystal rendered it almost 
insensitive to gamma rays. For measurement of the 
elastic scattering counting rates an integral discrimi- 
nator was set just below the elastic group. For deter- 
mination of the inelastic scattering counting rates, a 
ten-channel analyzer was set to scan the proton spec- 
trum; appropriate background corrections were then 
made. The over-all probable errors involved in the 
determination of the absolute differential cross sections 
are 3% for the elastic cross sections and 7% for the 
inelastic cross sections. 

Figure 1 shows the differential cross section for 
elastic scattering as a function of incident proton 
energy for two angles of scattering, 90.0° and 168.1° 
in the center-of-mass system. At the larger angle the 
region between 2.0 and 4.1 Mev was covered in steps 
of 4 kev or less in a systematic search for resonances. 
The absolute energy scale was calibrated by mounting 
a lithium target inside the chamber on a rotating arm 
in such a way that it could be positioned at the center 
of the chamber when desired. Measurement of the 
Li’(p,n)Be’ threshold at 1.882 Mev, first with no gas 
in the chamber and then with a typical operating 
pressure, served both to calibrate the electrostatic 
analyzer and to provide a direct measurement of the 
stopping power of the target gas. At other proton 
energies the stopping power of the gas was determined 
by observing the apparent shift of a resonance as the 





ELASTIC AND INELASTIC SCATTERING OF PROTONS 


gas pressure was changed. The absolute energies over 
the range from 1.50 to 4.1 Mev are in error by no more 
than 3 kev at any point. 

Some additional data obtained for the resonance 
structure above 3.5 Mev are shown in Fig. 2. The 
angles chosen are those for which the various Legendre 
polynomials vanish. Only the region above 3.6 Mev 
is shown in Fig. 2. For all but one of the angles the 
study was extended down to 3.3 Mev to tie in with the 
data of the Minnesota group.’ The agreement in the 
region of overlap is within the quoted limits of error 
for the two sets of data. 

Figure 3 shows the cross sections for elastic and 
inelastic scattering at 168.1° in the region of the broad 
resonance near 3.9 Mev. The angular distribution of 
the inelastically scattered protons, obtained at the peak 
of the inelastic resonance, is shown in Fig. 4. The data 
have been fitted with a distribution of the form 


o;(0)=5.15(1—0.27 cos@) millibarns. 


The data extend forward only to 6=70°; at smaller 
scattering angles the energy resolution of the detector 
was not high enough to separate the proton group 
corresponding to inelastic scattering from N™ from a 
rather weak group corresponding to elastic scattering 
from hydrogen, which was present in the target gas 
as a hydrocarbon contaminant. However, the pulse 
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Fic. 2. Center-of-mass differential cross sections for N“(~,p)N™ 
for proton energies above 3.6 Mev. Shown here are the results of 
the cross section measurements for scattering angles of 140.8°, 
| id 54.7°, and 39.2°; the data for 168.1° and 90.0° are also 
own. 
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Fic. 3. Center-of-mass cross sections for N“(p,p)N™ and 
N"(p,p’)N™*, The lower curve shows the differential cross sections 
(increased by a factor of 30) for inelastic scattering to the first 
excited state of N“ at 2.31-Mev. The elastic scattering cross 
sections in this region of proton energy are also shown to permit a 
comparison of the resonance structure observed in the two curves. 


height spectra obtained with the ten-channel analyzer 
were examined carefully and appropriate background 
corrections were made, resulting in the cross sections 
and probable errors shown. 


III. DISCUSSION OF RESULTS 


The following analysis was carried out to provide in- 
formation on the resonance energies E, and the total 
widths TI’ of the various resonance levels observed in 
the cross section data. Special consideration has been 
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Fic. 4. Differential cross sections for inelastic scattering from 
N* versus angle of scattering for E,=3.88 Mev. Cross sections 
and angles are given in the center-of-mass system. The energy 
chosen for this study corresponds to the peak cross section ob- 
served in the inelastic cross section curve of Fig. 3. The angular 
dependence of the cross section has been fitted with the expression 
o;(@)=5.15(1—0.27 cos*@) millibarns. 
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TaBLE I. Resonance parameters of excited states of O°. 
Columns 1 and 2 give the resonance energies E, and total widths 
T as obtained from the present analysis of N“(p,p)N™ and 
N*(p,’)N™"_ Columns 3 and 4 present a summary of the values 
obtained from other sources.*~4 








Summary from literature 
E, (Mev) r (kev) 


1.054+0.003 $+1° 
1.544+ 0.006 34+4* 
1.737+0.004 4+1* 
1.799+0.005 4+1* 
2.356+0.008 14+4> 


2.489+0.007 


Present work 
E, (Mev) I (kev) 


1.061+0.005 6+1.5 
1.550+0.005 

1.744+0.003 
1.804+0.003 
2.349+0.003 

2.38 +0.05 

2.478+0.004 
2.5350.003 
3.192+0.003 





11+3> 
3.20 +0.01 


3.910+0.008 
4.000+ 0.008 


3.980+.0.010 








® See reference 7. 
> See reference 8. 
* See reference 3. 
4 See reference 6. 


given to the analysis of the broad resonance near 
3.9 Mev, for which it has been possible to determine 
also the angular momenta involved in the scattering 
process. 

The general procedure of this analysis, which is 
essentially a “resonance phase-shift analysis” has been 
discussed previously.’ It has been shown that in the 
region of a given resonance the dependence of the 
differential cross section upon the particular resonance 
phase shift may be written in the form 


o(E,0)=*{ A (E,0)+ B(E,#) sin*[8+é(@) ]}, (1) 


where 4? is the reduced proton wavelength, 8 is the 
resonance phase shift, and £(@) is a constant phase 
shift. If the resonance is isolated, and not too broad, 
one may make the approximation that A(E,#) and 
B(E,@) are independent of energy, and the above 
expression may be fitted to the experimental data to 
yield the energy dependence of the quantity 6+&(@). 
Fitting this with the Breit-Wigner expression 


r,/2 r/2 
B=are tan(—~—_ are tan( ) (2) 
E,+A,—E E,—E 


yields a set of best values for the resonance parameters 
E, and I’, and also for the constant &. For the narrow 
resonances the effects of ignoring the energy variation 
of I, and Ay are small. However, for the broad levels 
(of the order of 100 kev or more) it was necessary to 
consider the effects of these variations, if only in an 
approximate manner. 

If the resonance is mot isolated, or if the resonance 
is quite broad, the procedure is essentially the same; 
however, the energy variations of A(£,6) and B(E,#) 
must then be taken into account. The energy variation 
of A (E,0) is due primarily to the energy variation in the 


® W. Haeberli, Phys. Rev. 99, 640(A) (1955). 
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nonresonance contributions to the cross section, and 
may be determined approximately from the general 
behavior of the cross section in the region off-resonance. 
B(E,®) is proportional to the square of the resonance 
scattering amplitude, which goes as I’,/T’. If the reso- 
nance is relatively narrow, or if the reaction width is 
zero ('.=I’) this variation is expected to be negligible. 

The results of this analysis are presented in Table I. 
A summary of the results of other investigations is also 
given for the purpose ef comparison. In general, the 
agreement between the present assignments and earlier 
ones is good. With reference to the slight disagreement 
in total widths as obtained for the four lower resonances, 
it is pointed out that the results of the present investiga- 
tion agree more closely with the earlier results published 
by Duncan and Perry.* 

In the analysis of the various resonance data, it was 
necessary to give special consideration to those narrow 
resonances for which the experimental energy resolution 
was not sufficiently good to determine the true reso- 
nance shape. The apparent energy dependence of the 
resonance phase shift, as obtained from Eq. (1), is 
influenced most strongly in the region close to the 
resonance energy, to an extent determined by the 
relative magnitudes of the resonance width and the 
energy spread of the incident proton beam. The value 
of E, may still be obtained with no difficulty. In at- 
tempting to obtain reasonable values for I’, the follow- 
ing procedures were applied : (1) The energy dependence 
of the extracted phase shift 6 was fitted in the region 
where 6 varies only slowly with energy, and hence where 
the effects of the limited energy resolution are small. 
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Fic. 5. Phase-shift analysis of 1.550-Mev resonance. Experi- 
mental cross sections are shown in the upper plot. The energy 
dependence of the resonance phase shift 8 is shown in the lower 
plot. The dots give the values of (8+) as extracted directly from 
the experimental data. The solid curve is the single-level de- 
pendence calculated for the resonance parameters given. 
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(2) The energy dependence of 6 was examined at 
resonance, taking into account directly the effects of 
the experimental resolution. Since the energy spread of 
the incident proton beam had been quite well deter- 
mined this method could be applied with fairly high 
accuracy. 

For the resonance having total widths of less than 10 
kev both of the above procedures were applied in the 
determination of I’; the results were found to agree 
quite well. 

The resonances at 1.061, 1.550, 1.744, 1.804, and 
3.192 -Mev are reasonably well isolated, and the analysis 
involved no complications. The resonance at 1.550 Mev 
has been chosen as an illustration of the method. The 
results are shown in Fig. 5. The upper curve shows 
the experimental cross sections, the lower curve shows 
the values of (8+£) extracted from these data by 
means of Eq. (1). These points have been fitted with the 
Breit-Wigner dependence for 8 given by Eq. (2) to 
yield a set of best values for the resonance energy E, 
and the total width I’. The results give E,=1.550 Mev, 
I'=35 kev, in very good agreement with the results 
reported by Hagedorn et al.” 

For the resonances at 2.349 and 2.478 Mev the 
energy variation in A(E,6) was estimated from the 
cross-section behavior in the region off-resonance; 
this variation was due primarily to the broad 
resonance at 2.38 Mev, and could be determined 
rather well. The variation in B(E,6) was neglected, 
since the resonances are relatively narrow. The analysis 
outlined above was applied to the data for both 168.1° 
and 90.0°; a comparison of the results, which agree 
within the error limits given in Table I, would seem to 
indicate that this procedure is valid. The analysis of the 
resonance at 2.535 Mev was quite similar; however, in 
this case it was necessary to take into account the 
effects of the experimental resolution, which are rather 
severe. Since for this resonance the total width is of 
the same order as the energy spread of the incident 
proton beam, the uncertainties involved in correcting 
for this spread introduce relatively large uncertainties 
into the evaluation of I’. 

For the broad resonance at 2.38 Mev, values of E, 
and I’ were obtained to yield a phase shift having the 
proper slope at resonance. The total width is related to 
this slope by ['=2(d8/dE)-", evaluated at resonance. 
The reasons for this approach are evident from Eqs. (1) 
and (2). In the region far from resonance, the energy 
dependence of the phase shift § is influenced strongly 
by variations in both [', and A,; however, in the region 
close to E,, the main variation in @ is due to the varia- 
tion in the proton energy Z. Further, the errors intro- 
duced into the analysis by neglecting the energy varia- 
tions in A(#,0) and B(E,@) are reduced under this 
treatment. Again, the results for 168.1° and 90.0° were 
compared to yield the values given in Table I. The 
existence of the corresponding level in O” has been 
reported from other investigations. From considerations 
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of the hard-sphere scattering phase shifts in this region 
of proton energy it has been suggested” that the anoma- 
lous behavior of the cross section is due to formation 
of a broad J*=}4+ level at about 2.5 Mev. However, 
no accurate determinations of its width and resonance 
energy have been reported. The above analysis can be 
expected to yield a reasonably accurate determination 
of these parameters. Although the ultimate justifica- 
tion of these assignments rests with the complete phase- 
shift analysis in this region of proton energy, the 
knowledge of these parameters may prove useful in 
performing such an analysis. It should perhaps be 
pointed out that the above procedure, when applied to 
the analysis of broad resonances in S*(p,p)S*," was 
found to give good agreement with the results of a more 
detailed phase shift analysis. 

Investigation of the anomaly in the region of 3.4 Mev 
indicates that the observed variation involves two, or 
possibly more, resonance levels. Additional data ob- 
tained at the remaining angles of scattering support 
this conclusion. The energy variation of the extracted 
phase shifts show a single-level variation up to about 
3.44 Mev, and then exhibits a break which appears at 
all angles. The curve can be fitted reasonably well at 
the lower energies assuming a level at E-= 3.395 Mev, 
with a width T=50 kev. Evidence is also found for a 
somewhat narrower level with E,3.44 Mev. These 
conclusions are quite tentative. 

The analysis of the broad resonance in the region of 
3.9 Mev was complicated by the fact that for this case 
the partial inelastic width is not zero, and varies rather 
strongly with energy. In attempting an analysis, one 
must therefore estimate the energy dependence of 
B(E,@), which is given approximately by B(£,6) 
=(I./T)?B(@). For this case T=I.4+T;, and it is 
apparent from Figs. 2 and 3 that I; is considerably 
smaller than I’,; therefore, as a first approximation, the 
phase-shift analysis was carried out assuming that 
l'.=l'=constant. The results obtained for the six angles 
of scattering agree quite well, yielding E,= 3.865 Mev, 
I'=85 kev. The variation between the values obtained 
for the different angles was about +7 kev for EZ, and 
+5 kev for I’. However, consideration of Eq. (1) 
suggests that the values for Z, obtained in this way are 
quite likely to be lower than the true values. 

To complete the analysis, one must turn to the 
examination of the inelastic scattering data of Figs. 
3 and 4. The observed anisotropy of the inelastic 
protons indicates that the resonance level of O' has 
total angular momentum J2} and the inelastically 
scattered proton has orbital angular momentum /’> 1. 
The expression for the total inelastic cross section is 
given by 

A ne, rT; 


~ (as1)(20-+1) (E,— E+ (0/2)” 





1 A, J. Ferguson, Bull. Am. Phys. Soc. Ser. II 3, 26 (1958). 
uJ. W. Olness, Ph.D. thesis, Duke University (to be published). 
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TABLE IT. Resonance parameters calculated for various possible 
assignments for 3.878-Mev resonance. Column 1 lists the various 
possible assignments of spin and parity for the level at E,=3.878 
Mev; columns 2 and 3 give the corresponding allowed values for 
the orbital angular momentum of the incident proton and the 
inelastically scattered proton, respectively. Column 4 gives the 
partial inelastic widths calculated from the data for these assign- 
ments. The maximum allowed widths, corresponding to a reduced 
inelastic width representing the full Wigner limit, are shown in 
column 5 for comparison. 
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where s=} is the spin of the proton, and J=1 is the 
spin of the target nucleus. The experimental value for 
the peak inelastic cross section was determined from 
the angular distribution measurements to be 58.8+-4.1 
millibarns. (This figure is in good agreement with the 
total inelastic cross section calculated from the pub- 
lished data of the Oak Ridge group.*) With this value 
for o;, Eq. (3) was used to calculate the inelastic widths 
corresponding to the various possible assignments for J. 
The results are shown in Table IT. Also shown, for 
each of the possible assignments of spin and parity, J* 
are the allowed values for / and /’, the orbital angular 
momentum of the incoming proton and the inelastically 
scattered proton, respectively. The maximum obtain- 
able width, assuming a reduced inelastic width repre- 
senting the full Wigner limit (given by yw*=3h?/2ma), 
is also given. The value used for the nuclear radius was 
that given by a= 1.45X10~"(A!+1) cm. With reference 
to Table II, the assignments involving /’/23 can be 
immediately ruled out, since the calculated partial 
widths exceed the Wigner limit by a factor of roughly 
2 or more. One is thus left with the possible assignments 
Jr=%,V=1; J*=F#, '=2; or Jt*=F#, U=2. 

A reconsideration of the elastic scattering data of 
Fig. 2 results in the assignment of $* for the level of 
O'. The possibilities for either a $~ or a $+ assignment 
can be ruled out on the basis of the observed scattering 
amplitude for 168.1°, which is considerably larger than 
one would obtain for a resonance with J= 3. With 
respect to the $~ assignment, which may involve only 
/=1 or 3, the observed variation of the resonance 
scattering amplitude with angle of scattering does not 
seem to agree with either pure p-wave formation, or 
pure f-wave formation, nor would an admixture of the 
two give the proper variation for most angles of scatter- 
ing. Again, the amplitudes for s- and/or d-wave forma- 
tion of a $* level are consistently smaller than those 
observed. 
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Conversely, the general angular dependence of the 
scattering amplitude obtained for pure d-wave forma- 
tion of a $+ state would seem to fit the data reasonably 
well. If one assumes further that the nonresonance con- 
tributions to the cross section in this region of proton 
energy are primarily p-wave and s-wave, the observed 
asymmetries are also in qualitative agreement with 
that expected for a d-wave resonance. 

The analysis of the inelastic scattering data, taking 
into account the energy variation of I’;, yields the values 
E,=3.885+0.008 Mev, [=85+10 kev, [';=7 kev. For 
this assignment (/’=2) the calculated inelastic width 
varies in magnitude by a factor of two over the 200-kev 
interval near resonance; the energy dependence of the 
differential cross section exhibits an asymmetry which 
matches rather closely that of the experimental data. 
A reconsideration of the analysis of the elastic scatter- 
ing data, taking into account the energy variation in T’;, 
results in the values E,=3.870+0.010 Mev, T=85+8 
kev. The overlap between the results of the analysis 
of the two sets of data is not large; however, it is 
expected that the analysis of the elastic scattering data 
yields a value for E. too low, while the inelastic scatter- 
ing analysis yields a value too high. 

Not much can be said about the resonance at 3.980 
Mev. The resonance appears only weakly in the elastic 
scattering curves. The inelastic cross section is so small 
that it was not considered feasible to attempt a detailed 
study of this resonance with the gas scattering chamber 
since one is limited by the capacity of the differential 
pumping system to relatively thin targets. However, 
upon correlating the results obtained here with those 
of the gamma-ray study,® it is concluded that the 
resonance most probably involves J 2 3, /’21, and that 
cass 

The inelastic scattering data lends additional support 
to the assignment of 0* for the spin and parity of the 
2.31-Mev excited state of N“. The angular distribution 
of the gamma rays at both the 3.878-Mev and 3.980- 
Mev resonances has been found to be isotropic.® Ignor- 
ing the possibility that this may be entirely accidental, 
the observation that the corresponding inelastic proton 
angular distribution is not isotropic rules out all possi- 
bilities other than J = 0. It has been assumed throughout 
the above work that the 0* assignment is correct. 
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The relatively high comparative half-lives of the low-energy, inner beta-ray group of Ag"! and the inner 
group of Rb* suggest that their spectra may have nonstatistical shapes. The spectra were investigated 
with a 4 beta-ray scintillation spectrometer which had been adapted for beta-gamma coincidence studies. 
Both spectra are found to exhibit nonstatistical shapes. 


INTRODUCTION 


HE low-energy, inner beta-ray group in Ag™ and 
the inner beta-ray group in Rb**, which are 
classified as once-forbidden, nonunique transitions, each 
have a logft value of 7.9. This value is relatively high 
for transitions in this class of forbiddenness.' This 
suggests that there may be destructive interference 
occurring between the radiations generated by the 
nuclear matrix elements. Because of the usually domi- 
nant energy-independent terms in the once-forbidden, 
nonunique shape factor, most transitions in this class 
have been found to exhibit spectral distributions which 
are not measurably different from a statistical shape. If 
these energy-independent terms in the shape factor are 
sufficiently suppressed by the destructive interference, 
a nonstatistical shape may result. The low-energy, 
inner group of Ag!" and the inner group of Rb** have 
been investigated to determine if they have non- 
statistical shapes. 

Although present interest lies mainly in the study of 
the above mentioned groups, it is also of interest in the 
case of Ag" to examine the other beta-ray groups. Such 
a study provides a check of the decay scheme proposed 
for this isotope. 


EXPERIMENTAL 


The beta spectra were investigated with a 4x beta-ray 
scintillation spectrometer which had been adapted for 
beta-gamma coincidence studies. The spectrometer has 
been described in a previous paper.’ The 47-steradian 
geometry was obtained by sandwiching the source of 
activity between two cylindrical plastic phosphors which 
were each optically coupled to a 6292 Dumont photo- 
tube. The resolution of the instrument for the 624-kev 
internal-conversion electron line in Cs"? was 13 to 14%. 
The linearity of the relation between the observed pulse 
height and the beta-ray energy was checked in the 
energy region between 40 and 976 kev by the measure- 

¢ This work was supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission and 
by a grant from the Research Corporation. 

*Present address: Physics Division, Oak Ridge National 
Laboratory, Oak Ridge, Tennessee. 

1 The log/t values of most once-forbidden, nonunique transitions 
with spin change of 0 and 1 are centered around 6.5 and 7.5, re- 
acon” R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 


1954). 
2 R. L. Robinson and L. M. Langer, Phys. Rev. 109, 1255 (1958). 


ment of six internal-conversion electron lines. The 
capability of the instrument to measure both single and 
coincidence beta spectra was verified in the energy 
range from 36 kev to 1 Mev through the study of six 
known spectra. 

The source preparation was essentially the same for 
the silver and the rubidium isotopes. Each source was 
mounted on a 10-ug/cm? Zapon film. Insulin was used 
to aid in the uniform spreading of the source material® 
over an area of ~0.5 cm*. A 7-ug/cm? Zapon film was 
placed over the source. The mounted source was cen- 
tered on the face of one phosphor. The two phosphors 
were then brought into contact. 


Ag!!! 


The source material was obtained from the Oak Ridge 
National Laboratory where it was produced by slow- 
neutron irradiation of Pd"° and subsequent 22-minute 
decay of Pd™ to Ag’. The silver was separated from 
the palladium by means of an anion exchange procedure.‘ 

The decay scheme as proposed in earlier investiga- 
tions® is shown in Fig. 1. The energies, intensities, and 
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B, #90 @& 79 
R793 1% 88 


B, 1,044 














i ° 


Fic. 1. Decay scheme of Ag". The energies, intensities, 
and logft values are from tre present study. 


3L. M. Langer, Rev. Sci. Instr. 20, 216 (1949). 
( ee Winchester, and Coryell, Phys. Rev. 105, 1763 
1957). 
5 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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Fic. 2. Fermi-Kurie plot of the low-energy, inner beta spectrum of 
Ag"! measured in coincidence with the 340-kev gamma ray. 


comparative half-lives which are given in the figure are 
those found in the present study. 

The gamma spectrum of the silver isotope was studied 
with a Nal scintillation spectrometer. Photopeaks were 
observed at 247+5 and 340+7 kev. From the number 
of counts in the photopeaks, the gamma-ray counting 
rates were obtained by correcting for the efficiency of 
the Nal crystal,® for the photofractions,’ for the absorp- 
tion in }-inch Lucite (used to prevent beta rays from 
reaching the Nal crystal) and in the canister in which 
the crystal is packaged, and for the solid angle at the 
source subtended by the Nal crystal. The gamma-ray 
intensities were obtained from the comparison of the 
corrected gamma-ray counting rates with the total 
beta-ray counting rate which was measured for the 
same source with the 47 scintillation spectrometer. The 
intensities are 1.0+-0.5% and 6.041.5% of the total 
decays for the 247— and 340-kev gamma rays, re- 
spectively. Since the internal conversion coefficients 
are small,*.* these intensities are approximately the in- 
tensities of the two inner beta-ray groups. 

To observe the low-energy, inner beta-ray group 
separately, the beta rays in coincidence with the 340- 
kev gamma-ray photopeak were recorded. Three runs 
were made over a period of eleven days (approximately 
one and a half half-lives of Ag"). The masses of the three 
sources differed by a factor of approximately seven. 
For two runs, the resolving time of the coincidence 
circuit was 0.9 usec; for the third run the resolving 
time was 0.4yusec. Chance counts and background 
counts were subtracted. Corrections for decay and for 
finite resolution were applied.” The corrections other 
than the decay correction were small. For example, in 
the third run the real to chance ratio was greater than 
400, the resolution correction was less than 1%, and 

*P.R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by K. 
Siegbahn (Interscience Publishers, Inc., New York, 1955), Chap. 5. 

7M. J. Berger and J. Doggett, Rev. Sci. Instr. 27, 269 (1956). 

8S. Johansson, Phys. Rev. 79, 896 (1950). 

*C. L. McGinnis, Phys. Rev. 81, 734 (1951). 


10 J. P. Palmer and L. J. Laslett, U. S. Atomic Energy Com- 
mission, Bulletin ISC-174, 1950 (unpublished). 
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the background correction was less than 0.5% for more 
than half of the points. The maximum decay correction 
for this run was 9.7%. Also for more than half of the 
points, the mean statistical error was less than 3%. 

No difference was observed in the spectrum shape 
obtained in the three runs. Fermi-Kurie plots of the 
data exhibit nonlinear shapes. The end-point energies, 
as determined by visual fitting of the best curve to each 
of the three Fermi-Kurie plots, are 687, 693, and 690 
kev. Our best estimate of the end point is 690+ 13 kev. 

To minimize the mean statistical error, the experi- 
mental data of the three runs were combined. The data 
were normalized in the energy range of 87 to 613 kev. 
The Fermi-Kurie plot of the combined data is shown in 
Fig. 2. 

A sensitive method of distinguishing spectrum shapes 
is to plot the experimental shape factor C against the 
relativistic energy W of the electron. C is given by the 
quantity V(W)/nWF(W,»—W)?*, where 7 is the rela- 
tivistic momentum of the electron, F is the Coulomb 
function, and W» is the maximum energy of the beta 
spectrum. For a spectrum with a statistical shape, such 
a plot is a straight line parallel to the energy axis. A plot 
of the experimental shape factor of the transition in 
Ag"! (Fig. 3) indicates clearly its nonstatistical shape. 
The shape factor decreases 17% between 80 kev and 
600 kev. The error flags in the figure represent the mean 
statistical errors. 

The second inner beta-ray group in Ag"! was ob- 
served by recording the beta rays in coincidence with 
gamma rays whose energies fell between 220 and 280 
kev. The average end-point energy of three such coin- 
cidence runs is 793+ 15 kev. Unfortunately, the gamma- 
ray energy interval between 220 and 280 kev included 
not only the photopeak of the 247-kev gamma ray, but 
also the low-energy side of the 340-kev gamma-ray 
photopeak and Compton electrons produced by scat- 
tered 340-kev gamma rays. Thus, some beta rays from 
the 690-kev group were also recorded. In some in- 
stances, the energy of a Compton electron produced 
by a 340-kev gamma ray which was scattered in a plastic 
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Fic, 3. Experimental shape factor of the low-energy, 
inner beta spectrum of Ag". 
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phosphor as well as in the Nal crystal would be added 
to the energy of a beta ray from the 690-kev transition. 
The resultant spectrum is therefore distorted. Because 
of this distortion, it is not possible to determine whether 
or not the spectrum has a once-forbidden, unique shape, 
as the spin and parity assignments indicate. 

The total spectrum of Ag" was also observed. The 
maximum energy is 1044+ 20 kev. To check the decay 
scheme, the end-pojnt energy of each inner group was 
added to the energy of its coincident gamma ray. The 
two sums are 1030+20 kev and 1040+20 kev. The 
agreement between these two sums and the maximum 
energy of the ground-state transition indicates that 
both gamma rays terminate at the ground state. This 
is consistent with the earlier reported decay scheme.°® 


Rb* 


The one known inner beta-ray group of Rb** decays 
from a 2— level’! to a suggested 2+ level” in Sr*. 
The intensity of this group, as reported by Lyon and 
Strain," is 9%. 

A number of investigations”-'*~!* have been made of 
the inner beta-ray transition. The experimental! measure- 
ments of the spectrum shape are not in agreement for 
energies less than 230 kev. However, the sources used 
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Fic. 4. Fermi-Kurie plot of the inner beta spectrum of Rb**, 
measured in coincidence with the 1.08-Mev gamma ray. 
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Fic. 5. Experimental shape factor of the 
inner beta spectrum of Rb*. 


in previous studies were relatively thick (~0.1 mg/cm’ 
to ~2 mg/cm’). This may explain the reported differ- 
ences in the observed spectrum shape. It seemed 
desirable to re-examine this spectrum with thin sources. 
The 47 beta-ray scintillation spectrometer is ideally 
suited for this. With its high transmission, it is possible 
to obtain reasonable coincidence counting rates with 
thin sources. 

The Rb* activity was obtained from the Oak Ridge 
National Laboratory where it had been produced by 
neutron irradiation of Rb**. The initial specific activity 
was given as 910mC/g. A gamma spectrum of the 
source material showed a photopeak at 1.084+0.020 
Mev. This agrees with the energy value of the gamma 
ray in Rb*® as measured by other investigators.’ The 
half-life of the activity, which was obtained from 
measurements made over a period of five months, is 
18.7+0.5 days. 

Two experimental runs were made of the inner beta- 
ray group. This group was observed separately by re- 
cording only those beta rays which were in coincidence 
with gamma rays in the energy region between 1.03 arid 
1.25 Mev. From the assay of the source material given 
by the Oak Ridge National Laboratory, the source 
thicknesses were estimated to be 0.8 and 1.7 ug/cm’if one 
assumes that source materia] was uniformly distributed. 
The maximum decay correction was 6%. The back- 
ground counts to total counts were less than 1%. For 
more than half of the points in both runs, the resolution 
corrections were less than 1%, the real to chance ratio 
was greater than 300, and the mean statistical errors 
were less than 3.5%. The Fermi-Kurie plots of the data 
appear linear for energies greater than 220 kev. Below 
220 kev, both plots show a similar deviation away from 
the energy axis. The end-point energies, which are 
determined by a least-squares fitting of all the experi- 
mental points above 220 kev, are 718 and 716 kev. The 
data of the two runs were normalized between the 
energies of 80 and 618 kev. The Fermi-Kurie plot of the 
combined normalized data is given in Fig. 4. The end- 
point energy is 717+14 kev (Wo=2.404moc*). At 100 
kev, the deviation from a linear Fermi-Kurie plot 
amounts to an increase of 9.3% in the counting rate. 
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A plot of the experimental shape factor of the com- 
bined data is shown in Fig. 5. The flags represent the 
mean statistical errors. For energies greater than 200 
kev, it is possible within the limit of error to fit the data 
with a straight line parallel to the energy axis. However, 
the data are also consistent with a nonconstant shape 
factor which is a continuous function of the energy. 

There are possible effects other than the 717-kev 
beta spectrum having a true nonstatistical shape which 
could give rise to the anomalous shape observed for 
energies less than 220 kev. Such effects are considered 
in the following paragraphs. 

The deviation from a linear Fermi-Kurie plot could 
be obtained if a beta-ray transition with an end-point 
energy of 220 kev were present in the coincidence 
spectrum. If such a group exists, its intensity is ~ 4.4% 
of the 717-kev beta-ray group. This was estimated by 
extrapolating the Fermi-Kurie plot to zero energy and 
by assuming that the 717-kev beta-ray group has an 
allowed shape. 

If such a 220-kev beta-ray transition were due to an 
impurity, the impurity must have a half-life similar to 
that of Rb**. Otherwise the two measurements made of 
the spectrum 22 days apart (more than one half-life 
of Rb**) would have different shapes. Within the experi- 
mental errors, no such difference was observed. Also, 
the linearity of the exponential decay curve, followed 
for eight half-lives, indicates that there were no impuri- 
ties with appreciably different half-lives. The impurity 
must also have a prompt gamma ray with an approxi- 
mate energy of 1.1 Mev in coincidence with the 220-kev 
beta-ray transition. No likely impurity which meets 
these requirements could be found. 

A second inner beta-ray group in Rb* with a maxi- 
mum energy of 220 kev could also be a source of the 
deviation. The group, in order to be measured, must be 
in coincidence with the 1.08-Mev gamma ray. In coin- 
cidence with both the beta-ray group and the 1.08-Mev 
gamma ray, there would then have to be a second 
gamma ray with an energy of 0.5 Mev. It was estimated 
that a gamma ray of this energy would have been 
detected in the study of the gamma spectrum if its 
intensity were 1% of the 1.08-Mev gamma-ray in- 
tensity. Such an intensity of this gamma ray is a factor 
of four or more too small to explain the deviation in the 
beta spectrum at low energy. The possibility that the 
0.5-Mev gamma ray is highly converted can also be 
eliminated. To obtain a reasonable coincidence counting 
rate, the gamma-ray transition must have a half-life of 
less than a few microseconds. This indicates that the 
transition must go by either dipole or quadrupole radia- 
tion.” From Rose’s tables,”® the internal conversion 
coefficients for such transitions are less than one percent. 

1S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. 13. 

” M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 


K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV. 
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The sources and source backings and covers were 
thin. They would not be expected to give any deviation 
down to the lowest energy measured (80 kev). It is 
unlikely that the deviation is because of an instrumental 
effect, since the experimental setup has been found to 
measure other beta spectra reliably. It therefore appears 
likely that the spectrum shape found for the inner group 
is real and may be a result of the forbiddenness of the 
transition. 


DISCUSSION 


If the nonstatistical shapes of the 690-kev beta-ray 
group in Ag"! and the 717-kev group in Rb* are real, 
the shapes should be explainable by the theory of beta 
decay. A theoretical shape factor for a once-forbidden, 
nonunique transition similar to that used by Plassmann 
and Langer™ in the fitting of the RaE spectrum was 
used in the present work to fit the nonstatistical shape 
of the inner group in Ag". For this shape factor it was 
assumed that only S and T interactions contribute. At 
the time this correction was applied, all experimental 
evidence was in agreement with S and T interactions. 
However, recent investigations*:** indicate that V and 
A are probably the correct interactions. This correction 
factor contains two parameters ¢ and x which depend on 
the ratio of nuclear matrix elements. The experimental 
shape factor with the end-point energy W o= 2.349mpc? is 
compared with the theoretical shape factor in Fig. 6. 
The uncertainty of the end-point energy of the spectrum 
is another parameter. A small change in the end-point 
energy changes the high-energy portion of the experi- 
mental shape factor appreciably. The limits placed on 
the error in the end point relative to the rest of the 
spectrum is +3%. The experimental shape factor with 
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Fic. 6. Theoretical fits (in terms of ST) to the experimental 
shape factor of the low-energy, inner beta spectrum of Ag"! 
(Wo=2.349m c?). Curves (b) and (c) are considered to be good 
fits. Curve (a) is the best fit with §=0. 


21E, A. Plassmann and L. M. Langer, Phys. Rev. 96, 1593 
(1954). 

2 Herrmannsfeldt, Maxson, Stihelin, and Allen, Phys. Rev. 
107, 641 (1957). 

% Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 
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end-point energies of the upper and lower limits 
(Wo=2.343moc? and Wo=2.355mpoc?) were also fitted 
with the theoretical shape factor. Figure 7 shows a-plot 
of the values of the parameters £ and x which give a 
theoretical shape factor in good agreement with the 
experimental shape factor whose end-point energy lies 
between these limits. From this figure it can be seen 
that there is a wide range in the values of these param- 
eters which will give good agreement between the 
theoretical and experimental! shape factors. 

It should be emphasized that even though good 
theoretical fits to the experimental shape are found when 
only S and T interactions are assumed to contribute, it 
does not necessarily mean that these are the correct 
interactions. It is likely that good fits could also be 
obtained when V and A are assumed to be the con- 
tributing interactions.” 

In the case of Rb**, since the spin change is zero, 
the theoretical shape factor required can be more 
complicated. There are more parameters which can 
be adjusted than in the theoretical shape factor applied 
to the transition in Ag". With the additional param- 
eters, it is very likely that a good theoretical fit of the 
experimental data can be found. The limits placed on 
the parameters in the shape factor which will give a good 
fit would probably be even less definitive than the 
limits obtained when fitting the 690-kev beta-ray group 
in Ag" because of the additional parameters. Thus, no 
attempt was made to fit the experimental shape factor of 
the inner group of Rb* with a theoretical shape factor. 

An empirical correction of the form (1+0/W) has 
been found to be necessary to linearize the Fermi-Kurie 
plots in the case of the allowed transitions Na”, P®, 
and In" and in the case of the once-forbidden, unique 
transition Y” after a once-forbidden, unique shape 
correction has been applied.?>-*’ All four spectra have 

% Note added in proof.—It is pointed out by T. Kotani and M. 
Ross [Phys. Rev. Letters 1, 140 (1958) ] that the shape factor for 
a nonunique once-forbidden transition may be written in the 
form 1+aW-+b/W, where a and 6 are constants which may be 
interpreted ultimately in terms of the correct interaction forms. 

26 Hamilton, Smith, and Langer (to be published). 

260, E. Johnson, Ph.D. dissertation, Indiana University; 1956 
(unpublished). 

27. M. Langer, Proceedings of the Rehovoth Conference on 


Nuclear Structure (North-Holland Publishing Company, Amster- 
dam, 1958), p. 437. 
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Fic. 7. Values of — and x which give theoretical (ST) shape 
factors in good agreement with the experimental shape factor of 
the low-energy, inner beta spectrum of Ag". 


nonstatistical shapes which cannot be explained by 
the present approximation of.the theory of beta decay. 
For 0.20<6<0.35, the empirical shape factor linearizes 
these Fermi-Kurie plots. 

It is possible that such a correction should be included 
in the theoretical shape factor for once-forbidden, non- 
unique transitions. This correction with 0.20<6<0.35 
has a large effect on the nonstatistical shapes of the 
690-kev beta spectrum in Ag"! and the 717-kev beta 
spectrum in Rb**. Indeed, with a larger value of 6 this 
empirical shape factor will reasonably fit the experi- 
mental shape factor. Such a fit to the experimental shape 
is obtained for the 690-kev beta-ray group in Ag™ with 
0.5<b<0.6 and for the 717-kev group in Rb* with 
0.4<b<0.6. 

Nevertheless, these fits for Ag’ and Rb** cannot be 
interpreted as evidence for the general applicability 
of the empirical factor (1+0/W), since for a once- 
forbidden, nonunique transition, an approximation for 
the theoretical shape factor might be expected to have 
an energy dependence of just that form. 
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Neutron Nonelastic Cross-Section Measurements on Carbon* 
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Neutron nonelastic cross sections for carbon have been measured over the energy range from 5.8 to 
12.9 Mev. The main features of the carbon nonelastic cross section as a function of neutron energy are a 
gradual rise from threshold (4.8 Mev) up to 7 Mev, a steep rise from 7 to 8 Mev, and an approximately 
constant value from 8 to 14 Mev. In the vicinity of sharp resonances in the total cross section, good cross- 
section determinations are difficult to obtain using present-day sphere transmission techniques. 





INTRODUCTION 


REVIOUSLY reported neutron nonelastic cross- 

section measurements at Livermore have included 
cross-section determinations for 23 elements at 14 Mev,? 
and measurements on a selected set of these elements in 
the energy ranges 7 to 14 Mev’ and 21 to 29 Mev.’ 
Conventional sphere transmission techniques were 
used.*:* All of these measurements were made in energy 
ranges where the total cross sections for the elements 
concerned vary smoothly with energy. In the case of 
carbon, however, the total cross section exhibits con- 
siderable structure in the 7- to 14-Mev range. When the 
bombarding energy coincides with a sharp peak in the 
total cross-section curve, two difficulties arise in the 
application of the sphere transmission technique: (1) 
The reciprocity theorem does not apply. (2) The shape 
of the elastic scattering angular distribution (probably) 
changes rapidly as a function of energy. 

The reciprocity theorem,‘ which states that the same 
transmission will be measured whether the scattering 
sphere is placed around the source of the detector, is 
invoked to justify the practice of doing the experiment 
with the sphere around the detector and then making 
corrections to the data as if the sphere were actually 
around the source. The proof of the reciprocity theorem 
is dependent on the assumption that the attenuation 
along the path of a neutron scattering through the 
spherical shell is independent of the direction in which 
the path is traversed. While this assumption is valid in 
most cases, it is not valid if the total cross section is 
drastically changed due to the energy loss incurred by 
the neutron during an elastic scattering event along the 
path. 

The shape of the elastic scattering cross section is 
necessary in order to apply accurate corrections to the 
data (see reference 1 for a discussion of the correction 
problem). If the shape of the angular distribution curve 
changes rapidly with energy, then an accurate correction 


* Work was performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 

2 Ball, MacGregor, and Booth, Phys. Rev. 110, 1392 (1958). 

3 MacGregor, Ball, and Booth, Phys. Rev. 111, 1155 (1958). 

4H. A. Bethe, Los Alamos Report LA-1428, 1952 (unpublished). 

5 Bethe, Beyster, and Carter, Los Alamos Report LA-1429, 
1955 (unpublished); J. Nuclear Energy 3, 207, 273 (1956); 
J. Nuclear Energy 4, 3, 147 (1957). 


problem would have to include this change. The only 
complete angular distribution measurements on carbon 
in the 4- to 14-Mev region that have been published are 
at 4.1,6 5,7 7,8 and 14 Mev.® Hence the data needed for 
accurate nonelastic cross-section determinations across 
the sharp carbon resonances do not exist at the present 
time. 


MEASUREMENTS 


Transmission measurements on carbon were made at 
a series of energies ranging from 5.8 to 12.9 Mev. 
Spherical shells 2 cm and 4 cm thick were used, and 
data were recorded at 10 detector biases simultaneously. 
(See reference 1 for a description of the experimental 
arrangement.) In Fig. 1 the transmission as a function of 
neutron energy is illustrated for the case of the 4-cm- 
thick carbon sphere used together with a detector bias 
of 71% of the incident neutron pulse height. The 5.8- 
Mev and 7.0-Mev transmission measurements are in 
regions where the total cross section does not contain a 
sharp resonance (the beam energy spread is ~0.2 Mev). 
Hence corrections can be applied to these data with 
some confidence. After all corrections have been made, 
we obtain the following values for the nonelastic cross 
section: at 5.8 Mev, o,2=0.12+0.03 barn; at 7.0 Mev, 
Onz=0.18+0.03 barn. The latter value is in good 
agreement with a measurement by Beyster and co- 
workers,® who obtained o,,=0.17+0.03 barn at 7 Mev. 

In the region between 5.8 and 7.0 Mev, the measured 
transmission takes a sharp dip, as seen in Fig. 1. If the 
correction factors remained approximately constant 
over this region, the dip would correspond to a rise in 
the nonelastic cross section. However, for reasons stated 
above, the reciprocity theorem breaks down in this 
region. In this particular case it has the effect of causing 
an overcorrection to the data. Furthermore, if the 6.3- 
Mev resonance in the total cross section is due mainly 
to a resonance in the elastic scattering cross section, 
then without a measurement of the shape of the elastic 
scattering cross section at precisely 6.3 Mev, the correc- 
tions. to be applied for elastic energy loss and multiple 


6M. Walt and J. Beyster, Phys. Rev. 98, 677 (1955). 

7R. W. Hill, Phys. Rev. 109, 2105 (1958). 

8 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 
( * Nakada, Anderson, Gardner, and Wong, Phys. Rev. 110, 1439 
1958). 
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Fic. 1. Neutron cross-section measurements on carbon, The 
sphere transmission data shown at the bottom were taken with a 
4-cm-thick carbon sphere and a detector biased at 71% of the 
initial neutron pulse height. The nonelastic cross-section measure- 
ments denoted by X are those of Beyster and co-workers [4 Mev, 
Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 (1955); 
7 Mev, reference 8]. The cross sections (present work) denoted by 
an open circle were obtained with a 4-cm-thick sphere, and the 
ones denoted by a solid circle were obtained with a 2-cm-thick 
sphere. The dashed peak and question mark show that the sphere 
transmission measurements in this region were inconclusive, 
although gamma-ray measurements [T. Bonner (unpublished) ] 
indicate the presence of a peak. The total cross sections are from 
a compilation (unpublished) by Peterson, Stoering, and Bratenahl 
of UCRL. 


scattering (see reference 1) cannot be determined. Under 
the assumption that the shape of the elastic scattering 
_ does not change across the resonance, we find that the 
nonelastic cross section at 6.3 Mev appears to be 0.4 
barn or less. However, this upper limit to o,. implies 
that the total elastic scattering cross section changes 
from 0.63 to 2.1 barns in going from 7.0 to 6.3 Mev. 
This in turn implies that the shape of the elastic 
scattering does change drastically. Hence our conclusion 
is that the present transmission measurements give 
little information about the value of o,, at 6.3 Mev. 
Nonelastic cross-section determinations at 8 Mev are 
also complicated by the sharp peak in the total cross- 
section curve (top curve in Fig. 1) at the same energy. 
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Neutrons that scatter through the carbon sphere lose 
13% of their energy on the average by elastic collisions. 
Thus a neutron that was initially 9 Mev will emerge as a 
7.8-Mev neutron, which puts it in an energy region with 
a radically different total cross section. The Monte 
Carlo problem we use is not elaborate enough to include 
such effects in detail. Thus the cross-section values 
around 8 Mev shown in Fig. 1 are not too accurate. 
Indeed, the scattering of the values obtained between 8 
and 9 Mev indicates the difficulties that were en- 
countered in trying to properly apply the correction 
problem. An estimate of the cross section is 0.5 barn at 
9 Mev and perhaps 0.4 barn at 8 Mev. The cross-section 
values shown at 11 Mev are also somewhat uncertain 
since it was necessary to interpolate between the (quite 
different) angular distribution shapes at 7 and 14 Mev. 
It is probable that the actual 11-Mev value is a few 
percent higher than the value 0.51 barn shown in Fig. 1. 
The value at 14.2 Mev—e,:=0.56+0.02 barn—is taken 
from reference 1. This measurement does not suffer 
from the difficulties mentioned above. In spite of the 
uncertainties connected with the cross-section values 
shown in Fig. 1, they are useful in illustrating the main 
features of the carbon nonelastic cross section as a 
function of energy: namely, a gradual rise from the 
4.8-Mev threshold up to 7 Mev, followed by a sharp rise 
between 7 and 8 Mev, and an approximately constant 
value between 8 and 14 Mev. Figure 2 of reference 3 
shows that the carbon nonelastic cross section above 
14 Mev gradually drops off, with a value at 29 Mev of 
0.45+0.04 barn. 


DISCUSSION 


The measurement of neutron nonelastic cross sections 
in the region of a sharp resonance such as the 6.3-Mev 
resonance in carbon is difficult to do accurately by 
means of the sphere transmission technique. Another, 
more direct, method of obtaining information about the 
shape of the carbon nonelastic cross section in this 
region is to look at the 4.43-Mev gamma-ray yield from 
inelastic scattering. Measurements by Bonner” show a 
pronounced gamma-ray peak at 6.3 Mev and a broad 
gamma-ray peak at 8 Mev. Since the rise in the nonelas- 
tic cross section between 7 and 8 Mev is due partly to 
the C!*(n,n’)3a breakup reaction, a 4.43-Mev gamma- 
ray measurement at energies above the breakup thresh- 
old (Q=7.3 Mev) will give only a part of the nonelastic 
cross section. 
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A search was made for an electron-positron pair transition from the 10.98-Mev 0~ state of O'* to the 0* 
ground state using the F"(p,2)O0"** reaction and an intermediate-image pair spectrometer. No 10.98-Mev 
pairs were observed with an intensity as great as 2X 10~ that of the 3.86 Mev M1 cascade gamma-ray from 
the 10.98-Mev to the 7.12-Mev 17 state. This result suggests a lower limit of r>210~ sec for the partial 


lifetime of a 10.98-Mev 0--0* pair transition. 


I. INTRODUCTION 


TRANSITION between two nuclear states with 

zero angular momenta and opposite parities can 
occur by the emission of an electron-positron pair only 
if there is a nonelectromagnetic coupling between 
nucleons and the pair field.'~* The detection of a 0-—0* 
pair transition would be of interest since it would give 
the strength of this coupling. 

In the light and medium weight nuclei there are only 
three bound states which are thought to have O~ spin 
and parity. They are the 6.89-Mev state of C"* the 
4.91-Mev state of N", and the 10.98-Mev state of O'*.® 
In all three cases the 0~ states decay predominantly by 
gamma-emission. 

The 10.98-Mev state of O° offers the best conditions 
for the detection of weak 0-—>0* pairs since the back- 
ground in the region of interest due to internal pairs 
from gamma-rays is expected to be very low. A search 
was therefore made for weak monopole pair transitions 
from the 10.98-Mev 0~ state of O'* to the 0* ground state 
using the F"(p,a)O'™* reaction and an intermediate- 
image pair spectrometer. The purpose was to measure, 
or place an upper limit on, the intensity of 10.98-Mev 
pairs relative to the intensity of the 3.86-Mev M1 
cascade gamma ray from the 10.98-Mev to the 7.12- 
Mev 1° state. 


Il. EXPERIMENTAL METHOD 


An intermediate-image pair spectrometer’ was used 
to search for 10.98-Mev pairs. The main components 
of this spectrometer are identical to those of the 
spectrometer described by Alburger.® In order to obtain 
maximum efficiency for the detection of pairs, the 
spectrometer was operated with the intermediate 


t Work partially supported by the U. S. Atomic Energy 
Commission. 
* Now at Indiana University, Bloomington, Indiana. 
( ak R. Oppenheimer and J. Schwinger, Phys. Rev. 56, 1066 
1939). 
2 R. G. Sachs, Phys. Rev. 57, 194 (1940). 
*R. H. Dalitz, Proc. Roy. Soc. (London) A206, 521 (1951). 
4E. K. Warburton and H. J. Rose, Phys. Rev. 109, 1199 (1958). 
5 R. E. Benenson, Phys. Rev. 90, 420 (1953). 
®R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957). 
7A detailed description of this spectrometer will be published. 
8D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 


image iris wide open (1} inches). This arrangement gave 
a resolution of 8% for pairs. Plastic scintillators 2 inches 
in"diameter and } inch thick were used for detection of 
the ‘positrons and electrons in coincidence. A fast-slow 
coincidence technique was used so that background 
could be minimized by making a differential pulse 
height analysis of the pulses from each counter. Coin- 
cidences were recorded only for those pulses correspond- 
ing to the energy of focused electrons. 


III. RESULTS 


Figure 1 shows the pair spectrum obtained from the 
bombardment of a 3-mg/cm? BaF; target with 5.43-Mev 
protons from the Columbia University Van de Graaff 
accelerator. The solid points are the data uncorrected 
for background effects. The open circles show the 
accidental coincidence rate which was obtained by 
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Fic. 1. Pair spectrum from the bombardment of a BaF, target 
with 5.43-Mev protons. The solid a are uncorrected data. 
The open circles show the accidental coincidence rate. 
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SEARCH FOR A 0--0* 
inserting a delay between one counter and the coin- 
cidence circuit. 

The pair spectrum shows the strong 6.05-Mev 
electric monopole pair line from O'*. Internal pair 
peaks are seen corresponding to 3.86, 6.92, and 7.12 
(unresolved), and 8.87-Mev gamma rays from 0", 
and a 4.43-Mev gamma-ray grom C”. The counts near 
11 Mev are due to background from cosmic rays and 
electronic noise. The vertical lines indicate standard 
deviations. Because of the few counts, some of the 
fluctuations may be due to effects other than statistics. 
No peak is observed corresponding to a 10.98-Mev pair 
transition This spectrum was corrected for accidental 
coincidences and decomposed into its individual line 
shapes, giving 

number of 10.98-Mev pair counts 


eamenanenne ——<2X10~, 
number of 3.86-Mev pair counts 


The internal pair formation coefficient’ for a 3.86-Mev 
M1 gamma ray is 10~*. This gives 


*M. E. Rose, Phys. Rev. 76, 678 (1949). 
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number of 10.98-Mev pair transitions 
—__—__<2x10". 


number of 3.86-Mev gamma-ray transitions 


If the single-particle estimate” of 6X 10~'* sec is taken 
for the mean life of the 3.86-Mev M1 transition, a lower 
limit of r>3X10~-" sec is obtained for the partial life- 
time of the 10.98-Mev 0-->0* pair transition. Surveys 
of radiative transitions in light nuclei by Wilkinson" 
together with recent theoretical arguments by 
Morpurgo” indicate that the mean life of the 3.86-Mev 
M1 transition in O'* should be about 700 times greater 
than the single-particle estimate given above. If this is 
the case, then a lower limit of 7> 2 10~ sec is obtained 
for the partial lifetime of the 10.98-Mev 0-0? pair 
transition. 

10S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. 13, p. 391. 

1 J). H. Wilkinson, Phil. Mag. 1, 127 (1956) and Proceedings of 
the Rehovoth Conference on Nuclear Structure, edited by H. J. 
Lipkin (North-Holland Publishing Company, Amsterdam, 1958), 


Session IV, p. 175. 
2G. Morpurgo, Phys. Rev. 110, 721 (1958). 
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Isomers in Tb’** and Ho'}* 
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(Received June 27, 1958) 


The isomeric transition in Tb'*, with 10.5-second half-life and 111-kev transition energy, is designated M3. 
The isomeric transition in Ho’, with 0.8-second half-life and 299-kev transition energy, is designated E3. 


I. INTRODUCTION 


N isomer in Tb!®’ of half-life 11 sec and one in 

Ho'® of half-life 0.8 sec have been reported by 
Hammer and Stewart.' These isomers have been further 
studied to determine the modes of decay, energies, 
K-conversion coefficients, and hence the multi-polari- 
ties. With 65 and 67 protons, respectively, terbium and 
holmium are approximately midway between closed 
shells at 50 and 82. In this region relatively large nuclear 
deformations are found and hence the isotropic shell 
model must be replaced by a distorted model such as 
that used by Nilsson,’ or by Gottfried.’ In such a model 
the angular momentum of the last unpaired nucleon is 
not a constant; the levels are identified by the com- 


+ This work was supported in part by the U. S. Atomic Energy 
Commission and the Office of Naval Research. The former is to be 
thanked for providing radioactive standards for calibration 
purposes. 

* The authors gratefully acknowledge the loan of 100 mg of 
pure terbium metal by the Ames Laboratory of Iowa State College. 

1C, L. Hammer and M. G. Stewart, Phys. Rev. 106, 1001 (1957). 

* B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

3K. Gottfried, Phys. Rev. 103, 1017 (1956). 


ponent of the angular momentum along the nuclear 
symmetry axis. 


II. APPARATUS 


The irradiations were performed with x-rays from 
the University of Illinois 22-Mev betatron. The energy 
of this instrument is continuously variable below 24 
Mev. A sealed-off ceramic doughnut with an internal 
Ni target was employed. The source holder was taped 
onto the doughnut in the position of maximum x-ray 
intensity. The source was moved from the betatron 
to the detector through a }-inch Tygon‘ tube by air 
pressure. With an air pressure of 100 psi the source was 
able to make the 22-foot journey to the detector in 
about { second, indicating an average speed of 60 mph. 
The air switch was reversible and synchronized with 
the betatron injector voltage so that cyclic operation 
was possible. Two features of the arrangement, as 
compared with stationary source techniques, are that 


‘Product of U. S. Stoneware Company, Akron, Ohio. 
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Fic. 1. Activation curve for terbium. 


the source-holder is closer to the betatron and the 
detector is farther from the betatron. 

The radiations were detected with a Nal crystal 
and with a proportional counter filled with argon or 
krypton. Standard high voltage, photomultiplier, and 
amplifier circuits were used. The low-noise pre-amplifier 
was modified from a circuit by Enslein and Brainerd.® 
The pulse heights were measured and recorded in an 
RIDL 100-channel analyzer. This device uses an 
analog-to-digital-converter and a 1600-ferrite-toroid 
memory. A scope circuit provides visual observation 
during and after data-taking. 


Ill. TERBIUM-158 


Tb'®* was produced by a (y,#) reaction on stable 
Tb'®. The observed threshold for this reaction is 
8.1+0.5 Mev by comparison with 01*(17.15 Mev) and 
Cu®(10.17 Mev). The activation curve is shown in 
Fig. 1. The half-life was measured with a Geiger counter 
and pen recorder which indicated the time of every 
thirty-second count. The average of five measurements 
is 44=10.5+0.3 seconds. The value of Hammer and 
Stewart is 11.0+0.1 seconds. 

The prominent radiation from Tb is at 44.30.5 kev, 
indicating a Tb x-ray. The energy determination was 

* K. Enslein and B. Brainerd, Rev. Sci. Instr. 24, 916 (1953). 


( 6 R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 675 
1953). 
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done with a proportional counter by comparison with 
K x-ray energies of Hf, Sm, and Gd. This result agrees 
with Hammer and Stewart’s critical absorption experi- 
ment. The Nal spectrum in Fig. 2 calibrated with Pd™, 
Ta!™, Eu’, and Ce™, shows a weak gamma ray at 
111+2 kev. The two unmarked peaks are considered to 
be due to escape of iodine x-rays from the detector. By 
comparison of the gamma-ray and the x-ray intensities 
the K-conversion coefficient was found to be 61+9, after 
correction for fluorescence yield, escape of iodine x-ray 
from the NaI detector, crystal efficiency, and self- 
absorption in the 100-mg terbium source. Upon using 
theoretical K-conversion coefficients of Sliv,’ the best 
agreement is for M3 (ax=55), followed by E5 (ax = 42) 
and E3 (ax=3.1). The half-life formula of Weisskopf, 
when corrected for K and L conversion,® indicates 
either an M3 or E3 assignment. Considering both the 
K-conversion coefficient and the half-life, the 111-kev 
transition in Tb'®* is designated as M3. 

Assuming that the deformation of Tb'®* is the same 
as that of Tb!” (6=0.31), the level scheme of Nilsson 
predicts that the last proton is in the 2Q,= $+ state and 
the last neutron is in the 2,=%$— state, where Q, as 
employed by Nilsson, is the projection of the nucleon’s 
angular momentum on the nuclear symmetry axis. The 
two possible resultant values are Q=0— or 3— so that a 
transition between the two lowest levels could well be 
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Fic. 2. Photon spectrum for Tb'®*™, 


7L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 (translation: Report 57ICCKI, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 
8 E. Feenberg and G. L. Trigg, Revs. Modern Phys. 22, 399 
1950). 
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M3, in agreement with the above result. In Gottfried’s 
level scheme the last proton is in the }— or $+ state, 
while the last neutron is in the 2,=$+ state. If 
Q,=4—, the ground state is either 1— or 2— and the 
transition is M1; if Q,= $+, the ground state is 0+ or 
3+ and the transition is again M3. 


IV. HOLMIUM-163 


The observed threshold for the 0.8-second activity 
in Ho is 16.2+0.5 Mev indicating a (y,2m) reaction. 
The activation curve is shown in Fig. 3. The (y,) 
reaction leading to the known 37-minute activity® in 
Ho'* was observed in the present work to have a 
threshold of 8.040.5 Mev. The photon spectrum of 
Ho'® after a two-second irradiation is shown in Fig. 4. 
The energy of the gamma ray was found to be 299+3 
kev by comparison with Eu, Hg®®*, Cr®, and Sn™. 
The energy reported by Hammer and Stewart is 305 kev 
using Ba" as a calibration. 
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Fic, 3. Activation curve for holmium. 


9H. N. Brown and R. A. Becker, Phys. Rev. 96, 1372 (1954). 


PN Tbt* 


AND 





163 


Ho ISOMER 


COUNTS / 2 SEC 





BACKGROUND AND 
37 MIN ACTIVITY 








YY Be allinseil n 1 4 1 i 1 | 


20 »” 40 50 60 70 80 
BASELINE 





Fic, 4. Photon spectrum for Ho!®™. 


The K-conversion coefficient was found, by use of the 
same method as for Tb, to be 0.17+0.06. The Sliv 
values are 0.14 for £3, 0.10 for M1, and 1.3 for M3. 
Noting that the Weisskopf half-life is usually too small 
for E3 transitions, the half-life is consistent with both 
M3 and E3. Considering both the K-conversion coefh- 
cient and the half-life, the isomeric transition in Ho!® is 
designated F3. 

Assuming that Ho'® has the same deformation as 
Ho'® Nilsson puts the last proton in the 2,=3— state. 
The 96 neutrons do not contribute to the spin. The first 
excited state is 2,*=}+ so that the transition would 
be E3, in agreement with the above result. In Gottfried’s 
model the ground state of the last proton is again 
Q,=4—. The first excited state is Q,*=4}-—, yielding 
an M3 transition instead of E3. The second excited 
state is Q2,*= 4+, so that if the two levels were reversed 
the transition would be £3. 
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Compound-Nucleus Processes for the Reaction U***+n* 


E. R. Rag,t B. Marcos, anD E. S. TrouBeTzKoy 
Columbia University, New York, New York 
(Received June 16, 1958) 


The neutron capture and inelastic scattering cross section of U** are calculated on the basis of the statis- 
tical theory of nuclear reactions in the energy region up to 1.1 Mev. To carry out the program, one uses 
experimental data from the resonance region including the radiation width and the level spacing of the 
compound nucleus. One also makes use of the measured fission and total cross sections in the energy range 
considered, the spectrum of excited states of the target, and an exponential level-density law for the com- 
pound states. The agreement with experiment is good. 


1. INTRODUCTION 


N a recently published paper,! Lane and Lynn have 
applied the method developed by Hauser and Fesh- 
bach,? and Margolis,* to calculate the neutron capture 
and inelastic scattering cross sections for U** and Th” 
for neutron energies up to 1 Mev. The success of these 
calculations in explaining, in detail, the shape of the 
capture cross section curves suggests the application of 
this method to the interactions of neutrons with a 
fissile nucleus. Here, in addition to the radiation width, 
the level density law, and the levels in the residual 
nucleus, the average fission width must be known as a 
function of energy. Alternatively, the fission cross 
section may be taken as an experimental datum, in 
which event the fission width, the capture cross section, 
and the inelastic scattering cross sections are obtained 
from the calculation. The present paper describes the 
latter type of calculation for U**+mn for neutrons of 
energy 10 to 1100 kev. The radiation width is taken from 
the experimental data in the resonance region, with the 
energy dependence suggested by Blatt and Weisskopf.‘ 
The neutron widths are those of the “black nucleus” 
model, the nuclear radius being fitted to the total 
neutron cross section. The level density law for the 
compound nucleus is that of Lang and Le Couteur,* and 
the level scheme for the residual nucleus is that pro- 
posed by Huizenga et al.® 
The calculated values of the capture and inelastic 
scattering cross sections are in agreement with experi- 
ment up to a neutron energy of about 500 kev, indi- 
cating that the level scheme used for the residual 
nucleus is essentially correct up to about 400 kev. 
Deviations from experiment above 500 kev indicate the 
presence of further rotational bands built on intrinsic 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

+ On leave of absence from Atomic Energy Research Establish- 
ment, Harwell, England. 

1A. M. Lane and J. E. Lynn, Proc. Phys. Soc. (London) A70, 
557 (1957). 

2 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

3B. Margolis, Phys. Rev. 88, 327 (1952). 

4J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

5 J. M. B. Langand K. J. Le Couteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). 

¢ Huizenga, Rao, and Engelkemeir, Phys. Rev. 107, 319 (1957). 


or vibrational states in U**, When suitable bands are 
added, a fit can be made to the capture and inelastic 
scattering cross sections up to 1 Mev and values of the 
mean fission width obtained. In this way information is 
obtained about the level density in the residual nucleus 
and also in the compound nucleus at the fission saddle 
point. 


2. AVERAGE CROSS-SECTION CALCULATIONS 


2.1 Cross-Section Formulas 


The derivation of the average cross sections is dis- 
cussed in references 1, 2, and 3. We can write the cross 
section for the formation of the compound nucleus 
followed by decay through channels r as follows: 


1 wT « 
ee ee ® T,(1,E) 
2(27-+1) ke im 
6 (2I+1)T,(J,E) 


<2 _ 
ILD, TS,E)4+D eve Tal, 





for fission and capture, and 


1 Tr @ 
T,(1,E) 


Cin= yg a! Cae 
2(21+1) k* m0 
<—* Lev wevvTa(l",E") 


ya T(J,E)+>. E’, vevyv?T UE’) 


a| (1b) 


J=— 


for inelastic scattering. 

In these equations k is the wave number of the 
incident neutron, £ is the incident neutron energy, 
and £’ the energy of the scattered neutron. J is the spin 
of the target nucleus, / and /’ are the orbital angular 
momenta of the incident and scattered neutrons, and 
j is the channel spin, equal to J+4 except when J=0 
in which case j= 4. J is the spin of the compound nucleus 
which can have any value obtained by combining 7 
and J. €;;’=2, 1, or 0 according as |J—/| <j<J+1 is 
satisfied for both charinel spins 7, one channel spin, or 
neither. The double primed quantities 7”, 1” and E” 
refer to the particular group of inelastically scattered 
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neutrons which are being observed. 
(n(J,7,L,2)) 
T,(1,E)=29 

(D(J,E)) 

and for fission and radiation channels 
(T',(J,£)) 
T(J ,E) =29r —, 

(D(J,E)) 


where I’, (J,/,£) is the width of a level of spin J for the 
emission of /-wave neutrons of energy /, and I’,(J,£) 
is the partial width of a level of spin J formed by the 
addition of a neutron of energy F, for decay through 
the channel r. D(J,£) is the spacing of levels of spin J 
and one parity formed by neutrons of energy £. 

T, represents the neutron wave-mechanical penetra- 
bility of the nuclear surface and is taken to be inde- 
pendent of J and j. 7, will represent the probability of 
decay of the compound nucleus by y emission and is a 
function of J through the J-dependence of (D(J,£)), 
the mean level spacing. 7, will represent the penetra- 
bility of the fission barrier. 7; is probably also J-depend- 
ent, though in the analysis which follows 7; will be 
taken to be independent of J. 


PP, (I) 
a=( )x ’ 
r T,)(T,) 


and is present because the cross-section formulas are 
written as functions of the average widths rather than 
as the average of the functions.’* 


2.2 Neutron Penetrabilities 


The penetrability of the nuclear surface to neutrons 
was calculated in the manner described in Blatt and 
Weisskopf.‘ According to the “black nucleus” model, 
one has 


T a(l,E) = 4xX0,/[X?+ (2xX+2°0))0 J, (2) 
where x= kR, X*?= X,?+-2", and Xo= 10"X (R in cm), 


n= | aL ji(x)+im(x)]|>, 
vy = | (d/dx){x[ jr(x)+-im (x) ]} |, 


ji(x) and m,(x) being spherical Bessel and Neumann 

functions. The expression for 7, is seen to depend on 

R, the nuclear radius. The value of R used in the calcu- 
, 


7 The factor ® has been put equal to unity in all the work 
below. An attempt to take into account the variation of the 
widths was abandoned because of the prohibitive arnount of work 
involved. We wish, however, to express our gratitude to Dr. 
Lawrence Dresner for computing for us a range of values of the 
®R factor. 

8 L. Dresner, Proceedings of the Columbia University International 
Conference on Neutron Interactions with Nuclei, 1957, Columbia 
University Report CU-175, TID-7547 (available from Office of 
Technical Services, Department of Commerce, Washington, 
D. C.), p. 71. 
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NEUTRON ENERGY, KEV 
Fic. 1. Neutron penetrabilities 7,,(/,E) predicted by the black 
nucleus model with a wave number K=10" cm", and a radius 
shown by the lower curve. The energy dependence of the radius 
was obtained by fitting the experimental neutron total cross 
section of uranium. 


lations was obtained by fitting the theoretical expression 
for the total cross section to the experimental results 
over the energy range investigated (10 to 1100 kev). 
R was found to vary from about 9X10-" at 10 kev to 
8X 10-* at 1100 kev so this variation was incorporated 
into the values of 7,,(/,£) used in the calculations. The 
penetrabilities used thus take into account, in a rough 
way, the giant resonance behavior of the cross section. 
T,,(1,£) is shown for /=0, 1, 2, and 3 in Fig. 1, together 
with the variation of R with neutron energy. 


2.3 Inelastic Scattering Terms 


We define the inelastic scattering terms [see Eq. (1) ] 


a(J) | 3 ’ 
=P ev rT, (UE), 
b(J) | R'V’ 


a(J) and 6(/J) being the summations for a compound- 
nucleus state of spin J and of odd and even parity, 
respectively. 

To evaluate a(/) and b(J/) it is necessary to know the 
level scheme for the residual nucleus. Such a scheme has 
been proposed by Huizenga e/ al.6 and is shown in Fig. 2. 
The levels drawn as full lines are those found experi- 
mentally and appear to belong to two rotational bands 
based on the $~ ground state and on the 3+ isomeric 
state at 2 kev. The energies of the.states belonging to 
the two bands can be expressed by means of the 
equation due to Bohr and Mottelson and given in this 
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Fic. 2. Level 
scheme for U*®, Solid 
lines: experimentally 
observed levels. 
Dotted lines: addi- 
tional levels _ pre- 
dicted by the unified 
model, based on the 
} ground state and 
on the 4* isomeric 
state at 2 kev. In the 
text, reference to 
“experimentally ob- 
served bands” means 
all the levels shown 
here. 
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form by Alder et al.’: 
h2 


seein ch th ian 1)'+4(7+43)6(K,3)}, (3) 
g 


where J is the effective moment of inertia of the nucleus 
about an axis perpendicular to the nuclear symmetry 
axis, and K is the projection of the total angular 
momentum on this axis. 6(K,}) is unity for K=4 and 
zero for all other values of K, and a is a parameter 
which is determined from the experimental spectrum. 
The levels shown dotted in Fig. 2 were calculated from 
this formula. The values of a(J) and b(/) were obtained 
from the level scheme in Fig. 2. 


2.4 Radiation Term 


In calculating the radiation term 7,(J) we must 
first assume a form for the variation in the mean level 
spacing D(J,£) with the neutron energy and the spin 
of the compound nucleus. We have followed Lang and 
Le Couteur® in assuming for the compound nucleus U** 


D(J,E)=C(2I-+1)— exp (J+-4)?/35](U+0.5)? 
Xexp{—[(86U)!+ (0.28U)*}}, (4) 


where U is the excitation of the compound nucleus in 
Mey, and C is a constant determined by the observed 
level spacing in the resonance region. 

In evaluating the energy dependence of the radiation 
width we apply the formula‘: 
é 


E+Bn 
r,(£)« D(E+B.) —————de,_ (5) 
: 0 D(E+B,—6 
where B, is the binding energy of a neutron in the com- 


* Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 525 (1956). 
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pound nucleus, £Z is the neutron energy, and e is the 
energy of the first y-ray emitted by the excited com- 
pound nucleus. This formula indicates that I',(£) in- 
creases monotonically with Z. With the aid of Eqs. (4) 
and (5), 7,(J,E) is determined. 

We must now distinguish carefully between the 
radiation term T,(J,E) which appears in the denomi- 
nator of Eqs. (1a) and (1b) and represents the com- 
petition due to all exit channels in which the compound 
nucleus initially emits a y ray, and the capture term 
Tc(j,E) which appears in the numerator of the Eq. 
(1a) when the capture cross section is being evaluated. 
In computing T¢(J,£) we follow Lane and Lynn! and 
write T¢(J,E)= 221 ¢(E)/D(J,E), where 


é 


de. (6) 


E+Bn 
To(E) = D(E+B,) f eth 
»  D(E+B.—9) 


Here the limits of the integral have been changed to 
omit the cases where the initial y ray has an energy less 
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Fic. 3. Energy dependence of the capture width and of the 
radiation width computed as explained in the text. 


than the incident neutron energy, because in these 
cases the initial y ray will be almost always followed by 
fission or neutron emission rather than capture. When 
the integral in Eq. (6) is evaluated putting B,= 6.4 Mev 
and using an appropriate level spacing law, I'¢(£) is 
found to have the energy dependence shown in Fig. 3. 
The interesting fact emerges that although I'c(£) 
initially increases slowly with E as remarked by Lane 
and Lynn, this increase is followed by a flattening off 
around 1 Mev and a subsequent rapid drop. I',(£) is 
also shown for comparison. [D(U) in this calculation is 
approximated by exp{—(aU)!}, the value of a being 
adjusted to give a close approximation to Eq. (4) over 
the energy range of interest. ] 


2.5 Evaluation of the Average Cross Sections 


In principle, any partial cross section can now be 
evaluated by substituting for all values of 7, and 7, in 
Eqs. (1) and summing over all / values from 0 to . 
In practice, it was found to be sufficient in the energy 
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range studied to take only /=0, 1, 2, and 3. Even so, the 
computational effort involved in evaluating a large 
number of cross section curves is considerable. A 
program was therefore set up for the IBM-650 com- 
puting machine, to evaluate the right-hand side of 
Eqs. (1). This program was used in all the work de- 
scribed below. 


3. COMPARISON WITH EXPERIMENT 
3.1 Fission Cross Section 


The computer program was first used to evaluate the 
fission cross section for a range of values of 7; (T; being 
taken to be independent of J) between 0.1 and 25. 
The curves obtained are shown in Fig. 4 together with 
an experimental curve which is based on the data 
compiled by Hughes and Harvey” and on newer infor- 
mation due to Allen’ and Ferguson." The points of 
intersection of the calculated curves with the experi- 
mental curve determine 7; as a function of energy. 
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NEUTRON ENERGY, KEV 
Fic. 4. Fission cross section of U5, The thin lines are calcula- 
tions using constant 7,. The thick line represents the experi- 
mental data. 


The form of this function is shown in the full curve in 
the lower part of Fig. 5. 


3.2 Capture Cross Section 


If 7. is substituted for 7, in Eq. (la), the capture 
cross section is obtained, 7; being taken from Fig.: 5. 
The full curve in Fig. 5 then leads to the full curve in 
Fig. 6 which shows the variation with energy of the 
capture cross section. 

The experimental points shown in Fig. 6 are taken 
from the tabulation of values of @ (¢capture/@fission) given 
by Oleksa,” coming from earlier American and Russian 
work," and from the recent measurements of a 
10 Hughes and Harvey, Brookhay.n National Laboratories Rept. 
No. 325. 

1 W. D. Allen and A. T. G. Ferguson, Proc. Phys. Soc. (London) 
A70, 573 (1957). 

12S. Oleksa, J. Nuclear Engr. 5, 16 (1957). 

13 Kanne, Stewart, and White, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 


(United Nations, New York, 1956), Vol. 8, p. 595. 
“JT. V. Kurchatov, Nuclear Engr. 1, 101 (1956). 
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Fic. 5. The lower graph shows the variation of Ty with energy. 
The solid curve (a) assumes only the experimentally observed 
bands of the target nucleus. The dashed lines (b) and (c) in the 
higher energy region were obtained by assuming energy level bands 
above 500 kev in addition to the bands shown in Fig. 2, as ex- 
plained in the text. The upper set of curves shows the energy 
variation of a(3), a typical sum of the inelastic penetrabilities 
T,,(l’,E’). The labels (a), (b), and (c) correspond to the different 
assumptions about the energy level spectrum of the target nucleus. 


reported by Diven and Terrell.!® In all cases ¢, is 
obtained from a by multiplying by the appropriate 
value of a; from Fig. 4. The full curve, based on the 
experimentally observed rotational bands, agrees with 
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Fic. 6. Neutron capture cross section of U**, The solid line (a) 
is the theoretical calculation based on the level scheme of Fig. 2. 
The dashed curves (b) and (c) are obtained by assuming energy 
level bands above 500 kev in addition to the experimentally ob- 
served ones, as explained in the text. The circles represent the 
experimental data. 


8 Diven, Terrell, and Hemmendinger, Phys. Rev. 109, 144 
(1958). 
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TaBLE I. Partial inelastic cross sections. 








FE (kev) ¢ (barns) 
60< 0 <350 kev 150< 0 <500 kev 


Experi- Calc. Experi- 
mental (60<Q) mental 


(a) 0.50 
(b) 0.51 
(c) 0.54 


500< 0 <750 kev 
Experi- 
mental 


Calc. Calc. 





550 0.56 


1000 0.33 (a) 0.33 0.33 (a) 0.0011 


(b) 0.15 (b) 0.50 
(c) 0.25 (c) 0.38 








experiment up to a neutron energy of 500 or 600 kev. 
Above this energy, this simple calculation predicts a 
slight rise in the capture cross section, contrary to ex- 
periment. By inserting into the calculation several more 
rotational bands based on intrinsic or vibrational levels 
at 500 or 600 kev, it is possible to cause the calculated 
curve to follow the experimental points as shown by the 
dotted curves. The position and number of these extra 
bands are not known and one has some leeway in 
choosing them to fit the capture cross section. The 
parity of a band is found to have no appreciable effect 
on the cross section, and the spin very little provided 
it is not very high. The position and number of the 
bands, however, do affect the capture cross section. In 
addition, they affect profoundly the distribution of the 
inelastically scattered neutrons in energy, concerning 
which there are some experimental data.'® 


3.3 Inelastic Scattering 


By substituting the appropriate summation of values 
of T,(l”,E”) in Eq. (1b), the cross section for inelastic 
scattering can be computed for neutrons which leave 
the residual nucleus in excited states between any 
arbitrary energy limits (i.e., for different ranges of Q 
values for the reaction). Cranberg’® has given values 
for these partial inelastic cross sections which are com- 
pared with the calculated values in Table I. 

The calculated values marked (a), (b), and (c) are 
obtained from the following level schemes: (a) Experi- 
mentally observed bands only. (b) Experimentally ob- 
served bands together with one band based on a $- 
level at 500 kev and four bands based on $- levels at 
600 kev. The moment of inertia (9) chosen for these 
bands was arbitrarily fixed between the observed values 
for the 3+ and 3- bands. (c) Experimentally observed 
bands together with one band ened on a §~ level at 
430 kev and three bands based on $~ level at 600 kev. 
Assumptions (b) and (c) both lead to reasonably good 
agreement with the experimental capture cross section 
curve, but (c) leads to much better agreement with the 
partial inelastic cross sections at 1 Mev, thereby sug- 
gesting that the level at 400-450 kev in U™® is not a 

16. Cranberg, Proceedings of the Columbia University Inter- 
national Conference on Neutron Interactions with Nuclei, 1957, 
Columbia University Report CU-175, TID-7547 (Available from 


Office of Technical Services, Department of Commerce, Washing- 
ton, D. C.), p. 218. 


AND 


TROUBETZKOY 
completely arbitrary choice. The variation of the partial 
inelastic cross sections with energy is shown in Fig. 7. 


4. DISCUSSION 


It will be observed that a knowledge of the experi- 
mental low-energy level scheme for U™*, together with 
the fission cross section, enables us to calculate the 
absolute values of a, and inelastic up to 500 or 600 kev 
in good agreement with experiment. This gives us some 
confidence in believing the calculated curve for 7;. By 
inserting a rotational band based on an (arbitrary) $ 
level between 400 and 450 kev and three more bands 
based on (arbitrary) }- levels at 600 kev, we achieve 
simultaneously a tolerable fit to the capture and in- 
elastic data from 500 to 1000 kev, and obtain an exten- 
sion of the 7; curve to this energy. Thus the good 
fits obtained by Lane and Lynn to the observed capture 
cross sections of the two nonfissile isotopes U™* and 
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Fic. 7. Partial inelastic scattering cross section for excitation 
energies as indicated in the figure. The solid curve (a) was ob- 
tained by assuming only the experimentally observed bands of 
the target nucleus. The dashed curves (b) and (c) assume addi- 
tional bands above 500 kev. 


Th™ have been extended to the fissile isotope U** 
where in addition to the capture and inelastic scattering 
cross sections we also compute the average penetra- 
bility, 7;, of the fission barrier. This parameter tells 
us, in fact, a mean density of levels of one spin and 
parity in the compound nucleus at the top of the fission 
barrier.!”"* Averaged over the energy region 0-1100 kev, 
there appear to be about 12 levels of any one spin and 
parity per Mev. It is interesting to compare the varia- 
tion with energy of this level density (in the even-even 
compound nucleus at the top of the fission barrier) 
with a corresponding variation in the level density of 
the even-odd target and residual nucleus. The upper 
set of curves in Fig. 5 shows, for comparison with 7,, the 
variation with energy of a(3), a typical sum of the in- 


117A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 

18 J. A. Wheeler, Physica 22, 1103 (1956). 
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elastic penetrabilities 7,,(/’,Z’). This represents, in the 
high-energy limit, the number of levels of both parities, 
and all spins, lying below an excitation energy equal to 
the incident neutron energy. It will be observed that 
this quantity varies with energy in a manner very 
similar to 7;. This similarity of behavior with energy 
of T; and a(J) must also persist at higher energies 
since, as has been remarked by Huizenga,” the fission 
cross section is normally constant over a neutron 
energy range of 2-5 Mev. This constancy indicates a 


97. R. Huizenga, Phys. Rev. 109, 484 (1958). 
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constant division of the available cross section between 
fission and inelastic scattering, and hence a similar 
behavior of the two corresponding level densities with 
energy. 
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A series of airplane flights carrying neutron counters to an altitude of 700 g cm? was made at 52°20’ 
north geomagnetic latitude in 1955. Enriched and normal BF; counters were covered with Cd, Sn, Pyrex, 
and lime-glass shields. The ratios of the counting rates of the variously shielded counters are compared with 
the ratios calculated theoretically on a thick-shield basis using the neutron energy distribution function 
derived by Freese and Meyer. The neutron-production data taken by Davis and by Staker with Pyrex- 
glass-envelope BF; counters are corrected for the absorption of neutrons by the boron in the Pyrex. The 
corrected neutron-production rates are recalculated to be 2.1+0.4 cm™ sec and 0.9+0.2 cm™ sec™ at 
54°36’ and 30°24’ north geomagnetic latitude, respectively, using recent values for the various neutron cross 
sections. These corrected rates agree, to within 5%, with the recent measurements reported by Soberman. 
The above energy distribution function was found, within the limited accuracy of the experiment, to describe 


the energy distribution of atmospheric neutrons. 


INTRODUCTION 


T is generally accepted, at present, that almost all 

of the neutrons in the atmosphere are secondary 
particles produced by the events generated when 
primary cosmic rays impinge on the atmosphere.'? 
Davis,’ Staker,‘ and many other investigators’ have 
concerned themselves with the processes in which 
these neutrons are produced and absorbed. A recent 
calculation of the energy spectrum of a portion of the 
neutrons in the atmosphere was made by Freese and 
Meyer.! The neutrons treated by Freese and Meyer! 
will be referred to as lambda neutrons. Lambda neutrons 


* An itqnees of a dissertation submitted to the Graduate 
School of Arts and Science in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at New York 
University. 

¢ The work herein reported was supported by a joint program 
of the U. S. Atomic Energy Commission and the Office of Naval 
Research, 

t Present Address: Bell Telephone Laboratories, Incorporated, 
New York, New York. R 

1E. Freese and P. Meyer, ‘“Neutronen in der Atmosphire,” 
Kosmische Strahlung, edited by W. Heisenberg Goce Vetlag 
Berlin, 1953), second edition. 

aj. A. Simpson, Jr. , Phys. Rev. 83, 1175 (1951). 

3 W. O. Davis, Phys. Rev. 80, 150 (19 50). 

4W. P. Staker, Phys. Rev. 80, 52 (1950). 

5 Bibliographies may be found in references i, 8, and 16. 


comprise atmospheric neutrons having energies less 
than Eo, where Eo lies between 10 kev and 0.1 Mev. 
The purposes of this experiment were (1) to obtain 


further experimental information on the energy 
spectrum of lambda neutrons in that portion of the 
atmosphere in which the neutron density varies 
exponentially with pressure altitude; and (2) to correct 
the measurements of Davis* and of Staker‘ for the 
effect of the B™ in the Pyrex-glass envelopes of the 
boron-trifluoride neutron counters they used, and by 
using more recent information on neutron cross sections 
bring their calculations up to date. 

The region of the atmosphere in which the neutron 
density varies exponentially with pressure altitude 
(namely, the region between an altitude of about 200 
g cm~ and an altitude H, where H is not more than 
about 750 g cm~ and is at least 100 g cm~ above the 
ground**) will be referred to as the equilibrium region 
of the atmosphere. More than 90% of the neutrons in 
the atmosphere originate in evaporation stars.!:*-5.? 
Thscmntienny one would expect no variation in the 


«Bethe Korf and Placzek, Phys. Rev. 57, 573 (1940). 
7L. C. L. Yuan, Phys. Rev. 81, 175 (1951). 

8R. K. Soberman, Phys. Rev. 102, 1399 (1956). 

* Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953). 
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energy spectrum of lambda neutrons with latitude, 
longitude, or time in the equilibrium region of the 
atmosphere.'*° This expectation is born out experi- 
mentally by the constancy of the cadmium ratio in the 
above region.?:7-!!—4 

The data for this experiment were obtained by 
recording the counting rates of boron-trifluoride 
neutron counters which were covered with shields of 
various materials. 


THEORY 


The energy distribution function derived by Freese 
and Meyer! was used in the calculations in this paper. 
This function is given by 


n(E)dE= BE-“dE exp[ —aE-*+ BE“ 


where n(E)dE is the number of lambda neutrons with 
energies between E and E+dE, the energy-independent 
factor B is connected with the strength of the source 
of the lambda neutrons, a=0.388 (ev)?, B=0.003 43 ev, 
and y=0.000 048 2 (ev)!.° The approximations and 
physical assumptions used in the derivation of Eq. (1) 
together with the limitations governing its application 
are fully discussed in the article by Freese and Meyer.' 

It may be shown"* that the ratio of the expected 
values of the counting rates of two identical, thin, 
boron-trifluoride, neutron detectors covered with dis- 
similar shields is given by 


M, ss 
—- f n'(E)dE exp[ — UyS(E)) / 


9 


f n'(E)dE exp[—Uzy2S2(E)], (2) 


0 


where M is the expected value of the counting rate, U 
is the density of the neutron-absorbing centers in the 
shield, y is the apparent thickness of the shield (see 
section entitled Theoretical Calculations), S(£) is the 
neutron- absorption cross section of the neutron- 
absorbing centers in the shield, the — indicate 
different shield materials, and 


Bn'(E)dE=n(E)dE. (3) 


Equation (2) is used for the calculations that follow, 
because it allows several constants which are not 
amenable to measurement or calculation to be elimi- 
nated by cancellation. A detailed examination of the 


10 E. Bagge and K. Finke, Ann. Physik 6, 321 (1949). 

u Agnew, Bright, and Froman, Phys. Rev. 72, 203 (1947). 

12 Simpson, Baldwin, and Uretz, P ys. Rev. %6, 165 (1949). 

BL. C. L. Yuan, Phys. Rev. 76, 1267 (1949). 

4 Korff, George, "and Kerr, Phys. Rev. 73, 1133 (1948). 

6 FE, Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1950), revised edition, compiled by Orear, Rosenfeld, 
and Schluter, gives a very similar distribution on page 221. 

: Be Gabbe, doctoral thesis, New York University, New 
York, New York, 1956 (unpublished). 
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counters and shields’ used in this experiment and the 
conditions under which the measurements were carried 
out leads to the conclusion that, assuming no error in 
n'(E), Eq. (2) is correct to within about 3%. 
Consider two identical counter shells, one filled with 
a gas consisting of 18.8% BF;, and 81.2% B"F; 
(regular filling), and the other filled to the same 
pressure with a gas consisting of 96% BF; and 4% 
B"F; (enriched filling). Let w be the number of neutron 
counts per minute that would be registered by a counter 
containing pure B"F;, and b be the number of back- 
ground counts per minute. The total number of counts 
per minute, W, indicated by the counter will be given 
by 
W p=0.96w+b, (4) 
or 


Wr=0.188w+), (S) 


where E and R appearing as subscripts indicate the 
enriched and regular fillings, respectively.’ When W, 
and W, are recorded concurrently, one may solve Eqs. 
(4) and (5) simultaneously for w and b. This method of 
eliminating the background is applicable only if the 
thin-detector approximation can be made. 


PLAN OF THE EXPERIMENT 


The experiment being reported is a_thick-shield 
experiment.’ To accomplish the objectives set forth, 
eight brass-walled neutron counters were flown simul- 
taneously in the equilibrium region of the atmosphere. 
The flights were made at the highest altitude, 700 
g cm™, at which it proved practical to operate the 
Piper Pacer aircraft in which the equipment was 
installed. The counters were divided into three groups. 

Group I consisted of three counters, two enriched 
and one regular. The regular and one of the enriched 
counters were covered with lime-glass shields. The 
other enriched counter was covered with a shield made 
from Pyrex glass. The lime glass, which, except for its 
boron content, has a chemical composition very similar 
to that of Pyrex, was included to reproduce all the 
effects of the Pyrex shield (e.g., star production) other 
than the absorption of neutrons by the B"”. The 
desirability of an arrangement of shields of the kind 
just described has been indicated by Bagge and Finke'® 
and by Yuan.” The counting rates of the two lime- 
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Fic. 1. The block diagram of one of the eight counting trains. 


17 Tf S; (E) and S:(E) are Pr rtional to E~4 and the thin-shield 
approximation e ci & —UyS(E)]+1—UyS(E) may be made, it 
may be shown t (2) is independent of n’(E). With ‘the 
exception of the no-ahicl to lime-glass ratio, one or the other of 
these conditions was violated for each ratio of counting rates 
measur 
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LEGEND 
A, AB,B,BC,AND C INDICATE THE POSITIONS OF THE ACTIVE VOLUMES OF THE 
UNTERS. 


INDICATES THE POS!TIONS OF THE STACKED MAIN CHASSIS AND BATTERIES. 
INDICATES THE POSITION OF THE HIGH-VOLTAGE SUPPLY. 
INDICATES THE POSITIONS OF THE PERSONNEL. 
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(d) ANDO (c) 
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2. The position of the equipment in the aircraft. (a) Detail of the counters; (b) side view of the aircraft; 
(c) top view of the aircraft. 


glass-covered counters were used to calculate the 
number of neutron counts per minute and the number 
of background counts per minute from Eqs. (4) and 
(5). The background counting rate was assumed to be 
the same in the Pyrex-covered counter. Thus the 
neutron counting rate of the Pyrex-covered counter, 
and the ratio of the neutron counting rate of the 
lime-glass-shielded enriched counter to the neutron 
counting rate of the Pyrex-shielded enriched counter 
were calculated. 

An analogous calculation was made for the counters 
in group II, which consisted of an enriched counter 
covered with a cadmium shield and an enriched and a 
regular counter both shielded with tin. 

Group III consisted of two unshielded counters, one 
enriched and one regular. For reasons of symmetry 
these two counters will be referred to as being covered 
with “no-shield.” The counters in group III were 
flown so that the data from the various flights could be 
compared. The counting rates of the shielded counters 
could not be used as a basis for normalizing the data, 
because both the shields and the relative positions of 
the counters in groups I and II were interchanged 
between flights. 

The ratios of the counting rates obtained in these 
flights are, after correction for the effect of the airplane 
and sundry other systematic errors, compared with the 
theoretically expected ratios calculated from Eq. (2). 


EQUIPMENT AND INSTALLATION 


A block diagram of one of the eight counting trains 
appears in Fig. 1. Each counter, C, will be designated 
by two superscripts and two subscripts. The super- 
scripts indicate whether the counter was enriched (£) 
or regular (R); and of what material the shield enclosing 
the counter was made, cadmium (C), tin (S), Pyrex 
(P), lime glass (G), or no-shield (1). The first subscript 
identifies the counter with its built-on preamplifier. 


The second identifies the remainder of the electronic 
counting train and the register to which the counter 
was attached. 

The matched counters and most of the electronic 
circuits have been described previously.*:'* The counter 
plateaus, which were 300 v long, were centered at about 
2400 v and had slopes of 3% per 100 v. The adjustable- 
feedback amplifier was used to match the circuits. The 
Pyrex shield was of No. 7740, Pyrex brand, glass 
tubing; 46 cm long; 6.4 cm in outside diameter; and 
nominally 0.32 cm thick. The boron content was 4.2%." 
The dimensions of the lime-glass shields were identical 
with those of the Pyrex shield except that the wall 
thickness was only 0.16 cm. The lime glass proved to 
contain 0.82% boron.”® The greater mass of the Pyrex 
shield is not regarded as an important source of addi- 
tional background counts. The cylindrical cadmium 
shield was 46 cm long, 5.4 cm in diameter, and 0.061 
cm thick. One end of the cylinder was closed by a disk 
0.10 cm thick. The otherwise identical tin shields were 
0.064 cm thick. 

The one-tube preamplifiers were attached directly 
to the counters. The remainder of the electronic circuits 
and all of the batteries were grouped away from the 
counters. The installation in the airplane is shown in 
Fig. 2. 

DATA 


Flights 1 and «i provided no usable data as the 
apparatus was inadequately shielded against inter- 
ference from the ignition system of the aircraft. The 
registers were read at 10-minute intervals during the 
three successful flights. The average counting rate for 
each counter is recorded in Table I. The aircraft flew 


529 (1950). 
Bur. 


18 Pavalow, Davis, and Staker, Rev. Sci. Instr. 21, 

% Wickers, Finn, and Clabaugh. J. Research Natl. 
Standards 26, 537 (1941). 

*” Report of Tests, July 27, 1955, City Testing and Research 
Laboratories, Inc., New York, New York. 
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TABLE I. Collected flight data and standard deviations. 








Flight éi¢ 
June 25, 1955 


1255 hours EST 
200 minutes 


Date 

Time 

Duration at 700 g cm 
Air temperature 
Weather — 
Altitude 3050 +60 m 
Geomagnetic latitude 52°20 4.15" N 
Counting train Counts/min a 


a 


Counts/min 


Flight iv 
July 12, 1955 
1130 hours EST 
200 minutes 
GC 
Clear 
3050 +90 m 
52°20’ +15’ N 


Flight 9 
July 22, 1955 
0814 hours EST 
80 minutes 
6 
Clear 
3000 +60 m 
52°20’ +15’ "N 
Counts/min 


ia 





Cy," 3.15+0.13 
Co.” 4.90+0.16 
C337 5.34+0.17 
C,7 5.98+0.17 
Cre” 1.43+0.08 
Cus? Failed 
Cn® 1.89+0.10 
Co? 1.64+0.09 
Cs” 


& 


ANASBNAADBSN 
AQ Bas »aasw 
Q 


4.68+0.16 
4.92+0.16 
3.18+0.13 
4.78+0.16 
1.26+0.08 
Failed 

1.66+0.09 
1.86+0.10 


3.1140.20 — 
5.05-+0.25 
4.00+0.23 
2.01+0.16 
1.294+0.13 


& 


1.71+0.15 
1,90+0.15 
5.91+0.28 


ANANSAWS]O/| & 
BOWED Bae 
Q 








* Shield material; see text (nominally the second pane of C). 
> Position of the counter in the aircraft; see Fig. 2 


TABLE II. Final corrected neutron (w) and background (6) counting rates and crude estimates 
of the standard deviations for each shield material. 








Flight ii 


w 
Shield counts/min counts/min 


w 
counts/min 


Flight io Flight 9 


w 
counts/min counts/min counts/min 





0.68+0.12 
0.87+0.14 


1.28+0.15 


N 3.94+0.31 
3.90+0.44 


3.25+0.44 
1.92+0.23 


3.93+0.31 
3.96+0.27 


2.66+0.44 
2.0820.23 


4.07+0.44 
3.70+0.56 
1.06+0.28 
2.91+0.40 
1,990.35 


0.46+0.18 
0.97+0.22 


1.17+0.24 


0.4540.12 
0.8240.15 


1.15+0.15 








on the line connecting Dover, New Jersey, and Montauk 
Point, Long Island, New York. Flight » was cut short 
because the aircraft developed engine trouble. All the 
flights were made in clear weather.’ Occasional stray 
cumulus cloud formations (at altitudes of about 800 
to 770 g cm™”) were given a very wide berth.” 


CALCULATIONS FROM THE FLIGHT DATA 


Corrections for the following effects were considered : 
(1) the interception of neutrons that would ordinarily 
be counted by one counter by any other counter or 
shield; (2) the differences in background counting rates 
caused by differences in the masses of shields in the 
same counter group; (3) the changes in m’(EZ) brought 
about by inserting the counters and shields into the 
atmosphere; (4) the moderation of neutrons by the 
gasoline in the airplane under the assumption that the 
number of neutrons so moderated would decrease as 
the gasoline was consumed; (5) the recovery time of 
the counting trains (0.3 sec); and (6) the moderation 
of neutrons by the frontal mass of the airplane (engine, 
crew, batteries, etc.). 

The first four effects were found to be unimportant 
(less than about 2% of the counting rates in all cases). 
The last effect is very large. It is possible to make a 


21 The author is indebted to the members of Project Scud, 
Department of Meteorology, College of Engineering, New York 
University, for special weather forecasts of unimpeachable 
accuracy. 


correction for the last effect by considering the counting 
rates of counters whose positions in the aircraft were 
exchanged between the various flights, and making 
several simplifying assumptions regarding the geometry 
of the moderating material and the energy of the 
scattered neutrons. Account was also taken of the 
effect of the shields on these moderated neutrons. The 
effect of this correction on the ratios of the counting 
rates is fairly insensitive to the exact nature of the 
assumptions made. The data of Table I were corrected 
for the recovery time of the counting trains in the usual 
manner.” Then the correction for the effect of the air- 
plane was applied, and the data were processed through 
Eqs. (4) and (5) to give the results in Table II. The 
application of the last correction tends to smooth out 
the statistical variations among the flights and gives a 
false uniformity to the results. 


THEORETICAL CALCULATIONS 


Equation (2) was evaluated numerically for the 
shields used in this experiment. The ratios in Table III 
were obtained for the indicated shield materials. The 
last result in the column titled “Theoretical ratio” 
assumes a step-function cadmium cutoff with the step 
at 0.4 ev.'! The value of 2.43 for the no-shield to 
cadmium ratio is reached using the actual neutron- 
capture cross section of cadmium. The difference 


2S. A. Korff, Electron and Nuclear Counters (D. Van Nostrand 
Company, Inc., New York, 1955), second edition, p. 254 et seq. 
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between the value of 2.28 and that of 2.43, which 
corresponds to a step function with a cutoff at 0.55 ev, 
is not considered significant. The values of S(£) 
inserted into Eq. (2) were taken from the literature.” 
It is possible to evaluate U for the various cases from 
the densities of the shields [ (2.23+0.03) g cm for 
Pyrex and (2.51+0.03) g cm™ for the line glass used ] 
and information previously given. The calculation of 
y is straightforward but the details depend on the 
exact placement of the shields. In the present case it 
was found that y was equal to $ the wall thickness of 
the shields. The standard deviations in the first column 
of Table III were crudely estimated on the basis of the 
following considerations: (1) the 3% error in evaluating 
Eq. (2) was assumed random and treated as a percent 
standard deviation; and (2) the standard deviations of 
the experimentally determined values used in the 
calculation of the ratios were taken into account. 

No average energy or average velocity can be calcu- 
lated from the energy distribution given in Eq. (1), 
because n(£) does not go to zero fast enough as E 
becomes infinite. This is not unexpected as Eq. (1) is 
not valid above 0.1 Mev. If the distribution is con- 
sidered to be cut off at Ho and the average energy is 
then calculated, one finds that the average is sensitive 
to the exact value chosen for Eo. However, it is possible 
to calculate the average neutron cross section for B", 
S§’, in the usual manner, 


=| f S"(Byw (EAE / | f W (Hab | 


=1900 barns. (6) 


The neutron energy corresponding to 1900 barns is 
about 0.12 ev. 


TABLE III. Ratios of counting rates for variously shielded 
counters in the equilibrium region of the atmosphere. 


Theoretical* 
ratio 


1.55+0.08 
1.68+0.09 
1.08+-0.05 
1.45+0.12 
2.4340.12 


2.28 


Experimental> 


Shields ratio 





1.5 +0.2 
2.0 +0.2 
1.3520.15 


Lime glass to Pyrex 
No-shield to Pyrex 
No-shield to lime glass 
No-shield to Davis’ counters** 
Cadmium ratio (actual) 

2.26 
Cadmium ratio (nominal)‘ 








* Except as noted, these ratios apply only to the shields used in this 
experiment. 

> Except as noted, the experimental ratios are the result of the present 
experiment. 

¢ See reference 3. 

4 See reference 4. 

© See reference 24. 

t After Freese and Meyer (reference 1). 

® This number has been obtained by several investigators [references 2 
and 11, and H. J. Kouts and L. C. L. Yuan, Phys. Rev. 86, 128 (1952)]. 
The sharp cutoff of the cadmium neutron-absorption cross section at about 
0.4 ev makes the cadmium ratio insensitive to the counter and shield 
geometries used in cadmium-ratio measurements. 


%D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
United States Atomic Energy Commission (McGraw-Hill Book 
Company, Inc., New York, 1955), second edition of AECU-2040. 


TABLE IV. Average neutron production rates. 


Average neutron production rate 
per cm? per sec 
latitude Corrected Recent* 


54.7° 1.0 21 20 
Staker® 54.7° 0.98 2.1 2.0 


Staker® 30.4° 0.41 0.9 0.9 
SPK¢ 69° 2.0 4.2° 


North 
geomagnetic 


Author Original 


Davis” 


® See reference 8. 

b See reference 3. 

© See reference 4. 

4 See reference 24. 

¢ These anomalous results are probably due to solar activity at the time 


the measurements of Staker, Pavalow, and Korff (reference 24) were made 
[see reference 2 and S, A. Korff (private communication) J. 


The data of Davis* and of Staker** were multiplied 
by a factor of 1.4 to correct for the neutrons absorbed 
by the Pyrex envelopes of their counters. Davis’ and 
Staker* used a factor of only 1.14 which Davis calculated 
on the basis of an older energy distribution than that 
used here. A factor 


no-shield/Pyrex (Davis) = 1.45 


was calculated from Eq. (2) using the length y’’ 
calculated from the wall thickness (2 mm) of the 
counters of Davis* and Staker,* which fortunately were 
still available to us for measurement. The factor 1.45 
was decreased to 1.4 to compensate for the reduced 
effect of the Pyrex above 200 g cm~*, where the average 
neutron energy is higher. Corrected neutron-production 
rates were calculated using the same method® used by 
Davis’ and by Staker,‘ but using the values of the 
neutron-absorption cross sections and the mean 
absorption coefficient used by Soberman.*:” The results 
are collected in Table IV. The author feels that a 
standard deviation of 20% should be attributed to the 
corrected production rates. The neutron-production 
rates collected by Soberman* are included in Table IV 
for comparison. 


DISCUSSION 


The experimental ratios calculated from Table I 
appear in Table III. The experimental and theoretical 
values for the lime-glass to Pyrex ratio agree very well. 
The agreement between the experimental and theo- 
retical results for the no-shield to Pyrex and no-shield 
to lime-glass ratios is not as good. The design of the 
experiment permitted the effect of variations among 
the counters and counting trains to be averaged out 
of the experimental determination of the lime-glass to 
Pyrex ratio. Lamentably, the opportunity to carry out 
the complete experimental design was not available 
and these variations cannot be averaged out of the two 
no-shield ratios. The latter must therefore be considered 
to have a greater variance than the lime-glass to Pyrex 


* Staker, Pavalow, and Korff, Phys. Rev. 81, 889 (1951). 

25 Beiser, Haymes, and Korff (to be published) direct attention 
to a calculational error in R. K. Soberman, Phys. Rev. 102, 1399 
(1956). 
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ratio. However, the fact that the experimental no-shield 
ratios are somewhat higher than the theoretical no- 
shield ratios suggests that the correction for the effect 
of the aircraft was insufficient to compensate completely 
for the softening of the neutron energy spectrum. 
Enough data were not obtained from the cadmium- 
shielded counters to warrant a calculation of the 
cadmium ratio. 

The values of w for the unshielded counters, Table II, 
agree very well with the value of 4.2+1 counts min“ 
for the 690-millibar point in Fig. 13 of reference 8, 
which was obtained using counters identical to those 
used in this experiment. The difference of 3 degrees in 
the geomagnetic latitudes at which these data were 
taken is not significant at this altitude and geomag- 
netic latitude.® 

The standard deviations given in Table III are crude 
estimates for which the nature of the experiment does 
not allow rigorous support. The standard deviation in 
the experimental results is about 15%. If the many 
approximations in the derivation of n(£) itself are also 
considered, the uncertainty in the theoretical ratios 
cannot be thought much less. While the agreement 
between experimental and theoretical results must be 
viewed in the light of the above, the agreement is 
helpful nevertheless in two areas. 

(1) The theoretically calculated correction for the 
thick Pyrex envelopes of the counters of Davis* and 
Staker* may be applied without degrading the accuracy 
of their data. This final correction to the work of Davis* 
and Staker* brings into agreement all the data on 
atmospheric neutrons obtained by the Cosmic-Ray 
Project at New York University between 1948 and 
1956. Throughout this period the experiments per- 
formed by members of the Project have made use of 
two counters, one enriched with B"” and the other 
either depleted*-*4 in B*° or nonenriched,* to eliminate 
background counts. 

(2) In most'*?627 previous experiments the cadmium 
ratio has been used as an index of how well a distri- 
bution function represents the actual distribution of 
the energies of atmospheric neutrons below 200 g cm™ 
altitude.' However, as pointed out by Freese and 


26S, A. Korff and B. Hamermesh, Phys. Rev. 69, 155 (1946). 
27 P. Meyer, Z. Physik 141, 28 (1955). 
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Meyer,' the cadmium ratio gives information about 
n(E) only for energies above the cadmium cutoff. The 
cadmium ratio thus gives no information as to the 
effect of the second- and third-order terms in the 
exponent of Eq. (1) or about effects perturbing the 
energy distribution at very low neutron energies. As 
the cross section of boron varies as E~* and has no 
sharp, low-energy cutoff, the ratios calculated here are 
affected by the details of the distribution below 0.4 ev. 
However, these ratios are not very sensitive to the 
exact shape of the distribution function, and are 
especially insensitive at the very low energies (below 
0.025 ev). The agreement between the experimental 
and theoretical results of this experiment tends to 
substantiate the calculations of Freese and Meyer.' A 
more refined experiment must be undertaken before 
any comments may be made about the details of n(£). 


CONCLUSIONS 


(1) All the data obtained between 1948 and 1956, by 
members of the Cosmic-Ray Project®*:*4 of New York 
University, on the production and distribution of 
atmospheric neutrons, are self-consistent. 

(2) Within the sensitivity of this experiment, the 
function [Eq. (1)] derived by Freese and Meyer! 
adequately describes the energy distribution of lambda 
neutrons in the equilibrium region of the atmosphere. 
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Gamma and alpha emission from the 15-Mev level of C” is investigated in the reaction B"(d,n)C™*. 


An upper limit on the ratio of a- to y-radiation from the state is 'g/I'y 


<1.5. The excitation threshold for 


15-Mev gamma radiation is 1.633+-0.003 Mev, and the cross section is given as a function of bombarding 
energy up to 3.25 Mev. Resonances are found at 2.180+0.010 and 3.080+0.015 Mev. Momentum analyses 
of a particles from deuteron bombardment of B” and natural boron reveal no excited states in Be* in the 
range of excitation 9.8 to 14.8 Mev, and no new states in Be® below 4.7-Mev excitation. The nature of the 
1.75-Mev level of Be® is discussed. The branching of the 8-decay of B” to the 4.43-Mev state of C” is found 
to be 1.4+0.4%, allowing the unique assignment J =1* to the B® ground state, which is presumed to be 
the analog of the 15-Mev state of C". Upper limits of (0.00+0.01) and (0.1+0.1)%, respectively, are found 
for y rays with E,>6 Mev and E,=3.2 Mev following B" decay. The cross section for the production of B™ 
is given as a function of bombarding energy for 0.5 < Ea <3.25 Mev. 


I. INTRODUCTION 


NVESTIGATORS at several laboratories have re- 

ported observation of a 15-Mev gamma ray, pre- 
sumed to originate from the known level at that energy 
in C!? (see Fig. 1). The earliest report was that of 
Cohen, Moyer, Shaw, and Waddell,? who observed a 
gamma ray with 15.2+0.2 Mev energy, using a 180° 
pair spectrometer, during bombardment of carbon with 
protons of 30- to 340-Mev energy, and also during 
bombardment of thick B" targets with deuterons of 
18-, 30-, and 50-Mev energy. It was also sought, but 
not observed, from proton bombardment of Be, B", 
and O'*, and from alpha bombardment of beryllium. 
These facts were taken to indicate that the gamma ray 
originated from the 15.1-Mev level in C** already found® 
from a neutron group from B!!(d,n)C'*. This level is 
unstable to alpha-emission to states in Be* up to 7.7 
Mev, and the presence of the gamma radiation led to 
the suggestion that the state is the B’? ground-state 
analog with T= 1, which should lie at about that energy. 
To the extent that there occurs no mixing with states 
having zero isotopic spin, breakup into Be*+a (or into 
3a) in low-lying states is then forbidden, and the 
radiation thus accounted for. However, some such 
mixing does occur, presumably in the compound state, 
in the reaction N44(d,a)C*, which has been observed by 
the Indiana group to give a thick NeC3He-target yield 
of 15-Mev gamma radiation of about 3% of the thick 
B,C-target yield (~3X10~y/d) from B"4(d,n)C! at 
the same bombarding energy (10.8 Mev).‘ The Indiana 


’ _ Supported in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 

TA preliminary report of this work was given at the Winter 
Meeting of the American Physical Society at Los Angeles, Phys. 
Rev. 100, 1796(A) (1955). 

1F,. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


(1955). 
aos. Moyer, Shaw, and Waddell, Phys. Rev. 96, 714 
1954). 

3V.R. Johnson, Phys. Rev. 86, 302 (1952). 
( ‘Rasmussen, Rees, Sampson, and Wall, Phys. Rev. 96, 812 
1954). 


group also found a small yield (~6% of the B+d 
yield) of Be®(a,wy15)C using 21.7-Mev alphas. Some 
inhibition of formation of the 15.1-Mev state might be 
expected here, if Be’ be regarded as made up of two 
alphas and a neutron loosely bound, since merely re- 
placing the neutron with the incoming alpha could not 
form a T= 1 state. Recent work by Waddell® has shown 
the 15-Mev radiation to be present in the reactions 
C!2(p,p")C#*, C!?(n,n’)C**, B(dn)C* and Be’- 
(a,n)C!2* but absent in C!?(a,a’)C!* and C!*(d,d’)C!** 
except at energies high enough that breakup of the 
outgoing alpha or deuteron would be expected. A 10.7- 
Mev gamma ray has also been found by Waddell® in 
C!*(p,p’), with 9.5% of the intensity of the 15.1-Mev 
radiation, indicating-that cascading through the C” 
4.43-Mev state is present. 

The present work was undertaken to investigate the 
width and branching between alpha particles and 
gamma rays of the 15.1-Mev state. Since it appeared 
likely that this state is in fact the analog of the B” 
ground state, the spin and parity of the B™ ground 
state was investigated by studying the branching of the 
B-decay of B*. 

Subsequently Fuller, Hayward, and Svantesson® have 
found a photon scattering maximum from C” irradiated 
with bremsstrahlung from the National Bureau of 
Standards betatron, corresponding to a level at 15.0 
+0.2 Mev. From the difference in the scattered in- 
tensity with graphite absorber placed before and after 
the scatterer, they determined the level width to be 
less than 10 kev (the energy of the C’ recoil). More 
recent work by Hayward and Fuller’ has shown the 
level width to be [=79+16 volts, with I',/f!=0.69 
+0.07. 

The 15.1-Mev gamma ray has also been studied 


5C. N. Waddell, Ph.D. thesis, University of California, 1957 
(unpublished). 
Bull. Am. Phys. 


* Fuller, Hayward, and Svantesson, Soc. 
7 E. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957). 


Ser. II, 1, 21 (1956). 
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Fic. 1. Energy level diagram of C”, after Ajzenberg and Lauritsen (reference 1) with some additions. 


recently through the B”(He’,p) and C*(He'’,a) re- 
actions.*® 
Il. METHODS 


Deuterons having energies up to 3.25 Mev were used 
to bombard various boron targets after electrostatic 
analysis to one- or two-tenths percent in energy. The 
high-energy gamma rays were detected with a 4-in. 
Xin. Nal crystal spectrometer. Due to the high yield 
of lower energy gamma rays and neutrons, it was 
found necessary to reduce the counting rates consider- 
ably below target and machine capacity to avoid pile-up 
and gain-drift in the photomultiplier. The crystal was 


8 E. Almqvist (private communication), and Bull. Am. Phys. 
Soc. Ser. II, 2, 51 (1957). 


shielded around the sides with three inches of lead and, 
as neutron shielding, with B2O;-loaded paraffin, about 
three inches of paraffin around the sides and about 
four inches in front being typical. 

Charged particles were analyzed with the aid of a 
16-inch double-focusing magnetic spectrometer, usually 
using the maximum available solid angle of 0.0063 
steradian and a momentum resolution of 230. Calibra- 
tions were made with Th-C alpha-particle groups and 
with reactions having well-known Q values such as 
C(d,p)C*. Since the principal interest was in alpha- 
particle yields, a thin crystal of CsI just thick enough 
to stop alpha particles of about 5 Mev was made by 
milling a CsI wafer glued to a glass slide. The resulting 





BORON PLUS 
scintillator, mounted on a DuMont 6292 photomulti- 
plier tube, gave nine percent resolution for 4-Mev 
alphas. For deuterons the maximum pulse height was 
achieved at 1.6 Mev, indicating a thickness of 0.001 
inch. This is also the range of 1.4-Mev protons and thus 
integral biasing of scalers was sufficient to discriminate 
in favor of alphas over 3 Mev. (Magnetic analysis 
passes protons and alphas having the same energy, and 
in a thick CsI crystal the proton pulses are somewhat 
greater than the alpha pulses.) 

Thin boron targets were made by evaporation of 
natural boron (81% B"', 19% B*) from tungsten wire 
onto 0.003-inch tantalum backing, a typical target 
being 5.3 kev thick to 800-kev deuterons. However, 
some of the thickness was due to oxygen and carbon 
contaminations which, after many hours of bombard- 
ment, were estimated to be 2.3 kev and 1 kev, respec- 
tively. These thicknesses were evaluated by comparing 
the O'*(d,p)O" and C!*(d,p)C® yields in the 16-inch 
magnetic spectrometer with published cross sections? 
(interpolated in the latter case). The need for an accu- 
rate target thickness determination was avoided by 
directly measuring the cross section of the reaction 
B!!(d,a)Be® from the thick-target yield curve, using a 
pure B!! target’ obtained from Harwell. If NV, is the 
spectrometer counting rate at the top of the thick-target 
step per g microcoulombs of bombarding particles, the 
cross section is given by 


2 cos; | 
c= —| €:—+ €——| millibarns," 
gQ2.E2| OF cos@s 


where R is the spectrometer momentum resolution, 
Q, is the solid angle (in center-of-mass system) of the 
spectrometer, £; is the bombarding energy in electron 
volts, 2 is the energy of outgoing particles in electron 
volts, 6;, 62 are the incident and outgoing angles, 
measured from the normal to the target on the bom- 
barded side, and ¢;, €2 are the stopping cross sections in 
10-'® ev-cm? for the incident and outgoing particles, 
obtained by interpolation from the curves of Whaling.'? 
Then from the integrated yield from a thin target, 
JS N,(1)(d1/I), under the same bombarding and de- 
tection conditions, the surface density, nt, of the boron 
nuclei (parallel to the incident beam) is 


2R NJ) 
107 t = —— 
gQo I 


*Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955); Bonner, Eisinger, Kraus, and Marion, Phys. Rev. 101, 
209 (1956); G. C. Phillips, Phys. Rev. 80, 164 (1950). 

1 We are indebted to Dr. M. L. Smith of the Atomic Energy 
Research Establishment, Harwell, England for supplying the 
separated boron targets. 

4 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 gd ‘ ( 

2 W. Whaling, Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 34, p. 193. ‘ : 
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Fic. 2. Pulse-height spectrum of high-energy 
gamma rays from B"+d. 


where o is the value determined from the thick target 
yield and / is the fluxmeter reading, which is inversely 
proportional to the magnetic rigidity. Direct measure- 
ment of the thickness of a thin B"! target by measuring 
the shift of the elastic scattering edge was not con- 
sidered reliable because the boron was embedded in the 
tantalum backing by the isotope separator. A check of 
the elastic scattering profile from the copper backing of 
the thick target, however, revealed only a negligible 
mixing of the copper with the boron in the first few 
hundred micrograms per cm?. It is presumed that with 
increasing boron deposition the copper atoms in the 
surface region become increasingly dilute. 

By comparison of the thick-target step with the thin- 
target integrated yield as outlined, the thin target was 
found to have a surface density of B! of 36 ug/cm?. 
Interpolated values for ¢; and ¢2 used for boron were, 
respectively, 4.45 for 1.70-Mev deuterons and 10.3 for 
7.2-Mev alpha particles. 


Ill. RESULTS 


The high-energy gamma-ray spectrum resulting from 
the deuteron bombardment of the 36-ug/cm? B#! target 
is shown in Fig. 2 for two bombarding energies, above 
and below the expected threshold to the 15-Mev state 
of C'*. The difference between the yields is plotted as 
solid circles and taken to be the net yield of 15-Mev 
radiation from 50 to 80 volts pulse height. The lowest 
point of the curve was extrapolated to zero pulse height 
as a constant Compton plateau, the total area thus 
formed giving the total yield used to determine the 
cross section for the reaction. The counter efficiency was 
found by numerical integration, using published Nal 
cross sections,"® and a 15% correction applied for the 
interposed absorbers. 

The B!"(d,ny15)C!? cross section at 2.2 Mev was thus 
found to be 29+7 millibarns. The anisotropy was less 
than four percent at 2.5 Mev, with J(90°)/J(0°) in- 


3G. R. White, National Bureau of Standards Report NBS- 
1003, May, 1952 (unpublished). 
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Fic. 3. Thin target excitation curves for 15-Mev gamma radia- 
tion (solid circles) and for alpha particles (open circles) of selected 
momentum (see text). The peaking of the gamma yield at 2.180 
Mev has been emphasized by plotting the difference between the 
actual curve and the smoothed (dashed) curve. 


creasing slowly with decreasing energy to a value of 
1.15+0.04 at 1.7 Mev (just above threshold). 

The high-energy tail shown in Fig. 2 for 1.59-Mev 
deuteron energy decreased smoothly in intensity with 
decreasing bombarding energy, at 550 kev the yield 
above 50 volts pulse height being about one-tenth that 
at 1.6 Mev. Also shown is -the gamma-ray spectrum at 
796-kev bombarding energy obtained with a 600-ug/cm? 
Harwell B" target. The peak in the spectrum is appro- 
priate to a gamma ray of 12.8+0.3 Mev, calibrated in 
terms of the 15.1-Mev peak in the figure. The yield per 
microcoulomb was independent of the beam intensity, 
hence random coincidence of lower energy pulses was 
not involved here. The possibility of real coincidences 
between the 4.43-Mev gamma ray and its accompanying 
fast neutron was ruled out on the basis of known or 
limiting values of cross sections, the geometry involved, 
and the resolving time of one microsecond (which 
limits the neutron diffusion time). That molecular 
hydrogen contamination of the mass two beam was not 
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Fic. 4. 15-Mev gamma ray yield 2s bombarding energy near 
threshold. The curve is calculated for a 3-kev target thickness 
and a cross section varying as (E—1.633)* Mev. 
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the source, through the known 12-Mev gamma ray 
from B"(p,y)C', was checked by verifying that the 
yield was nonresonant and small over the deuteron 
energy range 300 to 356 kev, spanning the known proton 
resonance at 163 kev. It is therefore concluded that it 
is a gamma ray originating from a state in C™ at 12.8 
Mev, perhaps the known state at 12.76 Mev.! The 
cross section for its production at 1.6 Mev is estimated 
to be about 4% of that for the 15.1-Mev gamma ray 
at 2.2 Mev, or about 1.2 millibarns. Waddell® has also 
observed 12.8-Mev gamma radiation from C!*(p,p’), 
with 9% of the intensity of the 15-Mev radiation in the 
pair spectrometer. A 12.8-Mev gamma ray has been 
observed in the B”(He*,p)C reaction,® in coincidence 
with the proton group to C!**(12.76). 

The yield of the 15.1-Mev gamma ray from a thin 
evaporated target, as a function of bombarding energy, 
is shown in Fig. 3 (the curve labeled “a-yield” will be 
discussed later). The points were obtained with the 
ten-channel discriminator set to span the peak of the 
spectrum at about half maximum, and the sum of the 
channels plotted. The distinct threshold is to be seen, 
and two resonances, presumably from the formation of 
compound states of C® at 20.52 and 21.28 Mev, are 
evident at 2.180+0.010 and 3.080+0.015 Mev, respec- 
tively. The difference between the actual curve and a 
smooth interpolation of the broad trend around 2.2 
Mev is plotted to emphasize the resonance structure. 
The level widths are 115+ 10 and 160+15 kev, respec- 
tively, in the center-of-mass system. 

Details of the threshold are shown in Fig. 4, exhibiting 
the (E— Eo)! shape to be expected for s-wave outgoing 
neutrons. The threshold is quite sharply defined and 
was determined to be 163343 kev by comparison with 
the Li’(p,m) threshold (taken as 1881.0+1 kev) from a 
metallic lithium target freshly evaporated in situ. 
Small corrections for relativistic mass increase and 
target potential were made. An upper limit of about 
2 kev for the level width is evident from the sharpness 
of the rise from this 3-kev boron target. From the 
average of this threshold energy and the value 1627+4 
kev from the work of Marion et al.,"* the excitation of 
the state in C'* is 15.116+0.006 Mev. 

In an attempt to detect alpha particles from the 
decay of the 15.1-Mev state, the charged-particle 
spectrum from the thin evaporated target was investi- 
gated with the 16-inch spectrometer, at a deuteron 
energy of 1.70 Mev and at a laboratory angle of 58°, as 
shown in Fig. 5. Alpha particles (open circles) were 
separated from other charged particles (solid circles) at 
the same magnetic field setting by pulse-height selec- 
tion, a typical bias curve being shown in Fig. 6. In 
Fig. 5, the lowest energy shown is at the Rutherford 
scattering edge, below which the alpha spectrum was 


4 Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 

16 Q-values for C#(d,a)B" and C#(d,p)C® from D. M. Van 
Patter and W. Whaling, Revs. Modern Phys. 26, 402 (1954), 
were used. 
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obscured. The various groups are identified by labeling 
them with the final state, for example, the oxygen and 
carbon contamination is manifested in the three peaks 
from O'*(d,p)0!", O'8(dja)N“, and C!*(d,p)C#. The 
contribution from the B® content of the target was 
investigated with a separated (96% B"°) evaporated 
target, and is shown in the upper inset, with ordinates 
normalized to give the same number of counts in the 
B’(d,p)B"* (6.76)-peak. The nearly constant counting 
rate over the entire region is attributed to the three- 
body breakup B+d—3Het'. Final states in Be® from 
the reaction B'(d,a)Be** between 9.8- and 14.8-Mev 
excitation were covered, extending above the range 
(0 to 11.3 Mev) investigated by Holland, Inglis, Malm, 
and Mooring.'* The states at excitations of 11.1 and 
14.7 Mev reported!’ from the reaction Li’(d,m) are not 
in evidence here; states with widths <100 kev would 
have been detected if the cross sections were greater 
than 0.2 millibarns per steradian for production by 
B*(d,a) Be® at the energy and angle shown in Fig. 5. 
The B!'(d,a)Be® cross section having been found, as 
noted above, the other boron-reaction cross sections 


TABLE I. Cross sections and widths determined from 
the peaks in Fig. 5. 
a.m. (mb/sterad 
+15%) 


Reaction 
0'(d,p)0" (0) 
O'(d,a)N™" (0) 
B(d,p)B"* (6.76) 
B"(d,a)Be* (3.02) 
B"(d,a)Be** (2.43) 
B"(d,a)Be* (1.75) 

B"(d,a)Be® (0) 


Tem. (kev) 


161415 


143415 


LOR SAw™s 
DMS cee GO| “ 
Con © = 


giving peaks in Fig. 5 were readily calculated. The 
O'*-contamination was also known by comparison (at 
E,= 2.65 Mev) with the O'%(d,p)O"" cross sections given 
by Stratton e/ al.’ thus permitting determination of cross 
sections at £,= 1.70 Mev and 6@4,=58° (Table I). The 
peak indicated as a state at 1.75 Mev in Be’ is discussed 
in some detail below. 

In addition to the well-defined groups and the B” 
contribution, there remains the broad yield of alpha 
particles with a plateau in the region labeled A, at- 
tributed to the many-body reaction B'4+d—-3a+n 
which gives a maximum alpha energy of 6 Mev, and 
to the breakup of the broad 3-Mev state in Be® which 
gives alpha energies extending down from about 5 Mev. 

Alpha particles from the decay of the 15.1-Mev state 
in C? to the ground state of Be* would exhibit a peak 
at B somewhat larger than the adjacent Be®* (2.43)- 
peak if they were emitted isotropically and were as 
probable as the gamma emission. The transition is 
forbidden if the 15.1-Mev state has J/=1* as expected. 
Transition to the Be*® excited state at 3 Mev is not 

16 Holland, Inglis, Malm, and Mooring, Phys. Rev. 99, 92 


(1955). 
17 W. D. Whitehead, Phys. Rev. 79, 393 (1950). 
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Fic. 5. Momentum analysis of charged particles from B+d 
reactions, with a-particles (open circles) separated from other 
ions, chiefly protons (solid circles), by pulse-height selection in a 
0.001-inch CsI(T1) crystal. Groups are labeled according to the 
final state produced. 


forbidden by angular momentum considerations, how- 
ever, and should give a broad alpha group centered at A, 
the width being determined by the width'* (~1 Mev) 
of the Be**. With the spectrometer set near A, there- 
fore, the yield of alphas as a function of bombarding 
energy was determined, the spectrometer setting being 
varied simultaneously over a range of 370 kev to avoid 
the scattering edge. The separated B"™ thin target, 
which had negligible oxygen content, was used to obtain 
the yield curve incorporated as apart of Fig. 3. The 
dashed curve shows the additional yield expected from 
the state in question if './['y=5; the results indicate 
that l'./f',<1.5.'8 
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Fic. 6. Typical pulse-height spectrum of momentum-analyzed 
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18 This ratio was given previously (and quoted in reference 7) 
as 0.5 in a thesis by one of us (R.W.K.), where the statistical 
weight factor } was included such that the width ratio referred to 
transitions to the final subdstates. 
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In Fig. 5, the region at C in the insert is the expected 
location, at the higher bombarding energy, of the ground 
state alpha group from the next T=1 state of C! at 
16.1 Mev, well known from the reaction B!!(p,a)Be®.' 
About 2 percent of the decays from this state proceed 
by long-range alphas, and their absence here at 160 kev 
above threshold indicates a cross section for production 
of the state of less than 1 mb/sterad. 

The remainder of the pulse-height spectrum (Fig. 6) 
below the alpha peak consists of the proton peak at 
18 volts, and an unidentified peak at 8 volts. The dashed 
curve was taken at 50% more gain, thus moving the 
unidentified peak to 12 volts and revealing another rise 
at still lower pulse height. The latter was separately 
investigated and identified as recoil C* nuclei from 
C*(d,p)C®, using a thin target of natural carbon. The 
counts from 30 to 50 volts are presumed to be “ghosts” 
from multiple-scattered deuterons. 


IV. THE 1.75-MEV STATE OF Be’® 


The peak in Fig. 5 at E2=6 Mev may be due to a 
state in Be® near 1.75-Mev excitation as suggested 
originally by Moak et al., and Almqvist ef al.” The 
reduced width and resonance energy of such a state 
would be hard to determine from known data, because 
of the proximity of the threshold for breakup of Be® 
into Be*+n. An alternative explanation of the peak at 
1.75 Mev has been suggested by Rasmussen ef al.,”! by 
Gosset ef al.,*? and by Bockelman ef a/.¥ The explana- 
tion postulates that the structure found near 1.7-Mev 
excitation in Be® is due to three-body breakup of the 
compound nucleus with a final state interaction between 
the neutron and Be® producing a peak in the distribution 
of observed particles. Following Rasmussen e/ al.,?! and 
Bockelman ef al.,2* the momentum distribution of the 
outgoing alpha-particles leaving Be® in the excitation 
region near the threshold energy for n—Be* breakup, 
would have the form, in the absence of a final-state 
interaction, 


dN/dp= p*9, 


where p is the alpha-particle momentum in the center- 
of-mass system, and g is the relative momentum of the 
neutron and the Be* nucleus. If the interaction between 
the neutron and Be® in the final state can be represented 
by an s-wave potential scattering of the neutron by 
the Be*® characterized by a scattering length a=h/a, 
the alpha-particle momentum distribution would be of 
the form 


dN/dp« p*q/(a?-+q°). 


1” Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 

*” Almavist, Allen, and Bigham, Phys. Rev. 99, 631A (1955). 

21 Rasmussen, Miller, Sampson, and Gupta, Phys. Rev. 100, 
851 (1955). 

2 Gosset, Phillips, Schiffer, and Windham, Phys. Rev. 100, 
203 (1955). 

% Bockelman, Leveque, and Buechner, Phys. Rev. 104, 456 
(1956). 
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Fic. 7. The data of Fig. 5 near the Be®* (1.75)-peak, replotted 
on a larger scale. The curves marked B, and C are theoretical 
curves for scattering lengths of 2 and 8X10" cm, respectively 
for a nonresonant final-state interaction between Be* and neutron. 
Curve A is the alpha-particle momentum distribution expected 
for no final-state interaction. 


Rasmussen ef al. found their data to be well fitted by a 
scattering length of 1.3 10~?? cm for the n+ Be inter- 
action while Bockelman ef al. employed a value of 
2X 10-” cm. 

The portion of Fig. 5 near the 1.75-Mev peak is 
plotted separately in Fig. 7, together with the expected 
curves for the “three-body breakup plus neutron-Be* 
interaction” hypothesis using scattering length values 
of 2 and 8X10-" cm, and for the case of no final-state 
interaction. The theoretical curves have been corrected 
for the experimental resolution, as determined from the 
sharp peaks of Fig. 5, but not for center-of-mass 
motion or the small change in momentum window of 
the spectrometer. Since the theoretical peaks become 
very sharp, compared with the experimental resolution, 
as the scattering length, a, becomes large, the experi- 
mental data do not yield a very accurate value for a. 
A scattering length a=1.6X10-" cm would not be 
inconsistent with the present experimental data but the 
lower values previously chosen, a= 1.3X10~!? cm and 
a=2X10-” cm would clearly not give sufficient peak- 
to-valley ratio to fit the data of Fig. 7. Furthermore 
there is some indication that the peak in the experi- 
mental data occurs at slightly higher excitation in Be® 
than do the peaks in the theoretical curves. 

The discrepancy between the values of a required to 
fit the various experiments and, to a lesser extent, the 
discrepancy in the energy scale suggest that the simple 
hypothesis of a three-body breakup of the compound 
nucleus with a nonresonant s-wave interaction between 
the outgoing neutron and Be‘ nucleus is not sufficient to 
explain all the experiments bearing on this region of 
excitation of Be® with the same value of the scattering 
length. 
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More complicated variation of the n-Be® scattering 
with energy of the neutrons introduces more free 
parameters and can be made to fit the experimental 
data. For example, a resonant type of interaction be- 
tween the neutron and Be® would lead to an expected 
alpha-particle momentum distribution of the form 


dN/dp« p*q/[(Er—E)*+3T"], 


where E= q?/2u. As before, g is the relative momentum 
of the m-Be® system and y is the reduced mass. Ep is the 
assumed resonance energy and I'= 2(g/h)y?K, where y? 
is the single-particle reduced width= h?/uR and K is 
the assumed fraction of a single-particle width. Satis- 
factory fits to the experimental data can be achieved 
for values of Ep ranging several hundred kev both sides 
of the n-Be® threshold by choosing appropriate values 
of K. The situation is further complicated by the possi- 
bility of interference between resonant and potential 
scattering. With presently available experimental data 
it does not seem possible to resolve the question whether 
(1) there is an excited state of Be® in the neighborhood 
of 1.75 Mev (the word “‘state” being used in the usual 
sense of a relatively long-lived configuration of nucleons) 
superimposed on a background of alpha particles from 
three-body breakup or from a broad excited state at 
higher excitation, or (2) the entire structure in the 
alpha-particle momentum curve in the vicinity of the 
neutron threshold is due to the three-body breakup 
with final-state interaction. 

A detailed discussion of the 1.7-Mev “state” in Be® 
has been given in a recent paper by Miller** who 
attributes the observed structure in the various experi- 
mental curves covering this region of Be® to the three- 
body breakup plus final-state interaction hypothesis. 
Miller used a scattering length a=2X10-' cm and 
suggested that this comparatively large value of @ was 
due to a nearby “size” resonance in the potential 
scattering. The larger scattering length of a28x10-" 
cm required by the present data would indicate that 
the n-Be® is indeed very near resonance on the basis of 
this model. 

The recent investigation of proton, deuteron, and 
alpha-particle scattering on Be’ by Summers-Gill*® 
attributes the 1.7-Mev structure either to “heavy- 
particle stripping” or to a well-defined state of Be’. 

Some support for the existence of an excited state of 
Be’ in this vicinity comes from the recent Re*(y,n) 
work at Notre Dame,”* which shows a sharp and large 
peak in cross section at 1.70+0.05 Mev. Such a state 
would have odd parity if it is due to M1 gamma-ray 
absorption as suggested by Mast.”* If further work 
confirms the presence of an odd-parity excited state of 
Be® near 1.75-Mev, rather small values of the ratio of 
spin-orbit interaction energy to the central interaction 


“1D. W. Miller, Phys. Rev. 109, 1669 (1958). 

2° R. G. Summers-Gill, Phys. Rev. 109, 1591 (1958). 

26 TD), R. Connors and W. C. Miller, Bull. Am. Phys. Soc. Ser. II, 
1, 340 (1956). 
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Fic. 8. Block diagram of the electronics used to determine 
B-y coincidences from the B™” decay. 


energy are indicated, in agreement with the small 
ratio suggested by the ground state magnetic moment 
of Be’, as has been pointed out by Kurath.”’ An excited 
state formed by potential scattering of s-wave neutrons 
on the Be® core would have spin } and even parity and 
would not appear among the odd-parity states calcu- 
lated by Kurath. 


V. BRANCHING IN THE BETA DECAY OF B” 


Since much of the discussion of the 15.1-Mev state 
in C' depends upon its identification as the analog of 
the B” ground state, a measurement of the branching 
of the B'? beta decay was made. The spins of both the 
ground state (0+) and first excited state (2+) of C™ 
being known, establishment of the ff-values for the two 
branches could be used to infer the spin and parity of 
B. Early work by Hornyak and Lauritsen** had fixed 
the end-point of the ground state transition as 13.43 
+0.06 Mev, and had shown about 5% branching to 
higher states, which were, however, not specified with 
any certainty. Similarly, beta-gamma coincidences by 
Vendryes” showed (4+1)% higher transitions, but the 
assignment to the first excited state of C' was not 
firmly established. Recent work by Cook ef al.” shows 
that 6-rays from B* also lead to states in C at 7.653 
Mev (1.3%) and 10.1 Mev (0.13%). 

In this experiment, the B!? was made via B""(d,p)B** 
by bombarding a thick target of natural boron, pressed 
into a thin aluminum thimble, with 400-kev deuterons, 
magnetically analyzed. The target was housed in a thin- 
walled Lucite chamber, with beta and gamma detectors 
placed as shown in Fig. 8. The beta rays were detected 
with a plastic scintillator 1.75 inches in diameter by 
44 inch thick, mounted in an aluminum can on a 
DuMont 6292 photomultiplier. The four-inch Nal 
crystal was used as gamma detector, with 3.6 centi- 
meters of graphite interposed to absorb the beta rays 


27 Dieter Kurath, Phys. Rev. 101, 216 (1956). 

28 W. F. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1950). 

*” G. Vendryes, Compt. rend. 233, 391 (1951). 

® Cook, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 107, 508 
(1957); C. W. Cook, Ph.D. thesis, California Institute of Tech- 
nology, 1957 (unpublished). 
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Fic. 9. NaI(T1) spectrum of y-rays in prompt coincidence with 
delayed beta rays from B™. The random coincidences shown have 
been subtracted to obtain the open circles, the statistical errors 
of the latter being indicated in a few cases. The 4.43-Mev y-ray 
from the reaction N'*(p,a7)€" is included for comparison. 


with a minimum of bremsstrahlung production. Because 
of the tremendous yield of prompt gamma and neutron 
radiation, the beam was electrostatically deflected with 
a 60-cycle per second square pulse, and all counting 
was done when the beam was off the target and inter- 
cepted by a tantalum sheet above the magnetic ana- 
lyzer. The 60-cycle deflection rate was well-suited to 
the B** half-life of 21 milliseconds. 

A block diagram of the electronic circuits involved is 
included in Fig. 8. The gamma-ray spectrum was dis- 
played on the ten-channel differential discriminator, 
which was allowed to record pulses only if a beta- 
gamma coincidence occurred within the resolving time 
(0.4 usec) of the fast coincidence mixer. To correct for 
differences in crystal decay times and in electronic 
delays, a suitable length of RG65U delay cable was 
inserted in the beta-channel, the required length being 
determined by a direct check of gamma-gamma coinci- 
dences from Na” annihilation radiation. A plot of 
counting rate versus inserted delay also gave a direct 
measure of the resolving time of the system. Random 
coincidences were counted by inserting a long (1 usec) 
delay in place of the 0.2 usec delay used during the 
counting of real coincidences. 

The beta-channel was biased so that Cs’ gamma 
rays (hv= 661 kev) were excluded, to reduce x-ray back- 
ground. Considering also the absorption due to the 
material in the path of the beta rays, it is estimated 
that electrons originating in the target with energies 
greater than 1.9 Mev were counted. Since this effective 
bias cut out a slightly larger fraction of the transitions 
to the 4.4-Mev state than those to the ground state, 
a calculated correction factor of 1.066 was applied to 
the measured gamma/beta ratio. The counting rate in 
the beta counter was reduced to 1% by }-inch of brass, 
indicating that essentially all the counts in the 8-counter 
were from §-rays. 

Low bombarding energy and low currents (~0.2 
microampere) were selected to minimize machine back- 
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ground and difficulties due to the high yields, especially 
the gain drift of the gamma counter. Even so, it was 
found desirable to season the counter with a half-hour 
run with the beam on the target, before starting the 
recorders. The importance of gain stability was in- 
creased by the necessity of successive long runs (about 
one-half hour each) with the ten-channel analyzer 
spanning overlapping parts of the spectrum. 

The results of the best of four runs are shown in 
Fig. 9, where the open circles represent the recorded 
B-y coincidence counts minus the measured random 
coincidences, the latter being indicated by the dashed 
curve. The crosses, through which the solid curve is 
drawn, are an overlay of the spectrum from N#®- 
(p,ay)C™, which gives a clean spectrum of the 4.43- 
Mev gamma ray from C!*. The fit is seen to be good 
except at the lower pulse heights, where there appears 
a subsidiary peak. This is attributed to real beta- 
gamma coincidences from Al?*, which is known to 
decay by a 2.9-Mev beta transition followed by a 
1.8-Mev gamma ray, with a 2.3-minute _half-life.*! 
Presumably the aluminum target backing is activated 
by the neutrons from the deuteron irradiation of the 
boron target. 

A net total of 13 000 coincidence counts is represented 
by the plotted points plus the Compton tail extrapolated 
to zero pulse height. From this run and other similar 
runs, it was calculated that (1.4+0.4)% of B™” decays 
are followed by the 4.4-Mev gamma ray. Various 
correction factors were applied as follows: +6.6% for 
beta counter bias, as mentioned above; +15% for the 
absorbers in the path of the gamma rays; —19% for 
dead time in the number-one scaler (the dead time was 
measured using two radioactive gamma sources singly 
and together). The total efficiency of the gamma de- 
tector was calculated to be 5.8% from the geometry 
and Nal cross sections. 

It is also estimated from the small number of counts 
from pulses greater than 60 volts that (0.00+0.01)% 
of transitions are accompanied by a gamma ray having 
an energy greater than 6 Mev. Furthermore, from the 
absence, in Fig. 9, of a peak at 3.2 Mev, less than 
(0.1+0.1)% of the beta transitions lead to the known 
7.65-Mev state in C followed by gamma decay to the 
4.43-Mev state. This, of course, does not preclude a 
much stronger transition followed by alpha decay to 
Be’, which is known*® to occur. 

Essentially the same conclusions have been reached 
by Tanner,” who finds a (1.7+-0.4)% branch to the 
4.43-Mev state of C'*. He was also able, by gamma- 
gamma coincidences, to put a limit of (0.04+0.2)% on 
the transitions accompanied by a 3.2-Mev gamma ray. 
(The probability of gamma decay of the 7.65-Mev 
state of C” is of considerable importance in connection 


( 3 P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
1954). 
# N. Tanner, Phil. Mag. 1, 47 (1956). 
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with the stellar production of heavy elements,” but 
will not be discussed here.) 

A thin target yield curve for B''(d,p)B™ was also 
obtained, using the same counters with the 60-cycle 
beam deflector arrangement, but without the fast 
coincidence. In this case, the gamma counter was 
placed at 90°, about six inches from the target, and 
biased to observe the 15-Mev y-radiation for use in 
energy calibration of the magnetically-analyzed deu- 
teron beam. The gamma-ray yield also allowed a 
rough check on the B" content of the target. The beta 
counter was placed at 0°, four inches from the target, 
with a 2-Mev bias. The net effect of absorber plus bias 
was such as to allow electrons from the target to be 
counted if their initial energy exceeded 3 Mev. 

The results are shown in Fig. 10. The dashed curve 
at the bottom shows the counting rate when }-inch 
brass plus {-inch lead were placed in the path of the 
beta rays. No clear indication is to be seen of the 
resonances in the yield which were apparent in the 
gamma-ray yield from the production of the analog 
state in C” via B!''(d,n)C'**, suggesting the pre- 
dominance of stripping in the present instance. 

Although an accurate determination of the absolute 
cross section was not attempted, it can nevertheless be 
estimated to about 50% accuracy, limited chiefly by 
the target thickness as determined rather roughly from 
the 15-Mev gamma yield. Corrections were made for 
the bias and absorption, for the effect of the 60 cycle 
chopper on the counting rate, and for the solid angle 
(1% of 4). The geometry of the system was such that 
scattering of electrons into the counter was small. At 
1.5-Mev bombarding energy, the value found was 380 
millibarns, in disagreement with the value of 4 milli- 
barns found® by Hudspeth and Swann. A recent 
measurement™ in this laboratory, using essentially the 
same method with both thick and thin targets, resulted 
in the value 290+40 millibarns. 


VI. DISCUSSION 


From the 1.4% branching of the B™ beta decay to 
the 4.4-Mev state of C'’, and the known half-life and 
end-points, the ft-value for the weaker transition is 
found to be log(ft),=5.1, putting it in the allowed 
(unfavored) class. The ground state transition has 
log(ft)os=4.08. Thus the transitions to both the 0* 
ground state and the 2* excited state are allowed, fixing 
the B™ ground state uniquely as J/=1*. The possibility 
of J=0* is excluded by the isotopic-spin selection rule 
for the ground state transition. 

The identification of the 15.1-Mev state in C™ as 


8B LL. Hudspeth and C. P. Swann, Phys. Rev. 76, 1150 
(1949). 
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the analog of the B"” ground state thus classifies the 
15.1-Mev gamma radiation as magnetic dipole. The 
radiation width expected from the single-particle transi- 
tion probabilities given by Blatt and Weisskopf* is 
about 70 ev, which may be considered as an upper limit, 
since M1 transitions are usually smaller than predicted 
from the single-particle matrix elements.* Since I’, has 
been shown to be less than 1.5 T',, an upper limit on 
the total width of the state of approximately 175 volts 
is indicated by the present work. The National Bureau 
of Standards work’ already noted above establishes 
r,=54.5 ev and l=79 ev. 

The large width of the Be® first excited state (J=2*) 
suggests that it may be well represented by the alpha- 
particle model. It then follows that no conclusion can 
be drawn from the value of Ia: for the 15.1-Mev state 
(J =1*) of C” regarding the amount of T=0 impurity, 
since a J=1* alpha-model state cannot be formed** 
from an alpha particle combining with a J=2* pair of 
alpha particles. Mixing (e.g., via Coulomb interaction) 
of the 15.1-Mev level with any nearby alpha-model 
1+-states would therefore not contribute to I'qi, and, 
furthermore, any nearby 7=0, 1*-states not describable 
as alpha-model states would be expected to have a small 
width for alpha-emission to the low-lying states of Be’. 
It may be noted that the alpha-model applied to C™ 
allows no 1*-state until about 20-Mev excitation is 
reached.*” 
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Approximate analytic methods are developed for calculating the amplitudes of alpha partial waves at 
the surface of deformed even-even nuclei. A two-term expansion modifying the ordinary Coulomb function 
to account for nuclear quadrupole coupling is applied. The amplitudes of alpha partial waves at the nuclear 
surface are tabulated for eight choices of phase and three values of the intrinsic nuclear quadrupole moment. 
A detailed comparison is made between this treatment, that of Fréman, and the numerical integration of 


Rasmussen and Hansen for Cm*™. 


An approximate method of calculating phase shifts induced by the nuclear quadrupole moment is devel- 
oped and compared with the results of Rasmussen and Hansen for Cm, ‘ 





I. INTRODUCTION 


HEN we consider the interaction of an emitted 

alpha particle with the daughter nucleus in the 
heavy-element region, the nonsphericity of the nucleus 
plays an important role. Because the emitted alpha 
particle may interact with the quadrupole field of the 
nucleus, the experimental intensities that are observed 
for decay to various states of the daughter are not the 
same as the intensities at the nuclear surface. It is 
this quadrupole interaction which complicates the 
solution of the differential equations describing the 
alpha-decay process, as it couples the alpha partial 
waves which differ from each other in angular mo- 
mentum by two units. From a numerical integration of 
these equations, based on experimental alpha-group 
intensities, one may obtain the amplitudes of the alpha 
partial waves at the nuclear surface, as well as the 
amounts of the phase shifts due to the quadrupole 
terms. In this paper, we describe an approximate 
analytical method of obtaining the partial-wave ampli- 
tudes at the nuclear surface for favored alpha decay 
to members of a rotational group. 


Il. MATHEMATICAL FORMULATION 


Making the usual multipole expansion of the po- 
tential V, we obtain! 
Z @ P,(cos6’) 
asi a Od emerevenae (1) 
p=1 A=0 yt 
where e is the electrostatic unit of charge; p is the 
index labeling the protons in the daughter nucleus; 
P,(cos@’) is the Legendre polynomial of order X; r is 
the distance of the alpha particle from the center of 
mass of the recoil nucleus; 6’ is the angle between the 
vectors from the center of mass to the alpha particle 
and the proton. In this treatment, we include the 
quadrupole and monopole terms of the Coulomb field. 
We construct a solution to the Schrédinger equation 
of this problem by expanding y, the wave function, in 
* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 


1 See I. Perlman and J. O. Rasmussen, in Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 42. 


spherical polar coordinates: 


1 
¥(7,0,6) = (-) 1g(1)¥™™1,17,7(0,6,xi), (2) 
ivr 


in which / is the angular momentum of the alpha 
particle ; 7, the spin of the parent, and M, its projection, 
are both 0; J;, the spin of the final state, is the same as /: 


¥1-M1,17,7(0,6,xi) = VY, 1, 7(8,9,x;) 


(—1)" 
-x(—_) Vi"(0,8)1, (x), (3) 
m \ (2/+1)! 


where m is the projection of / on a space-fixed axis and 
&; (xi) represents the recoil nucleus. We then 
substitute the expansion (2) into Schrédinger’s equa- 
tion, multiply by Y%*,,,,r, and integrate over all 
variables except 7, to obtain a set of ordinary coupled 
differential equations in r. The equations for favored 
alpha decay of even-even nuclei have been derived 
previously” and they are 
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including only the alpha partial waves having angular 
momenta 0, 2, 4, and 6. Z is the charge of the daughter 
nucleus, m is the reduced mass of the system, £; is 
the total decay energy of the /th-wave alpha, m is 
defined in Eq. (2), and Qo is the intrinsic nuclear 
quadrupole moment. 


Ill. ANALYTIC APPROXIMATION 


We can see that the solutions of the set of Eqs. (4) 
would be regular or irregular Coulomb functions, were 
it not for the quadrupole moment, i.e., the right-hand 
sides of Eqs. (4) would vanish if Qo were zero. From an 
examination of the series expansion of the WKB inte- 
grand, we surmised that the radial wave functions of 
the alpha partial waves might be well represented by 
functions of the form (a;+8,/r!)G;(r) in the region of 
the nuclear surface ; a; and 8; are parameters fixed over 
all y and G; is the irregular Coulomb function. It is 
clear that B;/r!—+0 as r—~, so that one may identify 
a; as the square root of the quotient of the alpha 
partial-wave intensity and its velocity. We determine 
6, by substituting the approximate solution into the 
differential equations and demanding that they be 
exactly satisfied at some arbitrary intermediate distance 
(2.0X10~" cm seemed to be optimum). The equations 
that one obtains are algebraic, and their right-hand 
sides are the same as those of Eqs. (4), simply substi- 
tuting (a:+8,/r')G,(r) for u(r). The equations are 


r §63Go'(r) 15 Go(r) 


=right-hand side of Eq. (4a), (5a) 


r 3G:'(r) iden 


L pg gt 





=right-hand side of Eq. (4b), (5b) 


15 2) 


3G,'(r) 
ipo 


7/2 4 rl? 


=right-hand side of Eq. (4c), (5c) 


p/2 4 vil? 


3Ge/(r) 15 m) 
6 
=right-hand side of Eq. (4d). (5d) 


When we obtain the values of a and 8;, we may 
readily compute the alpha partial-wave amplitudes at 


DEFORMED 


EVEN-EVEN NUCLEI 


TABLE I. Data used in analysis of a-decay data of 
even-even heavy elements. 








Abundance 


(%) 


Energy 

(Mev) 
5.421 71 
5.338 28 
5.173 0.2 
4.883 


4.682 
4.615 
4.467 
4.206 


5.884 
5.813 
5.685 
5.380 
5.318 
5.261 
5.134 
4.919 


4.768 
4.717 
4.594 
4.397 
4.499 
4.449 
4.339 


Isotope 


oo Th28 


TaAADtro 
SSA SSS 


eh 4) 
at 
an 


5.763 
5.716 
5.610 
5.442 
5.495 
5.452 


5.352 


NG Some Some Soman Some 


Uw 


Co 
ESS 
Ih 


oPu™® 


7.20 
7.16 
7.064 
6.96 








* The difference in velocity of the various waves was ignored in calculating 
these boundary conditions, 
> No a intensity given. 
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TABLE II. Results. The first two columns of the data compilation give the charge Z and mass A of the parent nucleus. The next 
four columns give the relative amplitudes of the alpha partial waves on the spherical surface given by R= RoA! (where Ro is 
1.45X10—% cm). The amplitudes are given for all eight choices of phase, and three values of the intrinsic quadrupole moment, 
Qo, are used in the calculation for each phase choice. Plus or minus at the top of a column indicates whether the positive or 


negative square root of the alpha partial wave intensity has been chosen. 








Relative phase 


Plus 
i=2 


Plus 
1=4 





a ee et 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


ee ee 


1.5541 
1.4577 
1.5048 
1.4742 
1.4113 
1.4378 
1.3350 
1.2568 
1.2045 
1.1671 
1.1400 
1.1241 
1.0819 
0.9750 
0.9640 
0.9282 


1.6016 
1.5162 
1.5527 
1.5243 
1.4688 
1.5002 
1.3923 
1.3169 
1.2702 
1.2227 
1.2078 
1.1910 
1.1622 
1.0489 
1.0504 
1.0236 


1.6446 
1.5691 
1.5965 
1.5696 
1.5210 
1.5563 
1.4454 
1.3729 
1.3315 
1.2749 
1.2712 
1.2539 
1.2374 
1.1188 
1.1318 
1.1134 


0.8884 
0.9354 
0.7491 
0.7948 
0.8359 
1.0522 
0.5678 
0.4598 
0.4874 
0.2095 
0.3409 
0.3053 
0.4245 
0.1693 
0.4155 
0.4403 


0.9661 
1.0028 
0.8291 
0.8676 
0.9021 
1.1090 
0.6512 
0.5443 
0.5694 
0.2833 
0.4234 
0.3851 
0.5057 
0.2338 
0.4770 
0.5037 


1.0410 
1.0685 
0.9064 
0.9382 
0.9668 
1.1647 
0.7323 
0.6268 
0.6499 
0.3564 
0.5052 
0.4644 
0.5871 
0.2999 
0.5405 
0.5698 


Plus 

1=6 
0.2156 
0.2215 
0.1779 
0.1773 
0.1838 
0.2368 
0.3233 
0.3757 
0.4456 
0.0183 
0.3160 
0.2867 
0.3763 
0.0151 
0.0820 
0.0913 


0.2932 
0.2994 
0.2451 
0.2423 
0.2498 
0.3175 
0.3605 
0.4014 
0.4723 
0.0341 
0.3360 
0.3041 
0.4048 


0.0288 | 


0.1175 
0.1303 


0.3716 
0.3770 
0.3146 
0.3084 
0.3162 
0.3964 
0.4017 
0.4314 
0.5028 
0.0551 
0.3610 
0.3263 
0.4374 
0.0475 
0.1564 
0.1731 





f |SESSSSSSSSESEEEE SSSESSSSSSSEEEES ESSSSSESSSESEEEE 


~ 
i 
j—) 


Relative phase 


Plus 
b=2 


Minus 
I=4 





SEESEESEESSEE: 


1.4181 
1.3030 
1.3947 
1.3511 
1.2748 
1.2510 
1.2630 
1.2088 
1.1480 
1.1671 
1.1147 
1.1052 
1.0327 
0.9750 


—0.2691 
—0.4027 
—0.1543 
—0.2420 
—0.3363 
—0.5682 
—0.0232 
0.0623 
0.0120 
0.2095 
0.1351 
0.1496 
0.0335 
0.1693 


Plus 
1=6 


—0.1530 
—0.1721 
—0.1158 
—0.1256 
—0.1398 
—0,1962 
0.1562 
0.2674 
0.3194 
0.0183 
0.2590 
0.2450 
0.2671 
0.0151 


Plus 
l=0 


1.0000 


1.0000 


1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1,0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 


Relative phase 


Plus 
| =2 


~ 0.9020 
0.8565 


1.4321 
1.3215 
1.4154 
1.3699 
1.2965 
1.2641 
1.3015 
1.2558 
1.1979 
1.2227 
1.1754 
1.1668 
1.0989 
1.0489 
0.9695 
0.9299 


1.4481 
1.3412 
1.4372 
1.3899 
1.3188 
1.2790 
1.3388 
1.3009 
1.2458 
1.2749 
1.2328 
1.2251 
1.1619 
1.1188 
1.0341 
1.0003 








Minus 
? 


— 1.7168 
— 1.4269 
— 1.6578 
— 1.5605 
— 1.3735 
— 1.3348 
— 1.3202 
— 1.1906 
— 1.0631 
— 1.1017 
— 0.9800 
—0.9612 
—0.8024 
—0.7132 
—0,5943 
—0.4914 


— 1.9144 
— 1.5204 
— 1.8500 
— 1.7097 
— 1.4591 
— 1.3917 
— 1.4205 
— 1.2637 
— 1.1025 
— 1.1633 
— 1.0134 
—0.9906 


Minus 


— 0.0954 
—0.1241 


—0.1511 
—(0.2971 
—0.0442 
— 0.1367 
—0.2386 
—0.4679 
0.0749 
0.1551 
0.1022 
0.2833 
0.2206 
0.2315 
0.1184 
0.2338 
—().0338 
—0.0620 


— 0.0405 
—0.1973 
0.0599 
—0.0373 
—0.1456 
—0.3733 
0.1694 
0.2453 
0.1903 
0.3564 
0.3052 
0.3127 
0.2034 
0.2999 
0.0308 
0.0029 


Relative phase 


Plus 
l=4 
0.5373 
0.7083 
0.3310 
0.4628 
0.5858 
0.9460 
0.0876 
—0.0490 
0.0256 
—0.2661 
—0.1509 
—0.1714 
0,0009 
—0.1859 
0.1662 
0.2069 


0.4715 
0.6958 
0.2304 
0.4007 
0.5589 
0.9798 
—0.0357 
—0.1826 
— 0.0847 
— 0.3968 
—0.2765 
—0.2925 


Plus 
l=6 


—0.0536 
—0,0622 


—0.1796 
—0.2095 
—0.1320 
—0.1481 
—0.1695 
— 0.2440 
0.1442 
0.2606 
0.3076 
0.0341 
0.2614 
0.2493 
0.2613 
0.0288 
—0.0630 
—0.0743 


—0.1929 
—0.2352 
—0.1361 
—0.1597 
—0.1892 
—0.2809 
0.1412 
0.2613 
0.3030 
0.0551 
0.2703 
0.2596 
0.2625 
0.0475 
— 0.0664 
—0.0799 


Minus 
l=6 
0.2771 
0.2861 
0.2095 
0.2179 
0.2284 
0.3154 

—0.2452 
— 0.4062 
—0.4675 
—0.0232 
—0.3747 
—0.3491 
— 0.3720 
— 0.0166 

0.0739 

0.0849 


0.4187 
0.4286 
0.3098 
0.3243 
0.3388 
0.4734 
—0.2636 
— 0.4607 
—0.5167 
—0.0478 
—0.4313 
—0.4028 
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TABLE II.—Continued. 











Relative phase Relative phase 
Minus Plus Minus Plus Minus Minus Minus 
1=2 l=4 l Qo ; A 1=0 b=2 =4 1=6 


—0.7935  —0.0907  —0.407 98 252 1.0000 —0.6861 —0.7471 

~0.7008  —0.2671 0: 100 254 1.0000 —0.5690 —0.7629 

ane ee ’ ce”lCUCUL _ Relative phase 

7 o , P , Plus Plus Plus Minus 
1=0 1=2 l=4 1=6 





1.0000 —2.1911 0.3815 0.5985 —— - —___— —_—— — — 
1.0000 — 1.6419 0.6813 0.6030 1.0000 1.3331 0.5217 —0.1090 
1.0000 —2.1195 0.0930 0.4314 y 1.0000 1.2543 0.3958 — 0.2254 
1.0000 — 1.9120 0.3193 0.4542 1.0000 1.2015 0.4117 —0.2810 
1.0000 — 1.5697 0.5262 0.4714 1.0000 1.1377 0.2834 —0.2198 
1.0000 — 1.4623 1.0236 0.6660 2 1.0000 1.1219 0.2527 —0.2086 
1.0000 — 1.5545 —0.1925 —0,2970 1.0000 1.0792 0.3579 —0.2294 


1.0000 ~—1.3604 —0.3482  —0.5369 sm va 
10000 1.1548 0.2172 —0.5827 10000 «1.381 (O15 —-0.0572 


1.0000 —1.2433 -—0.5547 —0.0858 1.0000 1.3125 0.4610 —0.1825 
1.0000 -1.0589  —0.4268  —0.5070 1.0000 1.2650 0.4705 — 0.2361 
1.0000 —1.0306  —0.4361 — 0.4740 1.0000 1.2036 0.3480 —0.1880 
246 1.0000 —0.7867 —0.1957 —0.4539 1.0000 1.1873 0.3159 —0.1810 
250 1.0000 —0.6894 —0.3576  —0.0566 1.0000 1.1572 0.4180 —0.1900 


252 1.0000 -0.4965 0.0964 0.1301 10000 «440S)Si«é664 Cs 0,004 


eS a 38 1.0000 1.3662 0.5260 +—0.1360 
Relative phase 1.0000 1.3236 0.5298 —0.1879 
Plus Minus Minus Minus / 1.2649 0.4134 —0.1513 


id ome eat b=6 . 1.2482 0.3800 —0.1487 


1.0000 —2.0118 —1.5490 —0.3846 :, P 3 a armvahd a oom ; = — 

1.0000 — 1.7284 — 1.5163 — 0.3663 Relative phase 

1.0000 — 1.8933 — 1.2802 —0.3120 Plus Minus 

1.0000 —1.8119 —1.3218 —0.3018 J 4 b=2 b=4 
—1.6865 —1.6749 —0.3830 12062  —0.0019 
—1.2760 —0.6641 —0.5768 ; 1.1123 0.0774 
—1.1017  —0.2661 —0.0232 ‘ 10299  ~-0.0334 0.3405 
— 1.0221 —0.4540 — 0.4600 : f . Vase 
—0.9919 —0.3970  —0.4104 g 1.2982 0.0145 —0.2770 
+0.8806 —0.5546 —0.5300 1.2513 0.0712 —0.3265 
—0.7132 —0.1859 —0.0166 . 1.1927 0.0025 — 0.4053 
~—0.6839 —0.5084  —0.1048 1.1712 0.1449 —0.2641 
—0.5936 —0.5306 —0.1153 | ? 1.1630 0.1621 — 0.2368 
24274 —2.1179  —0.6653 1.0939 0.0300 0.3369 


—2.0221  -—1.9731 —0.6078 1.3338 0.0963  —0.2681 
—2.2571 —1.7621 —0.5414 3 1.2940 0.1434 —0.3110 
—2.1360 1.7709 —0.5121 1.2377 0.0687 —0.3945 
—1.8859 —1.7122 —0,4898 1.2264 0.2128 —0.2443 
—1,9695  —2.1200 —0.6256 . 1.2193 0.2280  —0.2170 
—1.6429 1.1736 —0.6966 1.1541 0.0950  —0.3264 
—1,4009  —0.9030 -—0.7272 | —— 

— 1.2532 —0.9019 0.8130 Relative phase 

~—1.1633 —0.3968  —0.0478 Minus Plus Plus 
~1.0797 —0.6261 —0.5624 —“" abit “ 
~1.0386  —0.5510 —0.4966 — 1.3168 0.1618 0.4495 
—0.9146  -—0.7251 —0.6478 j — 1.1861 0.0496 0.5189 
—0.7008  —0.2671 —0.0329 —1.0581 0.1377 0.6082 
—0.6829 0.6204 —0.1631 —0.9761  —0.0664 0.4107 
— 0.5800 — 0.6401 —0.1779 ; —0.9577 —0.0954 0.3655 
~3.0635 —2.9673  —1.1087 aren) ni Oieriieds Seem 


—2.4425  —2.6080 —0.9602 — 1.4127 0.0806 0.5466 
—2.8055 —2.4689 —0.9011 i —1.2537 —0.0302 0.6043 
—2.6105  —2.4103 —0.8300 ’ — 1.0917 0.0863 0.7055 
—2.2416 —2.2417 —0.7663 —1,0049 —0.1477 0.4606 
—2.3687  —2.7510  —0.9711 j= O.O681s, —<O8774 0.4045 
—1.9029  —1.5796 —0.9471 ; —0.7841 0.0514 0.5543 
—1.5694  —1.2080 —0.9300 
—1.3791 —1.1754 —1.0132 d —1.5391  —0.0211 0.6609 
~—1.2433 -—0.5547 —0.0858 K 00 —1.3411 —0.1269 0.7066 
—1.1570 -—0.8357 —0.6963 d — 1.1343 0.0271 0.8110 
—1.1012  —0.7362 —0.6085 ' —1.0429 —0.2428 0.5130 
—0.9625 —0.9285 —0.7971 i —1.0166 —0.2721 0.4440 
—0.6894 —0.3576 —0.0566 : —0.7691 0.0042 0.6302 
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TABLE II.—Continued. 





Relative phase 


Minus Minus 
b=2 


Plus 
1=6 


Plus 
i=0 


1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 





0.1812 
0.3526 
0.4218 
0.3273 
0.3054 
0.3303 


— 1.4522 
— 1.2714 
— 1.1534 
— 1.0182 
—0.9885 
—0.8761 


0.1270 
0.3484 
0.4225 
0.3340 
0.3136 
0.3230 


— 1.6349 
— 1.3908 
— 1.2421 
— 1.0711 
— 1.0311 
—0.9050 


— 1.0549 
—0.7486 
—0.7285 
—0.4964 
—0.4351 
—0.5812 


1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 


0.0407 
0.3318 
0.4137 
0.3332 
0.3156 
0.3060 


—1.4011 
—0.9812 
—0.9245 
—0.6494 
—0.5707 
—0.7240 


1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 


— 1.8865 
— 1.5494 
— 1.3579 
— 1.1407 
— 1.0870 
—0.9444 





the nuclear surface by simply setting r=ro in the 
approximate solution. 

The distance at which we demand that the approxi- 
mate solutions satisfy the differential equations is 
somewhat arbitrary ; the reasons for choosing 2.0 10-” 
cm are completely pragmatic, i.e., using this value, we 
found that we could get best agreement with results of 
detailed numerical integrations for both Cm” and 
U** 3.4 Tf we choose 1.5 or 2.5X10~" cm the variation 
in surface amplitudes over this range is about 10%. 
It seems quite reasonable that if we were to add another 
term to the approximate solutions, i.e., (a:+{,/r! 
+~./r)G,(r), these variations could be minimized. 

As quadrupole moments are not known very well in 
the heavy-element region, we have calculated the 
surface amplitudes for several values of the nuclear 
quadrupole moment. As a is the square root of the 
intensity of the / wave divided by its velocity, there is 
a sign ambiguity. We have included all eight phase 
choices here. Angular correlation work on Am* seems 
to indicate’ that the D wave is in phase with the S 
wave within the potential barrier, but the interpretation 
of the U** alignment experiment is somewhat ambig- 
uous.® 

The data used in this analysis, which came from two 
summary compilations,'’ are given in Table I, and 
the results in Table II. 


*J. O. Rasmussen and E. R. Hansen, Phys. Rev. 109, 1656 
(1958). The agreement between the values calculated in this paper 
for Qo=8 and the Rasmussen-Hansen calculation is quite striking. 

*R. R. Chasman, University of California Radiation Laboratory 
Report UCRL-8294, 1958 (unpublished). 

5 Krohn, Novey, and Raboy, Phys. Rev. 105, 234 (1957). 

6 Dabbs, Roberts, and Parker, Bull. Am. Phys. Soc. Ser. II 1, 
207 (1956). 

7Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585 (1958). 
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IV. COMPARISON WITH OTHER TREATMENTS 


If we let ay be the expansion coefficients of the 
Legendre functions on our spherical nuclear surface 
and 0; be the reciprocal of the product of the hindrance 
factor and the centrifugal barrier reduction factor, 
there exists a matrix such that b:=}oy ky (B)ay for all 
phase choices of 6;. Fréman has derived the elements of 
such matrices in his treatment of the alpha decay of 
spheroidal nuclei.’ To calculate the value of B, we use 
Fréman’s Eq. (VI-9), leaving out the term unity in the 
final factor and using (VI-2) to obtain his go. This 
matrix has been calculated for Cm?” alpha decay as 
well as an equivalent matrix derived by Rasmussen 
and Hansen from numerical integration’ of the wave 
equation. In Table III we compare these two matrices 
to the one obtained from this treatment of the problem. 

It is interesting to note the Fréman treatment gives 
a matrix which corresponds rather closely to the real 
elements of the numerical integration treatment, 
although Fréman’s treatment necessitates a symmetric 
matrix, which is not the case in the numerical treat- 
ment. The present treatment corresponds more nearly 
to the sum of the real and imaginary parts of the 
matrix elements of the numerical treatment, and the 
matrix is not symmetric. 


V. APPROXIMATE METHOD FOR OBTAINING 
PHASE SHIFTS 


Although the phase shifting due to the quadrupole 
interaction does not affect any experimental observables 
in alpha decay of even-even nuclei, it will enter into 
such things as alpha-gamma angular correlations and 
alpha angular distributions for aligned nuclei in odd- 
mass nuclei. 

We may obtain approximate relations for the phase 
shifting due to the quadrupole interaction by noting a 
few things. The main contribution to the quadrupole 
phase shifting comes when «,;”=0 (i.e., near the 
classical turning point). When this is the case, the 
functions “; may be represented by straight lines. On 
the other hand, the w,’s are also representable as 
Coulomb functions in this region. Making use of this 
information, we may estimate the quadrupole phase 
shifting. We set u;=a;(r—r;), where a; is the square 
root of the intensity and 7; is the point at which the 
Coulomb function of this Z and / would have its node. 
As the formulas are well known for the phase shifting 
due to angular momentum, we treat the quadrupole 
interaction as a pseudo angular momentum. We then set 


2mQve* u; 
lL! (1?+1) =1,(,+1)+—— >> aij—, (6) 


aa a” 
where the a;;’s are the numerical coefficients on the 
right-hand side of Eqs. (4). We evaluate the summation 


®*P. O. Fréman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Skrifter. 1, No. 3 (1957). 
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lV =4 V =6 











Matrix kw derived from numerical integration by Rasmussen and Hansen. (Qo = +9 X10-* cm?; R =1.1 X107 cm) 


—0.1674—0.01761 
0.9542 —0.001587 

—0.1899—0.0595i 
0.01885 +0.0187% 


1,015-+-0.01167 
—0,2107 —0.0456i 
0.02114+-0.0135% 
— 0.001089 —0.002 162 


—0.0005093 — 0.000130 
0.007260-+-0.0006797 

—0.1008—0.001873 
0.9086—0.0241% 


0.01166+0.002177 
—0.1195—0.00592 

0.9191 —0.00360 
—0.2052—0.08933 


Matrix derived from Friéman’s treatment. (B = —0.455) 


—0.193 
0.908 
—0.158 
0.014 


1.019 
—0.193 

0.014 
—0,0005 


—0.0005 
0.014 

—0.155 
0.917 


0.014 
—0.158 
0.917 
—0.155 


Matrix derived from analytic treatment of this paper. (Qo =8 X10-™ cm*; R =0.885 X107 cm) 


—0.1855 
0.9181 
—0.2010 
0.0383 


1.032 
—0.2405 

0.0358 

0.00684 


at the point where u;’’=0, i.e., 7°, and obtain 


: 2mOQve* r aj (r°—r;) 
bi Ui+-1) =h(be+1)+—— F ax—-—. (7) 


Wr? ; a; (r2—r;) 


Next, we determine the points r,; and r,;° by making 
use of the relations given for the irregular Coulomb 
functions at the turning point.® 


, (8) 
(p:°)? 


aGu/dp (3) 7p2\-73 
ee 
Gi ray\3 
where p,°=k,r,° and k, is the wave number of the alpha 
partial wave at large distances from the daughter 
nucleus. Since we identify the functions , with straight 
lines as well as Coulomb functions, we have the addi- 
tional relation 


0G1;/ dp 1 1 

—_————- = — - _-= — (9) 
Gi; ki(r2—r,) pi —pi 

We calculate p,° from the relation® 


poP=nt[n+i,(l,+1) }, (10) 


and then combine Eqs. (8) and (9) to calculate the 
position of the node, r; (or p,). 


TABLE IV. Quadrupole phase shifts (radians). 





Approxi- 
mation 


Approxi- 
R and H* mation R and H* 
—0.009 
— 0.060 


—0.68 








0.07 
0.67 
0.06 


0.051 
0.67 
0.066 


00-02 
00-4 


—0.03 
~0.10 
—0.70 


( ® Biedenharn, Gluckstern, Hull, and Breit, Phys. Rev. 97, 542 
1955). 


—0,00121 
0.00879 

—0.0979 
0.9070 


0.0166 
—0.1213 
0.9197 
—0.2579 


We use an iterative procedure to calculate the value 
of J;. First we use Eq. (7) to calculate a first approxi- 
mation of /;. Next we use Eq. (10) to calculate the 
value p” (p” =n+[n?+1,'(1,/+1) ]! and then go back to 
Eqs. (8) and (9) to recalculate p;. We continue this 
iteration until /,/ remains unchanged. The phase shift 
due to the nuclear quadrupole moment is given in 
radians by the difference between p,” and p,°. 

In Table IV these phase shifts are compared with 
those obtained through the detailed calculations by 
Rasmussen and Hansen (R and H)* for Cm*”, assuming 
all alpha waves in phase. We note that the agreement 
is fairly good for the differences in phase shift. It is the 
cosine of the difference in phase shift which enters into 
angular-correlation experiments and the approximation 
seems useful for calculations of alpha angular distri- 
butions for odd-mass nuclei. 

A method of obtaining radial wave functions, some- 
what more precise than that developed in this paper, 
is based on first making a phase-shift calculation. At 
large distances, the real part of the alpha partial-wave 
function is of the form 


Y= aiGi(r)+uF i(r), (11) 


where F; is a regular Coulomb function. The total 
intensity of the alpha partial wave is given by 


T,=[ (a)?+ (ui) ou, (12) 


where J; is the alpha intensity and 1 is its velocity. 
The phase shift caused by the nuclear quadrupole 
moment is 

6,= tan (u;/a). (13) 
We may then use the value of a; from Eqs. (11) and 
(12) in our analytic approximation, rather than setting 
a; equal to the square root of the quotient of the 
alpha partial-wave intensity and its velocity. This 
correction will be a small one in general and worth 
including in a calculation only when the phase shift is 
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large (e.g., for the /=4 partial wave in Cm alpha 
decay). 
VI. SUMMARY 
Through approximate methods we are able to obtain 
information concerning the alpha decay of deformed 
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nuclei which was heretofore obtainable only through 
detailed numerical integrations. We have developed 
approximate methods for calculating both alpha partial- 
wave amplitudes at the nuclear surface and phase 
shifting caused by nuclear quadrupole deformation. 
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Precision Determination of Nuclear Energy Levels in Heavy Elements* 
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The low-lying energy levels in 32 isotopes between Z=62 and Z=75 have been studied using a high- 
precision bent quartz crystal spectrograph to determine gamma-ray energies. The gamma rays were pro- 
duced by the electric (or Coulomb) excitation process. The high proton-beam current of the A-48 accelerator 
was used to provide the intense sources necessary for these experiments. With this technique, energies in the 
100-kev region can be determined with a precision of about one part in 2000. A comparison of the results with 


the unified model of nuclear structure is given. 


I. INTRODUCTION 


N a previous paper,! a technique for determining the 
energies of low-lying levels in heavy nuclei with high 
precision was described. The present work is an account 
of the subsequent extension and development of this 
method. Since substantial changes in experimental 
procedure and data analysis have been made in the 
time since the first publication, a short recapitulation 
of the method is in order. 

For nearly five years the electromagnetic (or Cou- 
lomb) excitation process? has been a very useful tool 
for the study of nuclear energy levels near the ground 
state. There are several reasons why electromagnetic 
excitation is well suited for this purpose : 

(1) The cross section is large (of the order of several 
millibarns for many heavy elements at the proton energy 
available) and there are no background effects (neu- 
trons or high-energy capture gamma rays) which 
would complicate the detection of the resulting nuclear 
gamma rays. 

(2) The excitation cross section is related to the 
transition rate (or partial transition rate in the case of 
mixed transitions) of the nuclear excitation. It is 
therefore possible in one experiment not only to estab- 
lish the existence of an energy level but also to learn 
something about the matrix elements which determine 
the transition rates. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t California Institute of Technology, Pasadena, California. 

t Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 

1 Chupp, Clark, DuMond, Gordon, and Mark, Phys. Rev. 107, 
745 (1957). 

2 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 


The large gamma-ray yields from electric excitation 
reactions and the high beam currents available from the 
A-48 accelerator (UCRL, Livermore) provide effective 
source strengths of several hundred millicuries. With 
such sources, it is possible to employ a high-precision 
bent quartz crystal spectrograph to analyze the gamma 
rays. It is therefore possible to determine the wave- 
lengths (and energies) of many electric excitation 
gamma rays with a precision ranging from one part in 
3000 for low energies (~50 kev) to one part in 1000 for 
higher energies (~ 150 kev). No attempt was made in 
these experiments to determine excitation cross sections 
since the efficiency of the bent crystal spectrograph is a 
very strong function of the gamma-ray energy.’ The 
proper response curve for the instrument would have 
to be determined with great accuracy if cross-section 
measurements more accurate than the best ones avail- 
able now‘ are to be made. In addition, accurate methods 
of measuring high beam currents would have to be 
developed. In view of these facts it was decided to 
concentrate exclusively on determining the energies of 
as many levels as possible as accurately as possible. 

Aside from the intrinsic value of making measure- 
ments that are more precise than those available at 
present, there are several reasons why accurate deter- 
minations of energies of low-lying nuclear levels in the 
heavy elements are important. In heavy elements 
(beginning around Z=60) the first few energy levels 
belong to the rotational band of the ground state. The 
theory of nuclear structure developed by Bohr and his 


3 Lind, West, and DuMond, Phys. Rev. 77, 475 (1950). 

4N. P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, 1956), Vol. 6, 
p. 94. 
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collaborators’ makes predictions which require accurate 
energy-level measurements for verification. For ex- 
ample, in odd-A isotopes, the Coulomb excitation 
process populates the first two rotational levels, thereby 
making it possible to verify the well-known rotational 
level sequence in these cases. Precision measurements 
of rotational spectra reveal small deviations from the 
rotational level sequence arising from small higher order 
terms in the Hamiltonian of the collective model.® 
These deviations are so small (~0.5 to 1% in most 
cases) that it has not been possible to detect them in 
a statistically significant way without the use of a bent 
crystal y-ray spectrograph or precision a- or §-ray 
spectrometers. Because of the present methods, sta- 
tistically significant deviations from the rotational 
interval rule have been found in three isotopes (Ta!*, 
Ho'®, and Tb!®). (See Sec. IV.) 

In even-A isotopes, only the first rotational level 
can be excited with sufficient intensity to make pre- 
cision measurements feasible. It is therefore not possible 
to study level sequences in individual isotopes. However, 
the position of the first excited level in a series of 
neighboring isotopes measured as a function of A or 
neutron number is interesting, since this energy is 
related to the nuclear deformation in this region of the 
periodic table. In several cases, neighboring even-A 
isotopes (Er!®, Er'®§, Er!” and Hf!78, Hf!®, etc.) have 
first excited levels so close together that they can only 
be resolved by the use of precision methods. 

There is still another reason why high resolution is 
important. Whenever an electric excitation experiment 
is performed the characteristic K x-rays of the bom- 
barded material are detected along with any gamma 
rays that may be present. In several rare-earth isotopes 
there are nuclear levels and K x-rays in the same region 
(between 50 and 60 kev). In a scintillation counter 
experiment, these gamma rays cannot be resolved from 
the K x-rays; therefore their presence can only be 
inferred from changes in the K x-ray yield.* With the 
resolution of the bent crystal spectrograph it is possible 
to separate the nuclear and atomic excitations for these 
isotopes. Several cases of this type will be discussed. 


II. EQUIPMENT AND PROCEDURE 


The A-48 high-current linear accelerator’ has several 
properties which make it an ideal machine for electric 
excitation experiments. The maximum proton energy 
is 3.7 Mev, which is below the Coulomb barrier energy 
for elements with Z>60. The background radiation 
near the accelerator is not excessive, which means that 
no abnormal measures are necessary to protect the 


5A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952); A. Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 16 (1953), and 
several subsequent papers. 
( ®N. P. Heydenburg and G. F. Pieper, Phys. Rev. 107, 1297 
1957). 

7E. O. Lawrence, Science 122, 1127 (1955). 
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Fic. 1. Drawing showing the position of the accelerator, target, 
spectrograph, and shockproof platform. 


detector. Finally, the machine operates very reliably 
at proton gradient; hence, the relatively long (~50- 
hour) bombardments necessary for the electric excita- 
tion experiments were made practically without in- 
terruption. A drawing of the experimental arrangement 
is shown in Fig. 1. The spectrograph is mounted on a 
shockproof platform suspended from the heavy con- 
crete shield wall so that line broadening from vibrations 
is minimized. 

A principal limitation on the maximum beam current 
available from the A-48 is the heat load that can be 
put on the target. The standard probe consists of a 
4X7 inch metal plate (} to } inch thick) mounted in 
such a way that a high-pressure water flow of between 
10 and 30 gallons per minute is maintained across the 
back of the probe. On copper plates it is possible to 
dissipate ~ 20 kw per square inch in this manner. Since 
the beam has an area of about 4-5 sq. in., the power 
developed at the target is ~ 100 kw, which means that 
proton beam currents of the order of 25 milliamperes 
can be put on such copper plates. In practice, most 
targets could not stand such large heat loads, since 
most materials have a smaller thermal conductivity 
than copper; therefore, the usual beam currents used 
in most of these experiments were between 2 and 5 
milliamperes. The beam currents were determined by 
measuring the temperature rise in the cooling water 
and the water flow and then converting this to power 
dissipated on the target. This method of measuring the 
beam current is probably accurate to about 15%. 

Several different types of targets were used in the 
course of these experiments. Some of the materials 
could be used as plates, } to } inch thick and large 
enough to be mounted directly on the probe holders. 
Uranium, thorium, platinum, and tantalum were bom- 
barded in this manner. It was found that platinum and 
tantalum make satisfactory targets since their heat 
conductivities are relatively large, whereas uranium 
and thorium are very poor target materials since their 
heat conductivities are exceedingly small. The uranium 
probe could not stand beam currents larger than 0.4 
ma. Another method used for making probes was to 
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solder a thin sheet of the material to be bombarded to 
a copper backing plate. This technique was used for the 
gold, rhenium, and hafnium targets. The gold and 
hafnium targets were quite satisfactory but rhenium 
proved to be difficult to solder to copper, which re- 
sulted in the probe being burned through in several 
places where there was no thermal contact between the 
rhenium and the copper. 

A large number of the materials studied were not 
available in quantities large enough to make use of the 
methods of the preceding paragraph for manufacturing 
target probes. With two exceptions (erbium and gadi- 
linium) the rare-earth metals were available only in 
~10-gram lots, so that a different method of making 
targets had to be developed. Most of the rare earths 
(in metallic form) are quite easy to evaporate (boiling 
point is around 2000°C). It was found that satisfactory 
targets could be made by depositing thin layers of 
these materials on copper backing plates. These targets 
could be bombarded with beams up to 3 ma; although 
in some cases the evaporated layer apparently was not 
in good thermal contact with the backing plate and 
consequently burned off as soon as the beam was 
turned on. In addition, if the rare-earth layer was not 
thick enough, background radiation from the copper 
contributed to fogging the photographic plate on which 
the spectrum was recorded. The principal reaction con- 
tributing to this background is Cu®(p,m)Zn® which 
has a threshold of about 2 Mev. If the evaporated layer 
was so thin that the 3.7-Mev protons did not lose at 
least 1.7 Mev in traversing the layer, or if the layer 
was burned through in several places, neutrons were 
emitted at the target. Capture gamma rays from these 
neutrons and proton recoil tracks in the emulsion 
darkened the plate. If any substantial increase in the 
neutron background counting rate was noted during a 
run, a new target was installed. With the evaporation 
geometry used in these experiments, successful targets 
could be made with about two grams of the rare-earth 
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Fic. 2. Experimental 
geometry. 
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metal. The amount of material deposited on the 12.5-in.* 
target was usually between 0.5 and 1 gram. 

On several rare-earth spectral plates, which were 
made using evaporated targets, certain gamma-ray 
lines (E=54 kev, 61 kev, and 115 kev) were always 
observed (see Table IV). These lines could not come 
from the rare earths in question, since it is highly un- 
likely that five or six isotopes have levels at precisely 
the same energy. Further investigation revealed that 
these lines resulted from the Cu™(¢,n,y)Zn® reaction 
in the copper backing, which occurred if the rare-earth 
layer was not thick enough to stop the protons. The 
cross section for this process* is large enough (~50 mb) 
so that the gamma rays can be recorded on the plate 
before it is severely darkened by the neutron back- 
ground. Energy levels in several other light elements 
were studied in this manner and will be the subject of 
a separate report. 

The bent quartz crystal spectrograph used in these 
experiments has been thoroughly discussed in reference 
1 and also in previous articles. The geometry— 
including the various shields for the photographic re- 
cording instrument (Cauchois type)—is shown in 
Fig. 2. The 4X5X0.2 cm quartz crystal is bent by the 
stainless steel holder along an arc with a radius of 2 
meters such that the (310) planes in the crystal point 
to a spot (8 point) 2 meters from its concave surface. 
If a source is placed at the position indicated in Fig. 2, 
then the different wavelengths will be focused at 
different points along a focal circle with a one-meter 
radius. The lines were recorded on photographic plates 
which consisted of 600 micron Ilford G-5 nuclear emul- 
sions mounted on 30-mil glass plates. The glass plates 
were 10 in. long so that the lowest energies which could 
be observed were of the order of 30 kev. The original 


4 E. M. Bernstein and H. W. Lewis, Phys. Rev. 107, 737 (1957). 
J. W. M. DuMond, in Ergebnisse der Exakten Naturwissen- 
schaften (Springer-Verlag, Berlin, 1955), Vol. 28, p. 232. 
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reasons for choosing this method of detection are given 
in reference 1. 

The “resolution” of the bent crystal spectrograph 
used in these experiments is defined as 6\/A where 6A 
is the full “width” of the line on the plate and d is the 
wavelength of the line. The average width of a nuclear 
line is 0.20 mm which corresponds to a 6A of approxi- 
mately 0.24 mA. For a gamma-ray energy of 100 kev 
(A= 123.7 mA), one has 

b\/A and 6E/E=2.0X10~. 

This result means that at 100 kev, two lines that are 
separated in energy by 200 electron volts will not 
overlap. It should be pointed out that the resolution is 
not the same as the standard deviation of the energy 
measurement, since it is possible to determine the 
position of the center of a line on the plate more 
accurately than 0.20 mm. This point is discussed in 
greater detail in Sec. III. 

The shielding of the photographic plate is extremely 
important since it ultimately determines the over-all 
signal-to-noise ratio for the experiment. The principal 
shields are shown in Fig. 2. The function of the “‘line- 
of-sight” shield between the source and the crystal is 
to protect the emulsion from radiations starting at the 
source which are not reflected by the crystal planes. 
This shield is placed so that no direct radiations can 
reach points on the film beyond the 8 point. The second 
shield designed to prevent fogging due to undiffracted 
radiations is the “‘cross-over-point” shield. The effective 
width of the source in most experiments is about } in., 
which is only about 15% of the aperture of the crystal. 
Short-wavelength radiations having small Bragg angles 
will be diffracted by the portion of the crystal nearest 
the “‘line-of-sight” shield, and those with long wave- 
lengths will be diffracted at the other end of the crystal. 
Since the long-wavelength lines are farther from the 8 
point than the short-wavelength lines on the photo- 
graphic plate, the “rays’’ corresponding to different 
wavelengths must “cross over” at some point behind 
the crystal. This “cross-over point” is about 20 cm 
behind the crystal and all the diffracted “rays” at this 
point form a bundle that is not much wider than the 
source. The “cross-over point’’ shield is then placed in 
such a way as to let through the diffracted bundle and 
shield all direct (undiffracted) radiations from the 
source which would reach the film by paths outside the 
region of the bundle of diffracted rays. 

In addition to the ‘‘geometric” shielding mentioned 
in the last paragraph, a certain amount of general 
shielding against gamma rays and neutrons coming 
from places other than the target is necessary to protect 
the plate camera from scattered gamma rays. The 
lead tunnel, shown in Fig. 1, considerably reduced the 
solid angle available to background radiations that 
might strike the emulsion. The camera was, in addition, 
surrounded with a 4-inch layer of lead bricks. (The 
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radiation level 1 meter from the target is usually about 
100 mr per hour for a high-Z material target and a 
beam of ~2 ma. This radiation level is sufficient to 
darken a plate after an exposure of the order of one 
hour.) In addition to the gamma-ray shield, a layer of 
4 to 6 inches of pressed boric acid was placed around 
the plate camera in order to moderate and attenuate 
the scattered neutrons incident on the plate. 

One important point that has not been explicitly 
discussed is the efficiency as a function of quantum 
energy of the bent crystal spectrograph used in the 
Cauchois geometry. The efficiency is defined as the 
ratio of the number of gamma quanta absorbed in a 
particular line on the nuclear emulsion to the number 
of quanta of that energy emitted by the source in all 
directions. Lind, West, and DuMond* have defined an 
integrated reflection coefficient, Re, as the equivalent 
angular range (around the Bragg angle) over which the 
crystal has a reflectivity of 100%. The integrated 
reflection coefficient essentially determines the solid 
angle into which an atom in the source must radiate in 
order that the radiation be selectively reflected by the 
crystal planes. The integrated reflection coefficient for 
the (310) planes in a bent quartz crystal 1 mm thick 
has been determined experimentally as a function of 
quantum energy.’ For the crystal used in the present 
work, these numbers must be multiplied by 2 since the 
crystal thickness is 2 mm. Using the data of reference 3, 
the integrated reflection coefficient for the 2-mm 
crystal is 


Rp=3.5X10-/E,2, (1) 


where £, is the quantum energy in kev. In the Cauchois 
geometry shown in Fig. 2, the effective solid angle 
presented by the crystal at the source is 


Q=dReh/d?= Reh/d, (2) 


where d is the distance from the source to the crystal 
and h is the usable vertical height of the crystal. The 
ratio of the number of photons of energy £, emitted 
into a line to the total number of photons of the same 
energy emitted by the source is 


N/No=2/44r=1.1X107/E/’, (3) 


where d= 50 cm and A= 2 cm have been used to evaluate 
the solid angle. The total efficiency of the spectrograph 
at this photon energy is this ratio multiplied by the 
efficiency of the detection device. 

A 600-micron Ilford G-5 nuclear emulsion was used 
to record the gamma rays. The efficiency of this emul- 
sion can be estimated using the data on emulsions given 
by Goldschmidt-Clermont” and the gamma-ray ab- 
sorption cross-section measurements of Davisson and 
Evans.” If it is assumed that only the silver in the 
emulsion is effective in absorbing gamma rays, then a 


 Y, Goldschmidt-Clermont, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1953), Vol. 3, p. 141; and C. M. 
Davisson and R. D. Evans, Revs. Modern Phys. 24, 79 (1952). 





CHUP?,, 








> 
Rc 


EFFICIENCY q(E 


5, 
POP ad 





4 4 








0 200 300 400 500 600 700 800 900 
QUANTUM ENERGY (E.,) IN (kev) 


Fic. 3. Efficiency of bent quartz crystal spectrograph as a 
function of quantum energy. A factor of 4x was omitted in com- 
puting the ordinate of this curve. The correct efficiency is therefore 
given by the ordinate divided by 4x. 


good approximation for the efficiency function of the 
emulsion in the region of a few hundred kev is 


2.56K10® 1 
meena wae | (4) 


E,’ E,} 


c= 0.04] 


The total efficiency of the spectrograph is then 





N 6.7X 10°*(2.56X 10° 1 (5) 
— 5 


(E,)=—e= ‘ 
(E)=7 ee zo EA 
At a quantum energy of 100 kev, the efficiency of the 
spectrograph—that is, the ratio of the number of 
quanta absorbed by the detector at the focal circle to 
the number of quanta of that energy emitted by the 
source—is 1.4X10~*. Figure 3 shows g(£,) plotted 
against ,. The formula (5) is not valid for quantum 
energies below 40 kev since absorption effects in the 
crystal and in the air between the — and the film 
become important... - 

The practical upper limit of the quantum energies 
that can be studied with this spectrograph can be 
estimated from Fig. 3 and Eq. (5). At 100 kev, an 
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exposure of 1 curie-hour is sufficient" to give a measur- 
able line. At 1 Mev, the efficiency is lower by a factor 
of about 10*, so that it is not possible to make measure- 
ments at this quantum energy unless extremely strong 
sources are used. In practice, for the experiments 
described in this and the preceding papers,!" the upper 
limit of the quantum energy is between 150 and 200 
kev. This upper limit can be raised considerably by 
using the bent crystal in the Mark I geometry.’ The 
efficiency at high quantum energies is larger in this 
geometry because a high-efficiency detector (a large 
Nal crystal) can be easily employed. Furthermore, 
collimators can be constructed which make it possible 
to explore the spectrum close to the 8 point so that 
quantum energies up to 1.2 Mev can be measured. The 
drawback of this geometry for accelerator experiments 
is that it requires a line source rather than the extended 
one permissible in the Cauchois geometry, and this 
raises experimental problems that have not yet been 
solved. Equation (5) is a useful guide for estimating 
machine running times in order to observe certain lines. 
Examples of this will be given in Sec. IV. 

The machine time necessary for the average target 
was of the order of 100 ma-hr, which at a beam level 
of about 2-3 ma means running times of the order of 
30-50 hours. During the course of this work, the 
accelerator was operated for two shifts every day so 
that one spectrum was made every three or four days. 
The total number of plates (including repeats) that 
were made during the course of these experiments was 
61, requiring a total exposure time of 5500 ma-hr and a 
running time of 200 days. 


Ill. DATA REDUCTION AND ANALYSIS 


The positions of all lines on a given plate were meas- 
ured, relative to an arbitrary origin, with a high- 
precision optical comparator at the Astronomy Depart- 
ment of the University of California in Berkeley. This 
instrument has a screw travel length of 14 in. so that 
the 10-in. plate could be read without resetting. The 
line position was determined by setting the cross hairs 
first on the left and then on the right side of the line 
and the average of the two readings was taken as the 
line position. The smallest division on the comparator 
dial is one micron (10-* mm) and repeated measure- 
ments of the center lines of a given line are reproducible 
to 20-30 microns. To account for distortion of the 
emulsion during development and to cancel any error 
in the position of the plate in the comparator, several 
(generally six) readings are made of the line position in 
different regions of the plate. The plate is then reversed 
in the comparator and the above procedure is repeated 
so that any systematic errors in the pitch of the screw 
are minimized. Twelve separate measurements of the 
position of most lines are therefore available. 


1 Chupp, DuMond, Gordon, Jopson, and Mark, Phys. Rev. 
109, 2036 (1958). 
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The bent crystal spectrograph used in the Cauchois 
geometry is well suited for determining the wavelengths 
of new gamma-ray lines relative to gamma-ray (or 
x-ray) lines of known wavelengths that also appear on 
the plate. (The reasons for not using this instrument to 
determine wavelengths without reference to other wave- 
length standards are discussed in reference 1.) In every 
bombardment of a target material with Z>60 the 
characteristic K shell x-rays of the element were re- 
corded on the plate along with any nuclear gamma rays 
that may be present. Seven lines (Ka1, Ka2, Kgi, Kao, 
Kg3, KOnOin, and Kgs) of the x-ray spectrum were 
readily visible on each plate. Since the wavelengths of 
some of these x-rays in all the elements considered have 
been measured with high precision, they are well suited 
for calibration purposes. In addition to the x-ray lines 
from the target, a set of lines from a strong (~one- 
curie) Ta!® source was put on each plate. The wave- 
lengths of the gamma rays emitted by this source have 
been determined with high precision by one of us and 
his co-workers.” The Ta!” calibration exposures usually 
required a total exposure time of 30 hours. In order to 
detect any motion of the crystal or the emulsion during 
the machine run, the source exposures were carried out 
in two steps, one before the beginning and one after 
the conclusion of the machine exposure. The wave- 
lengths of all the calibration lines used in the course 
of this work, together with the references to the original 
measurements of these wavelengths, are shown in 
Table I. The Kg x-rays were not used as calibration 
lines for the elements from Z=62 to Z=72, since the 
existing wavelength measurements of these lines are 
not as good as those of the Kq x-rays in the same ele- 
ments (see reference a of Table I). 

The method used for determining the wavelength of 
an unknown gamma-ray line with reference to the 
calibration lines on the plate have been discussed in 
references 1 and 11. In the present work, a somewhat 
different method has been adopted which makes the 
computation of the standard deviations of the measured 
wavelengths less difficult. The wavelength, \, and the 
position, 4, of a given line on the plate are related by 
the equation, 

arc sin(A/2d) = (h—ho)/R, (6) 


where 2d is twice the spacing of the (310) planes in 
quartz (2d=2355.34+0.04 x units), Ao is the position 
of the 8 point on the plate and R, the radius parameter 
of the spectrograph, is the distance between the center 
line of the quartz crystal and the 8 point. If m calibra- 
tion lines are present on the plate, then a set of n 
equations of the type (6) in the unknowns R and ho 
can be written. Since is always larger than 2, the set 
overdetermines R and /p so that a least-squares solution 
that gives the “best” values of these parameters must 
be carried out. Once R and fo, together with their 


2 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 
1007 (1955). 
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TABLE I, Wavelengths of calibration lines used to determine the 
wavelengths of unknown gamma-ray lines. 








Wavelength in 
Siegbaha x units 


313.20 
Kas 308.54 
Gd Ka. 292.41 
Kai 287.73 
Tb Kaz 282.94 
Ka 278.19 
Dy K 273.64 
Ka 268.87 
Kaz 264.99 
Ka 260.30 
Kaz 256.72 
Ka 251.99 
Kaa 248.59 
Ka 243.86 
Kaz 240.99 
Ka 236.22 
Kaz 233.61 
Ka 228.83 
Kaz 226.61 
Ka 221.81 , 
Ka: 219.846+0.010 
Ka 215.050+0.010 
Kgs 190.492+0.010 
Kai 189.693+0.010 
Kaz 207.179+0.010 
Ka 202.359+0.010 
Kgs 179.323+0.010 
Ka 178.323+0.010 
Gamma rays 188.259+0.018 
from nuclear 182.638+0.018 
levels in W'!™ 123.599+0.014 


Reference 


Element 


Sm Kas 


Line 





@eeneaonnanananananeeneaeaencseenesrpeepegccrtrtrtsreree pe 





«J. M. Cork and B. R. Stephenson, Phys. Rev. 27, 530 (1936). 

bY. Cauchois and H. Hulubei, Longueurs d'Onde des émissions X et des 
discontinuités d' absorption X (Herman et Cie, Paris, 1947). 

¢F. Boehm and E. N. Hatch (private communication). 

4, Inglestam, Nova Acta Regiae, Soc. Sci. Upsaliensis 4, No. 5 (1936). 

e Murray, Boehm, Marmier, and DuMond, Phys. Rev, 97, 1007 (1955). 


standard deviations and their correlation coefficient are 
determined for a given plate, then the wavelength, A, 
and the standard deviation, o (A), of any known gamma- 
ray line on the plate can be determined by substituting 
the position, /, of the unknown line into (6) and solving 
for . 

Several assumptions that were made in the computa- 
tions considerably simplified the procedure outlined 
above. The same standard deviation (+0.01 mm) was 
assigned to all distance measurements on the plate. 
This number was chosen on the basis of a careful ex- 
amination of the measurements made on a large number 
of lines. The first column in Table IT shows the distance 
between the 68-kev and the 100-kev calibration lines 
on all the plates. It can be seen that in many cases the 
standard deviations are considerably less than +0.01 
mm. Small standard deviations in Ah{Ta(68 kev)- 
Ta(100 kev) ] were obtained on those plates with in- 
tense, well-developed lines, which made it easy to 
position the cross hairs of the comparator microscope 
and the larger standard deviations occurred when the 
lines were less intense or when the plate was fogged by 
background radiations. The same standard deviation 
(+0.03 x units) was also assigned to all wavelengths 
used for calibration. This is also a conservative estimate 
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TABLE II. The distance between the 68-kev and 100-kev cali- 
bration lines on each plate is shown in the first column. The com- 
puted value of the spectrograph radius, R, obtained from the 
calibration lines on each plate is shown in the second column. 








Ah[Ta(68 kev) —Ta(100 kev)] 


Plate (in mm) 


7Re 
m1la 
72H 
mLu 
7¥b 
691m 
esr 
e7Ho 
esDy 


(in mm) 

1991.9+-0.8 
1993.0+0.8 
1992.2+0.7 
1992.0+0.7 
1991.8+0.7 
1991.8+-0.6 
1989.9+-0.6 
1991.2+0.6 
1993.8+0.5 
1991.2+0.5 
1992.3+0.5 
1990.4+0.4 


50.036+0.010 
50.042+0.003 
50.036+0.003 
50.014+0.005 
50.034+0.006 
50.038+0.004 
50.026+0.005 
50.031+0.004 
50.047 +0.004 
50.015+0.007 
50.099+0.010 
50.038+0.009 


since many of the wavelengths listed in Table I have 
smaller standard deviations. If the assumptions outlined 
above are made, then the least-squares solution is 
simplified, since all the points (4;,A;) have the same 
statistical weight. Since both of these error assignments 
are conservative, the standard deviations quoted in the 
measured wavelengths shown in Table III are upper 
limits. 

Once the above assumptions were made, the least- 
squares solution for R and ho was carried out following 
the methods outlined in Chap. 11 of Worthing and 
Geffner® and Chap. 7 of Cohen ef al.* The methods 
used for computing the standard deviations o(R) in R 
and o(ho) in ho are also given in references 13 and 14. 
The second column in Table II shows the value of the 
spectrograph radius, R, obtained for each plate. The 
largest standard deviations in R occur when the cali- 
bration lines on a plate are near each other. (On the 
Re plate the distance between the Ta Kaz x-ray line 
and the 100-kev line from the Ta!® source is about 10 
cm, whereas on the samarium plate the distance be- 
tween the Sm Kaz line and the same 100-kev line is 
about 20 cm.) The spectrograph radius was also 
measured directly with a set of accurately calibrated 
micrometers. The best value of R obtained from these 
measurements is 1990.5+0.5 mm, which is in reasonable 
agreement with the computed values shown in Table IT. 

The wavelength, A, and the standard deviation, o(A), 
of each unknown line were calculated using the appro- 
priate values of R and Ao for each plate. The energy in 
kev of each unknown gamma ray was obtained using: 


E (kev) = 12372.44+0.16/A(x units), (7) 


where the conversion factor is taken from DuMond 
and Cohen. Because of the large amount of data that 


1% A, G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley & Sons, Inc., New York, 1943). 

4 Cohen, Crowe, and DuMond, Fundamental Constants of 
Physics (Interscience Publishers, Inc., New York, 1957). 

16 J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 
27, (1955). 
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had to be analyzed in the course of this work, all the 
computations described in this section were carried out 


on the IBM-650 digital computer at UCRL, Livermore. 


IV. RESULTS 


Seventeen elements were bombarded in the series of 
experiments that are the subject of this report. In 
order of decreasing Z, the materials investigated were 
uranium, thorium, gold, platinum, rhenium, tantalum, 
hafnium, lutetium, ytterbium, thulium, erbium, holm- 
ium, dysprosium, terbium, gadolinium, samarium, and 
neodymium. These elements have 48 stable isotopes 
with a natural abundance greater than 5%. All gamma 
rays observed in these experiments result from the 
electric excitation of the nuclei by the incident protons. 
For most of the isotopes studied, the thick-target yield 
of gamma rays in the 100-kev region is about 10-7 
gamma rays per proton.? Most targets were bombarded 
with beam currents of the order of 3 ma so that effective 
sources of the order of 50 millicuries were produced. To 
obtain the required exposure of 1 curie-hour, it is there- 
fore necessary to make bombardments lasting 20 and 
30 hours which means machine exposures of the order 
of 100 ma-hr. These statements are only qualitatively 
correct, and longer exposures are necessary when the 
isotopic abundance of a given species is small or when 
the gamma-ray energy is much above 100 kev [see 
Eq. (5) ]. There is a practical upper limit of about 600 
ma-hr on the total exposure time, since the general 
background inside the shield wall when the machine is 
operating causes blackening of the nuclear emulsion in 
spite of the shielding around the plate. 

On five of the seventeen good plates that were made, 
no nuclear gamma-ray lines were observed. These ele- 
ments were uranium, thorium, gold, platinum, and 
neodymium. Uranium and thorium (i.e., U™* and 
Th*?) both have nuclear energy levels'® at about 50 
kev with a value of «B(£2) of about 0.04, which would 
require an exposure time of the order of 300 ma-hr. 
Since both uranium and thorium make rather poor 
targets, such long exposures were not feasible. Each 
plate was exposed for 100 ma-hr in the hope that some- 
thing might appear even in a shorter exposure, but no 
positive results were obtained. Similar computations 
can be made to show that gold and platinum are also 
marginal targets for such experiments. Neodymium is 
also a poor material for study since the excitation en- 
ergies in the abundant isotopes are too large(~ 300 kev). 

The results of all other experiments are listed in 
Table III. The wavelengths are listed in Siegbahn 
x-units, which are a factor of 1.00204 larger than 
milliangstroms.*- 

In each case, the best previous measurement for the 
energy of the level is given (when available), obtained 
by scintillation counter methods, internal-conversion 
electron spectrometry or bent crystal diffraction 


16 J. O. Newton (private communication). 
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TABLE III. This table shows the wavelengths and energies of all nuclear lines observed during the course of the 


Isotope 
Sm! 
Sm! 
Gd'5s 
Gdléé 


Gd? 


Gaus 


Gdie 
Tb'# 


Dy! 
Dy'® 
Dy'*(?) 
Dy'* 


Ho!® 


Er!# 
Er'7(?) 
Er! 
Er'(?) 
Tm'® 


Yb! 


Yb!” 
Ybi73 
Yb!" 
Yb!76(?) 
Lu!s 


Hive 
Hf? 
Hf78 
Hfi79 
Hf 


Ta!® 


Re!*5 
Re!87 


Natural isotopic 
abundance 
(percent) 


experiments described in the text. 


Wavelength in 
Siegbahn x units 





26.8 
Za.7 


14.7 
20.5 


15.7 


24.9 
21.9 


100 


18.9 
25.5 
25.0 
28.2 


100 


33.4 


21.8 
16.2 
31.8 
12.7 
100 


5.2 
18.4 
27.1 
13.8 
35.3 


100 


37.1 
62.9 


101.54++0.03 
150.90+0.02 


206,09-+-0.02 
139.06+0.03 
(139.10-+0.03) 
226.84+0.02 
155.61+0.02 
(155.62+0.02) 
164.40-+0.02 
(164.41+0.02) 


213.36+0.02 
155.62+0.02 


282.30+0.02 
153.41+0.02 
168.58+0.02 
168.58+0.02 


130.65+0.03 
112,550.03 


153.55+0.02 
157.43+0.02 
155.04+0.02 
155.99+0.02 


112.71+0.03 
104.71+-0.04 


185.43+0,02 
163.05+0.02 
157.21+0.02 
157.21+0.02 
161.81+0.02 
150.65+0,02 


108.73+0.04 


140.04+0.03 
109.57+0.04 
132.84+0.03 
100.87 +0,.04 
132.62+0.03 


90.89 +0.04 
74.92+0.05 


98.74+0.04 
92.19+0.04 


Energy in kev 


Best previous value 


of energy 


Reference 





121.85+0.03 
81.99+0,02 


60.03+0.01 
88.97+0.03 
(88.95+-0.04) 
54.54+0.01 
79.51+0.02 
(79.50+-0.02) 
75.26+0.01 
(75.25+0.02) 


57.99+0.01 
79.51+0,02* 


43.83+0.01 
80.65+0.02 
73.394-0.01 
73.39+0.01 


94.70+-0.02 
109.93+0.03* 


80.57+-0.02 
78.59+0.02 
79.80+0.02 
79.31+0.02 


109.77+0.03* 
118.16+0.04 


66.72+0.01 
75.88+0.01 
78.70+0.01 
78.70+0.01 
76.46+0.01 
82.13+0.02 


113.79+0.04 


88.35+0.02 
112.91+0.04 
93.14+0.02 
122.66+0.05 
93.29+0.02 


136.12+0.06 
165.15+0.11 
125.30+0.05 
134.20+0.06 


121.79 +0.03 
82 


60.1 
88.97 +0.01 
55 

79 


76 
58.0 
79 
44 
80.8 
73.0 


94.793+0.007 
116 


80.7 


79.9 


109.78 +0.02 
118.20 +0.03 
66.7 

76 

78.7 

78.8 

76.6 


113.814 0.02 


88.6 
112 

93.3 
123 

93.3 


136.25 +0.02 
165 


125 
135 


(cryst.)> 
(scint. )® 
(conv. )4 
(cryst.)® 


(conv. )f 
(scint. )* 


(scint.)* 


(conv.)4 
(scint.)* 
(scint. )# 
(conv. )4 


(conv. )4 
(cryst.)* 
(conv. )i 


(conv. )4 
(conv. )4 


(cryst. i 
(cryst. i 
(conv.)4 
(p,p’)* 

(conv.)4 
(conv. )4 
(conv. )4 


(cryst.)é 


(conv. )4 
(scint.)° 
(conv. )4 


(conv. ) 
(conv. )! 


(cryst.)™ 
(conv. )i 
(conv. )i 
(cony.)! 


* These gammas ar® cascade transitions. 

> Boehm, Marmier, and DuMond (private communication). 

eG. M. Temmer and N. P. Heydenburg, Phys. Rev. 100, 150 (1955). 

4 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

e F. Boehm and E. N. Hatch, Bull. Am. Phys. Soc. Ser. II, 1, 390 (1956). 
‘J. H. Bjerregard and U. Meyer-Berkhout, Z. Naturforsch. lla, 273 (1956). 
«N. P. Heydenburg and G. F. Pieper, Phys. Rev. 107, 1297 (1957). 

» B, Andersson, Proc. Phys. Soc. (London) A69, 415 (1956). 

' Huus, Bjerregard, and Elbek, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 30, No. 17 (1956), 
} Hatch, Boehm, Marimer, and DuMond, Phys. Rev. 104, 745 (1956). 

k Elbek, Nielsen, and Olesen, Phys. Rev. 108, 406 (1957). 

! Mihelich, Scharff-Goldhaber, and McKeown, Phys. Rev. 94, 794(A) (1954). 
=F, Boehm and P. Marmier, Phys. Rev. 103, 342 (1956). 


Re'**, This element has been studied previously by 
electric excitation’? with enriched isotopes and the 
isotopic assignment shown in Table III is unambiguous. 
It was not possible to observe the cascade transitions 
from the second excited levels, which are also excited, 
since this would have required an exposure time too 
long (~800 ma-hr) for practical consideration. 


methods. In the following paragraphs, the experimental 
conditions under which the remaining plates were made 
are discussed. 


Rhenium (Z=75) 


A rhenium metal target (30-mil Re sheet soldered 
to copper) was bombarded for 120 ma-hr and the two 
nuclear lines observed on the plate correspond to the 


; 4 ‘ 17 McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 
first excited levels in the two stable isotopes, Re!®’? and einer 


(1955). 
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TANTALUM K &-RayS 
CALIBRATION 


Te GOO kev) 
CALIBRATION \ 


(36.52 +0.06 kev 


Fic. 4. X-ray and gamma-ray lines from a tantalum target 
bombarded for 492 ma-hr. The 165.15-kev transition is twenty 
times weaker then the 136.12-kev line and is therefore difficult 
to see on the photographic reproduction of the nuclear emulsion. 


Tantalum (Z=73) 


A tantalum metal plate was bombarded for 492 
ma-hr. Two nuclear lines were visible on the plate 
which come from excitation of the first and second 
levels!78 in 100% abundant Ta!*. The 136.12-kev 
gamma ray corresponds to the energy of the first 
excited level and the line at 165.15 kev corresponds to 
the cascade transition between the second and first 
excited levels. The exposure time necessary to observe 
the cross-over transition is consistent with computations 
based on Eq. (5) and the gamma-ray yield.? Figure 4 
shows a print of the tantalum plate. 


Hafnium (Z=72) 


A hafnium metal target (;'s-in. Hf plate soldered to 
copper) was bombarded for 367 ma-hr. Five nuclear 
lines were visible on the plate which correspond to 
gamma rays coming from the first excited levels of the 
five most abundant stable isotopes of this element 


| Ht” 98640002 kev 
| wt"? 93208002 kev 
\ 


\ 


Fic. 5. X-ray and gamma-ray lines from a hafnium target 
bombarded for 367 ma-hr. The two lines at 93.14 kev and 93.29 
kev are barely within the limit of resolution of the instrument. 


18 T. Huus and C. Zupantit, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, No. 1 (1953). 
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(Hf”*, Hf”, Hf’, Hf”, and Hf'®). The isotopic 
assignment shown in Table III was made on the basis 
of previous electric excitation work with enriched iso- 
topes.!78 One very interesting feature of this plate is 
the two lines from Hf'’* and Hf!® at 93.14 and 93.29 
kev. These lines differ in energy by about 150 ev and 
it can be seen in Fig. 5 that this difference is very close 
to the natural resolution limit of the instrument (see 
Sec. II for a discussion or resolution). It should also be 
pointed out that the isotopic assignment for these lines 
is not certain since the precision of previous work with 
separated isotopes is not high enough. The values 
quoted in reference 18 are 91+3 kev for Hf'’® and 
92+3 kev for Hf!™, so that within the accuracy of the 
scintillation counter work the energies are essentially 
equal. The isotopic assignment shown in Table III is, 
however, very likely, since it is in agreement with the 
systematics observed for the energies of the first excited 
levels in even-A isotopes in this region of the periodic 
table. Figure 5 shows a print of the hafnium plate. 


TaBLe IV. The gammz rays from the reaction Cu®(p,n,y)Zn® 
which were observed on several of the spectrographic plates are 
shown. The good agreement between the values obtained from 
the separate plates is a good indication of the validity of the 
method. The energies of the levels are assigned according to the 
decay scheme given by Bernstein and Lewis.* 


Es (kev) 


Plate E; (kev) E Cascade (kev) 


Lu a 
Yb 53.92+0.01 
Ho aig 
Dy aul 
Tb 53.92+0.01 
Gd 53.92+0.01 


115.1340.04 


61.19+0.01 
61.20+0.01 
61.19+0.01 
61.20+0.01 


115.13+-0.04 
115.10+0.04 
115.13+0.04 
115.05+0.04 


® See reference 8. 


Lutetium (Z=71) 


An evaporated lutetium target (see Sec. II) was 
bombarded for 200 ma-hr. Two nuclear lines were 
clearly visible on the plate. One of these lines, at 115.13 
kev, results from the reaction Cu®(p,,y)Zn® in the 
copper backing (see Table IV). The other line at 113.79 
kev comes from the excitation of the first level!” in 
100% abundant Lu’. These levels have been observed 
in the decay of Yb'’*. One of us with collaborators” has 
measured the wavelengths with the Mark I bent crystal 
spectrograph at The California Institute of Technology 
and the good agreement between their value and the 
present measurement is gratifying (see Table ITI). 


Ytterbium (Z=70) 


An evaporated ytterbium target was bombarded for 
176 ma-hr. Six nuclear lines were observed on the plate 
and unambiguous isotopic assignments can be made: 


( 1” N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
1955). 

* Hatch, Boehm, Marmier, and DuMond, Phys. Rev. 104, 
745 (1956). 
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for five of these lines on the basis of previous work.” 
The line at 78.70 kev is a double line that comes from 
the first excited levels in the isotopes Yb'” and Yb'”. 
The composite line on the plate at this energy is be- 
tween 30 and 40% wider than the usual nuclear line, 
in addition its intensity is such that it must arise from 
an isotope with an abundance greater than 30%. The 
combined abundance of Yb’ and Yb!® is 38%. No 
definite isotopic assignment can be made for the gamma 
ray at 82.13 kev. The tentative assignment made here is 
that this gamma ray comes from the first excited state 
in 12.4% abundant Yb!"*, since this is in qualitative 
agreement with the observed intensity of the line on 
the plate. Confirmation of this assignment must await 
electric excitation experiments with enriched isotopes 
of this material. The nuclear line at 54 kev comes from 
the Cu(p,n,y)Zn® reaction in the target backing. 
Figure 6 shows a print of the ytterbium plate. 


To (68 kev 
(CALIBRATION i” 
Y 
\ 
\ ae a 
TANTALUM \ / 7AGB £00) kev 
Ket RAYS \ 
CALIBRATION \ / 


/ i 
Ze Ta GOO kev) 
CALIBRATION 


ny 4 
YTTERBIUM K X-RAYS 
. CALIBRATION 
vA 
ff . yom) 


| 
66.72 £00) kev \ ; “B2.13£002 kev 
,* 
| RL eS 
76.46 +001 hey 


Fic. 6. X-ray and gamma-ray lines from an ytterbium target 
bombarded for 176 ma-hr. The line at 78.70 kev is slightly wider 
than other nuclear gamma-ray lines on the plate and is probably 
due to the superposition of gamma rays from Yb! and Yb!”, 


Thulium (Z=69) 


An evaporated thulium target was bombarded for 
100 ma-hr. Two nuclear lines were visible on the plate, 
one at 118.16 kev which corresponds to the transition 
between the second excited level and the ground state, 
and one at 109.77 kev which corresponds to the transi- 
tion between the second and first level. A decay scheme 
for this isotope has been established by one of us and 
co-workers” and the present results are in good agree- 
ment with previous precision measurements of these 
energies. Figure 7 shows a print of the thulium plate. 


Erbium (Z=68) 


An evaporated erbium target was bombarded for 
160 ma-hr. Four nuclear lines were visible on the plate 
and it is very probable that these gamma rays corre- 
spond to the first excited levels of the four most abun- 
dant isotopes of this material (Er, Er'®’, Er'®’, and 


n Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 
2 Elbek, Nielson, and Olesen, Phys. Rev. 108, 406 (1957). 
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To Kou X88 
CALIBRATION 
Yo (68 kev) 


/EALIBRATION 


THULIUM K X-RAYS 
CALIBRATION 


To (100 kev) 1m ‘©? 


CALIBRATION {105 77 £008 kev 
\ c. ) 

} ASCADE tn'9 ‘ 

TBI 4004 kev 


Fic. 7. X-ray and gamma-ray lines from a thulium target 
bombarded for 100 ma-hr. The 118.16-kev gamma ray is about 
15 times less intense than the 109.77-kev line. 


Er'®*), The gamma rays at 80.57 and 79.80 kev can be 
assigned to Er'®* and Er'®*, respectively, according to a 
study of internal-conversion electrons emitted by 
these isotopes. The other two gamma rays, at 78.59 
and 79.31 kev, correspond to the first excited levels in 
Er'® and Er!”, but it is impossible with the available 
data to tell which gamma ray belongs to which isotope. 
The assignment shown in Table III is tentatively 
made on the basis of the observed intensities of the 
lines. 

A print of the erbium plate is shown in Fig. 8. An 
interesting point is that the energies of the first excited 
levels in the four abundant isotopes of erbium are all 
within an energy range of only 1.9 kev. It will, therefore, 
be rather difficult to resolve the ambiguity regarding 
the isotopic assignment of the levels in Er!” and Er'®, 
even if enriched isotopes are used, unless it is possible 
at the same time to employ high-resolution detection 
methods. 


Holmium (Z=67) 


An evaporated holmium target was bombarded for 
121 ma-hr. Five nuclear lines were visible on the 
plate. Three of these lines result from the reaction 
Cu®(p,n,y)Zn® in the copper backing (see Table IV). 
The other two lines come from excitation of the first 


To (68 kev) er’®” (2) er'* 
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Fic. 8. X-ray and gamma-ray lines from an erbium target 
bombarded for 160 ma-hr. 
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Fic. 9. X-ray and gamma-ray lines from a holmium target bom- 
barded for 121 ma-hr. The 115-kev line from the Cu®(p,n,7)Zn® 
reaction is clearly visible on the plate. 


two levels in 100% abundant Ho", the 94.70-kev line 
corresponding to the ground-state transition and the 
109.93-kev line corresponding to the cascade transition 
between the second and first excited states.% A print 
of the holmium plate is shown in Fig. 9. 


Dysprosium (Z=66) 


An evaporated dysprosium target was bombarded for 
104 ma-hr. Six nuclear lines were visible on the plate, 
three of which result from the Cu®(p,n,y)Zn® reaction 
in the target backing and the three others correspond 
to the excited levels in various stable isotopes of 
dysprosium. The isotopic assignment in Table III is 
made from previous work on this element by electric 
excitation and internal-conversion™ experiments. The 
lines at 73.39 and 80.65 kev come from transitions to 
the first excited levels of even-A isotopes.Dy’™ and 
Dy'®. The 43.83 kev line results from excitation of the 
first excited level in Dy'™, which agrees with the work 
of Heydenburg and Pieper® and Elbek, Nielson and 
Oleson,” but is at variance with the results of Mihelich, 
Harmatz and Handley” who report a line at 25.6 kev 
as the first excited level in this isotope. In addition, 
Cork, Brice, Schmid, and Helmer” have given a decay 
scheme which is not in agreement with the assignment 
of the 43.83-kev line to the first excited level in Dy’™. 

Previous electric excitation experiments also indicate 
that there should be a line at about 75 kev correspond- 
ing to the first excited level of Dy’*. The value of 
«B(E2) quoted by Heydenburg and Pieper’ indicates 
that this line should appear on the plate with an 
intensity about 40% of the 73.39-kev line from Dy. 
No such line is present on the plate. One possible ex- 
planation of this situation is that the energies of the 
first excited levels of Dy'* and Dy'® have precisely the 
same energies, so that the lines on the plate overlap. 


%Huus, Bjerregard, and Elbek, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 
* Cork, Brice, Schmid, and Helmer, Phys. Rev. 104, 481 (1956). 
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There is some evidence in favor of this suggestion since 
the 73.39-kev line is somewhat more intense than can 
be explained by using the «B(£2) values given in refer- 
ence 8 for either Dy'* or Dy’. If this explanation is 
correct, then the two levels must be within 10 or 20 ev 
of each other, since no appreciable broadening of the 
line at 73.39 kev is observed. In Table III, a 73.39-kev 
level has been tentatively assigned as the first excited 
state in Dy’. It should be pointed out that this assign- 
ment is rather uncertain since the intensity argument 
above is not reliable. because of the strong energy de- 
pendence of the spectrograph efficiency in this energy 
region (see Fig. 3). 


Terbium (Z=65) 


An evaporated terbium target was bombarded for 
88 ma-hr. Five nuclear lines were present on the plate, 
three resulting from the Cu®(p,n,y)Zn® reaction in 
the target backing. The other lines come from the 
excitation of the first two levels in 100% abundant 
Tb’. The 57.99-kev line comes from the excitation of 
the first excited level and the 79.5-kev line is the cascade 
transition between the first and second excited levels in 
this isotope.'** 


Gadolinium (Z= 64) 


An evaporated gadolinium target was bombarded 
for 97 ma-hr. Six nuclear lines were visible on the plate. 
Three of these lines come from the Cu®(p,n,y)Zn® re- 
action and the other three correspond to gamma rays 
coming from the excitation of the first excited levels in 
the even-A gadolinium isotopes. The isotopic assign- 
ment in Table III is made on the basis of previous 
electric excitation experiments’: with enriched iso- 
topes of this element. Two other gamma rays at 55 kev 
and 60 kev coming from the first excited levels in Gd!*’ 
and Gd'* should also be visible on the plate. These 
lines should be somewhat weaker than those arising 
from the even-A isotopes, since odd-A isotopes are 
somewhat less abundant and the «B(£2) values for 
these levels are considerably smaller than those for the 
levels in the even-A isotopes.? Since the gadolinium 
plate was quite dark because of the rather largeneutron 
background from the copper target backing, it is not 
surprising that these lines were not visible on the plate. 

A separate experiment to observe the gamma rays 
from the odd-A isotopes was performed by operating 
the accelerator at 1.8 Mev. This can be done by using 
only the first of the two accelerating vessels. At this 
energy, no neutrons are produced in the copper target 
since the Cu®(p,n,y)Zn® threshold is at 2 Mev, so that 
the nuclear emulsion was quite clear when developed 
at the end of the run. On the other hand, the gamma-ray 
yield at 1.8 Mev is considerably smaller than at 3.7 
Mev, and hence an exposure time of 418 ma-hr was 


28H. Mark and G. T. Paulissen, Phys. Rev. 100, 813 (1955). 
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necessary to observe the lines. Five nuclear lines were 
observed on this plate, three from excited levels in the 
even-A isotopes, which are also observed on the plate 
made at 3.7 Mev, and two others which arise from the 
excitation of the first excited levels in the odd-A iso- 
topes.2” The energies for excited levels in the gado- 
linium isotopes shown in Table III are taken from the 
1.8-Mev plate. The energies shown in parentheses for 
the even-A isotopes are computed from the plate made 
at full proton energy. The good agreement between 
these values is an additional confirmation of the relia- 
bility of the method. 

It should be pointed out that, in general, it was not 
found economical or necessary to make exposures at 
half energy for other materials in order to increase the 
signal-to-noise ratio. Usually, the layer of material 
evaporated on the copper-was thick enough to prevent 
bothersome neutron background effects. In addition, 
the lower gamma-ray yield at the smaller proton energy 
made it necessary to raise exposure times by a factor 
of 3 or 4 which makes such experiments very costly in 
operating time. 


Samarium (Z=62) 


An evaporated samarium target was bombarded for 
100 ma-hr. Two nuclear lines were visible on the plate, 
the line at 81.99 kev coming from the first excited level 
in Sm" and the line at 121.85 kev coming from excita- 
tion of the first level in Sm'®. The isotopic assignments 
are made on the basis of previous work with enriched 
isotopes.’ The gamma rays of 335 and 500 kev com- 
ing from the other abundant even-A isotopes (Sm! 
and Sm"*) were not observed because of their high 
energy which makes detection very difficult (see Fig. 3). 
A precision measurement of the 121.85-kev level in 
Sm" has been made by Boehm_and Hatch** and their 
result is in fairly good agreement with the value listed 
in Table III. Figure 10 shows a print of the samarium 
plate. 
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Fic. 10. X-ray and gamma-ray lines from a samarium 
target bombarded for 100 ma-hr. 


26 F, Boehm and E. N. Hatch (private communication). 
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V. DISCUSSION OF RESULTS 


Before discussing the possible theoretical implica- 
tions of the measurements presented in the previous 
section it is important to ask how closely the energies 
listed in Table III are related to the energies of the 
excited levels in the corresponding isotopes. Two 
possible effects that may cause a Doppler shift and 
thus change the energy of the gamma ray are the recoil 
motion of the nucleus when the gamma ray is emitted 
and the recoil motion of the nucleus caused by the 
collision with the incoming proton. The first effect 
lowers the measured energy of the gamma ray by: 


AE=E,?/Me, (8) 


where /2, is the energy of the emitted gamma ray and 
Mé the rest energy of the nucleus. For most transitions 
(~0.1 Mev) in the isotopes considered (A~150) this 
energy shift is of the order of 0.10 ev which is about 300 
times smaller than the standard deviations quoted in 
Table III. The recoil of the nucleus due to collisions will 
tend to broaden the observed spectral lines and also to 
shift them because gamma rays emitted at the spectro- 
graph angle (~30°) will tend to be preferentially associ- 
ated with certain recoil directions. The maximum 
energy shift expected from proton recoil effect is: 


= (pg A)E,, (9) 


where A is the atomic weight, 8 is the o/c of the in- 
coming proton, and £, is again the energy of the transi- 
tion. The value of AE computed from Eq. (9) for most 
cases of interest is of the order of 100 ev which is of 
the same order or somewhat larger than the standard 
deviation. The actual energy shift is of course much 
smaller since Eq. (9) assumes that all the momentum of 
the incoming proton is transferred to the target nucleus 
and also that the target nucleus is still in motion when 
the gamma ray is emitted. Both of these assumptions 
are wrong, particularly the latter since the half-lives 
of most of these transitions are much larger (~10-" 
sec) than the time taken by the recoiling nucleus to 
come to rest in the lattice of the target material (~ 10-™ 
sec). It can therefore be concluded that the gamma-ray 
energies given in Table III are equal (within the 
quoted standard deviation) to the excitation energies 
of the corresponding isotopes. 

All the energy levels listed in Table III belong to the 
class of nuclear rotational levels that has been ex- 
tensively treated in the theoretical literature.’ Rota- 
tional levels possess two distinguishing features: One is 
that they have radiative transition probabilities which 
are larger by one or two orders of magnitude than those 
expected from the transitions of a single nucleon. The 
other is that the spectra obey interval rules which are 
similar to those employed in the description of a dia- 
tomic molecule. For even-A isotopes, 


E= (#?/29)I(I+1), (10) 
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Fic. 11. Energies of first excited levels in even-A isotopes 
as a function of neutron number. 


where E is the energy of the level, J the spin, and g the 
moment of inertia. The spin sequence in even-A iso- 
topes is J=0, 2, 4,6, etc. For -odd-A isotopes with 
ground-state spin Jo=}3: 
qh? 
sat shaitiin Banca a (11) 


where the spin sequence is J, Jo+1, Jo+2, Jo+3, etc. 
If Jo=4, then an additional term appears in Eq. (11) 
which arises from the term in the Hamiltonian con- 
taining the products I-j. (I is the total angular mo- 
mentum and J is the single-particle angular momentum.) 
In an axially symmetric nucleus, this term has diagonal 
matrix elements only if Jo= j=} and has the form: 


he 
E=—[a(—1)"*4(I+3)]. (12) 
29 


The rotational spectrum for an odd-A nucleus with 
Io=} is therefore determined by two parameters: the 
momentum of inertia, 9, and the decoupling parameter, 
a, the latter of which depends on the wave function 
of the intrinsic particle motion in the ground state. 
This wave function will be a linear combination of 
states with Q2= +4 and —} (@ is the projection of j on 
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the nuclear symmetry axis) which are degenerate due to 
the axial symmetry of the nucleus. The decoupling 
parameter, a, is determined by the coefficients of the 
terms in this linear combination. 

In even-A isotopes, only the first excited (2+) levels 
can be studied by electric excitation, since the cross 
sections for the excitation of levels with multipolarities 
higher than electric quadrupole are too small. It is not 
possible therefore to verify the rotational interval rule 
(10) in a given isotope. However, it is of some interest 
to study the behavior of the first excited levels in even-A 
nuclei as a function of the neutron and/or proton 
number.?’8 Figure 11 shows the rotational energy 
parameter as a function of neutron number for all the 
even-A isotopes listed in Table III. (The data for 
W'®, Ww! W!8 are taken from reference 1). This 
figure shows features very similar to previous figures 
of this type given in references 27 and 28. The somewhat 
better resolution of the present experiments reveals 
some interesting fine structure on such curves. For 
example, there appear to be two points (Z= 70, V= 104; 
and Z=66, N=98) for which the energy curve has a 
“minimum.” Another feature is that the isotopes Hf'”8 
and Hf'® have their first excited levels at almost pre- 
cisely the same energy, which means that the 107th 
and 108th neutrons are added in such quantum states 
that they apparently make no contribution to the 
moment of inertia. 

In odd-A isotopes, the spin change between succes- 
sive rotational states is one unit and it is therefore 
possible to reach the first two rotational levels by elec- 
tric quadrupole excitation. In Yb!” two gamma rays 
corresponding to the transitions between the first and 
second excited levels and the ground state were ob- 
served. In Tm!®, the transition from the second excited 
level to the ground state and the cascade transition 
from the second level to the first were observed. In 
Ta'*!, Ho!®, and Tb’ the transitions between the first 
level and the ground state and the cascade transitions 
between the second and first excited levels were ob- 
served. In the remaining odd-A isotopes listed in 
Table III only one gamma ray corresponding to the 
first excited level was observed. 

For the isotopes in which two gamma rays are ob- 
served, the energies of the first and second levels can be 
deduced from the decay schemes. The isotopes Ta'*', 


Taste V. Rotational spectra of odd-A isotopes with J>~#4. The 
difference between the computed and measured energy of the 
second level is shown in column six. 








Isotopes Io Ei(kev) Es(kev), exp. E2(kev), theo. AE (kev) 





57.99 40.01 
94.70 +0.03 
136.12 +0.06 


137.50+0.02 139.18+0.02 
204.63 +0.04 210.44 +0.07 
301.2740.12 302.49+0.13 


wtb 3/2 
Holts 7/2 
uTa’®™ 7/2 


—5.81 40.08 
—1.22+0.18 








( *7G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
1955). 
28 G. Scharff-Goldhaber, Phys. Rev. 103, 837 (1956). 
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TABLE VI. Rotational energy parameters in odd-A isotopes. 











Decoupling 
parameter® 


Ground-state 
spin 3h2/9 in kev 
72.04+0.01 
65.54+0.01 
69.59+0.01 
37.57+0.01 
62.90+0.01 
63.13+0.01 
52.39+0.01 
74.27+0.02 
72.22+0.02 
67.45+0.01 
75.86+0.02 
75.28+0.02 
66.90+0.01 
90.75+0.03 
107.39+0.04 
115.03+0.04 


Gd'55 
Gd'? 
Tb'# 
Dy! 
Dy! 
Ho! 
Er'67 
Tm!'® 
Yb 
Yb!3 
Lu!”6 
Hf177 
Hf179 
Tals 
Reiss 


Re!87 


3/2 
3/2* 
3/2* 
5/2" 
5/2» 
7/2 
7/2° 
1/2* 
1/24 
5/24 
7/2 
7/2® 
9/2« 
7/2 
5/28 


c/ 
5/ 28 


—0.7740 
0.8478 


* See reference 2. 
> See reference 6. 
eB. Bleany and H. E. D. Scoville, Proc. Phys. Soc. (London) A64, 204 


(1951). 
4A. H. Cooke and J. G. Park, Proc. Phys. Soc. (London) A69, 282 (1956). 


Ho'®, and Tb" have ground-state spins larger than } 
and therefore the level sequence should be given by Eq. 
(11). Since Eq. (11) contains only one parameter, J, 
which is fixed by the energy of the first level, the energy 
of the second level can be predicted with a precision 
comparable to the precision with which the energy of 
the first is measured. This value can then be compared 
with the measured energy of the second level. From the 
results listed in Table V it can be seen that in each case 
the measured energy of the second level is slightly 
smaller than the prediction made using Eq. (11). There 
are two effects that might account for the observed 
deviations from Eq. (11). One is a “rotation-vibration”’ 
interaction of the type encountered in molecular 
spectroscopy, which results from an increase in the 
moment of inertia as the excitation energy is raised. 
This effect always depresses the energy of the second 
level and is of the order E,ot°/Eyix?. The second per- 
turbation that changes the energy of the second rota- 
tional level is the rotation-particle coupling which has 
been discussed by Kerman” for the case of W'*. This 
deviation arises from the same I-j terms in the Hamil- 
tonian that cause the anomalous rotational spectrum 
(12) for Jo=} nuclei, and is due to the presence of 
intrinsic (i.e., particle) excited levels near the ground 

* A. K. Kerman, Kgl. Danske Videnskab. Selskab Mat.-fys. 
Medd. 30, No. 15 (1956). 
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state which perturb its rotational band. The rotation- 
particle coupling can either depress or raise the energy 
of the second level and the direction and magnitude of 
the effect depends in detail on the properties of the 
perturbing single-particle states. The order of magni- 
tude of the rotation-particle coupling is Eyor®/ (Eo— £1), 
where (Eo—£,) is the energy difference between the 
ground state and the first single-particle level. 

It is evident from the foregoing discussion that it is 
not possible to distinguish clearly which of the two 
effects considered is more important in causing the 
observed deviations from Eq. (11) since both per- 
turbations give rise to energy deviations of about the 
same order of magnitude. Further theoretical work 
should be done on Ta'*! since there is a single-particle 
level at 482 kev® that could perturb the rotational 
spectrum of the ground state. 

Table VI also shows the rotational energy parameters 
for all the odd-A nuclei considered here together with 
the decoupling parameters for the odd-A Jo=} isotopes. 
(For the J)=} isotopes, no check of the rotational se- 
quence can be made since the first two levels only serve 
to define the two parameters a and 9.) The values of 
3h*/9 for first excited levels in odd-A isotopes tend to 
be somewhat lower than the corresponding numbers in 
neighboring even-A isotopes. This effect can also be 
explained by assuming that rotation-particle coupling 
is an important perturbation. 
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The gamma rays following (p,p’7) or (p,ny) reactions in seven isotopes have been studied with a bent 
quartz-crystal spectrograph. The intense gamma-ray sources necessary for such experiments were provided by 
bombarding various target materials with large proton-beam currents from the A-48 accelerator. The 
following reactions and associated gamma rays have been observed: F*(p,p’y), 109.87+0.04 kev; 
Ti®(p,n7)V®, 90.65+0.02 kev, 62.29+0.01 kev; Mn*5(p,p’7), 125.870.05 kev; Ni®(p,p’y), 67.40+0.01 
kev; Cu®(p,my)Zn®, 53.9340.01 kev, 61.2040.01 kev, 115.09++0.04 kev; Ge™(p,p’y) 67.0340.01 kev, 


and Se™(p,n7)Br® 37.05+0.01 kev. 





I. INTRODUCTION 


SERIES of experiments in which the high proton- 

beam current produced by the A-48 linear 
accelerator was used in conjunction with a bent 
quartz-crystal spectrograph to make precise measure- 
ments of the wavelengths of nuclear gamma rays has 
been discussed in a previous paper.’ The primary aim 
of these experiments was to study gamma rays following 
the electric (or Coulomb) excitation of heavy nuclei 
with 3.7-Mev protons. During the course of this work, 
it was discovered that gamma rays caused by other 
nuclear processes [such as (p,my) rea: ions, (p,p’y) 
processes in which the proton enters the * cleus, and 
short-lived isotopes produced at the target by the 
proton beam] could also be observed with the bent 
quartz-crystal spectrograph. 

Since the calculations which could be made indicated 
that neutron darkening of the plate (from recoil 
tracks and capture gamma rays) would make detection 
of lines difficult, the ability to observe nuclear gamma 
rays in the presence of other, neutron-producing 
reactions had to be demonstrated experimentally. It was 
found that in cases where the ratio of the number of 
gamma rays being measured to the number of neutrons 


Taste I. Wavelengths of calibration lines. 








Wavelength in 
Siegbahn x units 


219.846+0.010 
215.050+0.010 


Line Reference 


Kas 
Ka 


Element 





Tantalum 


Kes 213.382-+40.010 
Kai 208.571+0.010 
Kes 184.7954-0.010 
Kar 183.9914-0.010 


Wolfram 


188.259+0.018 
182.638+0.018 
123.599+0.014 


Gamma rays 
from nuclear 
levels in W?® 


Wolfram 








* E. Inglestam, Nova Acta Regiae Soc. Sci. Upsalienis 4, No. 5 (1936 
» Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 (1989). 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+ At California Institute of Technology, Pasadena, California. 

t Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

1Chupp, DuMond, Gordon, Jopson, and Mark, Phys. Rev. 
112, 518 (1958). 
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produced was of the order of 0.2 or more, successful 
exposures could be made. The details of each exposure 
are discussed in Sec. IIT. 

A serious limitation of the present experiments is 
that the bent quartz-crystal spectrograph operated as 
in reference 1 is useful principally for the measurement 
of gamma-ray energies in the 100-kev region. In lighter 
nuclei (Z <40), levels in this energy region are relatively 
rare compared to the heavier elements so that a 
systematic study of the low-lying levels in a series of 
isotopes is not possible. A compensating feature is 
that the cross sections for producing nuclear gamma 
rays in light isotopes may be as much as an order of 
magnitude larger than typical electric excitation cross 
sections. This has the consequences that much shorter 
exposure times are possible in some cases and that 
gamma rays resulting from isotopes with low abun- 
dances (~ 1%) can be observed in other cases. 


II. EXPERIMENTAL METHODS 


The experimental methods used in the present work 
were similar to those described in reference 1. The 
neutron count during each run was monitored by a 
lithium iodide neutron scintillation counter in order to 
adjust the exposure time to prevent severe darkening 
of the nuclear emulsions. In two cases, it was found 
expedient to operate the machine at 1.8 Mev by 
turning off the final accelerating stage. 

The spectral plates were calibrated by exposing a 
Ta’ source in the spectrograph before or after each 
exposure. The wavelengths of all the calibration lines 
used in these experiments are shown in Table I. The 
methods used to calculate the wavelengths, A, and the 


Taste II. Spectrograph radius computed from the calibration 
lines on the various ae. 








Spectrograph radius 
in millimeters 


1992.6+0.8 
1992.2+0.8 
1993.9+0.8 
1992.7+0.9 
1990.1+0.8 
1992.1+0.8 
1992.3+0.8 
1992.6+0.8 








Fluorine 
Titanium (No. 1) 
Titanium (No. 2) 
Manganese 
Nickel 

Copper 
Germanium 
Selenium 
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TABLE III. Wavelengths and energies of all nuclear gamma rays observed in these experiments. 





Bombarded 


element Reaction 


Wavelength in 
Siegbahn x units 


Best previous 
value of energy 


Energy 


in kev Reference 








Fluorine 


Titanium 
(Plate No. 1) 


Titanium 
(Plate No. 2) 


Manganese 
Nickel 


Copper 


Germanium 


Selenium 


F9(p,p’y) 
Ti*(p,ny7)V® 
Unknown 
Ti®(p,ny)V® 


Unknown 
Unknown 


Mn"{p,p’y) 
Ni" (p,p’y) 
Cu (p,ny)Zn® 


Ge (p,py) 


112.61+0.04 


136.48+0.03 
198.63+0.02 
131.50+0.03 


136.50+0.08 
198.64+0.02 
131,530.08 
349.72+0.18 


98.30+0.04 
183.57+0.02 


229.44+0.02 
202.17+0.02 
107.50+0.04 


184.59+0.02 
333.95+0.06 


109.87-+4-0.04 


90.65+0.02 
62.29+0.01° 
94.09+0.02 


90.64+0.05 
62.28+0.01* 
94.07+0.05 
35.38+0.02 


125.87+0.05 
67.40+0.01 


53.93+0.01 
61.20+0.01* 
115.09+0.04 


67.03+0.01 
37.05+0.01 


109 
89+1 
63+1 


89+1 
63+1 


b (scint.) 
c (scint.) 
c (scint.) 


c (scint.) 
c (scint.) 


d (conv.) 
e (scint.) 


f (conv.) 
f (conv.) 
f (conv.) 


g (scint.) 
h (scint.) 


Se®(p,ny) Br® 





* See reference 6. 
! See reference 9. 


* See reference 4. 


® Cascade gamma ray. 
4 See reference 5, 


> See reference 2. 


standard deviations, o(A), of the unknown lines are 
identical to those described in reference 1. The radius 
parameter of the spectrograph, R, computed for each 
of the plates from the calibration lines, is shown in 
Table II, which is to be compared with the mechanical 
measurement of 1990.5+0.5 mm. 


Ill, RESULTS 


Ten materials, calcium fluoride, aluminum, titanium, 
manganese, cobalt, nickel, copper, zinc, germanium, 
and selenium were bombarded in the course of this 
work. The CaF, Mn, Ge, and Se targets were made by 
evaporating a thin layer of the material onto a copper 
plate. The Zn target was made by tinning copper with 
high-purity zinc. Solid metal targets of aluminum, 
cobalt, titanium, nickel, and copper were used. 

No nuclear gamma rays were observed on the spectral 
plates obtained from the bombardment of aluminum, 
cobalt, and zinc. At least one nuclear gamma ray was 
present on each of the remaining nuclear emulsion 
plates. The wavelengths and energies of the observed 
nuclear gamma rays*-™ are shown in Table III. The 
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® See reference 12. 
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origin of the lines and the best previous energy measure- 
ments are also shown. 


Calcium Fluoride (Ca, Z=20; F, Z=9) 


A calcium fluoride target was exposed to the 1.8-Mev 
proton beam for 6.6-milliampere hours. One nuclear 
gamma-ray line at 109.87 kev was observed on the 
plate. This gamma ray results from the reaction 
F°(p,p’y). Previous measurements** have shown that 
there is a level in F at this energy and the line is 
therefore assigned to this isotope. No nuclear lines 
were observed which could be attributed to reactions 
in the isotopes of calcium. No neutrons were produced 
during this exposure, since 1.8 Mev is below the 
threshold for neutron production in the copper target 
backing. 


Titanium (Z=22) 


Two spectral plates were made by bombarding 
titanium with 3.7-Mev protons. The first was exposed 
for 20 milliampere hours and the second for 11 milli- 
ampere hours. Three nuclear-gamma ray lines at 62.29 
kev, 90.65 and 94.09 kev were observed on the first 
plate. On the second plate, four nuclear gamma-ray 
lines were present, three of which had energies very 
close to those observed on the first plate, while the 
energy of the fourth was 35.38 kev. The second plate 
was made because the presence of the low-energy line 
was indicated on a test strip placed in the low-energy 
end of the spectrograph during the first exposure. To 
demonstrate the excellent reproducibility of the 
measurements, the results for both plates are listed in 
Table III. 

The lines on the first plate at 62.29 and 90.65 kev 
are produced by the reaction Ti®(p,n7y)V® in 5.5% 
abundant Ti®. The threshold for this reaction is 
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1.42 Mev. Gamma rays at similar energies (631 and’ 


89+1 kev) have been observed‘ in the 8 decay of Cr®. 
The first excited level in this isotope, according tf 
reference 4, is at 89+-1 kev, and the second level is 
at 150+1 kev. A cascade gamma ray at 631 kev is 
also observed. The assignment of the 90.65-kev gamma 
ray to the first excited level and the 62.29-kev line to 
the cascade transition between the second and first 
level in V* is made on the basis of these data. No line 
was found at 150 kev. Since the efficiency of the spectro- 
graph at 150 kev is a factor of 20 smaller than at 60 
kev this circumstance is not surprising. No reasonable 
isotopic assignment can be made for the gamma rays 
at 94.09 kev and 35.38 kev (second plate). The possibil- 
ity that they may come from impurities in the target 
material cannot be ruled out. 

The most abundant isotope of titanium, Ti**, did 
not contribute to the neutron background since the 
Ti**(p,n) threshold is above 3.7 Mev. It is this circum- 
stance which made it possible to observe gamma rays 
produced in an isotope of relatively low abundance. 
No gamma rays arising from the electric excitation of 
titanium isotopes were observed.® 


Manganese (Z=25) 


A manganese target was bombarded with 1.8-Mev 
protons for 189 milliampere hours. One nuclear gamma- 
ray line at 125.87 kev was observed on the resulting 
nuclear emulsion. This gamma ray corresponds to the 
first excited level in Mn® and is produced**® by the 
reactions Mn**(p,p’y). The neutron yield of the Mn*® 
reaction is sufficiently low at 1.8-Mev proton energy 
so that no severe background effects were present. 


Nickel (Z=28) 


A solid nickel target was bombarded for 102 
milliampere hours with 3.7-Mev protons. One nuclear 
gamma-ray line was observed on the nuclear emulsion 
at 67.40 kev. A gamma ray at 70 kev has been observed 
in Ni®™ in the course of electric excitation experiments’ 
with separated isotopes of this element. The 67.40-kev 
line is therefore identified with the first excited level 
in Ni®™. The rather long exposure time necessary to 
observe this line supports the above assignment 
since the natural abundance of Ni®™ is only 1.2%. 

The (p,m) reaction in Ni® produces Cu® which 
decays to Ni® with a half-life of 3.3 hours by positron 
emission. It is known® that the positron decay of Cu®™ 
populates a level at about 70 kev in Ni®™. The presence 
of large amounts (~several millicuries) of Cu®™ on 
the target substantially enhances the intensity of 
the observed gamma if, as is likely, the level populated 
by the decay of Cu®™ is the same line observed in the 
electric excitation of Ni®™. No neutrons are produced 
from 3.7% abundant Ni® or 26.2% abundant Ni, 
since the thresholds for the (p,m) reactions in these 
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isotopes are above 3.7 Mev. Neutrons from the (p,n) 
reaction in 1% abundant Ni™ can contribute to the 
observed background. The effects due to 67.9% 
abundant Ni®* are not known. 


Copper (Z =29) 


The gamma rays observed from the copper backings 
of evaporated metal targets have been described in 
reference 1. A pure copper target was exposed to the 
3.7-Mev proton beam for 17 milliampere hours. Three 
nuclear gamma rays at 53.93, 61.20, and 115.09 kev 
were observed. These gamma rays are caused by the 
reaction Cu®(p,n7)Zn® which has a threshold energy of 
2.17 Mev. The observed lines are in good agreement 
with the proposed decay scheme given by Bernstein 
and Lewis.’ According to this level scheme, the 53.93- 
kev gamma ray is the transition from the first excited 
level to the ground state, the 115.09-kev line is the 
transition between the second excited level and the 
ground state and the gamma ray at 61.20 kev is the 
cascade transition between these levels. The energies 
shown in Table HI should be compared with the 
measurements of the same gamma rays given in 
reference 1, where these lines were encountered as an 
important background effect. The good agreement 
between the present energies and those obtained 
previously is another indication of the reliability of 
the measurements. 

Two neutron-producing reactions, Cu®(p,2)Zn® with 
a threshold of 2.17 Mev and Cu™(p,m)Zn™ with a 
threshold at about 4 Mev, are observed when copper 
is bombarded with the high-energy proton beam from 
the A-48. [The Cu®(p,m)Zn®™ threshold is slightly 
above the rated energy of the machine but the energy 
spread of the beam is sufficient to cause an appreciable 
number of reactions.] The Cu(p,2)Zn® and Cu®- 
(pny)Zn® reactions have been studied in some 
detail. It has been shown” that the ground state of 
Zn® and the 115.09-kev level in this isotope are about 
equally populated by the (p,m) reaction. The gamma- 
ray-to-neutron ratio is, therefore, sufficiently high 
to permit successful observation of the gamma rays. 
The Cu®(p,2)Zn® reaction probably does not contribute 
substantially to the background, since not all protons 
in the beam are effective in producing the reaction. 


Germanium (Z=32) 


A germanium target was bombarded with 3.7-Mev 
protons for 24 milliampere hours. One nuclear gamma- 
ray line at 67.03 kev was observed. A nuclear gamma 
ray at 67.8 kev has been observed in the electric 
excitation experiments with separated germanium 
isotopes.!° The 67.03-kev level is, therefore, identified 
with the first excited level in 7.8% abundant Ge” on 
the basis of previous work. The exposure time necessary 
to observe this line is consistent with this interpretation. 





PRECISION DETERMINATION OF vy RAYS 


An excited level at 67.4 kev in Ge” has been observed" 
in the decay of As”. This level decays by the cascade 
emission of two gamma rays of 53.9 and 13.5 kev. No 
evidence of the presence of the 67.4-kev crossover 
gamma ray has been found. Temmer and Heydenburg” 
have pointed out that this 67.4-kev level is not the 
level observed at about the same energy in Ge” by 
electric excitation. It follows, therefore, that the 
76-hour As® activity on the target does not contribute 
to the intensity of the observed line. No evidence of 
the 53.9-kev gamma ray reported in reference 11 was 
observed. This can be explained in terms of the long 
half-life of As”, which results in source strengths at the 
target not sufficient for succesful exposures. 


Selenium (Z=34) 


A selenium target was bombarded for 13.6 milli- 
ampere hours with 3.7-Mev protons. One nuclear 
gamma-ray line was observed at 37.05 kev. The most 
probable origin of this line is the reaction Se*(p,n7) Br® 
on 49.9% abundant Se®. The threshold of the (p,7) 
reaction is about 2 Mev. A decay scheme for Br® has 
been established.” The ground-state spin of Br® is 1*. 
The first excited level in Br® is at 37 kev and has a 
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spin of 2- and the second excited level is at 86 kev 
with a spin of 5~. The second level decays by emitting 
a 49-kev gamma ray to the first level with a half-life 
of 4.5 hours, and the first level then decays promptly 
to the ground state by emitting a 37-kev gamma ray. 
The Se®(p,ny)Br® reaction can readily populate the first 
excited level in Br®, since the largest spin change in 
the reaction is 2. The observed 37.05-kev gamma ray 
is, therefore, assigned to the first excited level in Br®. 
No gamma ray at 49 kev was observed. This is not 
surprising since the large spin change (5) involved 
makes it difficult to populate the second level in Br®. 
Further work on this reaction should be done to 
confirm this assignment. 
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Protons of 11 Mev, deuterons of energies up to 22 Mev, and alpha particles of energies up to 43 Mev were 
used to study fission fragment angular distributions in the following targets: Bi®®, Ra®*, Th, U8, U5, 
Np*’, and Pu**. All of the measured distributions were qualitatively similar in that more fragments were 
emitted forward and backward along the beam direction than sideways. The largest ratios of 0° to 90° 
differential cross sections were slightly greater than 2 and were obtained in the alpha-particle bombardments. 
The smallest ratios occurred in the proton bombardments. If one decomposes the fissions observed at a 
given bombarding energy into symmetric and asymmetric mass components, the anisotropy for each 
component decreases smoothly as the value of Z?/A of the compound nucleus increases. The asymmetric 
anisotropies are larger than the symmetric ones. There is no observable effect of the value of the target spin 
on the observed anisotropies. It is pointed out that some of the observed features of the anisotropies may 
be accounted for in terms of the fact that some of the fissions occur only after the evaporation of neutrons. 


I. INTRODUCTION 


NGULAR distributions of the fragments in fission 
have been studied with a number of different 
bombarding particles at many energies.’~* Usually the 
bombarding energy was low enough to insure that the 
energy and angular momentum brought in by the in- 
cident particle were shared by the entire nucleus. In 
these experiments, the qualitative character of the ob- 
served angular distributions seems to be understandable 
in terms of the conservation of angular momentum. For 
example, in photoinduced fission, more fragments come 
off at right angles to the beam than along it'; in particle- 
induced fission, on the other hand, the fragments tend 
to come off forward and backward along the beam. 
These observations suggest that the orbital angular 
momentum between separating fragments is to some 
degree lined up with the angular momentum contributed 
by the incident particle. It is not possible to make 
quantitative predictions about the expected degree of 
lineup without making some specific assumptions about 
the nuclear structure. Yet any nuclear model in which 
the orbital angular momentum between fragments is 
given a reasonable share of the angular momentum 
contributed by the incident particle would lead to dis- 
tributions having the qualitative character of those ob- 
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served. It follows that if measurements of fission angular 
distributions are to prove useful for examining models 
of the fission process, it is necessary that both the 
measurements and the theoretical predictions be as 
quantitative as possible. 

We have measured in some detail angular distri- 
butions of fragments in fissions induced in a number of 
heavy targets by alpha particles. The maximum energy 
of the alpha particles was 43 Mev and the corresponding 
maximum angular momentum with which such particles 
can strike a heavy nucleus is about 21 h. Since it is true 
for most of the targets that were used, that the major 
fraction of the reaction cross section is the fission cross 
section, it must certainly be true that the compound 
nuclei which eventually decay by fission are originally 
formed in states of rather large angular momentum. It 
was because of the apparent close connections between 
angular momentum and fission angular distributions 
that it was considered desirable to study the distribu- 
tions induced by alpha particles. Such particles bring 
into a reaction more angular momentum per unit exci- 
tation energy that the lighter projectiles which had 
been used earlier. Although the main point of this in- 
vestigation was to learn something of alpha-particle- 
induced fission, deuteron- and proton-induced fission 
were studied as well. All three projectiles are readily 
available at the University of Washington cyclotron. 


Il. EXPERIMENTAL DETAILS 


The fission fragments were observed with the so- 
called catching technique. A thin target of fissionable 
material placed at the center of a cylinder was struck 
by a well-collimated beam from the cyclotron. The 
beam direction was perpendicular to the cylinder axis. 
The fragments emitted from the target embedded them- 
selves in foils arranged around the cylinder and the 
fission activity in the foils was counted after the “‘ex- 
posure” by conventional Geiger counters. During the 
course of the experiment, a number of slightly different 
setups were used for the exposures. For example, one 


536 





ANGULAR DISTRIBUTIONS 


setup was designed for the precise comparisons of differ- 
ent targets and another was made for the examination 
of distributions at small angles to the beam. The 
essential features common to all of the setups are 
illustrated in Fig. 1. 

In a typical run the counting rate of any of the 
catcher foils was measurable to better than one percent. 
A considerable amount of time and effort was spent 
trying to make sure that the observed counting rates 
actually measured the fission activity per unit solid 
angle to something approaching this accuracy. In our 
final arrangement, polyethylene catcher foils were used 
whose thickness was a few times the maximum range 
of fission fragments. The back foils (Fig. 1) were in- 
troduced mainly to permit the subtraction of activities 
induced in the catcher foils by neutrons. These back 
foils generally had negligible activities. To maintain 
reproducibility to 1%, it was found necessary to cycle 
the exposed foils from different angles through the set 
of Geiger counters with a definite pattern in time. This 
was because the backgrounds and efficiencies differed 
from one counter to the next and tended to drift too 
much to allow us to count each foil in a single counter 
as one sometimes does. 

The most serious difficulty in obtaining angular dis- 
tributions to the desired accuracy was connected with 
the scattering of fragments in the fission target. The 
existence of scattering effects was first suspected when 
it was noticed that observed angular distributions 
depended to some extent on the orientation of the 
target foil with respect to the incident beam. Since 
scattering can be responsible for systematic errors in 
the measured distribution and for possible large reduc- 
tions in the angular resolution of the measurement, it 
was decided to study the scattering in some detail. 
Direct scattering measurements showed that fission 
fragments which still possess most of their initial energy 
do not scatter enough to interfere with the desired 
accuracy of the results. The annoying dependence of 
the observed distribution on target orientation appar- 
ently came from those fragments that were emitted at 
large angles to the target foil normal. It was hoped, at 
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Fic.1 A typical arrangement for measuring fission fragment 
angular distributions with the catching technique. The need for 
back foils and cover foils as well as catcher foils is explained in 
the text. 
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Fic. 2. The distribution in range of fission fragment 
activities observed at 10° to the beam. 


first, that such fragments were not being detected in 
any of the setups. This was because data were not 
accepted at large angles to the foil normal. More spe- 
cifically, it was required that for an angle to be accept- 
able, the maximum path length in the target foil of 
those fragments emitted at this angle must be less than 
one third of the minimum fission fragment range. (The 
usual thickness of fissionable plating on the target foils 
was about 10% of the mean fragment range.) Unfortu- 
nately it turned out that this criterion did not suffice 
to keep the experiment free from scattering effects. It 
appears that many of the fragments emitted at angles 
near 90° to the foil normal are slowed down enough on 
their long paths in the target so that they scatter very 
easily through large angles. Some of these fragments 
were being scattered into angles where “acceptable” 
catcher foils were located. It was possible to eliminate 
these slow scattered fission fragments by placing thin 
covers of Mylar or collodion over the catchers. Figure 2 
shows a typical distribution of activity as a function 
of depth in a catcher foil. These results were obtained 
with a stack of very thin collodion foils. The very 
shortest range of fission fragments is about 1.0 mg/cm’. 
The small amount of activity appearing at shorter 
distances is presumably largely due to the slow scattered 
fragments mentioned above. This spurious ‘“short- 
range” activity was observed to be somewhat larger 
at forward angles than at backward angles. This is con- 
sistent with the expectation that in addition to fission 
fragments there would appear in the forward hemisphere 
some radioactive recoils from nuclear reactions. They 
would also have very short ranges. All of the data to 
be described were obtained with 0.8 mg/cm? collodion 
or Mylar covers over the catchers. A check was made 
to establish that no spurious activities get through such 
covers by making a run which differed from a normal 
run only in that the aluminum target foil was not plated 
with a fissionable material. In this run, the catchers 
remained inactive. 

A final check to demonstrate that it was both safe 
and proper to use the covering foils was made in a 
special apparatus constructed for the purpose. This 
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apparatus was like that of Fig. 1 except that it was 
smaller and could be rotated at a uniform rate about 
the cylinder axis. The rotating apparatus was placed 
in a strong flux of fast neutrons produced by the cyclo- 
tron and the catcher activities were measured after 
exposure. Because of the rotation, one expects an iso- 
tropic activity distribution. The measured distribution 
proved to be isotropic to within 3% at angles within 45° 
to the target foil normal. In the measurements to be 
described, data were taken only within such angles. It 
was, of course, still possible to measure activities at any 
angle to the beam by properly orienting the target foil 
with respect to the beam. 

The measurements to be described consist essentially 
of three parts: (1) a measurement with good angular 
resolution of an angular distribution in just one target, 
(2) a comparison of angular distributions in several 
targets, and (3) an investigation of the energy depend- 
ence of angular distributions. 


Ill. MEASUREMENT OF AN ANGULAR 
DISTRIBUTION WITH GOOD 
RESOLUTION 


Thorium was chosen as the target for the detailed 
study of an angular distribution and 43-Mev alpha 
particles were used as the bombarding particles. The 
general purpose of the measurement was to see to what 
extent the large average angular momentum brought 
in by the alpha particles appeared in the fission fragment 
distribution. 

The following simple classical model is useful for 
letting one see qualitatively what sort of distribution 
to expect.” We asume that the target nucleus is a sphere 
and that it is not rotating (that is, that the original 
angular momentum of the target nucleus is negligible 
compared to the angular momentum brought in by the 
alpha particles). The incident alpha particle joins the 
nucleus and sets it rotating about an axis perpendicular 
to the plane of its trajectory. The nucleus is assumed 
to rotate through many revolutions and then to break 
up like a flywheel in the plane perpendicular to the 
rotation axis. In this plane the fragments come off at all 
angles with equal probability, so that dN/d@ is a con- 
stant, where @ is the angle between a fragment direction 
and the original direction of the incident particle. In 
three dimensions, one would observe the number of 
fragments per unit solid angle, dN /sin6d@, which would 
consequently be proportional to (siné)~. This angular 
distribution peaks very sharply in the forward and 
backward directions. 

Were the major fraction of the “input” angular 
momentum to feed into the orbital momentum between 
fragments, one would expect the fragment distribution 


7 A generalization of the classical model is described by A. Bohr, 
Proceedings of the International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1955 (United Nations, New York, 1956), 
Vol. 2. 
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to resemble that of this very simple classical model. 
This is more true of the alpha-particle bombardments 
than of the bombardments with lighter particles. The 
alpha particles bring in angular momenta with a maxi- 
mum / value of about 21 which is close (as such consider- 
ations go) to the classical maximum /, which is infinity. 

The results of a number of measurements are given 
in Fig. 3. Some of the plotted data actually refer to 
points taken at angles 2-0 instead of @. After appropriate 
corrections for the center-of-mass motion of the struck 
nucleus (see Sec. vif, the backward and forward data 
overlap reasonably well showing the expected front-to- 
back symmetry. The dashed curve, which has been 
drawn in for reference, is the angular distribution, 
(siné)—', for the classical or “flywheel” model. It is seen 
that although the anisotropy in the observed angular 
distribution is fairly large, the distribution is not nearly 
so sharp as that of the model. 

The difference between the two distributions can be 
seen in more detail if they are analyzed in terms of 
Legendre polynomials. Since both distributions are sym- 
metrical about 90°, only P,’s of even m appear in the 
analyses. The observed distribution is 


W (0)=1+0.37P2+0.07 P+ 0.04P6+ +++, 


where the estimated errors in the coefficients of P2, Ps, 
and Ps all happen to be about +0.02. The analysis 
of (siné)~ gives 


1+1.25P2+1.27P¢+1.27P6t+-->. 


It is seen that the higher angular momentum com- 
ponents in the observed distribution drop off rapidly 
compared to those in (sin@)~. 
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Fic. 3. The angular distribution of fission fragments from Th 
bombarded with 43-Mev alpha particles. The different kinds of 
points refer to slightly different t of experimental setpus. All 
of the data have 4 corrected for the center-of-mass motion of 
the fissioning nucleus. The ordinates were normalized to make the 
activity at 90° correspond to 1.0. 





ANGULAR DISTRIBUTIONS 


Although there is some evidence for higher values of 
n than n=6 in the data, the amounts are too small to 
determine. There is therefore no direct evidence for 
significant amounts of orbital angular momentum be- 
tween the fragments greater than 3h. This number 
should be compared with 14h, the average angular 
momentum of the compound nucleus formed when 43- 
Mev alpha particles strike thorium nuclei. 

Whatever else this difference between “input” and 
“output” angular momentum may mean, it implies that 
the average value of the vector sum of spin angular 
momenta of the fission fragments (and any neutro.as 
emitted before fission) is af least 11h. If the neutrons 
do not carry away much of the “missing” angular 
momentum (see Sec. VII), it would suggest that frag- 
ments in high-energy fission tend to be formed with 
moderately large spins. This observation is consistent 
with the available excitation curves for the formation 
of high-spin fission fragments.*® 


IV. COMPARISON OF ANGULAR DISTRIBUTIONS 
IN A NUMBER OF TARGETS 


The angular distributions from the following seven 
target nuclides were compared in an apparatus similar 
to that in Fig. 1: Pu, Np*’, U5, U8, Th#, Ra®6, 
and Bi®. The distributions were measured with 43-Mev 
alpha particles for all targets, with 22-Mev deuterons 
for all but the last target and with 11-Mev protons for 
all but the last two targets. It was not possible to ex- 
amine all seven targets with deuterons and protons 
because the fission cross sections in the lighter targets 
were too small. 

The apparatus used in these 
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Fic. 4. Angular distributions of fission fragments from three 
targets bombarded with 43-Mev alpha particles. The difference 
between the curve for thorium given here and that in Fig. 3 is 
explained in the text. 


8H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955); 
W. F. Biller, University of California Radiation Laboratory 
Report UCRL-2067 (unpublished). 
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TABLE I. Anisotropies for alpha-particle-, deuteron-, 
and proton-induced fission. 


Projectile 
43-Mev alpha 
particle 


Target 


nucleus 22-Mev deuteron 10-Mev proton 


1.17+0.04 1.03+0.03 
1.19+0.04 1.05+0.03 
1.21+0.04 1.09+0.03 
1.25+0.04 1.07+0.03 
1.42+0.04 1.12+0.03 
1.28+-0.04 


.37+0.03 
.40+0.03 
44+0.03 
.54+0.03 
7640.03 
2.04+0.05 
2.02+0.07 


Pus 
Np”? 
U5 
U2 
Th 
Ra®* 
Bi 


lacked the angular resolution of the apparatus used to 
obtain the results of the preceding section ; catchers were 
placed at only four angles. It was more appropriate 
here to analyze the distributions in powers of cos’@ 
rather than in Legendre polynomials. All but the 
sharpest distributions were very well reproduced by 
such an expansion in which only the first three terms 
(i.e., through cos‘#) were included. The required co- 
efficients were determined by a least-squares fit. 

A few of the distributions observed with 43-Mev 
alpha particles are illustrated in Fig. 4. The differences 
in the shapes of the distributions observed with different 
targets were generally quite small. It is therefore proba- 
bly most meaningful as well as most convenient to 
compare the distributions with respect to their anisot- 
ropies alone. By “anisotropy” we mean the ratio of 
the cross section at 0° or 180° to the beam (corrected 
for center-of-mass motion) to the cross section at 90°. 
(This is presumably the ratio of the maximum to the 
minimum differential cross section.) It was in order to 
determine the appropriate cross sections at 180° and 
90° that the measured distributions were analyzed in 
powers of cos’@. 

The anisotropies computed from the data in this way 
are given in Table I. The estimated errors are also in- 
cuded in the table. They indicate the extreme values 
the anisotropy can have if the distribution is to be of 
the assumed form and is to pass within a standard 
deviation of each data point. 

It must be pointed out that the anisotropy deter- 
mined for 43-Mev alpha particles on thorium by the 
procedure just described (Fig. 4 or Table I) is about 3% 
smaller than that implied by the more complete data 
of Fig. 3. The difference indicates the presence of some 
relatively high harmonics in (at least) the thorium dis- 
tribution which cannot be detected without data at 
rather small angles to the beam. 

It is seen from Table I that the alpha particle anisot- 
ropies are larger than the deuteron anisotropies which 
in turn are larger than the proton anisotropies. This 
feature of the data is consistent with expectations based 
on the angular momenta of the projectiles. 

The alpha particle and deuteron anisotropies are 
plotted in Fig. 5 as a function of Z?/A for the compound 
nucleus formed. As usual, Z is the nuclear charge and A 
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Fic. 5. The observed anisotropies (essentially 0° to 90° ratios 
of fission fragment activities) plotted as a function of Z*/A of the 
compound nucleus. The points are labelled according to the target 
nucleus. Those estimated probable errors that are not drawn in 
are about 2% for alpha-particle bombardments and 3% for 
deuteron bombardments. 


is the mass number. It should be admitted that we are 
aware of no clear a priori reason to expect that Z°*/A 
should be a particularly significant parameter in these 
experiments. But since it was introduced in the liquid 
drop model for fission, this parameter has very often 
been used to characterize fissioning nuclei which are 
being compared with regard to some feature of the 
fission process. Generally such features seem to depend 
in a regular way on Z?/A, especially if they have to do 
with fission at low excitation energies. 

It is seen in Fig. 5 that except for the radium and 
bismuth points, the anisotropies vary quite regularly 
with Z?/A. Radium presents a strange anomaly. For 
fission with alpha particles, its anisotropy is larger than 
that of thorium. For fission with deuterons it is smaller. 

This anomaly can be explained along the following 
lines. The anisotropy is known to be correlated with the 
asymmetry in the mass distribution, the more asym- 
metric fragments coming off with greater anisotropies.?* 
The mass distribution in the deuteron fission of radium” 
has been found to be essentially symmetric. Presumably 
that in the alpha particle fission of bismuth is also sym- 
metric." It is for this reason that the corresponding 
anisotropies are low compared to those for the heavier 
targets with the same projectiles. One can, in fact, de- 
compose the curves for anisotropy versus Z*/A into 
asymmetric and symmetric components with the curve 
for each mass component varying monotonically with 
Z*/A. The asymmetric curve lies higher. That is, the 
asymmetric component has the larger anisotropy at all 
values of Z?/A. 

Unfortunately it is not possible, on the basis of availa- 
ble data to tell precisely how much higher the asym- 
metric component lies. 

Along the preceding lines it is possible to eliminate 
the problem of the “radium anomaly”’ by re-expressing 


® Fairhall, Halpern, and Winhold, Phys. Rev. 94, 733 (1954); 
M. P. Hickenlooper and A. W. Fairhall (unpublished). 

1 R. C. Jensen and A. W. Fairhall (to be published), 

U Bismuth fission: A. W. Fairhall, Phys. Rev. 102, 1335 (1956). 
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it in terms of two other problems. These are the 
problems of accounting for the mass-angle correlation 
and for the smooth decrease of the anisotropy (for 
either mass component) with increasing Z?/A. Both 
these questions are considered in Sec. VII. 


V. DEPENDENCE OF ANISOTROPY UPON 
INCIDENT ENERGY 


The energy dependence of the fission fragment anisot- 
ropies was investigated in only two targets, Th™ and 
Np”*’. These particular targets were selected from the 
seven targets available (Sec. IV) because they differ as 
much as any two of them in properties that might be 
expected to influence the angular distributions. Th has 
an even number of protons, Np”? an odd number. The 
two nuclides are also fairly well separated in Z?/A and 
consequently their anisotropies are significantly differ- 
ent. Both targets have large enough fission cross sections 
to permit angular distribution measurements over a 
considerable range of incident energy. 

Measurements were made with an apparatus like that 
of Fig. 1 down to energies of about the height of the 
Coulomb barrier for the incident particles. The beam 
was degraded by being passed through some copper 
foils. The results (Fig. 6) for thorium and neptunium 
were quite similar and so it was considered unnecessary 
to investigate the other targets. The anisotropies in- 
crease very slowly with increasing energy. 

With the help of the curves in Fig. 6 and the data of 
Table I, it is possible to estimate the anisotropy that 
one would observe in the alpha particle fission of U*® at 
37 Mev. This estimate is of interest because the same 
compound nucleus is formed (at the same excitation 
energy) in the bombardment of-Np*’ with 22-Mev 
deuterons. The estimated anisotropy in a+U™* is 1.38 
whereas the corresponding (measured) anisotropy in the 
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Fic. 6. The dependence of the anisotropies in the fission angular 
distributions from Th" and Np*’ on the bombarding energy. 
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d+Np*? bombardment is only 1.19. The average 
“input” angular momentum in the alpha-particle bom- 
bardment happens to be about 1.7 times that in the 
deuteron bombardment. The simplest conclusion to be 
drawn from this comparison, and from similar ones that 
can be made from the data, is that the anisotropy 
increases with the angular momentum contributed by 
the projectile. 

In pursuing the connection between anisotropy and 
the “input” angular momentum it is worth contrasting 
their dependence on the bombarding energy. Consider 
the alpha-particle anisotropy of Th*’, for example. At 
the left of the curve, near the top of the Coulomb 
barrier, the mean input angular momentum is some 
small number, /, times #. (On a classical model, both 
the cross section and the mean angular momentum are 
zero when the projectile energy is just equal to the 
barrier height.) At the right of the curve, at 43 Mev, 
the incident particles strike the nucleus with a maximum 
value of / of 21 and an average value of 14. Thus, in 
contrast to the anisotropy, the input angular momentum 
has a strong energy dependence in the energy range of 
Fig. 6. A successful theory of the anisotropy will have 
to account as well for this apparent lack of strong con- 
nection between the anisotropy and the angular mo- 
mentum as for the connections discussed earlier. 


VI. ROLE OF THE TARGET SPIN 


The fission fragment angular distribution in the low- 
energy photofission of U™* is isotropic whereas it is quite 
anisotropic in U** and Th”. The isotropy in U*® has 
been blamed on the large ground-state spin of this 
nuclide.':? It is seen from Fig. 5 that, in contrast to the 
results in photofission, the anisotropies of the present 
study seem to depend smoothly on Z*/A although the 
nuclei involved have spins that show strong fluctuations 
between adjacent points. Inasmuch as the relevance of 
Z*/A is not too clear as regards the anisotropies, it seems 
desirable to eliminate it from considerations concerning 
the target spin. This can be done by comparing the 
anisotropies induced by maximum-energy deuterons 
and alpha particles in the same target. The mean angu- 
lar momentum brought in by the former particles is 
half that brought in by the latter. In the deuteron 
bombardment of U**, this input angular momentum is 
only about twice as large as the target spin, }." One 
might therefore expect, in this bombardment, anoma- 
lously low anisotropy because of the random orienta- 
tions of the target nuclei with respect to the beam. 
That is, one would expect that for a U™® target, the 
deuteron anisotropy would be smaller relative to the 
alpha-particle anisotropy, than it would for a target 
of zero spin like U***, 

In Table II, the ratios of deuteron to alpha-particle 


” Hutchison, Llewellyn, Wong, and Dorain, Phys. Rev. 102, 
292 (1956). 
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TaBLe II. Anisotropy ratios, deuteron to 
alpha-particle bombardments.* 


Target Target spin 


nuclide I Aa/Aa 





0.63+0.06 
0.81+0.04 
0.81+0.04 
0.84+0.04 
0.85+0.04 
0.85+0.04 


Ra”* 
Th 
U8 
U5 
Np? 
re 








® The symbols used have the following meanings: lah =7.1h is the average 
angular momentum brought in to the targets in this table by a 22-Mev 
deuteron, Aq is the anisotropy observed with 22-Mev deuterons and Ag is 
that observed with 43-Mev alpha particles. 


anisotropies are listed along with target spins for the 
six targets for which there are data. In interpreting the 
ratios listed in the table, one should probably overlook 
the radium entry. As we have seen (Sec. IV), the angu- 
lar distributions produced by deuterons and alpha par- 
ticles in radium are not really comparable in the same 
sense that they are in heavier targets. The remaining 
entries show a remarkably constant ratio. There is 
certainly no depression of this ratio for U™*. 

Taken at face value, this result indicates that the 
target spin must be playing a very minor role in deter- 
mining the anisotropy. This same point, which we have 
made on the basis of the data in Table II, can also be 
made from considerations of the energy dependence of 
the anisotropy. It was mentioned above that at the left 
of the curves in Fig. 6, the input angular momentum 
becomes very small. In particular, it gets to be as small 
as the ground state spin" of Np*’. For reasons similar 
to those given above, one would expect the anisotropy 
in Np*’ relative to that in Th” to be significantly 
smaller at the left end of the curves than it is at the 
right end. Although the data here are not so conclusive 
as that in Table II, it would seem that within the 
accuracy of the data, once again no effect of the ground- 
state spin is discernible. A theory of fission anisotropies 
will have to account for this apparent difference between 
photofission and particle-induced fission. 


VII. IDENTIFYING THE FISSIONING NUCLEUS 


In the foregoing description and discussion of results, 
certain general inferences were drawn without an 
attempt to identify the nuclei which are actually under- 
going fission in each case. It would seem that before a 
truly quantitative theoretical account of the anisot- 
ropies at moderate energies can be give, it is necessary 
to know how many neutrons are evaporated, on the 
average, before fission, and to what extent fission occurs 
after so-called direct interactions rather than after the 
formation of a compound nucleus. 

The foregoing measurements can, in principle, provide 


18 Bleaney, Llewellyn, Pryce, and Hall, Phil. Mag. 45, 992 
(1954); F. S. Tomkins, Phys. Rev. 73, 1214 (1948). 
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some information on the latter question. If complete 
amalgamation of the incident particle with the target 
nucleus takes place in every interaction leading to 
fission, then for a given bombarding energy, every 
fissioning nucleus has exactly the same forward momen- 
tum. From the knowledge of the average kinetic energy 
release in fission, one can uniquely determine the ratio 
of average laboratory differential cross sections at for- 
ward angles to the cross sections at corresponding angles 
in the backward hemisphere. In our considerations of 
the data, this procedure was reversed, i.e., from the 
forward-folding of the angular distributions we deter- 
mined the mean forward momentum of the fissioning 
nucleus. This was done in three cases involving alpha- 
particle bombardments. (The forward folding effect is 
larger for alpha particles than for the lighter projectiles.) 
Th* and Pu were bombarded at 43 Mev and Th*? 
was also bombarded at 30 Mev. In all three distribu- 
tions, the measured mean forward momentum of the 
fissioning nucleus was about 25+12% lower than that 
expected. The discrepancy is in the right direction to be 
the result of ‘direct interactions,” i.e., reactions in 
which the incident particle transfers less than its full 
momentum to the compound nucleus. It is unlikely, 
however, that such reactions occur often enough to be 
responsible for a 25% effect. It is possible that some 
of the discrepancy is due to counting errors. A 2% error 
in either the backward (or the forward) counting rates 
would give rise to a 12% discrepancy in the measured 
forward momentum of the fissioning nucleus. We may 
have missed some systematic error responsible for in- 
creased rates of 1 or 2% at some angles in the backward 
direction. At any rate, it seems to be fairly safe, in think- 
ing about these angular distribution measurements, to 
ignore direct interactions and to assume that at least 
in the alpha-particle bombardments, all fissioning nuclei 
are formed originally by the complete absorption of the 
incident particle. 

The question remains—at what excitation energies 
and in what nuclear species do the fissions take place? 
That is, how many neutrons are evaporated before 
fission? 

One reason that it is important to try to answer this 
question is that the observed variation of anisotropy 
with Z*/A may be due only to the variation of neutron 
emission probabilities with Z?/A. This would come 
about in the following way. The targets with lower Z?/A 
have smaller fissionabilities and therefore the fissions 
arising from them would tend to occur at lower excita- 
tion energies than in the heavier nuclides. That is, more 
neutrons would be evaporated, on the average, before 
fission. Now there exists very clear evidence that the 


14 Measurements have recently been made of the mean forward 
momentum of the fragments in alpha-particle fission by a more 
direct method than that described here. To within a few percent 
the measured momentum is that expected if the incident alpha 
particle is completely amalgamated to the target nucleus. [W. J. 
Nicholson (unpublished) ]. 
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anisotropy increases very strongly as the excitation 
is lowered by neutron evaporation. Henkel and Brolley‘* 
find that in the fission of Th*? with neutrons, the ani- 
sotropy increases sharply (from 1.1 to about 2.5) just 
past the threshold for fission following Th**(n,n’). This 
must mean that the new group of fissions, the (n,n’f) 
events, are very anisotropic. The fissioning Th”? nuclei 
involved in these events differ from the Th™ nuclei 
involved in the (,f) events occurring at the same bom- 
barding energy in at least two ways. The Th*? nuclei 
have excitation energies much closer to the fission 
threshold and their spin distribution is slightly smeared 
out (because of the neutron evaporation) compared to 
that of the Th**. Since the latter difference would tend 
to reduce the anisotropy in the (,n’f) events, and the 
observed anisotropy happens on the contrary to be 
much larger, it is clear that the important effect is 
connected with the excitation energy. The effect is so 
strong that it seems almost fair to assume that generally 
most of the anisotropy is due to those fissions that 
happen to take place within a few Mev of the fission 
threshold. In order to estimate whether the observed 
decrease of anisotropy with increasing Z?/A is due 
entirely to effects of neutron evaporation, one would 
need quantitative information on (1) the dependence 
of the anisotropy on the excitation energy above the 
fission threshold and (2) the dependence of the fission 
probability on excitation energy for all of the nuclear 
species involved. Unfortunately the available data on 
both these questions are not at present precise enough 
to permit one to decide whether the entire “anisotropy 
versus Z*/A” dependence is connected with difference 
in neutron evaporation probabilities, or whether there 
must also exist some more intrinsic connection between 
the anisotropy and Z?/A. A semiquantitative analysis 
shows that it is certainly not impossible for the entire 
effect in, say, the anisotropies in fission induced by 
alpha particles, to arise from the differences in neutron 
evaporation probabilities.§ 

In the same way, it is possible that the observed 
correlations between mass distributions and angular 
distributions are not fundamental to the fission process 
—but arise from fortuitous effects connected with 
neutron evaporation.'® Fission taking place at lower 
excitation energy tends to be asymmetric in its mass 
distribution. We have seen that it also tends to be more 


§ Note added in proof.—A recent paper (Contribution P/1513, 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, by I. Halpern and V. M. 
Strutinski) provides a fairly quantitative account of a number of 
observations discussed in the present paper. Among the observa- 
tions considered there are the dependences of the anisotropy on 
Z*/A, target spin and bombarding energy. A reasonable account 
is also given of the observed correlation between the mass and 
angular distributions. 

18 It was pointed out in reference 1 that the correlation between 
mass and angle observed in photofission may similarly arise from 
the fact that not all fissions occur at the same excitation energy. 
In this case it is the use of a continuous bremsstrahlung spectrum 
that is responsible for the spread in excitation energy at fission. 
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anisotropic than fission at higher excitation energy. 
These two effects may be entirely unconnected and yet, 
in any bombardment, they would be responsible for an 
observable correlation between mass and angular dis- 
tributions. The fissions taking place before much neu- 
tron emission would be rather symmetric and isotropic ; 
those occurring later would be asymmetric and aniso- 
tropic. Here again a semiquantitative analysis shows 
that it is not impossible that the observed correlations 
are entirely due to this “coupling” through neutron 
evaporation.§ 


PHYSICAL REVIEW VOLUME 


1142, 


TIONS IN FISSION 


ACKNOWLEDGMENTS 


The authors are very much indebted to Dr. A. W. 
Fairhall, Dr. E. Gerjuoy, Dr. B. A. Jacobsohn, and 
Dr. J. H. Manley for helpful discussions during the 
course of the experiment. We would like to thank 
Dr. R. C. Jensen for help with the preparation of the 
Ra target. It is also a pleasure to acknowledge the active 
support provided by Mr. T. J. Morgan and the other 
members of the staff of the University of Washington 
Cyclotron. 


NUMBER 2 OCTOBER 15, 1958 
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The excitation functions for some reactions of U** with monoenergetic C” ions have been measured by 
use of the stacked-foil technique. The (C,4”) and (C,6m) reactions were found to occur through the forma- 
tion of a compound nucleus followed by neutron evaporation. The results were consistent with calculations 
made by a modified Jackson-type treatment. Application of the information from the U*8(C,xn) reactions 
to the calculation of cross sections for the Pu™*(C,4n)Fm*™ reaction was found to give agreement with 


experimental results. 


The (C,a4m) reaction probably proceeds mainly by a stripping mechanism, but there is also an indication 
of evaporation of alpha particles from a compound system. 


INTRODUCTION 


OST of the quantitative information on nuclear 

reactions in the heavy-element region has been 
confined to investigations with helium ions or lighter 
particles because of the difficulties of obtaining intense 
monoenergetic beams of heavier ions. Heavy ions such 
as carbon, nitrogen, oxygen, and neon have been ac- 
celerated in cyclotrons, but usually with relatively low 
intensities and with broad energy spectra so that 
quantitative interpretation of the experimental results 
is difficult.'~? However, more recently, investigations 
have been made in Russia of the dependences of the 
spallation cross sections of gold bombarded with mono- 
energetic nitrogen ions using the 150-cm cyclotron of 
the ANSSSR.* The cross-section curves exhibited sharp 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
1L. W. Alvarez, Phys. Rev. 58, 192 (1940). 
2 York, Hildebrand, Putnam, and Hamilton, Phys. Rev. 70, 
446 (1946). 
3 Ghiorso, Thompson, Street, and Seaborg, Phys. Rev. 81, 154 
(1951). 
‘Rossi, Jones, Hollander, and Hamilton, Phys. Rev. 93, 256 
(1954). 
5 Ghiorso, Rossi, Harvey, and Thompson, Phys. Rev. 93, 257 
(1954). 
( 6 Fremlin, Glover, and Milsted, J. Inorg. Nuclear Chem. 2, 263 
1956). 
7H. Atterling, Arkiv Fysik 7, 503 (1954). 
8 Baraboshkin, Karamian, and Flerov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 1294 (1957) [translation: Soviet Phys. 
JETP 5, 1055 (1957) ]. 


maxima consistent with the theory of evaporation 
processes. Another group at the same location studied 
the fission cross sections of ytterbium, rhenium, gold, 
bismuth, U5, and U*** as functions of energy,® using 
the monoenergetic nitrogen ions. 

The use of a linear accelerator for obtaining beams of 
monoenergetic heavy ions has many advantages. It is 
readily adaptable to the acceleration of a wide range 
of different ions. The linear accelerator can be changed 
rapidly to accelerate the desired particles, the external 
beams are well focused and of high intensities, and the 
particles are of well-defined energies. Such linear 
accelerators have been constructed at Berkeley’®" and 
at Yale University. These accelerators produce ions 
with energies of 10 Mev per nucleon. 

The heavy-element region is particularly interesting 
for the study of the reaction mechanisms, since fission 
competition has a large influence on the spallation cross 
sections.” A knowledge of the excitation functions with 


®Druin, Polikanov, and Flerov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1298 (1957) [translation: Soviet Phys. JETP 5, 
1059 (1957) ]. 

1 Beringer, Gluckstern, Malkin, Hubbard, Smith, and Van 
Atta, University of California Radiation Laboratory Report 
UCRL-2796, November, 1954 (unpublished). 

4 Gerdinand Voelker, University of California Radiation Lab- 
oratory Report UCRL-3777, August, 1957 (unpublished). 

® Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956). 
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heavy ions is also of interest in the production of new 
heavy isotopes and new elements.” 

It was convenient to begin the general investigation 
of heavy-ion reactions in the heavy-element region with 
bombardments of U™** with C” ions. U™* is available in 
large amounts and has a low specific activity, and is 
therefore readily adaptable to the stacked-foil tech- 
nique. Most of the spallation products are well known; 
they decay by alpha-particle emission and have favor- 
able half-lives. 


EXPERIMENTAL 
Bombardments 


The stacked foils were made by vaporizing UF, onto 
nickel foils of 2.3 mg/cm? thickness. U** (99.3%) was 
used and its thickness was approximately 1 mg/cm?. 
In front of the foils was an aluminum absorber of 14.1 
mg/cm? thickness, which reduced the energy of the 
carbon ions from 120 to 102 Mev. A collimator 0.91 
by 0.50 cm was used so that the total beam measured 
by the Faraday cup would pass through the UF,. For 
each foil the UF, layer was facing the beam; therefore 
all spallation recoils were stopped in either the UF, layer 
or the nickel backing. The energies of the C ions in the 
different foils were evaluated from calculated range- 
energy curves for carbon in uranium, nickel, and 
fluorine. Eighteen foils were used and the energy in 
the last one was 45 Mev. The intensity of the beam was 
assumed to be constant through the foils, and equal to 
that measured by the Faraday cup. The carbon ions 
were assumed to be fully stripped after passing through 
the foils. The pulses were of 2-millisecond duration and 
the time between the pulses was 0.5 sec, giving a duty 
cycle of 4X 10-*. The measured beam varied between 2 
and 20 millimicroamperes with an average intensity of 
11 mya per cm’. Since the time of these experiments 
several improvements have been made which have in- 
creased the beam intensity to approximately one 
microampere. 


Chemistry 


The different foils were dissolved in concentrated 
HCI containing a trace of H»O2, H;BO;, and HNO. 
The transplutonium elements in 6M HCl were separated 
from uranium by sorbing the latter on a column packed 
with Dowex-1 anion-exchange resin, and from nickel by 
elution with 6M HCl from a column packed with 
Dowex-50 cation-exchange resin.:'* The higher actin- 
ides are eluted after nickel and before thorium and 
actinium. The transplutonium-element fraction was 


43S. G. Thompson, Svensk Kem. Tidskr. 69, 357 (1957). 

14 Rosemary Barrett (private communication, 1957). 

18 Diamond, Street, and Seaborg, J. Am. Chem. Soc. 76, 1461 
(1954). 

16 Thompso 
Soc. 76, 6229 (1954). 


n, Harvey, Choppin, and Seaborg, J. Am. Chem. 
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finally electroplated on platinum plates!’ and was 
subjected to alpha-particle pulse-height analysis. The 
different nuclides were identified by their alpha energies 
and decay properties. In each case the chemical yield 
was determined by using Am™! yield tracer in the 
solution. 


Results 


The cross sections of the spallation products Cf**, 
Cf, and Cm* as a function of the C” ion energy in the 
laboratory system are given in Fig. 1. The errors given 
are statistical errors. The yield of Cm is corrected for 
the growth of Cm from the decay of Cf™*. 

The spallation product Cm™°® (27-day half-life) was 
also observed, but with large errors in measurement 
resulting from the low levels of activities. We have, 
therefore, not included the low-energy part of its curve. 

Products from the reaction (C,4n) are observed 2 
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Fic. 1. C® induced reactions in U™*. Legend for o,(Ec) curve: 
A calculated from the (C,4”) cross section; 0 calculated from 
the (C,6n) cross section; @ calculated from the formula o.(Ec) 
=n(R,+R.)*(1—Ve/Ec). 
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17 Harvey, Chetham-Strode, Ghiorso, Choppin, and Thompson, 
Phys. Rev. 104, 1315 (1956). 
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Mev below the threshold. This may arise from the 
following sources : 


1. Straggling of the carbon ions in the foils. 

2. Imperfections in the foils. 

3. Errors in measurements of the thickness of the 
foils. 

4. Uncertainties in the maximum energies of the 
ions accelerated by the linear accelerator. 

5. Errors in the range-energy curves. 


Straggling in the foils will increase the energy dis- 
tribution by 0.3 Mev at the (C,4) threshold.'* Both 1 
and 2 should make the observed peak of the excitation 
function curve for the (C,4) reaction broader, whereas 
it is actually at least as narrow as that calculated from 
Jackson’s formula. This is also demonstrated by the 
curve for the reaction Pu™*(C,42)Fm (Fig. 2). Item 
3 should not introduce larger errors than 0.5 Mev and 
item 4 negligible errors in this energy range. 

These suggest therefore possible systematic errors in 
the range-energy curves. These have been evaluated 
from data for ions not heavier than helium,! because 
accurate range-energy measurements have not been 
made for heavy ions. The combined error from all 
sources is believed to be less than 5 Mev. 

The point on the (C,4m) cross-section curve corre- 
sponding to a carbon-ion energy of 94 Mev seems high 
by a factor of three, a discrepancy which cannot be 
explained by statistical errors. This might be an in- 
dication of the presence of a lower-energy component 
in the beam. 
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Fic. 2. Excitation function for the reaction of Pu®?(C#,4n)Fm™®, 


18 R. Gluckstern, Berkeley Engineering Notes 7317-30 CV-11, 
December, 1954 (unpublished). 

” Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663, October, 1949 (unpublished). 
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DISCUSSION 
A. (C,xn) Reactions 


The (C,4n) and (C,6m) curves are characterized by 
sharp peaks indicating compound-nucleus formation 
followed by neutron evaporation. If this interpretation 
is correct the cross section, o(c,2n), may be expressed 
according to a modified Jackson formula”: 


oC, zn) = 0¢(Ec)GiG2: = -GeP on(E*). (1) 


Where o.(Ec) is the cross section for the formation of 
the compound nucleus Cf at the bombarding energy 
Ec of the C® ions. 


G,= (T/T) (1 ./T atl) J: 


is the branching ratio for the emission of the 7th neutron 
in an evaporation process. The product (G)?= (G,G2- - - 
G,) therefore gives the fraction of the initially formed 
compound nuclei which survive fission in x successive 
evaporations of neutrons. 


Pan(E*)=1 (Az, 2x—3)—T(Azy1, 2x—1) 


is the probability for evaporating exactly x neutrons 
at the excitation energy E*, where J(z,n) is Pearson’s 
incomplete gamma function. 


A.= (E*—30*B,/T), 


where B; is the binding energy of the ith neutron”! 
and 7 is the nuclear temperature (assumed to be 
constant through the evaporation process). 


Asyi=(E*—>07'B,)/T or (E*—3>*B;—En)/T, 
when Ew< Bayi, 


where /, is the activation energy for fission.”-** The 
nuclear femperature for fission is assumed to be equal 
to that for neutron evaporation. 

The o,(Ec) can be calculated for carbon ions of 
energies (Zc) greater than 1.2 times the Coulomb 
barrier (Vc) by use of the formula”® 


o-(Ec)=2(Rut+Rc)*(1—Ve/Ec), (2) 


where R=roA!, Vce= Coulomb barrier, and Ec= energy 
of the carbon ions. 

At lower energies the calculations are complicated 
and uncertain. Instead we shall use formula (1) to 
evaluate o.(Ec). 

We shall now make the following assumptions: 

(a) For the average values of G= (G,G:: --G;)"*, we 
use those calculated from helium-induced reactions on 


2” J. D. Jackson, Can. J. Phys. 34, 767 (1956). 
( 21 Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 3 
1955). 

2 W. J. Swiatecki, Phys. Rev. 101, 651 (1956). 

% J. D. Jackson, Chalk River Symposium on Fission, May, 
1956, CRP-642A (unpublished), paper B2. 
( *R. Vandenbosch and G. T. Seaborg, Phys. Rev. 110, 507 
1958). 

% J. B. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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nuclei, which give the same compound nuclei as those 
for the heavy ions. The G values are those obtained for 
(a,4n) reactions which also proceed mainly through 
compound-nucleus formation and neutron evaporation. 
In this case the process following thecompo und-nucleus 
formation is independent of the mode of formation and 
the G values should be the same for helium-ion and 
carbon-ion reactions. When experimental data are un- 
available, an estimate of the G may be obtained from 
the systematics for (a,4m) reactions compiled by 
Vandenbosch and Seaborg.™ In this way we obtain the 
values (G)*=1.6X10- and (G)*=1.0X10-*. We shall 
also assume G to be independent of the excitation 
energy,” 0G/dE*=0, in the energy range involved. 

(b) Direct processes may be neglected, since the 
probability should be small that a heavy ion of energy 
less than 10 Mev per nucleon could knock out four 
neutrons. 

The best fit to a smooth curve for ¢, was obtained 
by using the parameter ro>=1.5 fermis (1 fermi=10-“ 
cm). This is the same as that found to give the best 
fit for helium-induced reactions on heavy nuclei.?* For 
nitrogen-induced reactions a parameter ro>= 1.55 fermis 
has given a good fit. For the average nuclear tempera- 
ture, 7, we have to use 0.90 Mev at the peak for the 
(C,4n), and we have to increase it to 1.06 Mev at the 
peak for the (C,6m) reaction in order to obtain a good 
fit. The results of these calculations are expressed by 
the curve for ¢-(£c) in Fig. 1. 

The increase of the nuclear temperature with excita- 
tion energy is in accordance with what might be ex- 
pected from simple theory. This indicates that the 
assumption of constant nuclear temperature implicit 
in Jackson’s treatment is not rigorously justified. The 
value for the nuclear temperature is lower than that 
found in helium-induced reactions.** The nuclear tem- 
perature obtained in this work, however, may be too 
low by as much as 0.6 Mev owing to systematic errors 
in the energies of the carbon ions. A very much higher 
nuclear temperature must be assumed in interpreting 
the results of Baraboschkin ef a/. on the reactions of gold 
with nitrogen ions.* It might well be that the dis- 
crepancy is due to uncertainties in the energies of the 
heavy ions. 

The errors in ¢,(Ec) given in Fig. 1 now are of the 
order of the errors for the (G) factors, which might be 
as high as 50%. 

A very large fraction of the reaction products follow- 
ing compound-nucleus formation in very heavy isotopes 
consists of fission products. It should therefore be 
possible to obtain a good estimate of ¢-(Ec) by measur- 
ing the fission cross section o,. In this case fission can 
also be induced by secondary neutrons and alpha par- 
ticles. This effect would be enhanced by reactions in the 
foils used to degrade the carbon-ion energy. Thus correc- 
tions might be necessary in using this method. Pre- 


~ 28 Vandenbosch, Thomas, Vandenbosch, Glass, and Seaborg, 
Phys. Rev. 111, 1358 (1958). 
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liminary results from radiochemical measurements of 
oy give,”’ within the experimental errors, agreement 
with o,(/c) obtained in this work. 

It is now possible to calculate the cross sections for 
the (C,am) reactions of other heavy isotopes. In this 
case we assume, as a first approximation, that for 
isotopes of not too widely different atomic number the 
cross sections for compound-nucleus formation [¢.(Ec) ] 
are equal at the same value of the parameter «= Ec/V c, 
(Ec, Vc previously defined). Accordingly we have calcu- 
lated the cross section for the reaction Pu?“(C,42) Fm*™, 
using a nuclear temperature of 0.90 Mev, and the agree- 
ment with the experimental results was good as shown 
in Fig. 2. A recoil method similar to that for helium- 
induced reactions was used in these experiments. 

It is reasonable to assume that similar treatment can 
be applied to predict cross sections of reactions, involv- 
ing neutron evaporation, of other heavy ions with heavy 
isotopes. 


B. (C,a4n) Reactions 


The cross-section curve for the (C,a4) reaction 
(shown in Fig. 1) seems to contain at least two com- 
ponents. There is a broad peak upon which a sharper 
one with a maximum at 76 Mev is superimposed. 
Energy considerations show that in both cases alpha 
particles rather than other charged particles must 
actually be emitted in the reactions at lower energies. 

From our data it is not possible to arrive at definite 
conclusions concerning the mechanisms involved in the 
(C,a4n) reaction. However, the following discussion 
represents our point of view on this question. The 
broad peak is probably a consequence of reactions that 
do not involve the evaporation of alpha particles from 
a compound system. An evaporation process should 
give a sharper peak. Furthermore, it should result in a 
sharp drop in the cross section below the threshold 
corresponding to a kinetic energy of the emitted alpha 
particle equal to the Coulomb barrier. For the (C,a6n) 
reaction this threshold is 83 Mev (for the C” ions), 
whereas we observe products from the reaction far 
below this energy. The drop in the (C,a4m) curve below 
the evaporation threshold at 69 Mev might be due to 
the influence of the barrier on the C” ions. 

One possible explanation of the broad part of the 
(C,a4n) reaction curve is obtained if we assume that 
alpha-particle structure exists in the carbon ion for 
sufficiently long periods of time to allow stripping or 
electric disintegration to occur. Disintegration of C” 
into He‘ and Be® is actually observed in photographic 
emulsions.”* In stripping, certain orientations would 
favor the penetration of the Be*, whereas the alpha 
particle would be prevented from amalgamation by the 
centrifugal and Coulombic barrier. In electric dis- 


27$. G. Thompson (unpublished). 
28 James F. Miller, University of California Radiation Labora- 
tory Report UCRL-1902, July, 1952 (unpublished). 
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integration in the Coulomb field, Be* could enter the 
target nucleus whereas the alpha particle would be 
scattered. The alpha particle might carry off a wide 
range of energies, resulting in a broad peak for the 
(C,axn) cross-section curve. If now o(C,a) is the total 
cross section for reactions involving (C,a) stripping, the 
cross section for the (C,a@4m) reaction is 


oC, a4n) =o (Ca): (G)*P 4. (3) 


(G) is taken from data on the reaction Pu*(a,4n)Cm”” 
to be 8X10-*." P,,, is always less than one and ove, ain) 
is a measured value. At 76 Mev we obtain o(C,a)> 10 
millibarns. 

The sharp-peak component of the (C,a4m) curve 
might actually be due to the evaporation of alpha par- 
ticles from the compound system. In this case, an 
order-of-magnitude estimate of the partial level width 
for alpha emission [G.=I'./I',] can be obtained. If the 
alpha particle is evaporated first, the cross section for 
the (C,a4m) reaction may be expressed as follows: 


o(C,a4n)=0,.(Ec)Ga(G)*: Pan. (4) 


Here, (G)* is again taken from data on the reaction 
Pu*(a,4n)Cm*," P,, is always less than 1 and 
a(C,a4n) and o,(Ec) are known values. At 76 Mev we 
obtain Gz>0.01. If the alpha particle is evaporated in 
a later step, G for the neutron-level width becomes 
smaller and thus G, becomes larger. If the alpha par- 
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ticle is evaporated after the neutrons, we obtain 
Ga> 0.04. 

The sharp-peak component could also be explained if 
in the electric disintegration the alpha particles carry 
off one-third of the kinetic, internal, and potential 
energy of the carbon ions. 
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t Note added in proof.—Preliminary measurements indicate 
that the maximum energy of the C” ions was 125 Mev rather than 
120 Mev [John R. Walton, University of California (private com- 
munication, 1958) ]. This will make a better agreement with helium 
induced reactions. In some recent experiments Flerov et al. 
[Academy of Atomic Energy, Moscow, USSR (private communi- 
cation, 1958) ] have measured excitation functions for C® induced 
reactions in U** and found the peak for the (C,4m) reaction to be 
at 69 Mev. The cross section for the reaction was twice as high 
as found in our experiments. The discrepancy can be ascribed to 
uncertainties in the beam intensities. 
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Elastically scattered alpha particles from N“ and ground-state protons from the N(a,p)O" reaction show 
resonances at 2.88-, 3.09-, 3.60-, 3.67-, 3.72-, 4.00-, 4.05-, 4.11-, 4.28-, 4.50-, and 4.55-Mev bombarding 
energies, corresponding to excited states of the F'* nucleus at 6.65, 6.82, 7.21, 7.27, 7.30, 7.52, 7.56, 7.61, 7.74, 
7.91, and 7.95 Mev. Scattering-matrix analysis of the elastically scattered alpha particles, together with 
angular distributions of the reaction protons, indicate that the 6.65-, 6.82-, 7.21-, 7.27-, 7.30-, 7.52-, 7.91-, 
and 7.95-Mev states in F!* probably have angular momenta and parities of 1~, 2~, 4+, 1+, 3-, 3-, 2>, and 1*, 


respectively. 


INTRODUCTION 
BSERVATIONS on scattered a particles and reac- 


tion protons from accelerated helium ions incident 

on nitrogen gas have been extended to 4.7 Mev. A 
number of narrow resonances have been observed in the 
energy range from 3.5 to 4.7 Mev. Phase-shift analysis 
of the elastic scattering was not attempted because of 
the complexity associated with spin 1.' Instead, an 
* Supported in part by the U. S. Atomic Energy Commission. 


t Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 


nessee. 
1 J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952). 


attempt has been made to determine angular momenta 
and parities of the corresponding excited states of F'* 
from excitation curves at several angles in the im- 
mediate neighborhood of the resonances, using the 
scattering-matrix analysis as described by Blatt and 
Biedenharn.” 

The reaction N'“(a,p)O" was the first a-induced 
nuclear transmutation observed by Rutherford.’ This 
reaction figured prominently in the early investigations 


- 1J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
1952). 


) 
§E. Rutherford, Phil. Mag. 37, 581 (1919). 
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N'4(a,0) N'4 


6(C.M)= 54°44’ 





IN BARNS PER STERADIAN (C.M.) 


6(C.M.)= 90° 


Fic. 1. Center-of-mass 
differential cross section 
for the elastic scattering 
of a particles by N™. 
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of nuclear reactions.‘ The first cloud chamber observa- 
tion of a nuclear collision resulting in transmutation was 
of this reaction,’ and it was among the first for which 
evidence of resonance penetration of the nuclear po- 
tential barrier was obtained.*-’ Using natural a particles, 
Champion and Roy® and Roy,’ confirmed the fact that 
resonances existed in the neighborhood of 3.6 and 4.2 
Mev and showed that the protons to the ground state of 
O” exhibited an energy-dependent anisotropy with angle 
of emission. Devons” and Brubaker" first studied the 
elastic scattering of natural a particles from nitrogen gas 


+E. Rutherford and J. Chadwick, Phil. Mag. 42, 809 (1921) and 
44, 417 (1922); P. M. S. Blackett, Proc. Roy. Soc. (London) 
A107, 349 (1925); Chadwick, Constable, and Pollard, Proc. Roy. 
Soc. (London) A130, 463 (1931). 

5 P. M. S. Blackett, reference 4. 

* E. C. Pollard, Proc. Roy. Soc. (London) A141, 375 (1933). 

7H. Stegmann, Z. Physik 95, 72 (1935). 

*F. C. Champion and R. R. Roy, Proc. Roy. Soc. (London) 
A191, 269 (1947), 

*R. R. Roy, Phys. Rev. 82, 227 (1951). 

1S. Devons, Proc. Roy. Soc. (London) A172, 127 (1939). 

1G. Brubaker, Phys. Rev. 56, 1181 (1939). 


1 1 l i 1 1 1 | 1 1 é. i | 1 
ALPHA PARTICLE ENERGY (LAB) IN 


MEV 


and observed resonance effects in the region of 4 to 7 
Mev. Using thin gas targets in a large precisely con- 
structed gas scattering chamber, with monoenergetic 
helium ions from a Van de Graaff electrostatic acceler- 
ator, Heydenburg and Temmer” took excitation curves 
and angular distributions of elastically scattered alphas 
and excitation curves of the ground-state protons in the 
energy range up to 3.5 Mev. The present work is es- 
sentially an extension of theirs, using similar equipment 
and methods. Similar work from 2 to 3.8 Mev has been 
done concurrently by Herring.” 


EXPERIMENTAL PROCEDURE 


The Rice Institute 5-Mev Van de Graaff accelerator 
was used to accelerate singly ionized helium ions. The 
slit settings of the 90° analyzing magnet were such that 


( 2N. P. Heydenburg and G. M. Temmer, Phys. Rev. 92, 89 
1953). 

%D. Herring (private communication). See also Bull. Am. 
Phys. Soc. Sec. IT, 2, 303 (1957). 
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the energy spread was 0.2% at the entrance to the 
differential pumping tube of the scattering chamber. 
Calibration of the field of the analyzing magnet was in 
terms of the frequency of a Li? moment detector. The 
large-volume scattering chamber has been described in 
the literature." It consists of a cylindrical volume about 
75 cm diameter and 35 cm high, filled with gas at low 
pressure. It has two detectors which can be positioned 
from the outside of the chamber to an accuracy in angle 
of 6 minutes. The detectors are scintillation counters, 
using thin thallium-activated cesium iodide crystals 
mounted on Du Mont 6291 photomultiplier tubes. 

The chamber is equipped with two butyl pthalate 
manometers which give the pressures of the scattering 
gas in the chamber and at the first stage in the differ- 
ential pumping tube. One side of each manometer is at 
high vacuum and the other open to the chamber and 
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Fic, 2. Laboratory differential cross section of the protons 
from the N“(a,p)O" reaction. The protons are to the ground state 
of O", 


first stage in the differential pumping tube, respectively. 
The difference of levels is read with a cathetometer, and 
the accuracy of the readings is 0.4%. The difference of 
levels, when multiplied by the density of the butyl 
pthalate, gives the respective pressures. 

We have tried to take most of our data at a gas 
pressure of 0.25 cm of Hg. This pressure corresponds to 
a target thickness varying from 4 kilovolts at a labora- 
tory angle of 90° to 14 kilovolts at our most backward 
angle. The high stopping power of N™ results in energy 
losses to our incident a particles of from 75 to 130 
kilovolts in the scattering gas up to the center of the 
chamber. This energy loss was computed from tabulated 
values of the stopping power for a particles in N™ and 
is believed to be good to within 10%. The number of a 


4 Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956). 
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particles incident upon the gas target was determined by 
charge integration in the Faraday cup. On the assump- 
tion of gas stripping, a charge of 2e per particle was used. 
Before entering the Faraday cup, the a particles passed 
through an aluminum foil of 0.76 cm air equivalent 
thickness. Due to electron capture near the end of the 
range, at the lower energies some of the particles 
reaching the Faraday cup are singly ionized, or even 
have zero charge. To correct this, the average charge 
state as a function of energy was determined by 
measuring the cross section for Rutherford scattering in 
argon at a pressure for which the total energy loss in the 
gas was approximately the same as for Ne. From the 
ratio of the expected value of the cross section assuming 
the charge of the a particles to be 2e to the value ob- 
tained experimentally, the average charge at each bom- 
barding energy could be calculated. The scattering and 
reaction cross sections of nitrogen were corrected ac- 
cordingly. At energies above 3.5 Mev, no charge state 
corrections were necessary. 


EXPERIMENTAL RESULTS 


We have taken excitation curves of the elastically 
scattered a particles at center-of-mass angles of 54° 44’, 
90°, and 168° 24’, from approximately 2.8 to 4.7 Mev. 
The curves are shown in Fig. 1. We have also measured 
the N“(a,p)O" cross section at laboratory angles of 89° 
and 163° 54’ from 3.5 to 4.6 Mev (Fig. 2). Three angular 
distributions of the protons to the ground state of O” 
were taken, at energies of 3.11, 3.72, and 4.26 Mev. 
These are plotted in Figs. 3, 4, and 5. 
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Fic. 4. Angular 
distribution of the 
O" ground-state pro- 
tons at 3.72 Mev. 
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Fic. 5. Angular 
distribution of the 
O" ground-state pro- 
tons at 4.26 Mev. 
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The uncertainty in the elastic scattering cross section 
due to counting statistics was less than 1% for the 
54° 44’ curve and of the order of 3% for the 168° 24’ 
and 90° curves. For the proton data this uncertainty 
varies from 30% for the smallest cross sections to 3% 
for the largest. If we include the error from gas ditilty, 
current integration, and solid angle measurements, we 
estimate the error in the absolute value of the cross 
section, excluding the statistical error of counting, to be 
+5%. The error in the energy scale, which is due to the 
uncertainty of the energy loss of the a particles in the 
nitrogen, to the spread in energy due to the size of the 
defining slits of the 90° analyzing magnet, and to the 
inhomogeneity of the magnetic field at the higher 
energies, is estimated to be 20 kev, while the relative 
accuracy of the energy between points is probably of the 
order of 3 kev. 

In taking the proton data we were able to resolve the 
elastically scattered a-particle group from the proton 
group to the ground state of O"’. Figure 6 shows the two 
groups at a bombarding energy of 3.11 Mev and at a 
laboratory angle of 163° 54’. For the more forward 
angles, i.e., for the 89° excitation curve and the angular 
distributions, thin foil absorbers were used to separate 
the protons from the a particles. We did not observe any 
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Fic. 6. Pulse-height distribution of the resolved a particles and 
protons at 3.11 Mev. 
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of the O" first excited state proton group,*:'® because of 
the small yield and lower energy of that group. 


ANALYSIS 


The analysis of scattering data for channel spin unity 
(the nitrogen ground state being 1*) is considerably 
more complicated than for spin 0 or 3. This results from 
the fact that the angular momentum selection rule 
permits three / values for a given J value, i.e., /=J, 
J+1. Of the three, two are always associated with the 
same parity. Thus, those states whose parity is (—)/ 
can be made with only one /, while states whose parity 
m is —(—)’ can be made with two. Scattering by a 
nuclear state of the latter type may result in change of 
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Fic. 7. Theoretical curves for the elastic scattering cross section 
of a particles by N'. The resonant energy was taken to be 3.1 Mev, 
and the width 100 kev. Note that ordinates of the 54° 44’ curves do 
not start at zero. The nonresonant components of the cross section 
are not included. 


1, i.e., the scattering matrix may have a nonzero element 
connecting the two possible / values. A discussion of the 
scattering matrix for this case is given by Blatt and 
Biedenharn.' For a given value of J there are in all four 
parameters to be determined in order to describe the 
scattering completely : one for the parity (—)/ and three 
for the parity —(—)/. This is in contrast with two 
parameters for a given J in the case of channel spin }. 

To achieve the limited objective of assigning J and 
values to the states, however, an analysis using only 
one / value appeared to be a reasonable approximation, 
since quite possibly only one / value was of practical 
importance by virtue of relative penetrabilities or some 
feature of the nuclear interaction. It seemed plausible 


18, Pollard and P. W. Davison, Phys. Rev. 72, 736 (1947). 
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also that assignments might be obtained more simply 
from the expression (7.12) of Blatt and Biedenharn? 
than from a phase shift analysis. This expression for the 
elastic scattering cross section is based on assumptions 
about the form of the scattering matrix and contains 
explicitly the resonance contribution from an isolated 
nuclear state, the contributions from Coulomb and 
hard-sphere potentials, and from interference between 
them. The resonance term and the two terms describing 
interference between resonance and potential scattering 
vary rapidly with energy in the immediate neighborhood 
of the resonance. Resonances from states with different / 
and J values show quite contrasting behavior, as shown 
in Fig. 7, where the calculated elastic scattering cross 
section is plotted for different combinations of J and / 
(and hence 7) over one energy interval, and at the three 
c.m. angles, 54° 44’, 90°, and 168° 24’, at which experi- 
mental data were taken. States with r= —(—)/ occur 
twice, once for each possible / value. Thus 2~ is shown 
for /=1 and /=3. Of the states 0*, only 0~ can be 
formed because of the positive parity of the N“ ground 
state. At the more forward angles, where the Rutherford 
cross section is large, the term describing interference 
between resonance and Rutherford scattering is the 
largest of those that show resonant behavior. At 54° 44’, 
where the Legendre polynomial of order two is zero, this 
term vanishes for an /=2 resonance. The fact that /=2 
resonances showed small or no effect at this angle proved 
an aid in the analysis. Similarly, the resonance-Ruther- 
ford interference term vanishes for odd / at 90°. 

To obtain the curves of Fig. 7 and similar curves at 
other energies, the expression (7.12) of reference 2, 
with the stated simplifying assumptions, was pro- 
grammed for an IBM-650 computer. An additional as- 
sumption made in computing the curves of Fig. 7 was 
that only the incident channel was open. This is not 
altogether unrealistic, since the experimental data show 
that ',.>>I, everywhere. The hard-sphere phase shifts 
used in the calculation were obtained by graphical 
interpolation from the curves of Fig. 8. These curves 


6.666 
6.820 


6.65 6.69 
6.82 6.85 
7.21 tee 
7.27 

7.30 

7.52 

7.56 


7.304 
7.527 
7.552 
7.713 
7.728 


7.889 
7.917 


were fixed by three points each taken from the tabulated 
values of Bloch et al.'* 

An aid to the assignment of angular momentum and 
parity values was the angular distributions of the 
protons to the ground state of O'’. A complicating factor 
was the high value of the O'’ ground state spin, i.e., 3, 
resulting in two outgoing channel spin values, 2 and 3. 
However, the restriction on J imposed by the order of 
the Legendre polynomial needed to fit a proton angular 
distribution, and the practical restriction on the proton 
orbital angular momentum from penetrability due to 
the negative Q did, in fact, contribute information. 

We now consider the assignments to the individual 
resonances. The results are listed in Table I. From the 
features of the elastic scattering cross section, the reso- 
nance just below 3 Mev appears due to a 1” state. If 
this assignment is correct, our value for the resonance 
energy is 2.88 Mev.'’!8 A 1~ state can be formed only 
with /,=1. The low proton production cross section” at 
this resonance is consistent with the assignment, in view 
of the low J and of the fact that /,=3 for protons of 





504 HARD SPHERE 


PHASES 


> 
°o 
L 


Fic. 8. Hard- 
sphere phases used in 
calculating the theo- 
retical curves for the 
elastically scattered 
a particles. 


¥ 


OEGREES 


-f., 
nm 
° 

l 


ro) 
1 








fo) 





E(LAB), MEV 


'6 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 

17 The value for this energy in reference 12 falls outside our 
estimated error limits, even when we add a reasonable increment 
for shape uncertainty ; the value of the energy of the corresponding 
state, as given by Ahnlund,'* who did the O'7(p,a)N™ experiment, 
falls inside that uncertainty. 

18K. Ahnlund, Phys. Rev. 106, 124 (1957). 
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channel spin 3. At 3.09 Mev,” the elastic scattering 
cross section indicates a 2~ state formed mainly by a 
particles with /,=1. For both proton channel spins, 
l,=1 is allowed. Because of this fact and of the larger 
statistical weight for J=2, the assignment is consistent 
with the relatively higher proton production cross 
section at 3.09 than at 2.88 Mev. At first sight the 2- 
assignment is contradicted by the nearly isotropic 
angular distribution of the protons (Fig. 3), but when 
the expected distribution is calculated for a 2~ state 
neglecting the higher /, values 3 and 5, it is nearly 
enough isotropic to fit the data within experimental 
error. The elastic scattering cross section at 168° indi- 
cates that a particles with /,=3 contribute very little to 
the formation of this state. 

In the region 3.5 to 3.8 Mev, the elastic scattering 
cross section shows a complicated behavior which indi- 
cates the presence of three resonances. Only one of 
these, the resonance at 3.72 Mev, shows an appreciable 
yield of protons. A 3~ assignment for the corresponding 
state clearly fits the elastic scattering data at 168° and 
54°. This state can be formed only with /,=3. The 
maximum in the calculated elastic cross section for a 3~ 
state lies at lower energy than the resonance energy Eo, 
consistent with the relative positions of elastic scattering 
and proton production peaks in the experimental data. 
E, and T in Table I were obtained from the proton data. 
For both proton channel spins, /,=1 is allowed, con- 
sistent with the high proton production cross section 
and the fact that the highest power of cos@ required to 
fit the proton angular distribution (Fig. 4) is two. The 
90° curves for the elastic scattering between 3.65 and 
3.70 Mev can only be explained by the presence of a 
resonance formed by a particles with /,=0 or /4=2. The 
best fit at all angles is obtained from a 1* state, 45-65 
kev wide, with Eo from 3.66 to 3.67 Mev, formed pre- 
dominantly with /,=2. The curves do not rule out the 


” This value depends on the assignment, as at 2.88 Mev. 
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possibility that a particles with /.=0 contribute to the 
formation of this state, but the contribution to the 
cross section from /,=0 is probably restricted to less 
than half that from /,=2. The fact that /,>2 for pro- 
tons of both channel spins, together with the low J, 
probably explains the low yield of protons from this 
resonance. The narrow resonance at 3.60 Mev un- 
doubtedly has J 2 3 and is formed by a particles of high 
l,. A 4* assignment fits the elastic scattering data well, 
provided the width is so small (<10 kev) that target 
thickness makes the observed value of the cross section 
lower than the calculated. Target thickness and pene- 
trabiljty then explain failure to see the resonance for the 
proton reaction. 

For the 4.00-Mev resonance, a 3~ assignment is not 
quite as firm as the others, although we are reasonably 
sure that /,=3. Due to interference, we were not able to 
make assignments at 4.05, 4.11, and 4.28 Mev. The 
broad resonance at 4.28 Mev may actually be due to 
several states, possibly including the 7.889- and 7.713- 
Mev states of F'** listed in reference 18. The asymmetry 
about 90° of the proton angular distributions (Fig. 5) 
makes this reasonable. 

Finally, elastic scattering and proton production data 
are indicative of two overlapping resonances at 4.50 and 
4.55 Mev. The 4.50-Mev resonance is probably due to a 
2- state made with a mixture of /,=1 and /4=3, and 
the 4.55-Mev resonance is probably due to a 1* state 
formed with both /,=0 and /,=2. 
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Re-Examination of the Paramagnetic Resonance of Np***} 


M. AsrAHAM, C. D. Jerrries, R. W. Kepzir, anp J. C. WALLMANN 
Radiation Laboratory and Physics Department, University of California, Berkeley, California 
(Received June 27, 1958) 


The microwave paramagnetic resonance spectrum previously reported for 2.3-day Np™® activity incor- 
porated into a crystal of UOzRb(NOs); has been re-examined and determined to be due, not to Np*®, but 
to radiation-induced resonance centers. Experiments tentatively suggest that these resonance centers may 
be Pu** in an unusual oxidation state. An experiment in which Np™* nuclei were aligned by static hfs inter- 
actions (Pound and Bleaney methods) showed an anisotropy of the y-ray pattern; this proves that the 
nuclear spin J (Np™*) >4, in contradiction to our earlier result. 


N a previous paper,! we reported the observation of 

a pair of hyperfine lines in the microwave para- 
magnetic resonance spectrum of a curie of 2.3-day Np” 
activity incorporated as NpO,** ions in a single crystal 
of (Np,U)OsRb(NOs3)3. Since the observed electronic 
spectroscopic splitting factors, g,,~3.2 and g,~0, were, 
within estimated errors of measurement, the same as 
those observed earlier by Bleaney, Llewellyn, Pryce, 
and Hall? for long-lived Np*’ in this same crystal, we 
interpreted the lines as a hyperfine doublet of Np™ 
showing, apparently, that the nuclear spin J(Np™*) = 3. 
We were not able to establish that these resonance lines 
were definitely associated with a lifetime of 2.3 days, 
because radiation damage appeared to destroy them 
in a shorter time than this. The decay product Pu, 
for which J= 4, was certainly present in the crystal; 
however, the only oxidation state for which paramag- 
netic resonance has been seen, PuO,**, has a spectro- 
scopic splitting factor g;;~5.3, clearly different from 
our observed value. We considered that there was only 
a remote possibility that the Pu might exist in an 
unusual oxidation state with, fortuitously, the g factor 
of NpO,**. However, more recent experiments indicate 
that this is perhaps the case and that the pair of 
hyperfine lines are not due to Np*®. 

These experiments are as follows. Paramagnetic 
resonance at 4.3°K of a single crystal of (Pu,U)O.Rb- 
(NO3)3 weighing about 200 mg and containing about 
1 mg of Pu” as PuO,*+ was observed at 9200 Mc/sec. 
Two lines were seen with g;;~5.3, in agreement with 
the original work of Bleaney ef al.? Then this crystal 
was irradiated at room temperature with a Co® y 
source for 67 hours for a total dosage of 1.3X10° 
roentgens. The paramagnetic resonance was re-ex- 
amined, and showed, in addition to the two lines at 
gi\~5.3, a pair of new lines at g;;~3.2 with a signal-to- 
noise ratio of about 7:1. The crystal was rotated about 
an axis perpendicular both to its z axis and to the 
magnetic field H; the lines were found to be in agree- 


rt by the U. S, Atomic Energy Commission. 


t Supported in 
edzie, and Wallmann, Phys. Rev. 106, 


1 Abraham, Jeffries, 
1357 (1957). 

a” Llewellyn, Pryce, and Hall, Phil. Mag. 45, 991, 992 
1954). 


ment with the spin Hamiltonian, 


R= 4) \(BH.S.+ g.8(H2S:+H,S,) 
+AS,J.+ BUIS.+1,S,), 


with S= $,7=4, A=0.0504+0.001 cm™, g), =3.18+0.1, 
gi~0, and B~0O. The values previously found! for a 
curie of Np*® in a similar crystal were S=}, J=}, 
A=0.0503+0.0005 cm, g.~0, B~O, and g);=3.22/ 
cosa, where a is the fixed minimum angle between z and 
H and should be zero for perfect alignment of the 
crystal; a was estimated to be as large as 19° for the 
very active crystal. Thus, within experimental error, 
the two lines previously found in the very active 
(Np**,U)O2Rb(NOs); crystal are identical to those ap- 
pearing upon ¥ irradiation of the (Pu®,U)O2Rb(NOs3); 
crystal. Consequently we now believe that in the former 
crystal the lines are not the hfs lines of Np™, but are 
the result of the same process producing them in the 
latter crystal. Our previous result that J(Np™*)=} is 
thereby incorrect. In an attempt to find the origin of the 
lines, a pure UO.2Rb(NOs); crystal was irradiated in a 
similar fashion for a dosage of 1.3 10* roentgens and 
its paramagnetic resonance spectrum was examined ; no 
resonance lines were seen in the vicinity of g;;~3.3. This 
tentatively suggests that the lines are perhaps the hfs 
lines of Pu in some unusual oxidation state, say 
Pu(IV) or Pu(VID), produced by irradiation; the evi- 
dence is not conclusive because of low signal-to-noise 
ratio and also because the (Pu,U)O2Rb(NOs3); crystal 
and the UO:Rb(NOs); crystal were not grown under 
identical conditions of acidity, etc. 

Finally, we have shown that J (Np**) > 3 by producing 
a detectable anisotropy in the y-ray angular distribution 
of Np” aligned in zero magnetic field by static hyperfine 
interaction, as suggested by Pound* and by Bleaney.‘ 
Approximately 5 mC of 2.3-day Np*® activity was 
grown into a single crystal of (Np,U)O2Rb(NOs)3 which 
was mounted in a cryostat with counters along and 
perpendicular to, respectively, the crystalline z axis. 
The difference in counting rate, C(#/2)—C(0), was 
observed on an automatic recorder as the temperature 


*R. V. Pound, Phys. Rev. 76, 1410 (1949). 
*R, Bleaney, Proc. Phys. Soc. (London) A64, 315 (1951). 
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of the crystal was periodically changed by a heat leak 
from 1.5°K to 7°K. A small, reversible, and reproducible 
anisotropy of about 3% was observed, several times 
larger than background noise. The sign of the anisotropy 
reversed after the crystal was rotated through 90°, as 


expected ; the sign did not change on rotation of 180°. 
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From this experiment we can conclude definitely that 
I(Np™)> 4, since a y-ray anisotropy is not possible for 
nuclei with J= 4. This result is consistent with that of 
Hubbs and Marrus,' who find J (Np**) = § by radioactive 
atomic beam methods. 


"6 J. C. Hubbs and R. Marrus, Phys. Rev. 110, 287 (1958). 
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Photoneutron Yields in the Rare-Earth Region* 


E. G. Futter, B. Petree, anp M. S. Wersst 
National Bureau of Standards, Washington, D. C. 
(Received June 16, 1958) 


The total photoneutron yield curves for Sn, I, La, Ce, Sm, Tb, Ho, Er, Yb, Ta, Au, and Pb have been 
measured for x-ray energies from 7 to 40 Mev with about one percent statistical uncertainty. The Penfold- 
Leiss matrix was used to convert these yield curves to integrated neutron yield cross sections directly without 
smoothing the original activation curves. The cross sections derived from the integral curves were corrected 
for multiple neutron emission above the (y,2m) threshold using the statistical model. The widths found for 
the giant resonances for the closed-shell nuclei decreased from 5 Mev to 3.8 Mev in going from Sn to Pb. 
The widths for the elements having large nuclear deformations for most of their isotopes were considerably 
broader. These widths decreased slowly from 8.6 Mev for Sm to 6 Mev for Ta. These widths are consistent 
with the broadening of the giant resonance to be expected on the Danos model if values of the intrinsic 
quadrupole moment are taken from Coulomb excitation data. The neutron yield cross sections corrected 
for multiple neutron emission were integrated to 22 Mev. Using these integrals and defining f by /odE 
=0.06(VZ/A)f, these data gave an average value of f=1.34+0.21. 


INTRODUCTION 


T has recently been suggested by both Okamoto! and 

Danos* independently that on a classical hydro- 
dynamic model of the nucleus one might expect the 
giant resonance for a deformed unoriented nucleus to 
be split into two resonances. These two resonances 
would be associated with the major and minor axes of 
the nucleus. In the case of a nucleus with positive 
intrinsic quadrupole moment the “giant resonance” 
would be made up of a low-energy resonance shifted to 
an energy slightly lower than that expected for a 
spherical nucleus of the same mass number and a high- 
energy resonance shifted to a slightly higher energy. 
Danos? has pointed out that the area under the low- 
energy resonance would be one-half that under the 
higher energy resonance. 

In a “poor resolution” measurement of the giant 
resonance the splitting resulting from the ground-state 
deformation would not be observable. The effect of the 
deformation might, however, show up as 2 statistically 
significant broadening in the giant resor. .«ce compared 
to that obtained for a nearby spherical nucleus. Con- 
sistent with this picture is the observation of the 


* This work supported by the U. S. Atomic Energy Commission. 

+ Presently on educational leave at the Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

1K. Okamoto, Progr. Theoret. Phys. Japan 15, 75 (1956). 

2 M. Danos, Bull. Am. Phys. Soc. Ser. II, 1, 199 (1956); Nuclear 
Phys. 5, 23 (1958). 


Pennsylvania group’ that the giant resonances for 
closed-shell nuclei are narrower than those in general 
observed for other nuclei. It was the object of the 
present work to see if the large intrinsic quadrupole 
moments of the rare earth nuclei were reflected in the 
total width of the giant resonance for these nuclei. 
The total neutron yield curve was measured for a series 
of twelve nuclei ranging from tin through the rare 
earths to lead. Measurements were made from the 
(y,) threshold in each element up to about 40 Mev. 
The samples were all of normal isotopic abundance. 
The preliminary results of this work have been reported 
previously.‘ 


EXPERIMENTAL APPARATUS AND PROCEDURES 


The method used in this study was similar to that 
which has previously been used in studies of the total 
neutron yields from various elements.*:> The experiment 
consisted of measuring the number of neutrons emitted 
from a series of samples as a function of the peak 
betatron operating energy. The experimental arrange- 
ment is shown in Fig. 1. The neutron detector is of 
conventional design’ containing eleven BF counters 
connected in parallel. The amplified pulses from the 


*R. Nathans and J. Halpern, Phys. Rev. 73, 437 (1954); 
R. Nathans and P. F. Yergin, Phys. Rev. 98, 1296 (1955). 

‘Fuller, Petree, and Weiss, Chicago Photonuclear Conference, 
November 1956 (unpublished report); Petree, Weiss, and Fuller, 
Bull. Am. Phys. Soc. Ser. II, 2, 16 (1957). 


5 Halpern, Mann, and Nathans, Rev. Sci. Instr. 23, 678 (1952). 
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Fic. 1. Experimental arrangement. X-ray beam is collimated by 
brass insert in nickel and lead shielding wall. 


counters after passing through an integral discriminator 
were gated so that only those pulses occurring within a 
400-usec gate were counted. The sensitivity of the 
detector was checked as follows: 

Its absolute sensitivity was determined daily by 
placing a calibrated Ra-Be (a,m) source inside the 
detector and observing the counting rate.6 The uni- 
formity of the response of the detector to fast neutrons 
was shown by the fact that the ratio of the neutron 
yield from a carbon sample placed inside the detector 
to the yield of C!*(y,n)C" activity induced in a sample 
exposed to the same beam was constant as the brems- 
strahlung energy was varied by about 4 Mev. In 
addition, the ratio of the calculated neutron yield to 
the measured yield from the deuterium in a heavy water 
sample was constant to within 4% as the bremsstrahlung 
energy was varied from 6 to 19 tly 

The 400-usec gate, used when counting the photo- 
neutrons from samples placed inside the detector, was 
set to open about 20 usec after the x-ray yield pulse. 
Studies made of the distribution of these counts with 
respect to time after the x-ray burst indicated that 
82% of all the counts occurred during the period that 
the gate was open. Combining this with the efficiency 
of 6.3% found for the continuous Ra-Be (a-m) neutron 
source gave an over-all neutron detection efficiency 
of 5.2%. 

The energy flux in the bremsstrahlung beam pro- 
duced by the betatron was determined from the charge 
collected from the thin aluminum-walled transmission 
ionization-chamber monitor shown in Fig. 1. The re- 
sponse of this chamber in terms of the energy flux 
incident on its front face was determined by comparison 
with a chamber which had previously been calibrated 
over the energy range from 8 to 40 Mev by one of us 
(E.G.F.) using the scintillation spectrometer method.’ 

The energy scale of the betatron was determined by 


6 The absolute sensitivity for detecting 30-kev neutrons was 
also determined by placing a calibrated Sb-Be photoneutron 
source within the detector. As might be orpecee B. Rossi and 
H. H. Staub, Joni s and Counters (McGraw-Hill 
192], the sensitivity for 
of that found for the 





Book Company, Inc., New York, 1949), 
these neutrons was ‘approximately 73%, 
Ra-Be (a,m) source. 

7 Koch, Leiss, and Pruitt, Bull. Am. Phys. Soc. Ser. II, 1, 
199 (1956). 


IN RARE-EARTH REGION 


TABLE I. Ponget panpectios and results. 


SodE> 
NZ/A 
Mev-b 
0.064 
0.085 
0.063 
0.080 
0.073 
0.087 
0.079 
0.100 
0.090 
0.077 

0.085 

0.081 


Weight 
grams 


o°(y,n)® 
barns 


eA 


Element Form used 





0.30 
0.36 
0.34 
0.45 
0.26 
0.39 
0.41 
0.50 
0.50 
0.49 
0.68 
0.75 
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*¢°%(y,n) is the maximum value and “TI"’ the full width at o°(y,m)/2 of 
the neutron production cross section Rin for multiple neutron emis- 
sion. Data were not fitted with resonance lines to determine these values. 

> Integrated neutron production cross sections corrected for multiple 
neutrons above (y,2m) threshold. 


observing the threshold for scattering by the 15.11-Mev 
level in C'*, and by the (y,) thresholds in H? (2.2 Mev), 
Pb*” (6.75 Mev), Au"? (8.0 Mev), Cu® (9.85 Mev), 
and Al?’ (12.8 Mev). These thresholds fell on a straight 
line when plotted against the betatron’s energy control 
setting. A linear extrapolation of this curve was used 
to give the energies above 15 Mev. This extrapolation 
has been shown to be valid to better than 5% by the 
endpoint determinations made in the elastic scattering 
experiment. 

Table I gives the properties of the various elements 
from which the neutron yield was measured. The rare- 
earth oxides were all exposed in thin polyethylene 
cylinders of about 1 square centimeter in cross section. 
The samples were exposed in the center of the neutron 
detector with their axes parallel to the x-ray beam 
running through the detector. All samples except the 
lead were smaller in diameter than the beam. The 
electronic absorption in the samples was usually about 
10% but was as high as 25% in the case of lanthanum. 

The total neutron yield from each of the samples 
listed in Table I was measured as a function of brems- 
strahlung energy from the (y,#) threshold up to about 
40 Mev. From threshold to about 19-Mev data were 
taken approximately every 600 kev. Above 19-Mev 
data were taken approximately every 1.2 Mev. At each 
point the neutron yield was measured with a statistical 
uncertainty (1/+/n) of about 1% except in the energy 
region near threshold. 

The activation curve for each sample was measured 
by taking data at a series of either continuously in- 
creasing or decreasing energy points. This method of 
taking data had the advantage that the effects of any 
small drifts in the betatron’s energy calibration on the 
shape of the cross section derived from the activation 
curve were minimized. Any such shifts were shown to be 
less than 100 kev at 18 Mev by periodically checking the 
neutron yield from a copper sample at this energy. 


~ *E, G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 
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For bremsstrahlung energies greater than 20 Mev it 
was necessary to interrupt the measurements every 
forty minutes to cool the betatron. After a cooling 
period, the previous two or three points on the activa- 
tion curve were always repeated before proceeding to 
new energies. Measurements were continued only when 
the yields measured after a cooling break agreed with 
those taken just before the break. At times it was 
necessary to run the betatron for five to ten minutes 
before reproducible results were obtained. 

The background was determined by measuring the 
activation curve for the empty sample holder. This 
background amounted to less than 3% of the neutron 
yield from any of the samples. In order to correct for 
the oxygen contribution to the neutron yield from the 
rare earth oxides, the neutron yield from a water sample 
was measured up to 40 Mev. This correction amounted 
to a maximum of 5%. At the higher energies and from 
the larger samples it was necessary to cut down the 
yield from the betatron in order to keep counting losses 
to a minimum. The correction for this effect was deter- 
mined by measuring the neutron yield at a given energy 
as a function of the time taken to collect a given charge 
from the transmission ionization chamber. This cor- 
rection was as high as 5% in a few cases, but usually 
was less than 3%. 


ANALYSIS OF THE DATA 


The fact that large fluctuations are obtained in a 
cross section calculated directly from the experimental 
data of a yield curve measured with 1% statistical 
accuracy has led to the usual procedure of drawing a 
smooth curve through the measured yield points.’ 
These curves are sometimes smoothed as far as the 
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Fic. 2. Measured neutron yield curve for holmium. The points 
represent the relative number of neutrons per coulomb collected 
from transmission ionization chamber. Corrections have been 
made for background and the oxygen content of the sample. 
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second differences. While this smoothing has the desired 
effect of reducing fluctuations in the cross section it may 
smooth out real structure. In addition, since small 
changes in the way that a smooth yield curve is drawn 
through the experimental points can produce large 
changes in the cross section, the method is highly sub- 
jective. The best way to overcome these difficulties is 
to measure yield curves with sufficient accuracy as to 
make possible the calculation of a statistically signifi- 
cant cross section from the actual experimental data 
without smoothing. To do this would require the 
measurement of the yield curve with a statistical 
accuracy of at least one order of magnitude better than 
the measurements made in this experiment. 

Since the data taken in this experiment were not of 
sufficient statistical accuracy to allow the cross section 
to be calculated directly from the experimental data, 
the method of analysis used was one based in part on a 
suggestion by Cook." The method consisted of using 
the inverse bremsstrahlung matrix of Penfold and 
Leiss" to calculate the infegrated neutron cross section 
as a function of the upper energy limit of the integral. 
The experimental data points were used without any 
smoothing to calculate this running integral. A smooth 
curve was then drawn through these points. First 
differences of these curves were then taken to give the 
cross section histograms. Recent measurements, with 
similar geometry, of the shape of the bremsstrahlung 
spectrum from the betatron used in this experiment 
show that the use of the Penfold-Leiss tables to analyze 
these data is well justified.’ 

The advantages of this type of analysis are numerous. 
Both the integral cross section, J(Zo), calculated in this 
way and the cross section, ¢(£;), obtained by taking the 
first difference of J(E») are well defined in terms of the 
true cross section, o(£). Leiss and Penfold": have 
shown that 


I(E,)=o0(E) AE= f ’ o(E)T'(E,E)aE, 


where 7’(£,Eo) is a weighting function defined in terms 
of the inverse matrix. This function has been shown to 
a good approximation to have the value one up to 
(Eo— AE) and to then fall off with the shape of a brems- 
strahlung spectrum having a maximum energy £p. 
Similarly these authors have shown that o(E;) derived 
from I(£o) is very closely given by the average over 
AE of the true cross section weighed with a function 
having the shape of a bremsstrahlung spectrum with a 
maximum energy (£,;+4A£). 

A further advantage of this type of analysis is that 
the statistical errors for J(Eo) can be obtained directly 


” B. C. Cook, Phys. Rev. 106, 300 (1957). 


A. S. Penfold and J. E. Leiss, Phys. Rev. 95, 637(A) (1954). 

2 Fuller, Hayward, and Koch, Phys. Rev. 109, 630 (1958). 

18 J. E. Leiss (private communication). See also, A. S. Penfold 
and J. E. Leiss, Analysis of Photo Cross Sections aay Research 
Laboratory, University of Illinois, Champaign, Illinois, 1958). 
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by propagating the errors of the individual points of 
the activation curve through the inverse matrix. It can 
be shown for a typical activation curve that the errors 
in I(Eo) while being considerably larger than those 
associated with the original points on the activation 
curve are about 2.5 times less than those that would be 
obtained by summing the errors on the individual cross 
section points in the usual way. J(£o) is then fairly 
well determined by a 1% activation curve. For such a 
typical curve the statistical errors range from 4% 
where the cross section is rising, to 6% on the high- 
energy side of the giant resonance, to 11% at 38 Mev. 
It should be pointed out that by not smoothing the 
experimental data until the curve J(Eo) has been 
obtained it is possible to see directly the effects of 
smoothing on the final cross section o(£;). 

The data for this experiment were unfortunately 
taken at fixed settings of the betatron energy control 
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Fic. 3. “Shifted” neutron yield curve for holmium. 
For description see text. 


rather than at the definite energies required for use 


with the Penfold-Leiss matrix. This procedure of taking , 


data required that the data be shifted so that they could 
be used with the"inverse matrix available. This shift 
was accomplished as follows: The data were plotted 
after making corrections for target-out background and 
the oxygen content of the sample. As an example, 
Fig. 2 gives a plot of the measured yield curve from 
holmium. A smooth curve was drawn by eye through 
these points. The slope of this curve was used to shift 
the experimentally observed points to the energies 
required for use with the Leiss-Penfold matrix. These 
data are plotted in Fig. 3 for holmium. Each point on 
this curve was obtained by shifting the nearest, or in 
some cases, the two nearest experimental points to the 
energy required for the inverse matrix. These points 
contain all of the experimental fluctuations in the 
original data points. The Leiss-Penfold matrix was 
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Fic. 4. Neutron yield cross section. The points represent the 
cross section obtained by applying the Leiss-Penfold matrix 
directly to the points of Fig. 3. The histogram is the result of 
taking the first differences of the smoothed integral cross section 
curve given in Fig. 5(b). 


then applied to these data to obtain the cross section 
which was then summed to give the integral cross- 
section curve plotted in Fig. 5(b). In Fig. 4 the raw 
cross section obtained from the unsmoothed data points 
is compared with the histogram obtained from the 
smoothed integral cross-section curve drawn through 
the points in Fig. 5(b). The fluctuations in these points 
are completely consistent with the statistical errors in 
the original data. 


RESULTS AND DISCUSSION 


The integral cross-section curves for six of the twelve 
elements studied are given in Figs. 5(a) and 5(b). The 
solid histograms in these figures are the total neutron 
yield cross sections obtained by taking first differences 
of the smooth integral cross section curve. These curves 
have all been normalized to give approximately the 
same total neutron yield at 40 Mev. Since these cross 
sections represent the total neutron yield rather than 
the photon absorption cross section, the giant resonance 
indicated by them is broadened by the effects of multiple 
neutron emission above the (y,2m) threshold. The 
dashed histograms represent an attempt to correct for 
multiple neutron emission. This correction was made 
using the expression for neutron multiplicity based on 
the statistical model as given by Blatt and Weisskopf." 
This expression has been shown to give an approxi- 
mately correct description of the (7,2) process in the 
case of tantalum.'® The nuclear temperature used in 
these calculations ranged from 1.4 Mev for tin to 1.25 
Mev for lead. For nuclei up to samarium the (y,2m) 


“J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 379. 

16 E. A. Whalin and A. O. Hanson, Phys. Rev. 89, 324 (1953); 
on Edge, and Lokan, Proc. Roy. Soc. (London) A70, 415 
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Fic. 5. Relative photoneutron production cross sections for tin, iodine, samarium, holmium, erbium, and lead. The points and smooth 


curves represent 


e integral neutron-production cross section defined by ft¥orn(E)dE, where orn(E)=o(y,n)+20(y,2n)+o(y,pn) 


+3e(y,3n)+.... The scales are normalized to give approximately the same total neutron yield at 40 Mev. The errors indicated were 
obtained by propagating the statistical uncertainties, (./%), in the original activation curve data through the integral cross section ma- 
trix. Solid histograms represent first differences of integral cross section curves. Dashed histograms show result of correcting for neutron 


multiplicity above the (7,2m) threshold. 


thresholds were taken from the binding energies as 
given by Johnson and Nier and in the compilation by 
Wapstra.'* For the other nuclei the binding energies 
were calculated from Levy’s semiempirical mass for- 
mula.!? No attempt was made to correct for multiple 


16 W. H. Johnson and A. O. Nier, Phys. Rev. 105, 1014 (1957); 
A. H. Wapstra, Physica 21, 367 (1955). 
17H. B. Levy, Phys. Rev. 106, 1265 (1957). 


neutron emission above the (y,3m) threshold. The 
dashed histograms indicate that the use of a neutron- 
multiplicity correction based on a more detailed calcu- 
lation and extending to higher energies would have the 
effect of greatly decreasing the high-energy tail shown 
by the total neutron-yield cross section. It is obvious 
from the figures that correcting the total neutron-yield 
cross section for two-neutron emission both removes 
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TABLE II. Energies of resonances in deformed nuclei.* 


Oo E . yes Ey* 
Method 


-E A m ‘ 19.5 
E 


En 
Mev Mev 
14.7 
14.5 
14.5 
14.5 
14.1 
14.1 
13.6 


Nucleus barns 





6.9% 
7.8> >E = J : 18.5 
21» sc ed a a 20.0 
7.8» >E » 2 20.0 
12.6° 17.3 
6.8» 17.3 
3.75¢ 16.2 


esTb' 
esHo'® 
osEris? 
os Erie 
aTa® 
mata 
mAul? 


* CE—Coulomb excitation; SC—spectroscopic; E1/2~, E1/2*—energies at 
which giant resonance drops to half its maximum value. 
b Adler, Bohr, Huus, Mottelson, and Winther, Revs. Modern Phys. 28, 


432 (1956). 
eM. L. Pool and D. N. Kundu, Chart of Atomic Nuclei (Longs College 


Book Company, Columbus, 1955). 


some of the fluctuations in the shape of the giant reso- 
nance from one nucleus to another and makes the cross 
sections more symmetrical about some mean energy. 

The absolute neutron-yield cross sections as well as 
the parameters of the giant resonance for the nuclei 
studied in this experiment are summarized in Table I 
and Fig. 6. The widths and the energies of the 
center of the giant resonance for these nuclei are 
determined to within 0.5 Mev by these data. The 
values quoted for the integrated (y,”) cross section up 
to 22 Mev are probably good to about 20%. Of this 
uncertainty about 10% results from counting statistics. 
The remainder is the result of uncertainties in the size 
of the beam through the neutron detector (+15%), in 
the correction for multiple neutrons (+5%), and in the 
monitor calibration (+3%). Similarly the peak cross 
sections are good to about 25%. 

The integral cross sections corrected for neutron 
multiplicity can be compared with the result given by 
the dipole sum rule.'* This can be written as 


NZ 
f odE=0.06—f, 
A 


where f is the factor by which the sum for ordinary 
forces is enhanced as a result of the presence of ex- 
change forces. The cross sections corrected for neutron 
multiplicity as given in Fig. 5 have been summed to 
give the total integrated cross section up to 22 Mev. 
These data, divided by NZ/A, are given in Table I. 
Within the errors of the individual points each one is 
consistent with a single value of f for all of these nuclei. 
Averaging the individual values gives f=1.34+0.21. 
This value of f should be increased by a maximum of 
about 15% to take into account the fact that the 
integral of the cross sections given in Fig. 5 does not 
represent the complete integral of the absorption cross 
section. This estimate is the result of fitting several of 
the curves for closed-shell nuclei with Lorentz lines and 
integrating these cross sections over all energies. 

The mean energy of the giant resonance as plotted 
in Fig. 6 is consistent with an A~* dependence although 
the A~/* dependence cannot be completely ruled out as 


18 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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Fic. 6. Mean energy and width of giant resonances. “‘Eo’’ and 
“TY” are the mean energy for photon absorption and the full width 
at half maximum of the giant resonance obtained from dashed 
histograms as in Fig. 5. No attempt was made to fit data with 
resonance curves to obtain these parameters. 


inconsistent with these data. The width of the giant 
resonance as given in Table I and Fig. 6 broadens 
rapidly at samarium, the first element studied having 
isotopes in the region of large nuclear deformations. 
The widths then slowly decrease as the closed-shell 
region at lead is approached. These data are not suffi- 
ciently accurate to be able to establish the existence of 
a double peak for the deformed nuclei as predicted by 
Danos and Okamoto. The integral cross section curves 
for these nuclei, however, are not inconsistent with such 
a cross section shape. Further work has been carried 
out in this laboratory to establish this feature of the 
giant resonance for some of these nuclei.” 

For a deformed nucleus, the width of the giant reso- 
nance measured with poor resolution results from the 
intrinsic widths associated with the individual reso- 
nances and the separation of these resonances. Qualita- 
tive estimates can be made for the widths to be expected 
based on measured quadrupole moments, but good- 
resolution experiments are required before any quantita- 
tive results can be obtained. These estimates can be 
made in the following way. The mean energy of the 
giant resonance for a deformed nucleus is given approxi- 
mately by 

Em= (Eat+2£E,)/3, 


where a and 6 refer to the major and minor axes of the 
nucleus. Danos* has shown that the relation between 
Eq, E, and these axes is given by 


E,/E,=0.911X+0.089, 


where X= a/b, the ratio of the major to minor axis. In 
terms of a and 6b the intrinsic quadrupole moment is 
given by 


Qo= 3Z (a?—b*) =¥ZRAl(X2—1)/X? 


where Ro is the constant in the expression for the 
nuclear radius R= RyA}. 


19 See E. G. Fuller and M. S. Weiss, Phys. Rev. 112, 560 (1958), 
following paper. 
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Values of the intrinsic quadrupole moment can be 
obtained from spectroscopic and from Coulomb excita- 
tion data. Using the expression E,,=79.7A-* to give 
the mean energy for the giant resonance and measured 
values of the quadrupole moments, the energies E, and 
FE, can be calculated from the above expressions. The 
results of several such calculations are given in Table II. 
If the intrinsic widths associated with the two axes are 
assumed to be the same as that for an undeformed 
nucleus, i.e., approximately 4 Mev, the half-maximum 
points would be expected to occur about 2 Mev below 
E, and 2 Mev above &. The last two columns of 
Table II give the half-maximum points obtained from 
Fig. 5. In comparing these energies it should be pointed 
out that the value of E,* will depend much more 
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critically on the correction made for neutron multi- 
plicity than will the value of £;-. The values of E, 
and, calculated from the Coulomb-excitation-de- 
rived quadrupole moments are in reasonable agreement 
with the half-maximum energies found in this experi- 
ment. Since the large quadrupole moments obtained 
from the spectroscopic measurements give values of EF, 
less than the half-maximum energy £;-, these moments 
are in disagreement with the widths obtained for these 
giant resonances. 
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Photoneutron yield measurements have been made for terbium, tantalum, and gold with good energy 
resolution from threshold up to 25 Mev. Neutron-production cross sections were obtained directly from 
the experimental points without smoothing the raw data. Corrections were made for the multiple production 
of neutrons above the (y,2m) thresholds. The giant resonances for terbium and tantalum were found to be 
split into two resonances as predicted by Okamoto and Danos. The giant resonances for all three nuclei were 
fitted by the superposition of two Lorentz shape resonance lines. The intrinsic quadrupole moments de- 
termined from these fits to the experimental data were: terbium, +5.6+0.6 barns; tantalum, +5.7+0.3 


barns; and gold, +1.6+0.6 barns. 


1. INTRODUCTION 


HE giant resonances of closed-shell nuclei have 
been observed to be appreciably narrower than 

those of nuclei situated between closed shells.' Previous 
work? in this laboratory indicated that the giant 
resonances of the rare-earth nuclei were larger than 
any previously observed. While not established by that 
experiment, the data obtained for terbium, holmium, 
erbium, ytterbium, and tantalum were consistent with 
the giant resonance for these nuclei being split into two 
peaks. These results were all in accord with the pre- 
dictions of Okamoto* and Danos‘ that the giant reso- 
nance for a deformed nucleus should be split into two 
resonances. The extension of the hydrodynamical model 


* This work supported by U. S. Atomic Energy Commission. 

t On educational leave at Massachusetts Institute of Tech- 
nology, Cambridge, Massachusetts. 

1R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954); 
R. Nathans and P. J. Yergin, Phys. Rev. 98, 1296 (1955). 

2 Fuller, Petree, and Weiss, Phys. Rev. 112, 554 (1958), pre- 


edi: r. 
j “ke Okamoto, Progr. Theoret. Phys. Japan 15, 75 (1956); 
Phys. Rev. 110, 1113 (1958). 

4M. Danos, Bull. Am. Phys. Soc. Ser. IT, 1, 135 (1956). 


for the nuclear photoeffect’ made by Okamoto and 
Danos leads to a giant resonance energy being associ- 
ated with each of the axes of a deformed nucleus.*+* 

It was the object of the present work to examine with 
good energy resolution the details of the shape of the 
giant resonance for two highly deformed nuclei and of 
one having a considerably smaller deformation to see 
if the details of the resonance shapes for such nuclei 
would confirm the predictions of Danos.* The nuclei 
terbium, tantalum, and gold were chosen for study’ 
because they were available in moderate quantities in 
monoisotopic form. 


5M. Goldhaber and E. Teller, Phys. Rev. 74, 1048 (1948); 
J. H. D. Jensen and P. Jensen, Z. Naturforsch. 5a, 343 (1950). 

®M. Danos, Nuclear Phys. 5, 23 (1958). 

7 Some of the preliminary results of this experiment were re- 
ported at the Stanford Conference on Nuclear Sizes and Density 
Distributions [G. M. Temmer, Revs. Modern Phys. 30, 498 
(1958) ]. In agreement with these results B. M. Spicer (private 
communication) has also observed the splitting of the neutron 
production cross section for tantalum. These data were analyzed 
by smoothing the experimental activation curve. The authors 
want to thank Dr. Spicer for sending them his preliminary results. 
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2. EXPERIMENTAL DETAILS 


Good energy resolution as used for this experiment 
meant that the activation curve data were taken at 
the proper intervals and with sufficient statistical accu- 
racy to make possible the calculation of a statistically 
significant cross section directly from the experimental 
data without recourse to any smoothing procedures. 
This required that somewhere between one-half and 
one and one-half million counts be recorded at each 
point on the activation curve. The feasibility of carrying 
out such an experiment was shown when, in the course 
of the measurements of the tip shape of the brems- 
strahlung spectrum, it was found possible to maintain 
the stability of the betatron’s energy to within 20 kev 
for periods of several months.’ The only additional 
requirement was that the neutron-detecting equipment 
be stable within the limits set by the counting statistics. 
It was found possible to achieve this stability with 
conventional equipment. 

Except for some rather minor modifications, the 
experimental arrangement and procedure used for this 
experiment was the same as that used in the previous 
survey experiment.’ The only change in the electronics 
was to divide the ten BF; counters used in the detector 
into four channels. Two of these channels consisted of 
three counters, and two had two counters, connected in 
parallel. Each of the four channels had its own pre- 
amplifier, amplifier, gate, discriminator, and scaler. 
This arrangement permitted higher counting rates than 
would have been acceptable with all 10 counters con- 
nected in parallel. With a counting rate of 25 600 counts 
per minute, counting rate losses were found to be three 
percent. Except near threshold, data were taken at 
about half of this rate. Counting-loss corrections were 
applied to all measured yields. These corrections were 
determined from yields of 0.1% statistical uncertainty 
(1/4/n) measured at a given energy as a function of 
counting rate. 

During the course of the experiment a number of 
checks were made of the stability of the various com- 
ponents used to make the measurements. The quantities 
checked were the neutron detection efficiency, the 
sensitivity of the transmission ionization chamber, the 
stability of the gating circuit, and the energy of the 
betatron. The neutron detection efficiency was checked 
daily by observing the counting rate when a Ra-Be 
(am) neutron source was placed inside the detector. 
These counting rates were measured to 0.3% statistical 
uncertainty. Corrections were made for the small drifts 
observed in this rate. Drifts were less than 1.5%. 

The transmission ionization chamber used in these 
measurements was not sealed. Its sensitivity then 
varied slightly with the density of the air in the cham- 
ber. The over-all beam-monitoring system was checked 
regularly by determining the time necessary to collect 


® Fuller, Hayward, and Koch, Phys. Rev. 109, 630 (1958). 
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a given charge from the ionization chamber when a Co™ 
source was placed at a standard position with respect to 
the ionization chamber. The corrections for the changes 
in the monitor sensitivity were usually of the order of 
+0.5%. 

The stability of the betatron’s energy control and of 
the gating circuits were frequently examined by meas- 
uring the neutron yield from copper at an arbitrary 
point on its activation curve. These data indicated that 
any shifts in the betatron’s energy calibration, during 
the two-month period over which the data were taken, 
were less than 50 kev. The data were not inconsistent 
with the indications found during the measurements of 
the bremsstrahlung tip shape that the energy of the 
betatron was stable to less than +20 kev. 

The samples from which the neutron yields were 
measured were a gold disk 3.54 g/cm? thick and 3.8 cm 
in diameter, a tantalum disk 3.53 g/cm? thick and 
4 cm in diameter, and 3 grams of Tb,O; in a plastic 
cylinder 1.4 cm in diameter and 1.5 cm in length. 
Target-out backgrounds amounted to less than 0.5% in 
all cases. The neutron yield from a water sample was 
also measured and used to correct the Tb,O; data for 
the oxygen present in the sample. This correction was 
less than 4% at all energies. 

The total neutron yield from each of the samples 
was measured as a function of the peak energy in the 
bremsstrahlung spectrum from the (y,m) threshold up 
to 25! Mev. Data were taken every 500 kev at the integer 
and half-integer Mev points. In addition data were 
taken on the quarter- and on the three-quarter-Mev 
points for tantalum in the energy region from threshold 
up to 19.5 Mev. The activation curve for each sample 
was measured many times during the period during 
which data were taken. For each of the samples these 
measurements were all consistent with each other within 
the statistical errors of the individual points. The 
individual determinations of the activation curve for 
each sample were then averaged to obtain a final activa- 
tion curve for each sample. In the case of gold and 
tantalum, the total number of counts accumulated 
varied from about 4X 105 counts in the region around 
13 Mev to about three times that number at 19 Mev. 
In the case of terbium, the numbers were about one- 
fifth of these. The first differences of the final averaged 
yield curves are shown in Figs. 1-3. The differences are 
taken over half-Mev intervals. The indicated errors are 
the statistical uncertainties in these first differences. 


3. ANALYSIS OF THE DATA 


The quantity measured in this experiment is the 
total photoneutron yield as a function of the peak 
energy, Zo, in the bremsstrahlung spectrum. If Y (Zo) 
represents this quantity normalized to the total number 
of Mev in the bremsstrahlung spectrum that would 
have been incident on the sample if there were no ab- 
sorption of photons between the betatron target and 
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Fic. 1. First difference of terbium activation curve. First 
differences were taken over half-Mév intervals. 


the sample, then Y (Zo) will be given by 


Eo 
Y(E,)= I(E,Eo)Q(E)dE. (1) 


0 


In this expression J(£,Eo) represents the differential in- 
tensity spectrum of the bremsstrahlung (Mev per Mev) 
and Q(£) is the “reduced neutron-production cross 
section.” In terms of the actual total neutron-production 
cross section, o7,(E), Q(£) is given by 


orn(E) 1—e-* 
0Q(E)= o( Jenn, (2) 
E t(E) 


where p is the density (atoms per cm*) of the sample, 
x is the length of the sample, /(Z) the electronic absorp- 
tion coefficient in the sample, and L(£) is the number of 
mean free paths of absorbing material between the 
betatron target and the sample. In the case of terbium, 
Q(£) must also include a factor giving the ratio of the 
sample area to the area of the bremsstrahlung beam at 
the sample position. For gold and tantalum the sample 
diameters were greater than the beam diameter at the 
exposure position. 

With the proper normalization of the experimental 
data points, Y(£o), the Penfold-Leiss® inverse brems- 
strahlung matrix can be used to solve for 2’(£,). It has 
been shown? that 2’(£;,) is related to Q(£) by an ex- 
pression of the form: 


E;t+hhek 
9'(E) = f T(E, E-+}SE)Q(EME. (3) 
0 


In this expression AZ is the interval between the data 


9A. S. Penfold and J. E. Leiss, Phys. Rev. 95, 637(A) (1954) 
and private communication ; also, Analysis of Photo Cross Sections 
(Physics Research Laboratory, University of Illinois, Champaign, 
Illinois, 1958). 


FULLER AND M. S. 


WEISS 


points, Y (Eo), used to obtain 2’(£;). Penfold and Leiss 
have shown that over the final interval from (Z;— AE) 
to (E;+44E), T has the shape of the high-energy tip 
of the bremsstrahlung spectrum. Below (£;—}AE) it 
oscillates about the value zero. In a manner which will 
be described below, the quantity 2’(£;) can be corrected 
to give the approximate value of the smooth function 
Q(E) at the energy Ej. 

All of the data of this experiment were analyzed with 
AE equal to one Mev. This procedure was a result of a 
compromise between the energy resolution desired for 
the final cross section and the magnitude of the error 
in the final cross section resulting from the statistical 
uncertainties in the original data points, Y(£o). In all 
cases the inverse matrix of Penfold and Leiss was 
applied directly to experimental data after suitable 
corrections were made for backgrounds and for the 
oxygen content of the terbium sample. No attempt was 
made to smooth any of the experimental data. Since 
the activation curves for terbium and gold were meas- 
ured at half-Mev intervals, the data were used to make 
two independent determinations of the cross sections 
for these nuclei. For tantalum, where data were taken 
every quarter Mev, four independent determinations 
were made of the cross section. In Figs. 5 to 7, these 
determinations are indicated by circles, triangles, and 
dots. The errors shown are the result of propagating 
the statistical errors of the experimental data, 4/n, 
through the inverse bremsstrahlung matrix. 

The data actually plotted in Figs. 6 to 8 were ob- 
tained in the following way. The inverse bremsstrahlung 
matrix was first applied to the experimental data to 
obtain 2’(£;). A smooth curve was drawn through these 
points. This curve, 2*(£), was taken as an approxi- 
mation for the true curve 2(£). Using 2*(£) and the 
weighting function T(E, E;+4AE), 2” (£;) was calcu- 
lated at a number of points. This average was then 
compared with the value of the smooth function 2*(£) 
at the energy E; to obtain the ratio of 2*(£) at E; to 
the average of 2*(E) weighted with 7. This ratio was 
applied to the value of 2’(£,) derived from the experi- 
mental data as a correction for the effect of the weight- 
ing function and the width of the bin used in the 
analysis. This correction amounted to a maximum of 
5% in the case of the relatively sharp-peaked data 
obtained from tantalum. The points obtained in this 
way were assumed to define the smooth function 2(£). 
These points were then corrected by means of Eq. (2) 
to give the smooth cross section o7,(Z). Above the 
(y,2m) threshold a correction was then applied for the 
neutron multiplicity (to be discussed in a later section). 
Within the approximations indicated above, the points 
plotted in Figs. 5 to 7 represent the smooth cross section 
on(E)= o(y,n)+o(y,2n)+o(y,pn)+ pve a 


4. DISCUSSION OF THE ANALYSIS 


Before discussing the significance of the cross sections 
given in Figs. 5 to 7, some consideration should be 
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Fic, 2. First differences of tantalum activation curve. First differences were taken over half-Mev intervals. The circles and triangles 
represent independent determinations of the first differences of the original activation curve data. 


given to the validity of the various factors that went 
into the calculation of the cross sections. The general 
feature of the two peaks in the cross section for terbium 
and tantalum, and the single peak for gold cannot 
result from these factors. Details of the shape of the 
cross section, however, can be strongly influenced by 
them. The points in question are the response of the 
transmission-chamber monitor as a function of brems- 
strahlung energy, the use by Penfold and Leiss of the 
“Schiff integrated-over-angle” spectrum in calculating 
the inverse matrix, the absolute determination of the 
monitor response, the neutron-detection efficiency as a 
function of energy, and the calculation of the neutron 
multiplicity. 

Of the above factors, the monitor response as a func- 
tion of energy will have the most effect on the details 
of the shapes of these cross sections. To a considerably 
lesser extent, the assumed spectral shape (use of the 
Penfold-Leiss tables) will also affect these shapes. The 
monitor response used was based on a calibration made 
by the scintillation spectrometer method.” This calibra- 
tion was made at bremsstrahlung energies of 6, 8, 10, 
13, 19, and 27 Mev. At each energy the calibration was 


” Koch, Leiss, and Pruitt, Bull. Am. Phys. Soc. Ser. II, 1, 199 
(1956). The calibration used was one made by one of us (EGF) 
using the betatron. Later work in this laboratory, both with a 
calorimeter and using the scintillation counter method seems to 
indicate that this calibration may be in error for energies above 
18 Mev. If the new calibration is used to analyze the data for this 
experiment, the cross sections obtained above 18 Mev would be 
lower than those plotted in Figs. 5-7 by an amount that would 
increase to about 20% at 24 Mev. 


felt to be known to about 5%. A curve drawn through 
these points and smoothed to five significant figures was 
used in analyzing these data. A number of indirect 
checks are available on the validity of the use of these 
factors: First, a check was obtained by measuring the 
neutrons produced by the photodisintegration of deu- 
terium from a heavy water sample. The neutron yield 
was measured at 6, 8, 10, 13, 16, and 19 Mev. The 
ratio of the calculated to the observed yield was con- 
stant to within 1% between 10 and 16 Mev and to 
lide Alclad Bich LAS8 lida 
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Fic. 3. First differences of gold activation curve. First 
differences were taken over half-Mev intervals. 
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TABLE I. Resonance parameters. 








Tbs 
15.2 


Ta'™ 


14.0 





Ban (Mev) 
E, (Mev) 12.5 12.45 
o2° (Mb) 258 308 
I. (Mev) 2.4 2.3 
EB, (Mev) 16.3 15.45 
oy? (Mb) 310 348 

Ty (Mev) 4.0 





al 
<0 


E, Mev 


Fic. 4. Reciprocal neutron multiplicities. The curve labeled 
C+T was calculated from the cross sections given by Carver and 
Turchinetz (reference 16). Curves labeled A and B are estimates 
of the limits on this function. Curve B is calculated from the 
o(y,2n) cross section given in Blatt and Weisskopf (reference 13). 


within 4% over the range from 6 to 19 Mev." The 
absolute efficiency of the neutron detector calculated 
from the deuterium data was 8% less than that obtained 
with the calibrated Ra-Be (a,m) neutron source after 
correcting its counting rate for the distribution of 
neutron counts within the gate used for the photo- 
neutron measurements. Considering the uncertainties 
in the neutron source strength and the absolute deu- 
terium photodisintegration cross section, this difference 
is not thought to be significant. Second, in the measure- 
ments made of the shape of the tip of the bremsstrahlung 
spectrum from this betatron,® it was shown that at 15 
Mev this shape was very well described by the Schiff 
spectrum to within 100 kev of the end of the spectrum. 
Third, these data also showed that, to within the experi- 
mental errors of about 10%, the Schiff spectrum and the 
monitor response described above gave the correct ratio 
for the relative number of 15.11-Mev photons in a 
16-Mev spectrum to those in a 38-Mev spectrum. 

A check on the absolute cross section measurements 
and to some extent on the shape of the cross sections 
can also be made by using the dipole dispersion relation 
to calculate the elastic scattering cross section from the 
cross section for the giant resonance obtained in this 
measurement.'® This check is based on the assumption 
that the neutron cross section, o,=0(y,n)+o(y7,2n) 
+o(y7,pn)+---, obtained in this sort of experiment 
gives the total photon absorption cross section. Since 
the scattering cross section is related to the square of 
this absorption cross section, the agreement of the 
calculated scattering cross section with even the rather 
poorly measured scattering cross sections indicates that 
the absorption cross sections are known to within 10%. 

Above the (7,2m) threshold, the shape of the cross 
sections given in Figs. 5 to 7 are strongly dependent on 
the function used to correct for neutron multiplicity. 


1 For this comparison the cross section for the photodisintegra- 
tion of the deuteron given by L. Hulthén and B. C. H. Nagel was 
used [Phys. Rev. 90, 62 (1953) ]. 

2 E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 
These comparisons have been made by fitting Lorentz lines to the 
gold data obtained in this work and to the tin, iodine, gold, and 
lead data obtained in the survey experiment. 


This function can be calculated in the statistical model. 
There is, however, a considerable amount of experi- 
mental evidence that not all of the particles emitted 
from a nucleus as the result of the absorption of a 
photon can be described by a statistical “boiling off” 
process. Particularly in the region above the peak of 
the giant resonance, there is some indication that a 
relatively large fraction of the photons absorbed may 
result in a so-called “direct effect,” i.e., the emission of 
a particle with such a high energy that it is impossible 
for the nucleus to emit a second particle. The result is 
that the use of the statistical model as given by Blatt 
and Weiskopf" to calculate the neutron multiplicity 
results in an overestimate of this effect. 

Fortunately, there is a rather large amount of rather 
consistent experimental data from various laboratories 
that can be used to determine the neutron multiplicity 
for tantalum. The neutron multiplicity is defined as 


tn a(n) +20(y,2n)+o(y,pn)+30(y,3n)+ -°- 
Tn a(y,n)+o(y,2n)+o(7,pn)+o(y,3n)+ iam , 
(4) 


On the statistical model it would be expected that for 
a heavy nucleus like tantalum, m would approach the 
value two approximately 5 Mev above the (y,2m) 
threshold and remain at this value until the (y,3mn) 
threshold was reached. Both the data of Hanson and 
Whalin™ and that of Carver, Edge, and Lokan” indi- 
cate that m approaches a value of about 1.7. These 
data indicate that for energies above the peak of the 
giant resonance a rather large portion of the photons 
absorbed by the tantalum nucleus go into the produc- 
tion of “fast neutrons.” The fraction of “fast neutrons” 
produced by photons in the 14- to 16-Mev range as 
given by the cross sections found by Carver and 
Turchinetz!* is in good agreement with the fraction 





m 


18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 379. 

44 E. A. Whalin and A. O. Hanson, Phys. Rev. 89, 324 (1953). 

16 Carver, Edge, and Lokan, Proc. Phys. Soc. (London) A790, 
415 (1957). 

16 J. H. Carver and W. Turchinetz, Proc. Phys. Soc. (London) 
71, 613 (1958). Their original data did not show any indication of 
two peaks in the total neutron cross section for tantalum. Recent 
measurements by Carver and Turchinetz [Photonuclear Con- 
ference, Washington, D. C., April 30 and May 1, 1958 (unpub- 
lished rt)] have shown that the total neutron cross section 
for tantalum is split into two peaks, 
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given by Bertozzi"’ as a result of his measurements of 
the photoneutron spectra produced by photons in this 
energy range. 

The tantalum data from this experiment were cor- 
rected for the neutron multiplicity by using a function 
that was calculated from the cross section given by 
Carver and Turchinetz. This function, labeled C+-T in 
Fig. 4, is just the reciprocal of the neutron multiplicity 
defined by Eq. (4). The curve labeled B is that obtained 
using the expression for the (y,2m) cross section given 
by Blatt and Weisskopf. Curve A is a guess as to what 
an extreme limit might be for this function on the high 
side of the curve calculated from the data of Carver 
and Turchinetz. For gold and terbium it was assumed 
that the neutron multiplicity was the same function 
of the energy above the (y,2m) threshold as it was in 
the case of tantalum. The (y,2m) thresholds used were 
calculated from the empirical mass equation of Levy.'* 
These thresholds are given in Table I. 


5. DISCUSSION OF THE RESULTS 
The data given in Figs. 1 to 3 and Figs. 5 to 7 indicate 
that, in agreement with the predictions of Okamoto* 
and Danos,‘ the giant resonances for the highly de- 
formed nuclei, terbium and tantalum, are split into two 
peaks. Danos® has shown that on a simple hydro- 
dynamical model of the nucleus, it should be possible 


OF GIANT 
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to fit these giant resonances by the superposition of two 
Lorentz shape “resonance lines,”’ i.e., a cross section 
given by an expression of the form: 


Oa ut) 
sistas — ad — d 
1+[((£°—E,*)/El.}? 1+[(£?—£;)/ETs}? 





For a nucleus that is a prolate spheroid the area under 
the high-energy line should be approximately twice the 
area under the low-energy line.® 

The smooth curves drawn in Figs. 5 to 7 are “‘best 
fits by eye” to the experimental data made with the 
aid of an analog computer set up to plot the super- 
position of two Lorentz lines. In making these fits, an 
approximate (within 10%) two-to-one area ratio was 
imposed on the two resonance lines. In the case of 
terbium, little can be said about the fit as a result of 
the poor statistics. In the case of tantalum, it was not 
possible to maintain the two-to-one area ratio and at 
the same time fit the experimental data below the 
(y,2n) threshold if the neutron multiplicity given by 
the data of Carver and Turchinetz was used. The 
curve given in Fig. 6 comes closest to agreeing with this 
multiplicity and at the same time maintaining the two- 
to-one ratio. In the case of gold, a considerably better 
fit was obtained to the experimental points, particularly 
in the region of the peak and leading edge of the reso- 
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Fic, 5. Neutron cross section for terbium. Circles and triangles represent independent determinations of the cross section from the 
original data. Errors represent standard deviations based on the statistical uncertainties (4/m) in the original activation curve data. The 


cross section plotted is ¢,=0(y,n)+o(y,2n)+o(y,pn)+--- 
using Eq. (5). 


The smooth curve is calculated from the parameters given in Table I by 


17 W. Bertozzi, Ph.D. thesis, Massachusetts Institute of Technology, 1958 (unpublished); Bertozzi, Paolini, and Sargent, Phys. Rev. 


110, 790 (1958). 
18H. B. Levy, Phys. Rev. 106, 1265 (1957), 
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Fic. 6. Neutron cross section for tantalum. See Fig. 5 for description. Circles, triangles, and alternate dots represent four independent 
determinations of the cross section from the original activation curve. The correction for neutron multiplicity required to bring the 
experimental points down to the smooth curve in the region from 14 to 16 Mev would probably be within the limits of errors on the 
cross sections given by Carver and Turchinetz (reference 16). The open squares and closed squares correspond to the limiting positions 
of the experimental points based on curves A and B given in Fig. 4. 


nance, if a superposition of two Lorentz lines was used If the two-to-one condition on the areas under the 
to fit the data rather than a single broader line. The two Lorentz lines is relaxed and the neutron multiplicity 
parameters for the curves plotted in Figs. 5 to 7 are _ is allowed to range between the A and B limits given in 
given in Table I. Fig. 4, the tantalum data can be fitted with two Lorentz 
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Fic. 7. Neutron cross section for gold. See Fig. 5 for description. 
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TABLE II. Integral cross sections. 


Tb Tas 


TABLE III. Intrinsic quadrupole moments, in barns. 


Tb'# Au? 





1.30 


1.27 
2.00 
1.27 


A So ndE/0.06NZ 
SodE/ fodE 
A So" (Ga+00)dE/0.06NZ 


lines having a rather large range of parameters. Only 
the energies of the two lines remain rather well deter- 
mined. Fits can be obtained to the data with the ratio 
of the areas under the two peaks ranging anywhere 
from 1.8 to 3.0. The ratio of the energies of the two 
resonances, however, ranged only from 1.24 to 1.26. 
Unless very extreme assumptions are made about the 
neutron multiplicity for tantalum, it is not possible to 
obtain a fit to the data given in Fig. 6 with two Lorentz 
lines for which the area under the lower energy peak is 
twice that under the high-energy peak. This is the 
condition which would have to be fulfilled on the hydro- 
dynamical model if the tantalum nucleus were an 
oblate spheroid. 

The areas under the various curves in Figs. 5 to 7 
are given in Table II. These areas are all expressed in 
units of the integrated absorption cross section given 
by the dipole sum rule for ordinary forces. In this table 
JSJv*o,dE is the integral of the actual experimentally 
determined cross section as plotted in Figs. 5 to 7. The 
statistical uncertainty in these areas is less than 2%. 
There is, however, an uncertainty of about 10% in 
these areas resulting from the uncertainty in the cor- 
rection made for the neutron multiplicity. In addition, 
there is a possible error of another 10% resulting from 
the absolute determination of the efficiency of the 
neutron detector and the absolute response of the 
bremsstrahlung monitor. These areas, therefore, are 
not considered to be known to better than 15%. 

Also given in Table II are the ratios of the areas 
under the two Lorentz lines used to fit the experi- 
mental data, and the total area under these two lines, 
Se? (cator)dE. These latter areas are either the same 
or less than the areas under the experimental points. 
This probably results io some extent from the use of a 
wrong neutron »-<iltiplicity in correcting the experi- 
mental data. T+. is, however, also some indication 
that there is absorption at energies above 16 Mev 
which, on the basis of a hydrodynamical model, would 
be associated with modes of the nucleus other than 
those associated with the giant resonance. 

The intrinsic quadrupole moment of the nucleus is 
related to X, the ratio of the major to minor axes of 
the nucleus, by the expression 


Qo= $Z (a?— b*) = 4ZRy?A1(X?—1)/X4, (6) 


1.06+0.03 
1.6 +0.6 
2.6> 


1.25+0.01 
5.7 +0.3 
6.8" 


1.30+0.05 
5.6 +0.6 
6 98 


B,/Es 
Qo(Ro= 1.09X 10- cm) 
Qo (Coulomb excitation) 


*® Adler, Bohr, Huus, Mottelson, and Winter, Revs. Modern Phys. 28, 


432 (1956). 
>’ P. H. Stelson and F, K. McGowan, Phys. Rev. 99, 112 (1955). 


where Ro is the constant in the expression for the 
nuclear radius, R= RoA!. Danos® has shown that the 
ratio of the two resonance energies, E, and &, is 
related to X by 


Ey/Eq=0.911X+0.089. (7) 


Using these expressions and the energies given in 
Table I, the intrinsic quadrupole moments of these 
three nuclei have been calculated. These moments are 
compared with the values obtained from Coulomb 
excitation in Table III. The two determinations agree 
within the errors of the measurements. The errors given 
for the ratio of the resonance energies for each nucleus 
are estimated on the basis of the various fits that 
could be obtained to the data given in Figs. 5 to 7 
when an approximate two-to-one ratio was required 
for the area under the high-energy line to that under the 
low-energy one. 

The extension of the simple classical hydrodynamical 
model of the nucleus as made by Danos to describe the 
nuclear photoeffect has given a good description of 
both the shape of the giant resonance and the relation 
of the splitting of the resonance to the intrinsic 
quadrupole moment of the deformed nucleus. A splitting 
of the giant resonance for a deformed nucleus would 
also be expected to result from a shell-model calcu- 
lation. Brink” has shown that a consistent shell-model 
calculation of the photoeffect should give the same 
result as the hydrodynamic model. Such a calculation 
has not yet been carried out. Those calculations which 
have been made with shell-model wave functions” have 
not been successful in predicting the shape of the giant 
resonance. 
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Sum rules are constructed for the analysis of inelastic electron scattering at high energy (~150 Mev) 
from light nuclei. Effects taken into account are: nucleon charge, recoil, and magnetic-moment currents; 
exchange currents; finite nucleon size; nuclear center-of-mass motion ; and the kinematical factors describing 
the correct relation between initia! and final electron energies, the scattering angle, and the nuclear excitation 
energy. It appears that a sensitive test of the role of exchange currents in the nuclear ground state is pro- 
vided by a sum rule for the energy-weighted cross section for fixed-momentum transfer: 


cEg= 


eo (€,q)de. 


1q| =const 





I. INTRODUCTION 


HIS paper describes the construction of sum 

rules for the analysis of inelastic scattering of 
high-energy electrons from light nuclei. Sum rules, 
rather than detailed inelastic spectrum calculations, 
are valuable because they do not require knowledge of 
the much too complicated final-state wave functions 
for excited nuclear systems. The purpose of such sum 
rules is to provide information about the nuclear 
Hamiltonian and the structure of the ground state 
beyond the static charge distributions, as determined by 
elastic scattering. In particular, one may inquire into 
the role of charge exchange forces which give rise to 
exchange currents, of finite size of the elementary 
nucleons, and of internucleon correlations in the ground 
state. 

The original dipole sum rule of Thomas, Reiche, and 
Kuhn! for the absorption of light by atoms was ex- 
tended by Heisenberg’ in 1931, to include effects of 
retardation and indistinguishability of the atomic elec- 
trons in atomic x-ray studies. His result, expressed as a 
ratio of the total cross section for absorption of x-rays 
of momentum #q by an atom of atomic number Z to 
the single-particle cross section, is Z7+Z(Z—1) fo, where 


fam f lates oe Tz) |*e!4: (1-12) d7,- ° -drz (1) 


is the form factor for two-body correlations and 
corresponds to the square of the elastic scattering (i.e., 
one-body) form factor in the approximation of single- 
particle wave functions (not antisymmetrized). Feenberg 
and Siegert* first pointed out that exchange currents 
arising from charge exchange forces, which may 
be operating to bind the nuclear ground state, will 
modify the sum rule, Eq. (1), for the nuclear photo- 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

1 W. Kuhn, Z. Physik 33, 408 (1925); F. Reiche and W. Thomas, 
Z. Physik 34, 510 (1925). 

2 W. Heisenberg, Physik. Z. 32, 737 (1931). 

3E. Feenberg, Phys. Rev. 49, 328 (1936); A. J. F. Siegert, 
Phys. Rev. 52, 787 (1937). 


effect. Starting with the work of Levinger and Bethe 
in 1950, these modifications have been studied exten- 
sively in recent years with the aim of tying down the 
role of exchange forces by their contribution to the 
observed photoeffect in light nuclei. 

In extending sum rules to apply to the case of elec- 
tron-nuclear scattering, it is again of interest to see 
what can be learned about exchange forces and two- 
body correlations. The electron and photonuclear inter- 
actions differ in two principal features: (1) the Méller 
potentials for the electron interaction contain important 
scalar and longitudinal components in addition to the 
transverse parts operating in the photo process; (2) the 
possibility of precise measurements with monoenergetic 
electron beams means not only a more accurate com- 
parison of calculations with experiments, but also a 
greater flexibility in the type of sum rules which can be 
constructed and studied. An approximate ratio of the 
form (1) can also be written for total electron cross 
sections taking into account only the Coulomb inter- 
action with each nuclear particle. The four main correc- 
tions to this result which will be analyzed in this paper 
are (a) contributions from recoil and spin currents of 
the nucleons, (b) contributions from exchange currents 
arising in connection with charge exchange forces 
operating in nuclei, (c) kinematical corrections which 
arise from use of the energy and momentum conserva- 
tion laws to relate the momentum transferred by the 
electron to the energy of the final nuclear states, and 
(d) corrections resulting fru’ ~ the finite extension of the 
nucleon charge and current distributions. 

In this work, we limit our considerations to light 
nuclei (Z<8) so that the interaction with the electron 
may be accurately treated in the first Born approxima- 
tion. A correct treatment of the nuclear center-of-mass 
motion is thus important, and this will be given, using 
the method of Gartenhaus and Schwartz.° This correc- 
tion is of interest in relating the two-body correlation 
function, such as given in Eq. (1), with the elastic 


4]. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
5S. Gartenhaus and C. L. Schwartz, Phys. Rev. 108, 482 (1957), 
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scattering form factor 


fam f Wales ‘ -ra)|? 
XexpLiq:(m—A De ri) |Jdr,-+-dra, (2) 


when shell-model wave functions are used. 

Typical experimental conditions of interest here 
correspond to momentum transfers |q|<200 Mev/c, 
giving nucleon recoil velocities »/c<1/5. We put 200 
Mev/c as an upper limit on our considerations because 
our extensive ignorance of the relativistic many-body 
problem restricts us to a nonrelativistic one-time de- 
scription of the nuclear system as a collection of “Pauli” 
particles with static interaction potentials. This means 
that we include corrections to the interaction currents 
which are related by the continuity equation, 


divj+ (i/h)[H,p ]=0, (3) 


to the appearance of charge exchange potentials in the 
nuclear Hamiltonian; but we ignore those meson 
resonance effects which are known to be of major 
importance for the nuclear photoprocesses at energies 
= 100 Mev. 

Because we limit our considerations to |q|<200 
Mev/c, charge and single-particle magnetic moment 
scattering are the dominant contributions to the total 
cross sections for incident electrons. The resulting sum 
rule for fixed angle of electron scattering is insensitive to 
exchange current contributions, and the two-body cor- 
relation function fin Eq. (1) is pretty well tied down by 
the two requirements that Wo give the observed charge 
density, and that the exclusion principle be considered. 
Quantitative results aré presented in Sec. III and the 
above given conclusion is the same whether we con- 
sider the low-resolution experiment which accepts elec- 
trons of all energies at a given scattering angle or the 
high-resolution experiment which selects both angle and 
final energy so as to keep the momentum transfer 
constant. 

However, it appears that a sensitive test of the role of 
exchange currents in the nuclear ground state is pro- 
vided by a sum rule for the energy-weighted cross 


section 
oe= f eo(e,q)de, 
|q| =const 


where ¢ is the energy of each final nuclear state (relative 
to its center-of-mass) and the momentum transfer | q| is 
held constant. In Sec. IV it is shown that the exchange 
currents contribute as much as 40% of ox for Rosen- 
feld-type forces. 

The relative importance of the contribution of the 
exchange currents to og may be understood as follows. 
Notice that og weights against the elastic in favor of the 
inelastic scattering, and recall from Eq. (3) that the 
exchange currents contribute, in Born approximation, 


(3’) 
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through what may be described as an oscillating com- 
ponent of the charge distribution of the nucleus, which 
exchanges energy with the scattering electron. 


II. FORMAL DEVELOPMENT 


In this section we construct a sum rule for the total 
cross section, /dk;(d’c/dQdk;), for an electron to be 
scattered into a given solid angle dQ by a nucleus of 
charge Ze. The electron is treated in Born approxima- 
tion and the relevant matrix element is 


(M.E.) o= f d‘x(f\T',(x)|0)j,(g)e**2/q, (4a) 


where j,(g)=(a(ky) |v! «(Ro)) is the electron current 
corresponding to a four-momentum transfer g’?= (AF)? 
—q-q; d=u'B, y,= (8,8a), and (f|T',(«)|0) expresses 
the nuclear transition current densities at x which we 
take of the following form: 


(f (x) |0)= fas --d 04 ¥;(x1,° ‘ *¥4) 


A 
XL DL pit(x— x) 2 (t)o(a1,---44). (4b) 
a i=l 
In Eq. (4b) the index a labels the several types of 
current interactions, such as charge, magnetic moment, 
and exchange, with p*%(a—x,) the invariant density 
function for the electromagnetic interactions of the 
ith-bound nucleon. As a consequence of the assumed 
one-particle coordinate dependence of the densities 
p%, the matrix element Eq. (4a) becomes 


ju(Q) 
> Fe flP ae @e**|0), (5) 


Le 
rs. 8 


jalg= fats pi*(x)ete-? 


the form factor corresponding to the four-momentum 
transfer q’.® 

Reducing to a one-time description of the nuclear 
particles, we obtain finally, 


(M.E.) s0=6(Energy) » 3 (dr) oft (n,: , Ta) 
tes owe 


6 The general current operator deduced from a field-theoretic 
analysis of the many-body problem in quantum field theory has 
terms whose coordinate dependence cannot be expressed simply 
by the invariant («—<;)*. Crossed diagram corrections to the 
ladder approximation to the Bethe-Salpeter equation for the 
two-body problem give rise to such terms. They may depend on 
the four-momentum transfer to various nucleons which ~g* for 
inelastic processes. This uncertainty as to general form-factor 
arguments is wate at in the energy regions to which we limit 
out discussions. This is because (f;*)* lies within 20% of unity 
and the peak of the inelastic cross section corresponds closely to a 
direct ejection of a single target nucleon. 


XK eA sT (7) go(t,* + ta) 


(6) 
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where ¢(f---1r4) represents a space wave function for 
A particles multiplied by A two-component Pauli 
spinors, appropriately antisymmetrized. Kinematical 
errors introduced by a nonrelativistic description of the 
nucleon motion are ~q?/M?<5% for the energy range 
considered here. There are also dynamical corrections 
of this same order to the single-nucleon current operator 
as is evident when the scattering of electrons by Dirac 
protons with added anomalous moment, as calculated 
by Rosenbluth, is compared with the analogous result 
for a Pauli proton. The form factors in Eq. (6) will be 
taken to be the same as those measured by Hofstadter’ 
and collaborators for free nucleons. The best argument 
for this assumption is the observed absence of magnetic 
moment quenching in nuclei.* 

There is no real meson production to states which 
can be reached at these energies, and in order to specify 
the current operator I',*(7) one assumes that all mani- 
festations of the meson cloud not contained in the free 
nucleon’s anomalous moment and form factors, can be 
summarized in static binding potentials. The nuclear 





(M.E.)so>=6(Energy) Myo ; 


wn (A)E 
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The first thing which we do here is to extract the state- 
ment of momentum conservation from Eq. (8). This 
we shall do according to the method of Gartenhaus and 
Schwartz® in order to keep the interaction terms sym- 
metrical in all the nuclear particles. The result of the 
Gartenhaus-Schwartz transformation is that the coordi- 
nates r; in Eq. (8) are replaced by o;=1r,—R, with 
R=(1/A)>-;1r;, and momentum operators p; by 
==pi—(1/A)P, with P=>°;p;. The added terms 
generally contribute 1/A corrections and will be kept 
only as they appear in the leading terms of all subse- 
quent calculations. 

We next construct measurable cross sections from 
this matrix element which do not require any state- 
ments about the excited nuclear states, g;. The sim- 
plest problem from the experimental point of view is 
the low-resolution total cross section (elastic plus 
inelastic) for electrons of all energies emerging into a 
given solid angle d2. To simplify the development, 
consider first just the first term in Eq. (8) corresponding 


7 Hofstadter, Bumiller, and Yearian, Revs. Modern Phys. 
(to be published). 

®R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 

*R. G. Sachs, Phys. Rev. 74, 433 (1948). 

1 A common form factor f is consistent with present data: p;(x) 


= $e(1+ra:)o(x)=eo(x), ws (x) =e[4(1 +725) +072: Jo(x) =nsp(z). 
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Hamiltonian is thus written as 


p? 
Bez, rae Voli, N+L ti-25V-(i,j). (7) 


i<7 <<) 


The presence of the charge exchange interaction V , gives 
rise to the so-called “gauge-currents,”’ which have been 
discussed extensively by Sachs’ in terms of line integrals. 
Their presence is required to maintain the continuity 
equation. There is no unique treatment of these path- 
dependent line currents since only the divergence of the 
current is fixed by the continuity equation. For sim- 
plicity, we shall use straight-line integrals in discussing 
these terms. The uncertainty due to these terms is quite 
small because the over-all contribution of the gauge 
currents is small. However, we shall see that the charge 
exchange forces give rise to important and uniquely 
specified contributions to the energy-weighted cross 
sections. 

With these assumptions, Eqs. (6) and (7) combine 
to give as the scattering matrix element” 


for dra of" (ty a) (ws) ae) se **— (a) |e wb) 


7(%) 


(pie'e-t'+-e'* tip, )e,/2M+ie;X qe u;/2M+2e YS (4;X af ds V,(r;;) exptia's)|| 


(8) 


x ¢o(T1,° Be ra). 





to the Coulomb interaction. The cross section is 
a dQy= anda, frre 5(Energy) | Myo! ‘), (9) 
f 


where >, denotes the sum over final nuclear states and 
( ) indicates sum over final and average over initial elec- 
tron spins. In the closure approximation this reduces to 





é cos*(6/2) dQ, = 


o AQy= : Pq 
4h? sin*(8/2) 1+(2ko/AM) sin®(6/2) 


1 Sp 
x- fener > (1t+e@-ko)e; 
4 1+ cos@ a 


Xexp[—iq: 9; ](1+a-ky)e; expliq: 9; ]¢o 
=oof(q) FM, (10) 
with 


e* cos*(@/2) 2ko c 
[1+ sn 0/2) ; 
AM 


Dyas meearscinsonen 
4k? sin*(6/2) 


§=Z+2(Z-1) f (dr) po* expLiq: (e:—0:) Ivo. 
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This result is the usual sum rule, Eq. (1), due to Heisen- 
berg. (Note that the center-of-mass corrections drop 
out.) 

The matrix elements in Eq. (9) contain several factors 
which vary with the final-state energy and, in the above 
closure calculation, these have been treated as con- 
stants. These factors are (a) the momentum transfer q 
which is related to the nuclear excitation, ¢«, by the 
energy conservation relation 


ko=ky+|q\?/2AM+e, 


q=k,— ky; we 
=K;— Ko; 


(b) the volume in phase space available to the scattered 
electron 


dky 
kf ; 
d(ky+e— kot | q | 2/2A M) 





and (c) the nucleon form factor 
f(Q=z1+4 Xr’). 


Equation (10) is usually applied with factors (a), (b), 
and (c) evaluated for zero nuclear excitation (e=0) and 
it is one of our first tasks to evaluate ¢ corrections to this 
sum rule. We treat these corrections by expanding 
those factors which depend on the final nuclear excita- 
tion energy in a power series about «=0, keeping terms 
through second order in ¢/ko. To estimate the accuracy 
of this expansion, we note that the most probable value 
of ¢ is approximately that for single particle ejection 
from the nucleus; viz., 


ém.p.+ |q|?/2AMS|q|?/2M, 


€m.p. = (|q|?/2M)(1—1/A)=20 Mev 


for ko= 150 Mev, and 6=7/2. 

We remark here that an accurate e/ko expansion 
limits the electron energy from below while ignorance of 
mesonic and relativistic effects limits it from above. 
Physically, the region of electron energies is bounded 
by the requirement that a complete set of nuclear states 
be energetically available to the target system. This 
will not be the case for too low an incident electron 
energy. For too high an electron energy Eq. (7) will be 
an inadequate approximation to the nuclear Hamil- 
tonian since dynamical effects of meson production by 
the electron current, which are here neglected, become 
appreciable. 

The following relations, 

(gy| €"2| go) = (¢s| e”"[H,2]| go), (12) 


can then be used to remove ¢ from the matrix element 
and permit thereby the closure sum to be effected. 
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The Hamiltonian commutators which are introduced 
in this way carry interesting information about the 
nuclear forces since one may be taking derivatives of 
potentials, or picking out the e- or «-dependent parts 
of the interaction. In the present approach to a low- 
resolution sum rule these terms show up only as small 
corrections to the total cross section. In Sec. IV we 
shall design a sum rule, Eq. (3’), for oz with the aim 
of emphasizing these commutator terms. 

The measurement of oz poses an additional experi- 
mental problem in that high-resolution studies are 
required to construct the weighted sum. In high- 
resolution work the experimental advantage of electro- 
disintegration (over photo-disintegration) comes out 
most strongly. The possibility of high-resolution experi- 
ments suggests a further constraint in the computation 
of og from measured inelastic spectra which will greatly 
simplify the theoretical analysis. This is to keep the 
momentum transfer | q)| fixed, instead of the scattering 
angle, by adding cross sections for different scattering 
angles and final electron energies, as related by the 
conservation laws Eq. (11) for constant |q|. As is 
evident from Eqs. (8) and (11), a constant |q| cross 
section is the natural one for study since the exponen- 
tial factors need not be expanded about e=0 in its 
construction. 

With this in mind, we proceed now to a calculation of 
the low-resolution cross-section sum rule. 


III. CALCULATION OF LOW-RESOLUTION 
CROSS SECTION 


First, we carry out the expansion of the q-dependent 
terms in the matrix element (8) about their e=0 value, 
reduce the « dependence with relations (12) and carry 
out the closure sum. We again, for illustrative purposes, 
confine our remarks to the Coulomb matrix element. 
Their extension to the current interactions is straight- 
forward and will be indicated at the end of this section. 

Using the kinematical relations (11) and denoting by 
qo the value of the momentum transfer q corresponding 
to e=0, we have 


k?/(q?)?=[4ko sin2(0/2) }?, (13) 


dk; 
d(ky+e— ko+ | q?| 


1+¢/AM+0(é/A2M?) 
24M) 1+(2ko/AM) sin2(6/2)’ 
(14) 








exp(iq: o:) =exp(— eky- Vao) exp(iqo: 0:) 
~[1+iek;- 9:—42(by- 0,)"] exp(iqo- 0), 
S(MQ=AFEP?)=1— Fqe'(r*)(1— €/ho). 


Inserting these into (8) and (9) we find (for the Cou- 
lomb interaction) 
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x f anes dX te: exp(tqo- o.), LH, ¢; exp(—iqo- 05) }} go 


1 
+5 fererd [es exp(iqo-:), {H, esky- 9; exp(—iqo- 95) ]} vo 


1 
ro fe go* > (ky Vao)*LH, e; exp(iqo- 0:) LH, e; exp(—iqo-9;) ]¢0 


+2 f (ar)os" : (H, hy Vaqoe: exp(igo-o:) LH, hy Vave; exp(—iqo° 0) ]¢0 ’ (15) 
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through terms of order indicated in the above expan- 
‘ sions. With the Hamiltonian (7) the commutators 
linear in H are evaluated directly to be 


X Le: exp(iqo-g:), {H, ¢; exp(—iqo-9;) ]} 
2 


qe ad 
=Ze— 
At aE ng AM 
— De V,(ij)[1—exp(iqo-0:;) | 


X (*5°4;- T3735); 


exp(7qo° 0:;) 


1 
: Zo Ce: exp(igqo-o.:), {H, ky- ose; exp(—iqo-e,) )} 


2ko sin?(6/2) 1 
ze 1) 
M A 


5 RY 
x(1- r exp( iu) ) 


Z(Z— 1) go 
: nd 4° Vao exp(tqo- 9:5) 


_yy 


ixj 


~ expliqo- 9::) V-(if) 


X (ti°4j;—7ai73j)}  O=Oi—Oj=Ki—1;. (16) 
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where ( ) denotes ground-state expectation value. 
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— thy Vao » (V (ij) exp(iqo: gis) (44° 45— 





We notice the appearance in the above of 1/A recoil 
terms expressing the interparticle correlation, for i# j, 
through the center-of-mass motion. In the calculation 
of the commutators involving H to the second power 
the cross i~ j terms become very complicated. Hence, 
we shall keep for consideration only the one-particle 
terms (i=/) in the second-order correction to the 
exponential (14). We shall show that these contribute 
negligibly. 

With this simplification, the last two lines of Eq. (15) 
become 


1 
| f ener Xe; exp(iqo- 9s) 
x {hy 0:, (A, by- x J} ex exp(—iqo- 9.) 0 


Z 
or J anever exp(iqo- o:)H exp(— igo: 9) 


At) Zek? 
~ sin?(6/2), 


—3Z. e—— — 


where (7) represents the average ground-state kinetic 
energy per nucleon, and the first term is worked 
out in (16). 

It is at any point near here that the theoretical 
preference for constant |q| cross section is most 
evident. Collecting these results the Coulomb contribu- 
tion to the total cross section is 


, (exp(tqo- a) 


r 
a ) ate 1)(exp(iqo: 9:;)) 


0 - 


—1) gi 
Pr + Vao(exp(iqo- g:;)) 


tsi73j)){, (17) 
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Before proceeding to the current terms, let us es- 
tablish the order of magnitude of the correction terms 
in the above formula by evaluating them for the par- 
ticular case of electron scattering from deuterons. 
In this example $= 1 and the various kinematic correc- 
tions in the above serve to increase the cross section 
by 2% when evaluated for 90° scattering of 140-Mev 
incident electrons. In the evaluation of this number, a 
Rosenfeld force is assumed to operate between the 
nucleons of the deuteron, and a Hulthén wave function 
is used to describe the ground state of the deuteron. 
The correction decreases to ~0% if the binding forces 
are assumed to have no isotopic spin dependence. 
For the deuteron, we have also calculated the two-body 
correlation terms in the second-order commutators of H 
which were neglected according to the discussion below 
Eq. (16), and found them to contribute <1%. 

Additional contributions to the sum rule for the total 
differential cross section come from the interaction of 
the electron with the currents of the nucleons. The 
contributions of the recoil and spin currents are 
calculated explicitly for the deuteron in the work 
of Jankus.” Our considerations here then provide a 
measure of the gauge current and kinematic corrections 
to Jankus’ sum rule. In view of the smallness of 
the correction terms in (17), we confine our analysis 
of them here to the deuteron. We find, using the 
same methods as applied in the discussion of charge 
scattering, that the phase space, kinematical, and 
gauge current corrections are negligible and add up to 
<1% for the previous physical parameters of 140-Mev 
incident electrons scattered by deuterons through 90°. 
The electron-deuteron sum rule reads finally 


o dQy = oof? (qo)dQy 
qo 
x(14 +02 sec?(@/2)—1} 
4M 


1(T) qo 
x{- —+—(u,’+u,”) 
3M 4M 
2 qe . v 
+ ayntexp(iaw-e)) +), (18) 





Fic. 1. Vector diagram relating incident electron momentum ko, 
final electron momentum ky, momentum transfer q, and scattering 
angle 0. 


"L. Rosenfeld, Nuclear Forces (North-Holland Publishing 
ng + Amsterdam, 1948), p. 234. 
2 V, Jankus, Phys. Rev. 102, 1586 (1956). 
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Fic. 2. Vector diagram for fixed |q! and fixed ho. 


where X contains all correction terms to the Jankus 
result due to use of proper kinematics and due to gauge 
currents, and provides a correction of less than 3% in 
the energy range under discussion here. We display X 
in Appendix A. With neglect of the correction term X 
the sum rule for a light nucleus of Z protons and 
N=A-—Z neutrons reads 


Zq0 
oof? (goat, F-+——+ {2 sec?(0/2)—1} 
2AM? 


a A qo 
|= Ar) + (2a Nae! 
3AM 4M? 


1 
v Ricks (O4° 0 jMigt; exp(iav-e.))])). (19) 


iA7 


In concluding this section, we remark that low- 
resolution studies in this intermediate energy region 
do not promise to provide any new nuclear information. 


IV. HIGH-RESOLUTION STUDIES 


With the dual aim of constructing a sum rule which 
contains information on the structure of the nuclear 
ground state, and which avoids the complications 
encountered in the previous section when we had to 
expand exp(iq:o,;) about the elastic q value, we focus 
our attention on high-resolution cross sections. To 
this end, we consider cross sections summed in such a 
way that the momentum transferred by the electron is 
held constant. For a fixed incident electron momentum 
ko, the final momentum and scattering angle @ in the 
laboratory system are related by k;=ko+q as shown in 
the vector diagram, Fig. 1. In order to establish a sum 
rule for fixed | q| we shall consider cross sections for these 
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angles @ and energies ky for which q maps out a circle, 
Fig. 2. In Fig. 2, the smallest 6=6, for fixed |q| value 
corresponds to elastic scattering and the larger angles 
to smaller k; values and inelastic scattering. 

We construct the sum for the total cross section at 
constant g in the form 


do 
fa, Wei 
dQ dk; 


where the weighting factor is 


W =o’ (0,k0,ky) f2(q), 


(20) 


‘ (21) 
with 


e* cos*(@/2) 1 
ao (8,ko,k;) se pei ae oa ; ’ 
4k? sin*(@/2) 1+(ky— ko cos@)/AM 





and serves to remove the phase-space and form-factor 
_ dependence on the inelasticity € as expressed in (14) 
from the final-state sum in order to allow closure. W is 
known as a function of scattering angle 6 for fixed | q| 
through the kinematic relations (11), 


cosé= (kP?-+ke?— | q|*)/2kyko, 


lel2/ (22) 
e=ko—k;s— |q 2/2AM. 


Here the incident electron energy ko is kept fixed. The 
more general case in which both ko and ky are varied 
with constant |q! is discussed in Appendix B. 

The experimental total cross section corresponding 
to this sum rule is constructed as follows. First values 
for ko and g are specified. Then for each value of k;, the 
corresponding scattering angle 6 is determined from 
(22) and the experimental differential cross section 
@a/dk;dQ; is measured for each pair ky, 86. The weight- 
ing factor W(6,k;) is calculated by (21) and (22) for the 
same k;, 6 values and the ratio (d*a/dk;dQ;)/W is plotted 
as a function of ky. The area under this curve is the 
desired total cross section for the specified momentum 
transfer g and incident energy kp. 

The virtue of this method of constructing a high- 
resolution sum rule lies in the fact that the closure sum 
for the charge interaction terms can be effected directly 
with no expansions since the ¢ dependence has been 
completely removed from them for fixed g. The current 
interactions, which are smaller than the leading order 
charge terms in the energy range considered here, vary 
with the scattering angle for fixed g. The expansion of 
the scattering angle about the value of @ corresponding 
to e=0 corresponds here to the g expansion of the low- 
resolution studies. However, now the correction terms 
appear only for the current interactions and not for 
the dominant charge terms. This is because we have 
kept g constant whereas the current interactions de- 
pend on the direction as well as magnitude of q. If 
we replace the actual angular dependence by its value 
at elastic scattering, the closure result follows from our 
calculations of the preceding section and is given by 
1/oof?(g) XEq. (19) with X-0 and with the angular 
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factor given by (q?=|q|?) 
2 sec?(6/2)—1 
3—cos# 3—(1—¢°/2hk’) 
~ Leos 1+ (1—¢/2ke) 





=3Y(q,ko) (23) 


to leading order. Y remains close to unity for scattering 
angles near 90°. The correction terms of order (€/ko) to 
Y can be handled by expansion as in the previous 
section, but they provide small corrections to terms 
that are already small for the range of physical param- 
eters under discussion here. One can actually avoid 
this expansion by considering an experimental program 
which varies both incident and final energies, ky and 
ky, in such a way as to keep both scattering angle @ 
and q, and hence Y, fixed; this method is discussed in 
Appendix B. 

Whereas the high-resolution sum rule for constant g 
appears to be the more natural sum rule on theoretical 
grounds of simplicity than the low-resolution one for 
constant scattering angle, it contains little nuclear 
information of interest. As applied to the deuteron, 
the structure of the ground state manifests itself 
only through the average kinetic energy in the term 
((T)/M)Y, and through the spin correlation term 
(q?/2M)um.(exp(iq-o)). The first of these terms gives 
rise to a contribution of 3% in comparison with the 
leading-order charge scattering for (7)=30 Mev; and 
the second one, —5% for a Hulthén ground-state wave 
function. It is clearly then impossible to study varia- 
tions of these terms with assumed deuteron model in 
the present sum rule. For other light nuclei containing 
at least two protons, there appears in the sum rule (20) 
also a two-body charge form factor as seen in Eq. (10) 
for ¥. Whereas this term provides an important contri- 
bution to the total cross section, its actual value is quite 
well tied down by the requirement of matching the 
observed elastic form factor. This is because we are 
dealing with momentum transfers ~ 200 Mev/c corre- 
sponding to a reduced wavelength A=1/qg~10-" cm 
and it takes the higher resolving power of a shorter 
wavelength to probe variations with nuclear model of 
the two-body correlation function f2, Eq. (1), for fixed 
observed elastic scattering form factor f.i1, Eq. (2). 
We give here typical numbers for He‘ and O'*. For He‘, 
we fit the observed rms radius with a product of 
Gaussian wave functions exp(—vr’/2), so that one has 


fa=exp(—$¢°/4y), 


where the factor $=1—} is the center-of-mass cor- 
rection. Taking into account the finite proton size, 
the rms radius observed by Blankenbecler and Hof- 
stadter™ is 1.4 f [where 1 fermi(f)=10-" cm], so that 
y= (9/8) (1/<r?)) =0.57 X 10° cm and f2=exp(—¢/2y) 
=0.41, for 90° scattering of 140-Mev electrons (¢= 200 


13 R. Blankenbecler and R. Hofstadter, Bull. Am. Phys. Soc. 
Ser. II, 1, 10 (1956). 
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Mev/c). The two-body correlation term thus con- 
tributes about 30% of the total cross section, but its 
calculated value is completely tied down at these q 
values by the elastic scattering requirement. For 
larger g values f2 begins to depend on other factors than 
fe, such as repulsive cores between pairs of particles 
for separations <}X10~", but then the over-all con- 
tribution of f. ceases to be important for these large 
q values. The upper limit of the short-range correlation 
contribution to fs is the ratio of the volume of the 
excluded region to the volume 42/3q* and this is less 
than 10% in the present case, or 3% of the total 
cross section. 

For O'*, we fit the observed rms charge radius of 
2.66 X 10- cm" with a Gaussian shell-model wave func- 
tion, obtaining for the elastic form factor'® 


fam (1d, 
and for the two-body correlation function 


fo=[1—3x+ (5/84)x2Je-*, with x=¢?/2v. 
Taking out the proton size, we have v»=0.33,X 10°* cm™. 
For the same momentum transfer of ~200 Mev/c, we 
have x=1.51 and f,=0.084, so that the two-body 
charge correlation term contributes about 37% of the 
total cross section. Although sum-rule measurements at 
these energies in O'* will be valuable as a consistency 
check on the observed elastic form factor, they do not 
appear to offer much hope of providing new clues as 
to the structure of the ground state. Interesting short- 
range internuclear correlations will show up prominently 
in fz at higher g values but then the total contribution 
of fe will be reduced relative to the single-nucleon term 
in §. Also, at higher g values, it will not be clear how to 
disentangle the various effects arising from the rela- 
tivistic motion of the nucleus. 

We turn finally to the construction of the energy- 
weighted total cross section which removes the contri- 
bution of elastic scattering from the sum rule and 
thereby emphasizes the role of the fluctuating nonstatic 
properties of the nuclear ground state relative to its 
average properties. Such a sum rule is a sensitive probe 
of the charge exchange process in nuclei since these 
give rise to oscillating contributions of the charge and 
spin densities which can take up energy from the 
scattered electron. 

The specific sum rule we construct is 


do 
ce f at,| wn ; (24) 
dQydky q=const 


14 U, Meyer-Berkhout (private communication). 

18 For the harmonic-oscillator shell model, it can be shown quite 
generally that the inclusion of the center-of-mass correction 
simply introduces the factor (1—1/A) in the Gaussian exponent 
of the elastic scattering form factor. A private discussion with 
L. Tassie has been very helpful in this matter. 
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with W defined by (21). This cross section corresponds 
to weighting the curve of the preceding high-resolution 
study by the energy of excitation of the nuclear system 
for each value of 6, ky for fixed g, as expressed in (22) 
and then computing the area under this weighted curve. 
Comparing with (15), and using (12), we have 


(¢7| Oi] ¢o)|? 


A 
=1 


Cy3= > €! 
f 


v 


= (¢0| L 0;*HO;| ¢o), (25) 
i,7 


where () indicates sum over final and average over 
initial electron spins, as in (9), as well as integration 
over nuclear coordinates, and where 


€0;= (u(hy) | u(ho) des 


Xexp(iq:- 1) — (u(k,) | «| u(Ro)) 


e; 
[ts exp(iq: 9) +exp(iq: o;) x; }— 
2M 


Te 
oe exp(iq:o;)+2e >> (*;X*:)s 


i(#i) 


xf exp(iq:s)ds vis} 
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We are once again led to the commutators of the Hamil- 
tonian which appeared in the earlier low-resolution 
calculation, (16), but now these are the main terms. 
In particular, as in (16), isotopic-spin-dependent inter- 
actions give rise to important contributions. 

We compute (25), first for the deuteron for simplicity 
in order to establish which are the large terms. Dividing 
0; into charge, moment, and recoil plus gauge current 
terms, 0;*, 0,*, 0;", respectively, we find that the major 
contributions come from the charge-charge and the 
moment-moment terms. Thus 


(¢0| 2) 2 0;°HO,*| go) 


? 


=HeulX 10%, LH, 05} |e) 


¢ 
“ae CVa(e)+V»(e) J[1—exp(iq- 9) ]| ¢o) 


vi 


for a general two-body Hamiltonian 


PP 
H= ~ = f+ Vio(p)+ *1° 22Va(p) 
4M M 


+ 1° 201° o2V4(p) +e; . o2V.(p), 
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and 


2(¢o| LD (0:"", LH,0;*]}| ¢0) 


i “v@(**) 
4M 2 


3 ¢ 
x| ~ —{1+4(eolexp(ia-e)| e)] 
42M 


+2(¢0| Va(o)[3—exp(iq- 9) ]+2V.(p) 
X[1—exp(iq-o) ]—V-(p)[1+exp(iq- e) ]| es}. 


For simplicity in writing these terms, we have replaced 
pyetu2=11.4 and —2yu,.=10.7 by 4[(g,—g,)/2F 
= 11.0; the resulting error in the final sum rule is <1% 

Before evaluating these terms further, we look at 
additional contributions to (25). The 6°6* and 6’6* 
cross terms vanish upon spin average since they form 
vectors in spin space. The charge-current cross terms 
60’ are calculated straightforwardly to give 


¢ r VatV 
PME Ansa —Ti+exp(iq- o) | 
3M* M 


4M 


g /24a:0q-% exp(iq-o)—1 
-__¢ Pi ) 
¢ 


8M? 


‘osing:‘o d 
Yeas 
d(qp) 


q'o 
wna) 
q:e 


x (Vet vi)) (26) 


In order to estimate these and succeeding minor terms 
in (25), we consider three deuteron models. Model (I) 
assumes a Hulthén ground-state function (s state only) 
and a Rosenfeld" two-body interaction of Yukawa 
spatial dependence 

er 

Vy = 41° 22(0. 1 +0.23¢; o:)—V, 
ur 


with w!=1.4f, Vo=40 Mev. Model (II) differs from 
Model (I) in that a Gaussian shape is assumed for the 


two-body interaction in order to remove the singu- 
larity of the interaction at the origin. Thus, 


Vir = 1° 22(9.1+0.23¢;- G2) exp(—0.46y?r") (0.7V 0), 


with the depth and range chosen to give the correct 
effective range for low-energy scattering, and binding 
energy. Model (III) is the Gartenhaus model" for the 
deuteron s states. 


16S. Gartenhaus, Phys. Rev. 100, 900 (1955). 
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According to all of these models (26) gives a correc- 
tion of <1% to ox. It is felt that Models (I) and (II) 
provide a liberal estimate of this contribution since the 
entire interaction is of form V, and V, in these cases, 
being «%,-%2. In the Gartenhaus potential there is a 
near cancellation’’ of V, and V». 

For simplicity, we divide the contributions of the 
current-current terms into parts due to recoil and due 
to gauge currents. The result by direct calculation of the 
Hamiltonian commutators in (25) for the recoil cur- 
rents alone is 


2M? V(t sliten\ (iq: e) ](VatVs) x? 


~[a(Vo+V.)]—[x-exp(iq-9) (Vet v)]). 


The first term of (27) can be written as (q°/4M)Y(T)/M 
and provides a ~3% correction to the sum rule. The 
appearance of second derivatives in the remaining 
terms of (27) makes their values sensitive to details 
of the shape of the wave function and potential at small 
distances. For example, in the second term of (27), we 
can replace x*/M operating on the deuteron ground 
state by —2.2 Mev—V and thereby obtain an expres- 
sion quadratic in the interaction potential. For Model 
(I), according to which lim,.o{p*°y’V?} >0, an appreci- 
able contribution to (27) results from the region of 
p—0. Setting aside the first term of (27) for the moment, 
the contribution of the remaining terms of (27) is =5% 
according to Model (I). These terms contribute neg- 
ligibly according to Models (II) and (III) which remove 
the singularity at p—0 with an assumed finite potential 
in case (II) and a “repulsive core” in the case (III). 

Similar results obtain for all contributions of the 
gauge current terms. Writing, for simplicity, the ap- 
proximate upper limit of these terms for unit deuteron 
form factor [exp(iq-e)—1 ], we have 


1 d 
vor (_| (6+4e—) (V.t+V,)? 
M d 


p 


d 2 
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+ ( Vet Vi)e—( Vet V.) 
dp 


which is again negligible for Models (II) and (III) but 
contributes ~15% due to the p—0 contributions of 
Model (I). Since we believe these terms to be of un- 
physical origin, we drop them for future discussions 
and confine our attentions to the charge and moment 
contributions plus the recoil kinetic energy term of (27). 


17. D. Drell, Phys. Rev. 100, 97 (1955) (see Fig. 2, p. 102). 
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Extending this formula to an arbitrary nucleus with 
Z=A/2, we have 


ve [2(1-) (+52) 


ae XX ((1+444- 25) exp(iq- @45)) 


8A] iA] 
ZG 3q (8—8n\* 1 f-»¢ 
+—Y— 1 os oo 
2M 8M? 2 A 8AM 4M 

§p—8n 
x(= ) eB 
ix~j 


—$> Dd (Vat Vie; o;) 25: 2; 


ix~7 
q (8—&\' 
)- (=) 
4M? 2 


XL L (Ver ef i1— 


iF) 


C5 Oj%i" 8; 


——— exp (iq: 0) 


xX [1—exp(iq: 0:5) ] 
$o,- 0; exp(iq: 045) ] 


+ Vile: t;+0;:0;— 3%: 4jO;°G; exp(iq: 9:3) ] 


+V.0;-0j[1—42;- 2; exp(ia- eu) | (29) 


For numerical results, we consider D, He‘, and O'. 
Applying (28) to the deuteron, we find that the first or 
kinematic terms are insensitive to the assumed deuteron 
model and add up to 


(14+0.39)¢2/4M, 


for scattering of 140-Mev electrons with a 190 Mev/c 
momentum transfer. Both Models (I) and (II) give 
essentially the same results for the second terms since 
the volume of the interaction is the same in these two 
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cases. In these cases the charge-exchange terms add 
0.19 (g?/4M) and the moment exchange terms 0.16 
(q?/4M). The added terms in Model (III) are —0.10 
(¢?/4M), coming mainly from the spin exchange term. 
Summarizing 


¢ 
(oz) (ox) =—(1.39+0.35), 
4M 


¢ 
(oz) 11 =—(1.39—0.10). 
4M 


These numbers are intended to indicate primarily the 
expected orders of magnitude of the exchange current 
effects on the average energy loss. Clearly inclusion of 
D-state and tensor-force terms, together with a better 
understanding of the forces and wave functions them- 
selves, are required in order to achieve a good theoretical 
number. On the other hand, it is just this sensitivity to 
the nuclear ground-state properties, as indicated in the 
above estimates, that makes cg an interesting quantity 
for experimental study.!® 

In applying (29) to He‘, we have assumed He‘ to 
consist of 4 nucleons in an s-state with central forces, 
so that (e;-0;)——1, (#;-2;)—>—1, and (e;-0;%;:4;)—> 
—3 and the average energy loss formula simplifies to 
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where 6=0.4 for Model (I), and 6=0.5 for Model (II) 
of the interaction potential, for the same g and kp values 
as above. In both cases the a-particle ground-state wave 
function is taken to be a Gaussian of observed rms 
radius 1.4 f (allowing for finite nucleon size). 

Finally, we have carried through a shell-model calcu- 
lation of these exchange contributions to og for O"* ac- 
cording to Model (II), assuming gaussian wave func- 
tions with the same exponent for both s and # shells. 
The pertinent reduction formulas are in Appendix C. 
Here, we give just the results; again for ko=140 Mev; 


18 Calculations of the photo effect sum rules by Levinger and 
collaborators [see, for example, M. L. Rustgi and J. S. Levinger, 
Phys. Rev. 106, 530 (1957) ] show a similar sensitivity to exchange 
forces which play a comparable role in the dipole sum rule fodW 
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q=190 Mev /c: 


oe=Z(1—1/A)(q¢/2M) 
x [1.02—0.03+0.30+0.03+0.20+0.01 ] 
=1.53(15¢2/4M), 


where the terms are in the order of those of (29). 


V. CONCLUSIONS 


To summarize, we have constructed sum rules for the 
analysis of inelastic scattering of high-energy electrons 
from light nuclei. Corrections to previous sum rules 
arising from nucleon recoil and spin currents, from ex- 
change currents operating in nuclei, from finite nucleon 
size and from kinematical factors have been considered. 

The analysis has been limited to light nuclei so that 
the interaction of the electron with the nucleus can be 
treated in first Born approximation.” It has also been 
limited to an energy range corresponding to momentum 
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transfers ~ 200 Mev/c in order to allow description of 
the nuclear system as a statically bound collection of 
“Pauli” nucleons.” 

This work has shown that sum rules for total cross 
sections at a fixed scattering angle (low resolution) or 
at a fixed magnitude of momentum transfer (high 
resolution) are insensitive to nuclear ground-state 
properties. However, the energy-weighted cross section 


oe-f ea (€,g)de 
q =const 


appears to provide a sensitive test of the role of ex- 
change currents in the nuclear ground state. Typical 
numbers for og have been given in Sec. IV for simple 
models of the D, He‘, and O'* where it was seen that 
exchange forces arising in the Rosenfeld model of the 
nucleon interaction increase the average energy loss by 
as much as 40%. 
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APPENDIX B 


We describe here the general form for total cross 
sections where the greatest possible use will be made of 
variation of the experimental parameters of incident 


1 Problems encountered in the construction of sum rules for 
high-energy electrons scattered by nuclei of large Z have been 
considered by W. E. Drummond using the Schiff high-energy 
approximation. See W. E. Drummond, Ph.D. thesis, Stanford 
University Physics Department, 1958 (to be published), and L. I. 
— Phys. Rev. 103, 443 (1956); Nuovo cimento 10, 1223 

1957). 


singp\ 4(ir-q) (iy: V4) 
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> M6, 


singp 
= 2 +r ¥.)(qV1(9)). 





energy ko, final energy ky, and angle of scattering @. 
It has already been indicated that one will: want to 
keep q constant; q=ky;—ko. The dependence of the 
differential cross section on all the parameters as they 
come from the Miller potential, final-state phase-space 
factors and nucleon form factors is all factored out in 
(21). We are here interested in the relative variation 


* Relativistic effects for higher energy collisions have been 
analyzed in the case of the deuteron by R. Blankenbecler, Phys 
Rev. “Til, 1684 (1958); Bull. Am. Phys. Soc. Ser. II, 2, 389 (1987). 





SUM RULES FOR 
with parameters other than |q| of the separate parts of 
the matrix element. 

We write (8) in the form 


Myo = (u (Ry) | u(ko) )O— (u(ky) | a|u(Ro)): J, 


where Q), representing the scalar part, and J, the vector 
part of the nuclear matrix element, depend on no 
parameter of the scattering other than q. 

Squaring and summing over the electron spin orienta- 
tions yields 
« «00(1-+cos6)+ (ko+ky) -(JO+0J) 

+J-J(1—} cosd)+2(ko- Iky-I—4ho-k,J-J), 

where the carets signify unit vectors. When we sum 
over the complete set of nuclear final states with any 
weighting f(e), and average over the orientations of the 


original angular momentum of the nucleus, we must 
be left with only scalar quantities. Since q is the only 


lastic 


oo 





Fic. 3, Vector diagram for fixed |q| and fixed @. 


vector in the function J, we may then make the replace- 
ments 
Jq(q:J)/q 
JJ—45-J-(qq—44-4) (a: Jq-J—39°S-J)/5(¢*)*. 


Factoring out (1+-cos#) which belongs in W, we 
finally have 


«00+ (A/q)(Qq:J+q:JQ)+J5-JY 
—$(Y—A*/¢q*) (q-Jq-J—43J-J). 


Here A= k,— ko is almost equal to ¢, the nuclear excita- 
tion, and Y is the familiar angular function (1— 4 cos@)/ 
(1+ cos). In measuring a total cross section one will 
certainly not want to keep A fixed (we have in fact 
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dropped these terms with A in our calculations as they 
are small); but we could keep Y constant and thus 
avoid the necessary approximation made in Sec. IV 
that Y was given some average value and its variation 
(for fixed ko) with e was neglected. This result is achieved 
by the simultaneous variation of ko and ky described 
by the vector diagram Fig. 3. 


APPENDIX C 


The techniques of atomic and nuclear shell-model 
spectroscopy are well known and we give here the re- 
sults for the several matrix elements in (29) for the 
1s‘, 2p" ground state of O'*, with harmonic-oscillator 
radial wave functions 


Ri,=N;, exp(—}vr’), Rep=Nopr exp(—}rr’), 
(T)= (9/8) (h?v/M). 
All the other operators can be summarized in the form 


Ld is, 


ij 

Qi2= (a+be1-o2+0%1- t2+do1- 241° t2)V (riz)eOr 
where a, b, c, and d can have any numerical value; V 
can be put equal to one, q can be put equal to zero to 
give all desired terms. Since the nucleus has no orienta- 


tion the answer cannot depend on the direction of q, 
so we can average over the angles of q, and set 


Q(r) = V(r) (singr/gr). 
For the ground state of oxygen we get 
vd 4y° “| 


2 
EE Ou)=na —A,;— —+A;— — 
xj R . 3 dv "15 dv 


x(-) J * dr exp(—*/0(0), 


Ap=93(a—w), 
A, =102a+90w, 
A= 45(a—w), 
w=b+c+3d. 
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Depolarization of Positive Muons in Condensed Matter*} 


Rosert A. Swansont 
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received June 27, 1958) 


The effects of parity nonconservation in the x-y-e decay chain are used to measure the depolarization 
of positive muons in solids and liquids. Depolarization factors are given for some 30 materials, including 
commonly used experimental media. The asymmetry coefficient a for the angular distribution of positrons 
emitted by muons from positive pions at rest is found to be 0.303+0.048. 





I. INTRODUCTION 


NE of the experiments which demonstrated 
nonconservation of parity in the r+-y*+-e+ decay 
chain also contained the first experimental evidence 
that polarized positive thuons are depolarized on coming 
to rest inside condensed matter.! It was observed that 
with a given incident beam, the polarization of muons 
at the time of decay depended critically on the medium 
in which they decayed. Concurrently it was noted? that 
such a process was to be expected from the behavior of 
positrons and protons, which are known to attach 
electrons during the slowing down process and, respec- 
tively, form positronium and atomic hydrogen. One 
might therefore expect that positive muons would form 
muonium while stopping and depolarize either by the 
hyperfine interaction or by precession of the muonium 
in fields known to exist in condensed matter. 

While the above observations showed the existence 
of muon depolarization and suggested a physical basis 
for the process, one still needed accurate measurements 
of depolarization in many substances for the following 
purposes: (a) to serve as a basis for a theoretical 
understanding of the depolarization process; (b) to 
normalize measurements in which polarized muons are 
stopped in scintillators, nuclear emulsions, and bubble 
chambers; (c) to select media in which muonium or 
other muon “compounds” may be formed; and (d) to 
determine the fundamental decay asymmetry for muons 
produced by pions decaying at rest, since this experi- 
ment must necessarily be done inside matter. 

The present investigation was undertaken with these 
aims in view. The following two sections describe the 
method and results of our measurements on muon 
depolarization ; in Sec. IV these data are applied to the 
above problems. Most of our results have already 
appeared in preliminary form.’ 

* Research supported by a joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t Based on a thesis submitted to the Faculty of the Department 
of Physics, the University of Chicago, in partial fulfillment of the 
requirements for the Ph.D. degree. 

National Science Foundation Fellow, 1956-1957. 

1Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
OL Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957); and 106, 1290 (1957). L. Landau [Nuclear Phys. 3, 127 
(1957) ] had anticipated this process. 


3V. L. Telegdi, post-deadline paper, January, 1957 Meeting of 
the American Physical Society; S. C. Wright, Proceedings of the 


Il. EXPERIMENTAL PROCEDURE 
A. Description of Method 


Parity nonconservation in the usual production and 
decay processes of the muon provides a convenient 
source of longitudinally polarized muons and an equally 
convenient means of detecting this polarization. The 
positive muons used in this experiment originate from 
the decay of pions near the cyclotron target and are 
extracted in a manner similar to that usually used for 
pions.‘ Presumably because we do not observe the 
muon decay in the rest frame of the pion which produces 
it, our muon beam has about 70% of the longitudinal 
polarization exhibited by muons from pions which 
decay at rest. We estimate this figure by comparing 
the angular distribution of decay positrons resulting 
from complete 2*-uw*t-e+ decays in nuclear emulsion® 
with the analogous distribution produced by our beam 
muons in the same material. (See IV for details.) 

The polarized muon beam is stopped in a target of 
the material being studied, and the relative polarization 
at decay is derived from the asymmetry parameter® a 
in the positron angular distribution 


W (6) = (1/42) (1— cos6), (1) 


where @ is the angle between positron direction and the 
polarization axis. As was observed in reference 1, the 
angular distribution can be measured by using a fixed 
counter and a precessing muon. Consider the distri- 
bution, in time and in a plane containing the polar- 
ization axis, of positrons emitted after a muon stops 


N(¢,t)= (1/2mr)e-"*(1—@ cos), (2) 


where 7 is the muon mean life, / is time between muon 
stop and positron emission, and ¢ is an azimuthal 


Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, Inc., New York, 1957); Swanson, 


Campbell, Garwin, Sens, Telegdi, Wright, and Yovanovitch, 
Bull. Am. Phys. Soc. Ser. II, 2, 205 (1957). 

4N. P. Campbell and R. A. Swanson (to be published). 

5A. Weissenberg and V. Smirnitsky, Nuclear Phys. 5, 33 
(1958), give a collection of recent emuision experiments. 

6In this paper a denotes the asymmetry for beam muons 
decaying in a target. It is the product of a, the asymmetry for 

itrons from muons produced by pions at rest; P, the polar- 
ization of beam muons relative to that of muons from pions 
decaying at rest; and R, the depolarization factor (ratio of muon 
polarization after stopping to that before stopping). All asym- 
metries quoted are for the integrated positron energy spectrum. 
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Fic. 1. Experimental arrangement for precession experiments. 


angle measured from the polarization axis. A magnetic 
field B applied perpendicular to the plane causes the 
muon spin to precess with angular frequency w= geB/2mc 
and results in a distribution 


Na(¢,t) = (1/24r)e~!"*[1—a@ cos(¢—w) ]. (3) 


If, as in the arrangement used in the present experi- 
ment, ¢=0, one has 


Np(0,t) = (e~*/*/2r7) (1—a coswt). (4) 


In the experiments of Garwin ef al.,)7 the positron 
counter is gated on for an interval Af at a fixed time 4h, 
and the asymmetry is observed by varying w. This 
very ingenious procedure eliminates the spurious angu- 
lar dependence due to nonisotropic absorption in the 
target and simultaneously yields the muon gyromag- 
netic ratio. One notes, however, that it is statistically 
inefficient because it ignores information from muon 
decays occurring at times outside the interval At, and 
because it averages the distribution over an angular 
interval wAt with a resultant reduction of the asym- 
metry by a factor (2/wA?) sin(wAt/2). 

We have developed a method for measuring angular 
distributions by precession which has all the advantages 
of the preceding method and which gives maximum 
statistical information for a given counter geometry. 
If one fixes w in Eq. (4), the measurement of angular 
distribution is evidently reduced to the measurement 
of a time-distribution. This is easily done with existing 
electronic time-measuring circuits which are accurate 
and reliable in this range. The method uses all muon 
decays whose positrons enter the counter; one can 
detect spurious time dependence such as spin relaxation 
(damping of a with time) or shifts in w due to internal 
fields; fluctuations of counter efficiency do not affect 
the measured distribution; accidentals are measured 
simultaneously with each run.® 


7 Berley, Coffin, Garwin, Lederman, and Weinrich, Bull. Am. 
Phys. Soc. Ser. II, 2, 204 (1957). 

§ This method has been used independently by Cassels, O’Keeffe, 
Rigby Wetherell, and Wormald, Proc. Phys. Soc. (London) 
A70, $43 (1957). 
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Fic. 2. Block diagram of electronics. 





B. Equipment 


The experimental arrangement used is shown dia- 
grammatically in Fig. 1. Counters 1-5 are square 
plastic scintillators viewed by 6810 photomultipliers 
and are centered on the axis of a 148-Mev/c meson 
beam (81% pions, 18% muons, and 1% positrons). 
The beam is moderated by enough copper (29.3 g/cm?) 
to stop the pions; the muons stop in the target where 
they undergo possible depolarization, precession in the 
applied magnetic field, and decay. The target used is 
about 60 cm? and 5 g/cm? thick; it is placed on the 
axis of a Helmholtz coil and occupies a volume in 
which the magnetic field is 50.0+0.5 gauss. The stray 
fields of the cyclotron and focusing magnets are can- 
celled by compensating coils. Counters 1 and 2 monitor 
the incident beam. Counters 2, 4, and 5 form a telescope 
which counts muons incident on, and stopping in, the 
target. Counters 3, 5, and 4 form a telescope which 
counts positrons emerging from the target, but rejects 
particles which do not originate in the target. 

Figure 2 is a block diagram of the electronics used to 
measure the time delay between pulses in the muon 
and electron telescopes. The coincidence-anticoinci- 
dence selection for the muon and electron telescopes is 
made by conventional coincidence circuits’ of about 
15 mysec resolving time, and with an anticoincidence 
efficiency greater than 99.9%. The coincidence-anti- 
coincidence functions of the counters are labeled by the 
C and A in Fig. 2. The coincidence circuit outputs are 
fed through suitable delay lines into a time delay to 
pulse height converter (time converter). The natural 
time ordering of the muon and positron pulses is 
inverted by the delay line following the muon telescope 
in order to start the time converter with the physically 
later positron pulse. If the time converter were triggered 
from muons, 90% of the events would have no corre- 
lated positron pulse, and hence would give no pertinent 
information. The pulse-height analyzer dead time 
(about 400 usec) would only permit analysis of the first 
muon in each cyclotron pulse, resulting in the loss of 
some 70% of the available events. By triggering from 


*R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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positrons, the time converter has to handle far less than 
one event per cyclotron pulse, and dead time losses are 
less than 10%. The precision variable delay line 
following the electron telescope is used for calibration 
purposes ; during actual runs it is set to zero delay. 

The time converter used here is a modification of a 
circuit originally developed by Weber et al."° for neutron 
time-of-flight measurements, and is shown in Fig. 3. 
Our circuit differs from that of reference 10 in time 
range and in the method used to perform the time to 
amplitude conversion. The modified circuit has a linear 
range of 3.2 microseconds; its recovery time constant 
of about 5 microseconds makes it especially suitable 
for the high instantaneous counting rates encountered 
with pulsed accelerators. Our modifications stem from 
the fact that the time conversion system of reference 10, 
while well suited to the shorter (0.27 psec) times 
measured there, was found to have an unusably long 
recovery time constant (600 ysec) and noticeable (2%) 
instability when used at 3.2 microseconds. These effects 
originate respectively in the 6BN6 plate circuit time 
constant and in poor stability of the current drawn 
from the time measuring capacitor. 

In our time converter a 600-microsecond RC circuit 
is charged to 150 volts by a cathode follower 
(1/2 12AT7). The circuitry of reference 10 is used to 
generate a rectangular negative pulse initiated by an 
electron telescope count (start pulse) and terminated 
either by a muon telescope count (stop pulse) or after 
a duration of 3.5 microseconds. This pulse cuts off the 
cathode follower and thus allows the RC circuit to 
decay for a time equal to the length of the delay being 
measured. At the end of the delay time, the RC is 
rapidly recharged by the cathode follower with a time 
constant T=C/g,25 microseconds. The stability and 
linearity are determined primarily by the regulated 
150-volt dc supply and the RC circuit. 


1 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 


Fic. 3. Time con- 
verter schematic dia- 
gram. All values not 
stated are asin refer- 
ence 10. Major modi- 
fications are to right 
of dotted line. 
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After linear amplification, the time converter output 
is analyzed and stored in a 100-channel pulse-height 
analyzer (Penco PA-3). 


C. Equipment Checks 


-In order to have confidence in the data which follow, 
various tests of equipment operation were carried out. 
The counter telescope efficiencies were found to be 
equal (+2%) and to have no feedthroughs and negli- 
gible accidental coincidences. The anticoincidence effici- 
ency was more than 99.9% in both telescopes. As a 
result, removal of the target reduced the positron rate 
to about 1% of the “target in” rate. 

Calibration of the time converter was carried out as 
follows. Coincident pulses were produced in both muon 
and positron telescopes by removing the anticoincidence 
inputs and allowing mesons to traverse all five counters. 
The positron pulse was then delayed artificially by the 
variable delay line to give a calibration curve as shown 
in Fig. 4. One should note that this is the over-all 
linearity of time converter, linear amplifier, and pulse- 
height analyzer measured at the same counting rates 
as were used in the experiment. The delay line was 
independently calibrated by resonating it as a half- 
wave line and measuring the resonant frequency. The 
linearity and absolute time calibration were thus 
determined to better than 1%. The stability of repeated 
calibrations was about +0.6%. 

To test the over-all operation, we have verified the 
sign of the muon g factor by displacing the positron 
telescope through a known angle and observing the 
shift in the time distribution; we have measured the 
magnitude of g to be 1.987+0.034. We find the muon 
mean life to be r= (2.20+0.06) X 10~* sec ; our accuracy 
here is limited because we observe only 1.5 lifetimes." 
On stopping pions in a nondepolarizing target (graph- 

1 On extending the range we have obtained (2.21+0.02)x 10~* 


sec. See Sens, Swanson, Telegdi, and Yovanovitch, Phys. Rev. 
107, 1464 (1957). 
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ite), we observe the isotropic distribution of decay 
positrons expected because of the isotropic emission of 
muons. 

In a typical one-hour run we had 1.5X10’ monitor 
counts, 10° stopped muons, and 4X 10‘ decay positrons. 
This is sufficient to give a statistical accuracy of +0.01 
for a. 

It. DATA ANALYSIS 


The muon decay asymmetries were calculated from 
the time-converter pulse-height distributions by the 
following procedure. The data from each run were 
grouped into 13 intervals, each 5 channels wide, labeled 
by an index ». After grouping, the data were fitted by 
a weighted least squares procedure to a distribution 
function. 


F(n)=e%"(Ae"— Be-™ cosen+C), (5) 
where \ is the muon decay rate, v is the precession 
frequency, and JN is the instantaneous stop rate (muon 
pulse rate). The fit was made for the parameters A, B, 
and C; B/A is essentially the decay asymmetry, and 
C represents background from accidental events. The 
excellent stability of the time converter and the 
magnetic field permitted the use of a common muon 
decay rate and precession frequency for all runs. \ was 
calculated from the muon lifetime (2.22+0.02 yusec)” 
and the mean time calibration n= (5.34+.0.03)t— (2.36 
+0.08), where ¢ is in microseconds. vy was obtained by 
least-squares fitting of the frequency of three graphite 
runs which gave y= 0.790+0.009. N is the instantaneous 
muon stop rate, obtained by making an accidentals 
measurement for each run. The combined accidentals 
from all runs were used to calculate a ratio F of instan- 
taneous/average muon stop rate. The value of V is 
then the average muon stop rate during a run multi- 
plied by this factor F. Because of the labor involved in 
these calculations, we have developed a code for the 
IBM-650 computer which calculates A, B, C, B/A, 
error in B/A, and x’. A single fit is done in about 20 
seconds. 

The distribution function F(x) is justified in Appen- 
dix I, where it is shown that the factor e*’” results 
directly from the presence of uncorrelated stop pulses 
and the fact that a time converter measures the time 
distribution of only the first stop pulse following a 
start pulse. 

The ratio B/A obtained from the least-squares 
analysis is not the asymmetry a of the positron angular 
distribution. The following correction factors must be 
considered. 


1. Time Averaging 


The data were grouped into 13 intervals of angular 
width »=0.790 radian. It is easily shown that such 
grouping diminishes the asymmetry by a factor f; 
= (2/n) sin(n/2)=0.974. 


12 W. E. Bell and E. P. Hinks, Phys. Rev. 84, 1243 (1951). 
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Fic. 4. Typical time converter calibration curve. 


2. Muon Stop Rate 


As shown in Appendix I, the presence of an uncorre- 
lated stop rate V in the time converter enhances the 
asymmetry by a factor fe=1/(1—N#)=1.1. 


3. Counter Geometry 


The finite positron counter and target sizes diminish 
the measured asymmetry by averaging the positron 
angular distribution. As the geometry of our experiment 
is not amenable to analytic treatment, a calculation of 
solid angles and mean values of cos@ was done numeri= 
cally for each of our targets. As anticipated, the 
resultant geometrical correction factor, f3, is not sensi- 
tive to the target used. For all targets used, f; is about 
0.91+0.01. Measurements on graphite targets in im- 
proved geometry (f/;=9.975) agree with those in the 
geometry of Fig. 1. 


4. Positron Energy Loss and Scattering 


We have deliberately chosen thin, low Z targets in 
order to minimize the effects of interaction of the decay 
positrons with the target material. An estimate of this 
effect using the two-component neutrino decay spec- 
trum,” Monte Carlo calculations of electron straggling," 
and recent measurements of electron multiple scatter- 
ing'® shows that the asymmetry is increased by about 
2% for our 4.4-g/cm? graphite target. Measurements 
with magnesium targets of 4.9 and 9.8 g/cm? and 
graphite targets of 4.4 and 8.8 g/cm? show that this 
effect is indeed less than our statistical errors (+4%). 
We therefore assume that the asymmetry parameter 
observed for all targets is increased by a factor f, 
= 1.03+0.02. 

The effects of pions stopping in the target and of 
decays occurring outside the target were found to be 


*C. N. Yang and T. D. Lee, Phys. Rev. 105, 1671 (1957). 
4 Leiss, Penner, and Robinson, Phys. Rev. 107, 1544 (1957). 
‘8 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 
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TABLE I. Decay asymmetries and depolarization 
factors for positive muons. 








Target a 


0.236 
0.220 
0.237 
0.243 
0.227 
0.210 
0.233 
Lampblack 0.253 
Diamond 0.045 
Al 0.209 
Be 0.222 
Li 0.201 
Mg I? 0.223 
Mg II 0.254 
Si 0.253 
SiC 0.213 
B,Ce 0.23 
Al,O; 0.022 
Fused SiO: 0.038 
Vitreosil 0.038 
Crystalline SiO,‘ 0.01 
Silicone DC-200 0.139 
Water px 6.5¢ 0.141 
NaOH x 12 0.131 
HCl px 2 0.121 
pu 1.25 0.158 
pu 2.2 0.141 
pu 4.4 0.139 
pu 5.3 0.149 
pa 6.1 0.142 
pu 6.2 0.151 
pu 7.0 0.134 
pu 9.5 0.167 
pu 11.0 0.144 
pu 11.2 0.141 
Polyethylene 0.146 
Polystyrene! 0.070 
Propane 0.170 
Benzene 0.046 
Phenylcyclohexane* 0.084 
Chloroform 0.184 
Chloroform+DPH! 0.233 
P 0.025 
S 0.014 
CsI 0.031 
NaCl 0.041 
MgF: 0.136 
MgO 0.079 
Nuclear emulsion I™ 0.092 
II 0.073 
III 0.095 
Iv" 0.145 





Graphite I* 
II 


eoooresssss 
PR=RSSLSSR 








* Graphite mean =0.229 +0.008. 
b 8.8-g/cm? target. All other graphite 4.4 g/cm’. 
¢ Good geometry run (f: =0.975). 
49.8-g/cm? target. Mg II is 4.9 g/cm’. 
¢ Precesses with spin relaxation. This is initial asymmetry in 100 gauss. 
! 88 gauss. 
® Mean for all aqueous solutions =0.143 +0.008. 
b Variable po runs were 0.07 NaCI to stabilize Na* and CI~ concen- 
tration. px was varied by adding HCl or NaOH. 
i Plastic scintillator. 
i Liquid at —80°C. 
* Liquid scintillator. 
2 g/\ diphenylhydrazine added. 
™ Emulsion mean =0.087 +0.009. 
» 13 g sample, See text. 


negligible. We have in addition considered the effects 
of uncertainties in time calibration, muon stop rate, 
precession phase, and magnetic field on the observed 
asymmetries; these causes contribute jointly an error 
of 1.2% in a. 
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The decay asymmetries observed in this experiment 
are collected in Table I. The values indicated in the 
column labeled a were obtained by taking the ratio B/A 
of the least squares fit to the time converter data and 
dividing by the four correction factors listed above. 
The error listed, 5a, is that computed from statistics 
and the errors of counter geometry, positron loss, and 
the timing and phase error. If one considers substances 
which have been measured several times (graphite, 
aqueous solutions, and nuclear emulsions) it is evident 
that the observed standard deviation is of the same 
magnitude as the computed error. 


IV. DISCUSSION OF DATA 


In order to express the asymmetries in Table I as 
depolarization factors, we make use of an experiment 
which establishes the absolute depolarization of one of 
our targets. It has been shown!® that the muon spin 
can be decoupled from depolarizing angular momenta 
by an external axial magnetic field. We note in partic- 
ular that a field of 7 kilogauss inhibits 70% of the 
depolarization of muons in nuclear emulsion and in 
vitreosil (fused quartz), but produces no change in 
polarization for graphite targets. We conclude from 
these data that the depolarization factor R for graphite 
is 1.00+0.06; the error is computed from counting 
statistics and counter geometry. The depolarization 
factors R in Table I are then calculated as the ratio 
of an observed a to the mean a for graphite. 


A. Depolarization Mechanism 


It is evident that substances in Table I which are 
good electronic conductors depolarize little or not at 
all; insulators and ionic conductors are found to give 
partial depolarization in all cases. This suggests a 
behavior similar to that of positrons in solids’; screen- 
ing due to conduction electrons can prevent spin inter- 
actions with electrons in metals, while the binding of 
electrons in insulators would permit the existence of 
coupled systems if once formed. An exception seems to 
arise when the free radical diphenylhydrazine is added 





. 


Fic. 5. Asymme- 
try of muon decay 
in aqueous solutions 
of variable pu. 


A 











16 Sens, Swanson, Telegdi, and Yovanovitch, Phys. Rev. 107, 


1465 (1957). 
17R, A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 
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to chloroform; the depolarization is completely in- 
hibited. The results of our runs in aqueous solutions of 
variable pu are summarized in Fig. 5, from which it is 
apparent that no observable effect exists.'* 

The most interesting information is found in the 
precession curves (Fig. 6 is a typical graphite run after 
decay correction), where we find that in all cases but 
one the precession amplitude is constant in time. This 
implies that the depolarization is rapid (<10~? sec) 
for those muons affected, while the remainder are 
unperturbed in the 3 microseconds of observation. 
Depolarization must therefore be caused by a relatively 
strong paramagnetic interaction such as in muonium 
and not by the weak fields which produce relaxation of 
nuclear spins. Our factor R is evidently the probability 
that a muon is slowed to thermal velocities without 
depolarization, since thermal muons are clearly not 
depolarized in most materials. The one exception is 
B,C (see Fig. 7) which shows maximum asymmetry 
(a=0.23) at ‘=0 and then exhibits spin relaxation 
with a mean life of 6.5 microseconds. 


B. Normalization of Techniques 


Table I contains measurements on liquid and plastic 
scintillators, nuclear emulsions, and liquid propane. 
Evidently propane bubble chambers are well suited for 
investigating polarized muons.” Emulsion sample IV 


is of interest because it is from the same emulsion batch 
as was used by Lattes ef al.*® to observe cosmic-ray 
w-u-e decays. Our result shows that the observed low 
asymmetry was not due to depolarization in the 
emulsion. 
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Fic. 6. Muon precession in graphite after decay 
and background correction. 


18 The measurements on aqueous solutions were motivated by 
theoretical speculation and unpublished data from another labo- 
ratory which indicated that a pq dependence could and did exist. 

* Liquid hydrogen is probably even better. See Abashian, Adair, 
Cool, Erwin, Kopp, Leipuner, Morris, Rahm, Rau, Thorndike, 
and Whittemore, Phys. Rev. 105, 1927 (1957). 

»” Lattes, Fowler Freier, Ney, and St. Lorant, Bull. Am. 
Phys. Soc. Ser. II, 2, 206 (1957). 
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Fic. 7. Muon precession in boron carbide after decay 
and background correction. 


C. Muonium 


Our depolarization measurements in silicone liquid, 
fused quartz, and crystalline quartz were motivated by 
our knowledge of positronium formation in these 
substances.”! The observed depolarization is consistent 
with a model of muonium formation, which can only 
result in a depolarized state or a triplet 15 state whose 
g factor is one hundred times that of the free muon. 
The presence of polarized triplet muonium can therefore 
be observed in our equipment by precessing the 
muonium in a field one hundred times lower than that 
used for muon precession. Precession experiments with 
fused quartz, silicone liquid, and Teflon in a field of 0.4 
gauss showed the precession amplitude to be 0+8% 
of that found for muons in graphite at 50 gauss.?? We 
conclude that polarized muonium either is not formed 
or is rapidly depolarized in solids. 


D. Decay Asymmetry of Muons 
from Pions at Rest 


The decay of muons from pions at rest has been 
observed in hydrogen” and propane™ bubble chambers 
and in nuclear track plates.?'.*4 As observed in reference 
2 and by Wilkinson, these data can be used to deter- 
mine the free w-u-e asymmetry a if one can determine 
the depolarization undergone by the muon before 
decay. Wilkinson’s calculation was made from prelimi- 
nary asymmetry data on emulsion and graphite and by 
assuming no depolarization in graphite, since the result 
of reference 16 was not available. We now have all the 
data necessary for this calculation. From reference 16, 


* Positronium is not expected to be a good analog because of 
the markedly different energies of muon and positron at the 
Bohr velocity, where electron capture is most probable. As an 
example, fused and crystalline quartz depolarize muons equally 
but only fused quartz exhibits triplet positronium. 

= Campbell, Garwin, Sens, Swanson, Telegdi, Wright, and 
Yovanovitch, Bull. Am. Phys. Soc. Ser. II, 2, 205 (1957). 

%3 Pless, Brenner, Williams, Bizzarri, ‘Hildebrand, Milburn, 
i Strauch, Street, and Young, Phys. Rev. 108, 159 (1957). 

Wilkinson, Nuovo cimento 6, 516 (1957) gives a 
commiiitin of nuclear emulsion data; see also reference 5. 
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the graphite depolarization factor R is 1.00+0.06. The 
residual polarizations or emulsion and propane relative 
to graphite are 0.380+0.037 and 0.742+0.091 (Table 
I). The x-y-e asymmetries in emulsion and propane are 
0.127+0.017 and 0.18+0.05. A simple calculation gives 
a=0.334+0.059 for emulsion and a=0.243+0.075 for 
propane. The weighted mean is a=0.303+0.048. This 
result is consistent with the prediction a=} given by 
the two component muon decay theories”* with | V/A | 
= 1 interaction. 


E. Beam Polarization 


The decay asymmetry observed for our beam muons 
stopping in nuclear emulsion is 0.087+0.009. The 
asymmetry of muons from pions decaying at rest in 
nuclear emulsion is 0.127+0.017.5 Since depolarization 
by the absorber is negligible,”* the ratio of asymmetries 
must be the ratio of muon polarizations. We thus find 
0.68+0.17 as the polarization of our beam relative to 
the polarization of muons from pions at rest. 
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APPENDIX I. BACKGROUND EFFECTS IN 
TIME CONVERTERS 


Consider a time converter of the type described here 
which receives correlated start and stop pulses with a 
time distribution”’ 5(t—a) in the presence of uncorre- 
lated stop pulses with rate V. The time distribution 


28R,. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). es 

26S. Hayakawa, Phys. Rev. 108, 1533 (1957). 

27 Dirac 6 function. 
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measured by the converter will be 
S (ta) = Ne*'+e-%%(t—a) for O0<t<a, 
=(0) 


(6) 
(7) 


corresponding to the fact that the converter can receive 
an uncorrelated stop pulse in the interval 0<i<a. For 
an arbitrary distribution given by 


for a<t, 


(8) 


“(= f (a)8(‘—a)da, 
0 


the time distribution measured by the converter will 
be the corresponding integral of f(t,a). 


Flt,g)= f g(a)da Ne-N'+-g(t)e-™'. (9) 
t 


In our experiment, g(t) =e~/"(1—a cosw). Integration 
gives 


F(i)= enfew —a coswt) 


a 
+veee(1 ——— — coswi+ 


awr 
sais sinar ) | (10) 
1+w*r? 


1+0*7? 
For our values of V, \, and w one can approximate 


F(t)=e- + 9#(1-4+ Nr—a cost). (11) 


When the time converter is used inverted, i.e., triggered 
by the physically later positron pulse, a similar analysis 
yields 
F(t) =e-N8+{ e—-"/7(1— Nr—a coswt) 

+Nr(it+e*'")], (12) 
where B is the delay used to invert pulse order. The 
corrections derived above are quite important (about 


10%) for this work and for measurements of lifetimes 
using time converters. 
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Production of Strange Particles and Antiparticles in Nuclear Interactions 
. of Very High Energy (E ~10* ev)* 
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The production of strange particles, nucleons, and antibaryons (antinucleons and antihyperons) in nuclear 
collisions of an energy between 10" and 10" ev was studied by looking for high-energy interactions produced 
by the secondary particles. The ratio of secondary interactions initiated by neutral particles to those initiated 
by charged particles was found to be Q=0.16+0.06. Under reasonable assumptions, these data indicate that 
9_,+®% of the high-energy charged secondary particles are charged K-mesons or baryons and antibaryons. 
The average energy of the primary collisions used in our analysis is estimated to be of the order of 10 ev. 





WO stacks of nuclear emulsions (Table I) were 
scanned for nuclear interactions produced by 
protons and alpha particles of energies E>1 Tev' per 
nucleon by tracing electron-photon cascades backwards. 
In such interactions we observe very well collimated 
bundles of minimum tracks (“‘jets” or “showers”’). The 
study of secondary interactions of particles emitted 
from such events offers a possibility of estimating the 
percentage of particles which are not + mesons and 
which are created in the primary jet. If one explains 
such events in terms of nucleon-nucleon collisons, it is 
always possible to define in the center-of-mass system 
(c.m. system) a “forward” and a “backward” cone. The 
forward cone is then responsible for the highly collimated 
beam of tracks which we observe in the laboratory 
system. At primary energies above 1 Tev, the average 
energies of the particles in the forward cone are of the 
order of 0.1 Tev or more in the laboratory system. 
Hence, the interactions of those secondaries also give 
rise to high-energy events in which several fairly well 
collimated minimum tracks may be emitted. If strongly 
interacting neutral secondary particles of sufficiently 
long lifetimes are present in the beam, their interactions 
will be of high energy, too, and look like jets. Therefore, 
they can easily be recognized and differentiated from the 
background stars. From the number Na of interactions 
produced by charged secondary particles and the num- 
ber NV, of interactions produced by neutral secondary 
particles, one gets the ratio Q= V,,/Nen. The percentage 
of the particles which are not + mesons can then be 
calculated from Q if we make the following assumptions : 


(1) The particles other than x mesons which are con- 
tained in the beam are nucleons, K mesons, hyperons, 
nucleon-antinucleon pairs and hyperon-antihyperon 
pairs. 

(2) The isotopic spin assignment J= 4 for K mesons, 
nucleons and antinucleons, leads to equal numbers of 
charged and neutral nucleons, antinucleons or K mesons, 
at energies of the order of 10 Tev. This would also be 


* Supported in part by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and by the 
National Science Foundation. 

11 Tev=10" ev. 


expected to be approximately true for hyperons and 
antihyperons. 

(3) The mean free path for production of secondary 
interactions by these particles is the same as for 
m mesons. 


Let us introduce the following notations: 


n,: total number of charged secondary particles 
(shower particles) in the primary jet which can be found 
in the scanned volume. 

n,*: number of charged particles among m, which are 
not w-mesons. 

n,*: number of strongly interacting neutral particles 
in the angular region determined by n,. 


The lifetime of x” mesons is 10—" second or less. Their 
contribution to the production of secondary interactions 
may, therefore, be neglected in the energy region we are 
dealing with in this paper. Then we have n,+~n,+ from 
assumptions (1) and (2) and Q0=N,/Na=n,!/n, from 
assumptions (1) and (3). Thus we can obtain Q=,+/n,, 
ie., the percentage of particles among the shower 
particles which are not x mesons. To measure Q, the 
following procedure was used: The dense core of our 
jets was scanned carefully for secondary interactions. 
The half opening angle of this dense core is always smaller 
than the median angle 4; given by 0;=[2Mc*/E,, }}, 
where E,,/Mc’ is the total energy of the primary particle 
in units of its rest mass. This is due to the fact that in 
the energy region under consideration, the particles 
created in nucleon-nucleon collisions are not emitted 
isotropically in the c.m. system, but rather collimated in 
the forward and backward direction. A secondary inter- 
action found in the scanned region was accepted if it had 
five or more fairly collimated shower particles ejected in 
the direction of the beam, approximately. If a charged 
particle was seen to come in, but the density of the other 


TABLE I. Emulsion data. 








Number of Flown 
emulsions at 


100 Guam 
100 Texas 


Duration of 


Size of emulsions flight 


40 cmX 20 cm 600u 
30 cmX 15 cm X 600u 


Altitude 


102 000 feet 
104 000 feet 





7 hours 
8 hours 
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TABLE II. Results. 








Number of secondary jets 


Charged Neutral Left 
primary primary off 


Primary jet 
Energy* 

Type (Tev/nucleon)> 

30+110a 5 

16+ 63p 5 

1 

2. 





2+ 43a 
0+ 37a 


5 
5 


0+ 20p 
O+ 20m 
0+ 22p 


3+ 52p 
8+ 64a 
0+ 32p 
25+ 96a 


ee oowe ooo ooo 


Total 








* Estimated from the angular distribution and the kinematics of the 
secondary interactions. 
b1 Tev =10" ev. 


parallel tracks in the neighborhood indicated a possible 
chance coincidence, the event was left off completely. 
From the track densities in the neighborhood of second- 
ary interactions which were accepted by us, we esti- 
mated the probability of a chance coincidence to be less 
than 2%. The contribution of neutral events lying 
accidentally in the scanned volume, but not connected 
with the primary event, is entirely negligible. The types 
of primary events investigated and the results can be 
seen in Table II. A total of 59 secondary interactions 
was used in our analysis. We obtain Q=8/51=0.16 
+0.06. This would mean that about 16% of the shower 
particles are not x mesons. This gives an upper limit to 
the number of strange particles and nucieon-antinucleon 
pairs produced, since we must allow for the presence of 
nucleons in the beam which were knocked out from the 
target nucleus, or could be the primary nucleon which 
may continue on after the collision as a proton or as a 
neutron. In the case of jets initiated by alpha particles, 
there exists also the possibility that some of the nucleons 
of the original alpha particle continue on without having 
interacted. At the high primary energies considered 
(~10 Tev), the primary nucleon is able to produce a 
secondary jet, even if, in the c.m. system, it has trans- 
ferred all of its energy into production of + mesons, 
K mesons, etc. Our observations on the primary jets 
indicate, however, that at energies of the order of 10 
Tev, collisions of this kind do not occur. Therefore, the 
primary nucleon goes on with still much higher energy 
and may be found among the particles which are able to 
produce jets. Thus, as a conservative estimate, we took 
the number of nucleons in the forward cone to be equal 
to the number of incident nucleons in the primary jet 
(i.e., 1 for a proton-initiated jet and 4 for an alpha- 
initiated jet). From the number of shower particles n, 
which belong to the forward cone, we get, upon aver- 
aging over all events, the following ratio of nucleons to 
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shower particles: 
g= (ny+mn)/n,=0.15, 


where m, and m, refer to the number of protons and 
neutrons in the forward cone capable to produce second- 
ary jets (E>25 Bev). Assuming ,=m,, we find that 
7.5% of the m, shower particles are protons. Hence, 
another 7.5% of m, must be neutrons. The original value 
of Q can then be corrected for the presence of such 
nucleons among the shower particles. 

Let nx+ be the total number of charged strange par- 
ticles plus nucleons and antinucleons produced in the 
primary collision and nx the corresponding number of 
neutral particles. By assumption (2) we have nx+~nxe. 
Therefore, using assumption (3), we obtain 


nx*/.=Q—}3q=9-6+*7%. 


It is of interest to compare the total number of strange 
particles and nucleon-antinucleon pairs produced in 
high-energy collisions with the total number of all the 
particles produced. Assuming that the number of °- 
mesons is equal to one half of the number of the charged 
m mesons and denoting the number of all particles pro- 
duced by Mota, we obtain 


nx+tnx 4(20—g) 
20—0+6 





Ntotal 


Dividing our primary collisions into two groups of equal 
statistical weight, according to their energy, we obtain 
the same results for both groups within the statistical 
error. There is, at present, no indication that the result 
might depend on the number of heavy prongs in the 
primary jet. 

Our results may be compared with similar results 
obtained by the Bristol? and the Berne’ groups. The 
Bristol group found, from a sample of 60 secondary 
interactions : 


Q0=0.25+0.08. 


This agrees with our findings within the statistical limits 
of error. The Bristol group, however, included secondary 
events of lower multiplicity and made no estimate for 
the contribution of nucleons among the shower particles. 
The average energy of their primary jets was somewhat 
lower. Therefore, it is not, perhaps, too meaningful to 
combine both results. The Berne results may be added 
to our statistics. In conclusion, our results would indi- 
cate that not more than 20% of the shower particles 
could be strange particles and nucleon-antinucleon pairs, 
although the primary energy of the nuclear collisions 
which were investigated in this paper is of the order of 
10 Tev. The present statistics are even in agreement 


; 7 assay Lofty, Perkins, Pinkau, and Reynolds, Phil. Mag. 3, 
2 F 

*Hianni, Lang, Teucher, Winzeler, and Lohrmann, Nuovo 
cimento 4, 1473 (1956). 
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with a proportion of these particles as low as a few 
percent. This result may be compared with several 
theoretical approaches to multiple particle production. 
It seems difficult to obtain agreement with some models 
using simple phase-space considerations at such high 
energies. 
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A model interplanetary magnetic field is described which may 
explain some features of solar cosmic-ray increases and also fluc- 
tuations in the primary radiation. The main features are as 
follows: 


(1) A chromospheric “explosion” occurs at the time of a flare 
in gas permeated by the sunspot field. The gas, linked with mag- 
netic flux <10*! gauss cm’, is ejected from the vicinity of the sun. 

(2) The gas and field remain linked and the latter is so dis- 
torted that solar cosmic-rays are released ~}—1 hour after the 
flare. 

(3) The trailing radial field is drawn out past the earth’s orbit 
to form a magnetic cone with closed ends. The life of the inter- 
planetary field is at least a few months and a number of segments 
may be built up from different spot fields. The general field may 
contribute, being extended to largely radial form by a general 
outward movement of gas. 


1. INTRODUCTION 


ARGE solar flares are occasionally followed by 
increases in cosmic radiation which originate near 
the sun and have a complex time-intensity distribution 
over the earth.’ In addition, the primary radiation it- 
self suffers intensity changes which are thought to be 
solarcontrolled.* Of particularzinterest were the varia- 
tions of February, 1956, when a flare-associated in- 
crease of great intensity’ occurred during a Forbush- 
type decrease.' 

A number of atternpts have been made to explain 
these data in terms of model interplanetary electro- 
magnetic fields. There appear to be possible objections 
to each of these models, discussed briefly in Sec. 9 
below. 

In the present paper a new model is described. It is 
presented as a hypothetical interplanetary field which 
seems capable of explaining the cosmic-ray data and 
as such is described very briefly in the following section. 

1 Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956). 

2 R. Liist and J. A. Simpson, Phys. Rev. 108, 1563 (1957). 

3 J. A. Simpson, Proc. Natl. Acad. Sci. U. S. 43, 42 (1957). 

4H. Elliott and T, Gold, collection of data relating to the solar 


cosmic-ray outburst of 1956, February 23 (Royal Greenwich Ob- 
servatory, 1956). 


(4) Cosmic rays released after one flare may be influenced by 
the radial field resulting from a previous flare associated with the 
same, or perhaps a different, spot group. 

(5) On February 23, 1956, the magnetic cone enclosing the 
earth contained irregularities separated by ~0.5 astronomical 
unit, capable of deflecting 15-Bev protons up to ~20° and com- 
pletely scattering 1.5-Bev protons. Cosmic-ray diffusion was 
anisotropic, the rate being ~65 times greater along the field than 
across the field. The main features of the solar increase may be 
explained by such a field. 

(6) Some observed variations of primary cosmic radiation 
(Forbush-type decreases, 27-day and diurnal variations) may be 
qualitatively explained by the model. 

(7) The model may explain auroras in terms of ions of inter- 
mediate energy (~10°ev) transported from the sun in the mag- 
netic cone which reaches the earth in a day or two and may in- 
close it for many days or weeks. 


An attempt is then made to show how this interplan- 
etary field may be created from localized solar fields. 
The treatment is necessarily inadequate because our 
knowledge of the flare and associated phenomena is 
far from complete and also because of limitations of 
hydromagnetic theory. It does seem worth while, how- 
ever, to attempt to show that the interplanetary mag- 
netic field should be largely radial in form and that it 
would be formed mainly from freshly created magnetic 
field, the energy source being the kinetic energy of 
ejected gas clouds and the pressure of very hot gas 
behind these clouds. 

In later sections the various cosmic-ray data are 
explained in terms of the model magnetic field. 


2. COSMIC-RAY DATA AND NECESSARY 
MODEL FEATURES 


The requirements which must be satisfied by an 
interplanetary magnetic field relate to the observed 
variations in solar and primary cosmic radiations. 
Many of the data relate to the events of February 23, 
1956, and have been listed by Simpson and others'?+ 
and by Gold.® 


5 T. Gold, Observatory 76, 47 (1956). 
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Fic. 1. A section of the interplanetary magnetic field model 
shortly after formation (full lines) and after 90° rotation of the 
sun (dashed lines). The lines represent magnetic lines of force 
whose ends are completed by loops not shown here. 


(a) The solar cosmic-ray particles, presumably 
formed near the flare, must have a means of escape 
from the powerful sunspot field. The field might have 
a strength and extent® of at least 10 gauss over a vol- 
ume of dimensions 10° km; the gyro-radius of a 3-Bev 
proton in such a field is only 10 km. 

(b) The solar increases (five flares associated with 
five increases) are either large or nonexistent. 

(c) All five increases were related to flares on the 
visible hemisphere.’ 

(d) All increases were delayed after the reception of 
associated electromagnetic radiation (light, x-rays, and 
radio) by periods of about } hour to an hour. 

(e) On February 23, 1956, the radiation first incident 
on the earth (commencing at about 0344 U. T.) con- 
tained only high-energy particles (2 10 Bev). 

(f) This initial beam was confined to a cone of width 
about 40°, with axis approximately the sun-earth line. 

(g) At about 0353 U. T., that is about 9 minutes 
later, low-energy particles (<2 Bev) started to arrive. 

(h) More or less simultaneously the radiation be- 
came isotropic and remained so for many hours. 

(i) Excess radiation with an increasing proportion of 
low-energy particles was observed for about 15 hours 
after the flare. 

(j) Variations of primary cosmic radiation appear to 
be solar controlled. These are Forbush-type events, 
diurnal, 27-day and 11-year periodicities, all described 
elsewhere.* 


In addition, any model interplanetary field should be 
consistent with other relevant solar and interplanetary 


data. 
The model proposed here is substantially radial in 


*S. Chapman, Monthly Notices Roy. Astron. Soc. 103, 117 
943 


dF A. Simpson (private communication) has mentioned three 
substantial increases observed with neutron monitors, which may 
have been due to flares on the reverse side of the sun. 


form,’ at least to the earth’s orbit. A segment of the 
field is shown schematically in Fig. 1. This is not com- 
plete because at some distance the radial lines of force 
must join as complete loops. The segment shown is 
anchored to the sun in a spot group or a region which 
was once a spot group. Other parts of the radial field 
may originate in large-scale photospheric fields and in 
the general field. An essential feature of the model is 
that the generally uniform radial field contains irregu- 
larities which scatter some cosmic rays. These allow 
diffusion across the field, but at a lower rate than along 
the field; on February 23, 1956, the rates were 1 a.u. 
(astronomical unit, ~ 1.510" cm) in some hours and 
1 a.u. in ~9 minutes, respectively, for cosmic rays of 
energy ~2 Bev. 

The origin of this interplanetary field is discussed in 
the following sections and its effects on cosmic-ray 
variations in later sections. 


3. SOLAR MAGNETIC FIELDS AND 
CORPUSCULAR EMISSION 


The magnetic flux through a large sunspot may 
attain a value® of a few times 10” gauss cm?. Since this 
flux is nearly all in the same direction, and since for 
any field H we have div H=0 everywhere, the flux 
must re-enter the body of the sun through other spots 
or elsewhere. 

The electromagnetic forces associated with sunspot 
fields are far greater than any hydrodynamic forces 
available at photospheric levels. The observed stability 
of the fields shows® that they and the current systems 
which give rise to them are anchored in the body of.the 
sun where the gas pressure is sufficient to control the 
field. As shown below the situation above the photo- 
sphere is reversed; the magnetic field largely controls 
the distribution of gas. The field will expand to occupy 
all of the space around a spot group. Subsequently, as 
discussed in the following section, powerful disturbances 
may upset this stable situation causing currents to flow 
in the sun’s atmosphere and distort the field from the 
force-free configuration described by curl H=0. It is 
probable that all the space around a spot group is per- 
meated by its magnetic field. Even if separate gas 
clouds, either field-free or with their own individual 
fields, were introduced, they would tend to be squeezed 
out by the spot field (see Parker,® Sec. 8). 

The average field-strength within a region where 
large flares occur, that is within 10° km of a spot of 
flux about 10” gauss cm?, is about 50 gauss. The mag- 
netic pressure of a field of 50 gauss, H?/82, is about 100 
dynes cm~*, which is much greater than the gas pressure 
in the flare region of order 1 dyne cm. From all the 
above considerations it is concluded that within the 
region of type 3 or 3+ flares a cubic centimeter of 


8 J. A. Simpson (private communication) has drawn my atten- 
tion to a radial model proposed independently by T. Gold and 
others. 

*E. N. Parker, Suppl. Astrophys. J. 3, 51 (1957). 
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solar gas is linked to the sun itself by an average mag- 
netic flux of about 50 gauss cm’. 

Photospheric magnetic fields other than sunspot 
fields have been discussed by Babcock and Babcock." 
These fields comprise the general field of strength about 
1 gauss and flux about 10” gauss cm? and fields in 
bipolar magnetic and unipolar magnetic areas of 
strength up to a few gauss and flux up to a few times 
10?" gauss cm?. The forms of these fields above the 
photosphere are not known but some inferences are 
drawn below. 

Another factor necessary for the formation of the 
proposed interplanetary field is corpuscular emission 
from the sun. It is generally accepted that following 
most large flares a cloud of gas is ejected from the sun. 
The evidence is provided by violent geomagnetic storms 
which occur 1-3 days later, also by the detection of 
hydrogen emission in the aurora and the observation of 
faint absorption in the short wavelength side of the 
solar H and K lines. Further evidence. is given by the 
outward moving sources of radio outbursts (or Type I 
bursts)" which start at approximately the time and 
position of the flare and move out more or less radially 
at about 10° km sec”. The outward movement might 
be interpreted as a mass motion” or as a shock wave; 
in either case a gas cloud originating near the flare 
moves into interplanetary space. 

Other corpuscular emission occurs-more frequently 
and is indicated by mild geomagnetic disturbances. In 
particular emission with a 27-day recurrence period 
originates in hypothetical M regions which have been 
identified both as regions below coronal streamers” and 
as unipolar magnetic regions.’° Evidence of a general 
outward drift of gas from the sun, obtained from a study 
of the motion of comet tails, has been summarized by 
Biermann." 

Most flares occur in the chromosphere, between levels 
of about 5000 km and 20 000 km above the photosphere. 
The associated radio outburst originates in approxi- 
mately the same region as shown by angular position 
measurements and dynamic spectra;" later the radio 
source drifts outwards. Since most flares show only a 
small movement, and that downward, the main dis- 
turbance probably occurs above the flare and spreads 
mainly outwards. 

Large flares have areas of 10~ of the solar disk or 
more, that is dimensions of more than 4X 10* km. The 
flare of February 23, 1956, had dimensions ~5X 10* km 
with half that thickness (see, for example, Parker"). 
The ejected clouds of gas would be expected to have at 


10 H, W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 

(1955). 
nj. L. Pawsey and R. N. Bracewell, Radio Astronomy 

(Clarendon Press, Oxford, 1955), Chap. 5. 

12S, Chapman and V. C. A. Ferraro, Terrestrial Magnetism and 
Atmospheric Elec. 36, 77 (1931). 

%C, W. Allen, Monthly Notices Roy. Astron. Soc. 104, 13 
(1944). 

4 L, Biermann, Observatory 77, 109 (1957). 

18 FE, N. Parker, Phys. Rev. 107, 830 (1957). 
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least an equal area and a greater thickness since gas 
above the “explosion” region would also be thrown out. 
It seems safe to assume cloud dimensions of at least 
5X 10* km and perhaps considerably greater. The gas 
average number density might be 10 cm~*, mostly 
ionized hydrogen, so that the cloud mass would be 
about 2.510" g. With an outward velocity of 10* km 
sec! its kinetic energy is 1.310%! ergs. This is only 
four times the estimate! of the kinetic energy of the 
nucleons above 2 Bev resulting from the flare of Feb- 
ruary 23, 1956, and a fraction of the energy released in 
a large flare, 10° ergs, according to a recent estimate." 

If the above estimate of the gas cloud dimensions are 
accepted, then the cloud is probably permeated by a 
magnetic flux of about 10?! gauss cm’, the lines of force 
also being linked with the sun itself. 

In the following section it is shown that when the 
cloud is ejected from the sun it remains linked to the 
sun by a practically undiminished flux, thus creating a 
radial interplanetary field. In the same way the general 
outward drift of solar gas turns the general solar field 
and other extensive fields into radial interplanetary 
fields. 


4. CREATION OF A RADIAL INTERPLANETARY 
MAGNETIC FIELD 


Since the cloud of gas emitted about the time of a 
flare is linked to the sun by closed lines of force, it must 
remain linked unless the cloud or the sun crosses the 
lines of force or, alternatively, unless the lines are 
broken. In considering these various possibilities the 
gas is, for the time being, assumed isotropically elec- 
trically conducting and the effects of electric space- 
charge are neglected. The effects of anisotropy and 
space-charge are considered later. 

The relevant electromagnetic field equation has the 
well-known form'® 


V?H=4ro{ 0H/dt—curl(vxH)}, (1) 


where o is the conductivity, H the magnetic field, and 
v the gas velocity and electromagnetic units are used. 
The terms in the brackets correspond to movement of 
the magnetic field and movement of the gas, respec- 
tively, and their difference represents the motion of the 
field relative to the gas. It is this relative motion with 
which we are concerned, since it may permit the escape 
of the gas cloud without the field. Let us simplify the 
equation by adopting a system of axes fixed in the gas 
so that v=0. When the gas concerned is that in the 
sunspot, the separation of gas and field is given by 


V?H = 410 (0H / 08), (2) 


which has the form of a diffusion equation and a solu- 
tion, in order of magnitude, 
T~oL’, (3) 


_*T. G. Cowling, Magnetohydrodynamics (Interscience Pub- 
lishers, Inc., New York, 1957), Chap. 1. 
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Fic. 2. Gas clouds in the form of a cylinder (a), and 
sphere (b) moving across a magnetic field. 


where L is the spot dimension and T the time of separa- 
tion. For an average spot the time taken is at least 300 
years.!7 

Strictly speaking, Eq. (2) applies only to a gas cloud 
of fixed size and shape. It may, however, be used to 
find the rate of separation of cloud and field at any 
stage of the outward movement. Since it is only an 
upper limit of this rate with which we are concerned, 
it is safe to assume L=5X 10° cm, the dimension of the 
cloud before it starts to move and expand. The value of 
a is discussed below ; during all but the first few minutes 
of the outward journey the value is probably 10-* emu, 
corresponding to a time of separation of cloud and field 
of more than 10* years. 

The next point requiring discussion is the possible 
effect of electric space-charge which must tend to 
collect on the boundaries of the outward-moving cloud. 
First consider a cloud of cylindrical form with axis 
parallel with H and also with Oz of a right-handed 
system [Fig. 2(a) ]. Movement along Oy will result in 
a rapid buildup of charge on the walls of the cylinder 
as shown. If this charge were allowed to accumulate, it 
would soon provide a potential electric field, cancelling 
the induction field and allowing free passage of the 
cloud through the gas in the manner described by 
Chapman and Ferraro.” 


However, the strength of the space-charge field out- 


side the cylinder is comparable with that inside, and the 
impedance of the external circuit is comparable with 
that of the internal circuit. Currents flow along the full 
paths shown by the dashed lines of Fig. 2(a), removing 
the space-charge as fast as it forms. The rate of “slip” 
between the cloud and the field will increase by a factor 
of 2 or so, to provide additional electric field to drive 
the current around a complete circuit. Thus the value 
of T must be reduced by a factor of ~2, but is still 
thousands of years. 

A more realistic cloud form is spherical, drawn in 
Fig. 2(b) with the magnetic lines of force in the plane 


17 T, G. Cowling, Monthly Notices Roy. Astron. Soc. 106, 218 
(1946). 


of the paper. Currents will now flow around the sphere 
in all meridian planes containing the Ox axis. Current in 
the regions C flows down through the plane of the 
paper and in regions D it flows up. These currents cause 
a twist in the field as shown according to the equation 


curlH = 473, (4) 


so that the lines of force trail behind the cloud. The 
derivation of Eq. (3) from Eq. (4) indicates the physical 
processes taking place. For curl H, the space gradient of ~ 
H, we may write, in order of magnitude, 2H/L, and for 
j we may write cE or ouH, where u is the rate of move- 
ment of the cloud relative to the field, so that u= L/T. 
On making these substitutions we have again, in order 
of magnitude, 7~ 2mrcL’. 

In the solar atmosphere and in the ejected gas cloud 
the conductivity is anisotropic. It has components ao 
along the magnetic field, 7; and a2 perpendicular to the 
field, where a is the Hall conductivity. In this case the 
“effective’ conductivity,” to be used in Eq. (3), is 
o3=01+0/o; for currents flowing at right angles to 
the field and oo for currents along the field.'*® Also 
since ooo; we are safe in adopting 3 as the value of 
conductivity to be used. 

In the corona and probably in interplanetary space” 
the gas is at a temperature > 10° °K and is fully ionized. 
In these cases ¢3=¢ and is always greater than 10-* 
emu. At the time of the chromospheric explosion, how- 
ever, the gas cloud may contain a proportion of neutral 
atoms and these greatly reduce the value of o3. For 
example, a gas number density 10'° cm~* which is half 
ionized and permeated by a field of 50 gauss has 
o3~10~"* emu. This value of a; would allow the cloud 
to separate from the field in a period of order 1 hour. 
However, within the first few minutes of this hour a 
large amount of ionizing radiation will have been emit- 
ted from the flare; also the gases being ejected will 
have been violently heated to provide the explosion. 
The consequent decrease in neutral atom density will 
cause a3 to increase, the effect being aided by a simul- 
taneous decrease in magnetic field strength. At the 
same time the dimensions of the cloud are increasing, 
perhaps by a factor ~ 100 within the hour, so that the 
time of separation, 7=¢L?, must increase sufficiently 
to allow the cloud to draw the field out past the earth’s 
orbit. 

Finally we must consider the possibility that the 
magnetic lines of force between the cloud and the sun 
are broken. Such an effect requires that lines of force on 
opposite sides of the trailing field merge with one an- 
other in the manner suggested by the single dotted line 
of Fig. 2(b). To bring lines together in this manner 
would seem to require either a large reduction of gas 


18 J. H. Piddington, Monthly Notices Roy. Astron. Soc. 114, 
638 (1954). 
( 1” T. G. Cowling, Monthly Notices Roy. Astron. Soc. 116, 114 
1956). 
*” S. Chapman, Smithsonian Contrib. Astrophys. 2, 1 (1957). 
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pressure behind the cloud or a violent rotation of the 
cloud, involving rotational velocities at least as great 
as the radial velocity. It seems unlikely that a large 
proportion of the magnetic lines of force would be 
severed in either of these ways. Once the gas behind 
the cloud is fully ionized the separation of the lines of 
force must be small in order to merge in a reasonable 
time. According to Eq. (3) it must be about 30 km or 
less to allow lines to break off in a period of one day. 


5. DELAYED ESCAPE OF COSMIC RAYS FROM 
THE SPOT FIELD 


We may leave the development of the interplanetary 
field for the moment and consider the escape of the 
solar cosmic rays from the spot magnetic field. They 
are presumably created within a distance of 10° km of 
the flare and within a magnetic field of strength ~10 
gauss or more. A 2-Bev proton then has a gyroradius 
~7 km and would have difficulty in escaping the spot 
field, extending > 10° km. The suggested mode of escape 
is only incidental to the interplanetary field model and 
is not developed in detail. However, it does provide a 
mechanism which allows a wide variation in the time 
delay of the cosmic rays in reaching the earth, as 
observed. 

In Fig. 3, a schematic representation is shown of the 
ejected gas cloud X and its associated field. Behind the 
cloud is a region Y where heat has been generated and 
which has greatly expanded. This region should contain 
only a weak field and perhaps most of the solar cosmic 
rays. The latter are contained by the freshly-formed 
radial field at the sides of the cone Y and also by the 
remainder of the sunspot field, not shown here. At the 
sides of the cone furthest from the plane of the paper 
the radial field is weak and it is through these sides of 
the cone that cosmic rays may escape. 

They are still prevented from escaping altogether 
from the sun by the remainder of the spot field. In this 
way their escape is delayed until the cone has thrust 


Fic. 3. The distortion of a — sunspot magnetic field by 


the ejected gas cloud—the initial stage in the creation of an in- 


terplanetary field element. 
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Tas.e I. Gyroradii of 3-Bev cosmic rays in 
a sunspot magnetic field. 








Gyroradius of 
Magnetic field a 
m 


Height above 
strength, gauss 


sunspots, km 





105 
10° 


10° 
10 
10-5 


1.4X 10° 
3.1 10° 
6.7 X 10° 








far into the corona where the spot field is too weak to 
contain the cosmic rays any longer. The magnetic field 
strength above a large dipolar spot-group of extent 
10° km is given approximately in Table I. 

The values of the gyroradius of a 3-Bev proton also 
listed suggest that it might make its escape from the 
field at a level ~3X 10° km. For a gas cloud moving at 
a speed of 1000 km sec™ this corresponds to a delay of 
~50 minutes. 

On the foregoing simple picture, more energetic par- 
ticles would escape first. Since the spot field strength 
at high levels decreases with a distance cubed law, a 
24-Bev particle should be delayed about half the period 
of a 3-Bev particle. This effect may account for part 
or whole of the observed delay in arrival of low-energy 
particles on February 23, 1956. 

On the other hand, the above picture may be too 
simple. As seen below, the pressure of the cosmic-ray 
gas in region Y may be very great and lead to two 
additional effects. The first is an acceleration of the 
gas cloud X, thus reducing the delay in the release of 
the low-energy cosmic rays. The second is a diamag- 
netic effect which, in regions where the magnetic field 
is weakest, may wipe it out altogether, and allow the 
cosmic-ray gas to escape as a high-pressure jet. An 
alternative delay mechanism is given in Sec. 7 in terms 
of irregularities in the radial magnetic field. 

During the cosmic-ray increase of February 23, 1956, 
Meyer eé al. found an energy density near the earth of 
3-5-Bev particles of about 4X 10" erg cm~. These par- 
ticles combine to provide a gas temperature ~ 10% °K 
and pressure ~3X10-" dyne cm~ occupying a cone of 
extent perhaps a few a.u. When compressed into a 
cone of extent, say 10° km, the pressure would be at 
least 3X 10° times greater or ~ 10~* dyne cm~, equal to 
that of a magnetic field of strength 0.05 gauss. When 
account is taken of particles of energy below 3 Bev the 
pressure may be much greater. The cosmic-ray spec- 
trum down to 3 Bev follows a seventh-power law of 
number density against magnetic rigidity. If this could 
be extrapolated down to, say, 0.3 Bev, the total energy 
and pressure would each increase by a factor 10°. 

The corresponding energy in a cone extending past 
the earth’s orbit would exceed 10" ergs. This source of 
energy, possibly supplied over a period greatly exceed- 
ing that of the flare, may be important in connection 
with the continued outward movement of the gas cloud; 
it is discussed in Sec. 6 below. 
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6. IRREGULAR RADIAL INTERPLANETARY FIELD 


In Sec. 4 it was shown that a cloud of gas leaving a 
flare region should have a magnetic field linking it with 
the sun stretched into a radial interplanetary field with 
total flux up to about 10” gauss cm?. In just the same 
way the general outward drift of solar material should 
long ago have carried away corresponding parts of the 
general solar magnetic field. These would be replaced 
by a largely radial field, at least in low latitudes. The 
total flux of this field’ is of order 10” gauss cm’. 

The development of the radial interplanetary field 
by the ejection of a gas cloud is shown schematically in 
Fig. 3. The region X comprises the original gas cloud 
together with gas and field accumulated as the cloud 
moves out. The trailing lines of force may be lengthened 
indefinitely, the only requirement for the creation of the 
additional magnetic field being energy, which is dis- 
cussed below. Under the influence of gas pressure and 
magnetic pressure the cloud will expand. Consider the 
situation when its original dimensions of 5X 10‘ km are 
increased by a factor of 10, the density now being 
~2X10-" (107 atoms cm~*) and the field strength 0.5 
gauss. The magnetic pressure H?/8r is ~10~ dyne 
cm~*, which exceeds the gas pressure provided the tem- 
perature is less than ~ 10’ °K. The velocity of expan- 
sion should be given approximately by the hydromag- 
netic velocity V=H/(4mp)', or about 3X10? cm sec. 
This is only a fraction of the forward velocity so that 
the cloud retains its identity. 

The trailing field will spread inwards and outwards 
from the sides of the cone. Near the center, lines of 
force from opposite sides of the cone have opposite 
senses and tend to annihilate one another. However, 
they are immersed in gas which isolates them for the 
period of time given by Eq. (3) and so this effect is 
unimportant. The total flux of 2 10"! gauss cm’, spread 
into a cone of semi-angle 30°, gives a field near the 
earth’s orbit of about 10-° gauss. The interplanetary 
gas density is about 600 cm~ and the corresponding 


value of V~1 km sec™ so that the field does not dis- __ 


sipate outwards appreciably in a period of a few months. 

The magnetic energy created in extending the mag- 
netic cone from a region where the field is 50 gauss out 
to the earth’s orbit is about 3X 10* ergs. Much more 
energy may be required, however, to sweep away the 
interplanetary gas. This gas, being ionized, cannot 
pass through the field of the moving cloud and must be 
moved ahead of the cloud or pushed aside. The total 
mass of gas in the cone” of length 1 a.u. and semiangle 
30° is ~2X10"* g; the energy required to accelerate 
this gas to 10* km sec is 10% erg. This amount of 
energy seems excessive; it is 100 times greater than a 
recent estimate of the energy released from the flare 
itself’ and greatly exceeds the kinetic energy of the 


21 This mode of energy loss was pointed out to me by Professor 
J. A. Simpson. . ; 
2D. E. Blackwell and D. W. Dewhirst, Monthly Notices 
Roy. Astron. Soc. 116, 637 (1956). 
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ejected gas cloud (Sec. 3 above). Also the mass of 
material moved out past the earth’s orbit corresponds 
approximately to the estimated annual loss of solar 
material. 

This apparent difficulty may not be real. In the first 
place the estimates of interplanetary gas densities used 
above may be much too high.” Again these estimates 
refer to particular times and are based on the assump- 
tion of a regular density distribution. One might expect 
the actual distribution to be irregular so that some 
solar gas clouds move outwards freely, while others 
meet so much gas that they are brought to rest before 
reaching the earth’s orbit. Again, our assumed cross- 
sectional area of the cone may be too large. Either of 
these possibilities, an irregular distribution of gas or a 
narrow magnetic cone is consistent with the fact that 
some very severe magnetic storms are not preceded by 
any outstanding solar activity while such activity often 
fails to produce storms. 

In the second place, even if the difficulty is real it is 
not peculiar to the present model. It is fairly certain 
that, following some large flares, solar or interplanetary 
gas moves out past the earth with a speed ~10* km 
sec, There is also ample evidence of interplanetary 
magnetic fields. The cosmic-ray evidence [for example, 
items (e), (f), and (h) of Sec. 2] indicates the presence 
of a field of some sort. Again the very sudden commence- 
ment of some magnetic storms suggests that the storm 
results from the arrival near the earth of a magnetized 
gas cloud or a hydromagnetic wave.* Otherwise the 
long freepath of protons moving at 10° km sec~, either 
individually or in a shock wave, would cause a slow 
onset. Whether the magnetic field is in the ejected solar 
cloud or in interstellar space it must prevent interpene- 
tration of the moving and stationary gas and so give 
rise to the large energy requirement. 

Finally, it is possible that the energy requirement 
~ 10* ergs may, if it exists, sometimes be met. In this 
case the flare itself would be a minor side effect or the 
“explosion.” As seen in Sec. 5 above, the energy of the 
very hot gas (“temperatures” up to ~ 10" °K) in region 
Y of Fig. 3 may, on one occasion, have exceeded 10* 
ergs. The cosmic ray component of this gas soon escaped 
but the less energetic ions, having smaller gyroradii, 
may have been retained and have helped push out the 
gas cloud. Energy may have been fed into region Y 
long after the flare vanished. 

Whatever the energy requirement, it increases nearly 
as the third power of the distance of the cloud from 
the sun. It is likely, therefore, that the cloud should be 
stopped within a few a.u. of the sun. The outer parts 
of the magnetic field then provide closed loops to seal 
the “magnetic cone.” This cone may then control the 
motions of solar cosmic rays emitted by subsequent 


%D. E. Blackwell, Observatory 77, 187 (1957). 
* T. Gold and H. W. Liepmann, The Dynamics of Cosmic Clouds 


(North-Holland Publishing Company, Amsterdam, 1955), p. 103. 
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flares, particularly if these occur near the same spot 
group. 

There is ample evidence of irregularities in the den- 
sity of the solar corona and chromosphere. These will 
be carried out by the gas cloud and others may be met 
in interplanetary space. The resulting irregularities in 
gas pressure and magnetic field strength and direction 
set up local stresses and result in hydromagnetic waves 
which travel about in interplanetary space. Their ve- 
locities are low, perhaps ~1 km sec™ near the earth’s 
orbit and, if the gases are fully ionized, they are little 
absorbed, although they may be reflected. These irreg- 
ularities are important in the control of cosmic radia- 
tion, as discussed below. 

Near the sun the interplanetary gas (or corona) ro- 
tates with the sun; at some distance it will cease to 
share this rotation. The distance will depend on the 
amount of material being moved outwards and on its 
kinematic viscosity, and so is likely to vary consider- 
ably. Cosmic-ray observations suggest that the earth 
usually lies beyond the region of rotation (Sec. 8). The 
dashed lines of Fig. 1 suggest the possible form of the 
field after 90° solar rotation. 

The formation of “magnetic cones” described above 
provides a theory of auroras in terms of particles of 
energy in the range ~10'—10° ev which have been 
accelerated, along with the cosmic rays, in the solar 
atmosphere. These remain trapped in the magnetic 
cone and do not cause auroras until the latter envelops 
the earth, after which they may be effective for a con- 
siderable period. 


7. SOLAR COSMIC-RAY INCREASES 


Apart from its irregularities, the interplanetary field 
model is now sufficiently developed to consider its 
effect on solar cosmic rays. On leaving the sun these 
will spiral out along a tube of force and if this tube 
envelops the earth then an increase will occur. Some- 
where past the earth the particles will meet the barrier 
field and be reflected, being trapped within a magnetic 
cone. 

An effect likely to be important’ is the diamagnetic 
force of the field due to the field-strength gradient (see, 
for example, Alfvén®>). The energy of translation of a 
cosmic ray moving away from the sun is increased at 
the expense of the energy of spiralling; the reverse is 
true of a particle approaching the sun. The outward- 
moving cosmic rays are thus collimated according to 
the approximation. 


(5) 


where ¢ is the angle between the field and the trajec- 
tory. For a radial field H«d~* where d is the distance 
from the sun, so that 


(sin?g)/H~const, 


d sing~ const. 


28H. Alfvén, Cosmical Electrodynamics (Clarendon Press, Ox- 
ford, 1950), p. 20. 
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This means that, except for the irregularities, the 
cosmic rays would reach the earth in a nearly parallel 
beam. 

According to item (f) of Sec. 2, the high-energy 
particles of February 23 were scattered by +20°, pre- 
sumably by the field irregularities. The effective scat- 
tering must be in the second half of the sun-earth 
journey because early scattering is nullified by the 
collimating effect. The time delay is evidently small 
enough to neglect. An irregularity in the field capable 
of deflecting a high-energy proton 20° might have 
strength ~10~ gauss and extent ~0.1 a.u. 

The same irregularities would deflect low-energy par- 
ticles about 10 times as much so that they would be 
effectively scattered and their arrival at the earth de- 
layed. If their added delay of 9 min [item (g) of Sec. 2] 
were caused by scattering centers, they would have 
traveled ~2 a. u. This result is consistent with their 
having taken 4 steps in a random walk,” each step being 
0.5 a.u. and the resulting distance from the point of 
origin being 1 a.u. Thus we have an approximate idea 
of the possible distribution and size of the irregularities. 

When the low-energy particles did reach the earth 
they must have been approximately isotropic, a pre- 
diction consistent with item (h) of Sec. 2. 

The irregularities would also allow diffusion of the 
solar cosmic rays out of the magnetic cone. As seen 
above, the low-energy particles diffuse along the field a 
distance of 1 a.u. in 9 minutes. The rate of diffusion 
across the field is lower by a factor (1+w*r?), where w 
is the angular gyro-frequency of the ions in the mag- 
netic field and r the period between collisions with 
irregularities.”” In a field of 10~° gauss a 2-Bev proton 
has an angular frequency ~0.032 sec~; the collision 
period corresponding to a collision distance of 0.5 a. u. 
found above is ~ 250 sec, so that the factor (1+w*r’) 
has a value ~65. 

Meyer, Parker, and Simpson! have discussed the 
diffusion of cosmic rays through a barrier whose dif- 
fusion coefficient is a scalar quantity. The rate of decay 
initially obeys a ¢-! law where ¢ is the time after the 
onset of free decay. When the cosmic rays start to 
escape from the outside of the barrier into free space, 
the decay starts to change to an exponential law. The 
data for February 23 suggest that a change from one 
law to the other starts perhaps 5 hours or so after the 
flare. In the present model the diffusion is anisotropic 
but the same considerations may be applied. As seen 
above, the rate of diffusion of the low-energy particles 
along the field is 1 a.u. in 9 minutes, and the transverse 
rate lower by a factor of ~65. Hence the delay of ~5 
hours is consistent with a barrier thickness of ~0.5 a.u. 


26 Not a normal random walk because the velocity component 
ees to the field is eliminated by spiralling around the 

eld. 

27S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, London, 1952), 


p. 333 





596 yj. m. 
This means that the magnetic field occupies a cone of 
apex angle ~1 radian, which seems a reasonable value. 

The field model seems capable of explaining all the 
effects listed (a) to (i) of Sec. 2. It remains to consider 
its possible effects on the primary radiation. 


8. MODULATION OF PRIMARY RADIATION 


The irregular, radial magnetic field may explain some 
of the observed fluctuations of primary cosmic radia- 
tion. It may be of interest to speculate on the possible 
mechanisms involved. 


(a) Forbush-type decreases in the primary radia- 
tion® last for days or weeks and correlate with magnetic 
storms. As a magnetic cone envelops the earth, as al- 
ready described, it will sweep away some of the primary 
cosmic radiation and cause a reduction of intensity on 
the earth which will continue until fresh radiation 
diffuses into the cone. 

Possibly an additional effect may result from absorp- 
tion of cosmic radiation at the sun. This is not normally 
significant in systems of dimensions 21 a. u., but the 
situation is modified by the anisotropy of cosmic-ray 
diffusion. Cosmic rays reaching the vicinity of the earth 
tend to be confined to a narrow cone whose axis lies 
along the sun-earth line and whose width is determined 
by the gyroradius. 

(b) The 27-day fluctuations in primary radiation 
seem to be associated with solar streams of different 
type to those discussed in the present paper. The 27-day 
streams may flow for many months from solar regions 
remote from spots. They cause mild geomagnetic ac- 
tivity, the K, index showing a maximum about 2 days 
after the corresponding maximum of cosmic radiation.” 

The 27-day solar streams may be nonmagnetic and 
the cosmic ray changes caused, indirectly, by the radial 
magnetic fields described above. The streams have 
shock velocities and so sweep away magnetized gas 
lying in their paths. As each stream, rotating with the 
sun, approached the earth it sweeps away any field 
surrounding the earth and so may allow an increase in 
primary cosmic radiation. 

(c) The same general considerations may account for 
the diurnal variation in cosmic radiation. 


9. OTHER MODEL INTERPLANETARY FIELDS 


Liist and Simpson? have explained the initial stages 
of the cosmic-ray increase of February 23, 1956, in 
terms of a general solar field in the form of an irregular 
dipole which scatters the particles out to distances of 


28 J. A. Simpson, Ann. géophys. 11, 305 (1955). 
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about 70 solar radii. Some possible objections to this 
theory might be mentioned. First, it is difficult to see 
how the general outward drift of interplanetary gas" 
could fail to carry away the general field. The resulting 
field would be largely radial, at least in low and inter- 
mediate latitudes. This conclusion is not inconsistent 
with the result of Babcock and Babcock" who observed 
only photospheric fields. Again, even if a dipole field 
did exist, with strength ~1 gauss near the poles, its 
strength at 50 solar radii from the sun is only ~4X 10-* 
gauss. The gyroradius of a 10-Bev proton in this field 
is more than 100 solar radii and so it would escape long 
before it reached the required limit of ~70 solar radii. 
Finally, to explain the onset of isotropy, the long dura- 
tion of the solar increase and the Forbush-type decrease 
which was in progress at the time, two other separate 
hypothetical interplanetary fields have been invoked. 

Meyer, Parker, and Simpson! and others have pro- 
posed a storage field in the form of a heliocentric shell 
of inner radius ~1.4 a.u. This is similar in some re- 
spects to the outer, nonradial parts of the field described 
above. A difficulty met by the former, however, is that 
it must be a complete shell even above the poles of the 
sun. The existence of a “conical” field removes this 
difficulty. 

Some model interplanetary fields proposed to explain 
Forbush-type decreases have been criticized by Parker® 
who in turn suggested a geocentric model resulting from 
the capture of “magnetic gas from a passing cloud.” 
The high electrical conductivity of the magnetic clouds 
raises a doubt that a part could be torn off and retained 
by the feeble gravitational (tidal) pull of the earth. 

An interplanetary magnetic field, partly radial in 
form, has been suggested by Alfven.” The clouds of gas 
responsible for magnetic storms are thought to carry 
out part of the general field of the sun. The magnetic 
lines of force then return when the disturbance has 
abated. This theory is concerned mainly with the effects 
of an electric induction field caused by the moving 
magnetic clouds. If there is a general outward move- 
ment of gas from the sun,” then it is difficult to see 
how a weak general solar field could re-establish itself 
after being carried out into a radial form. 
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The fluxes of multiply charged cosmic-ray particles have been measured with nuclear emulsions in a 
high altitude balloon flight. The identification of a-particles was based on “‘blob-gap” measurements; that 
of elements with Z 23, on 6-ray densities. The charge resolution obtained was satisfactory. To calculate 
the fluxes at the top of the atmosphere an extrapolation procedure, previously introduced in this laboratory, 
was employed. Two sets of parameters which account for the interactions in the residual atmosphere, 
differing considerably as far as their influence on the fluxes of light elements is concerned, were used. The 


results (in particles/m? sec sterad) are as follows: 


Set I 
90.9 +8.0 
1.68+0.32 
5.60+0.58 
2.19+0.38 


Z=2 
3<¢Z<5 
6<Z<9 

Z210 


Set II 
89.2 +8.0 
0.45+0.36 
6.05+0.56 
2.19+0.38 


INTRODUCTION 


HE question of the relative fluxes of the different 
components of the primary cosmic radiation has 
been a subject of intensive study since 1948.'~” One of 
the most important and difficult problems is the de- 
termination of the abundance (or absence) of the light 
elements Li, Be, and B, from which it is believed that 
the mean life of cosmic rays in intergalactic space and 
the distribution of the sources could be estimated. 
Most of the work has been done with nuclear emul- 
sions and only very recently have counter techniques” 
become refined enough to permit reliable charge dis- 
crimination. The early experiments, performed with 
glass-backed emulsions, were subject to several uncer- 
tainties, and the results obtained by various authors 
differed widely as far as the relative abundance of 
elements in the stack and especially the ratio of light/ 
medium elements was concerned.?*:> Only very recently 
have large stacks of stripped emulsions, exposed at high 
altitude and at latitudes with a relativistic cutoff 
energy, been used for the study of the primary charge 
spectrum; consequently some of the principal sources 
of error inherent in the original experiments were 
minimized. Another uncertainty, especially in the 
determination of the light-element flux at the top of 


* This research was supported in part by the U. S. Air Force 
through the Office of Scientific Research, Air Research and 
Development Command. 
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the atmosphere, is due to the extrapolation procedures 
involved. A separate paper by the authors of this work 
is devoted to a critical discussion of the extrapolation 
procedures. "4 


DETAILS OF STACK AND EXPOSURE 


A stack of 60 Ilford G-5 stripped emulsions, 6 in. 
x4 in.X400u, was exposed with the 6-in. side vertical 
on February 6, 1956 to the cosmic radiation in a 
balloon flight over Texas. The flight duration at level 
altitude was about 6 hours, between 5.7 and 7.3 g/cm? 
vertical residual atmosphere. An additional 2 g/cm? 
were taken into account in the final calculations to 
allow for the packing material. The balloon proceeded 
in a nearly straight line from San Angelo, Texas, to 
Kirbyville, Texas. The flight curve is shown in Fig. 1. 

A reference grid was printed on the emulsions to 
allow accurate tracing of tracks from one emulsion to 
the other. The processing was done by the usual tem- 
perature method. 
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Fic. 1. The flight curve. 


14 Engler, Kaplon, and Klarmann (to be published). 
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SCANNING CRITERIA AND DETECTION 
EFFICIENCY 


The search for particles in the emulsion was done by 
the “area scan’ method. To allow for sufficient path 
length in the stack for positive identification of tracks, 
the scan area in each plate started 1} in. from the top 
edge and ended 1} in. from the bottom edge. At the 
sides the scan area ended 1 cm from the true edge to 
avoid regions of anomalous development. Before start- 
ing the systematic scan, the grain count corresponding 
to minimum ionization and to relativistic a-particle 
tracks was determined in each scan plate on tracks 
identifiable by suitable interactions. It was found that 
variations in development did not change the grain 
count by more than 10% from one plate to another 
and even less in different regions of the same plate. 

In the first part of the experiment, devoted prin- 
cipally to an a-flux determination, tracks were accepted 
in the scan if they (a) had an ionization by grain count 
of more than 3.3 minimum, (b) had a projected length 
of more than 1.42 mm in the scan plate, and (c) did not 
interact in the scan plate. The tracks satisfying these 
criteria were then traced back to their entrance at the 
top of the stack and down to their exit or to an inter- 
action. Tracks which were obviously secondaries of 
interactions or were nonrelativistic by visual observa- 
tion of a change in ionization were then discarded. 
From an original sample of 817 tracks satisfying the 
scanning criteria, 208 remained after tracing, of which 
only 11 were due to nuclei of Z23. 

In order to select nuclei of Z23 more rapidly, a new 
area scan was then introduced in which criterion (a) was 
changed to accept only tracks of ionization greater 
than 5Xminimum, (b) and (c) remaining the same. 
To guard against systematic errors in the grain count, 
the scanners frequently recounted the grain density of 
a standard track. 

Tracks whose grain densities and lengths are close 
to the acceptance criteria may easily be lost by a 
scanner due to individual fluctuations in measurement 
conventions. To eliminate detection inefficiency due to 
this cause, only tracks well inside the acceptance criteria 
were accepted in the final analysis. Thus the minimum 
acceptable grain count was set well below the expected 
grain count of a relativistic a-particle or Li nucleus, 
respectively, and in the final analysis only tracks longer 
than 1.50 mm (projected length) in the scan plate were 
accepted. (The error in the length measurement as 
done by the scanners is less than 20u.) Random losses 
of tracks because of “the human element” cannot be 
guarded against and have to be estimated. Table I lists 
the number of tracks accepted in the final analysis 
found by each scanner. It is seen that with one exception 
the yield of each scanner is in agreement with the 
average yield, indicating a uniform detection efficiency. 
In the scan for heavy nuclei the anomalously high 
yield of medium nuclei of observer B can be explained 
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in terms of a statistical fluctuation, as is seen when the 
results of two plates scanned by observer B are dis- 
played separe*ely in Table I. It is therefore assumed 
that the det tion efficiency is close to 100%. 

A separate check on the detection efficiency is possible 
for the nuclei of Z>3. A large fraction of the tracks 
passed through two or more “scan areas” in different 
emulsions. If we denote by R the ratio of the number of 
tracks of a given charge group found in all ‘‘scan areas”’ 
to the number of independent tracks in the same charge 
group, i.e., the average number of times a track of a 
given charge group was found in the scan, the result is 


Charge group R 
Heavy, H (Z> 10) 1. 
Medium, M (6<Z<9) 1. 
Light, L (3<Z<¢5) 1. 


Since our stack was rather small, the differences to be 
expected in X due to the variation in interaction mean 
free path between different charge groups is small. 
Assuming the detection efficiency for H nuclei to be 
close to 100%, the fact that R is essentially constant 
for all charge groups gives additional support to the 
view that even for light elements (where scanning 
losses are @ priori most critical) the detection efficiency 
was high. - 


IDENTIFICATION OF ALPHA PARTICLES 


In the first part of the scan, 197 tracks were found 
which satisfied the scanning criteria, were not discarded 
in tracing, and were not due to nuclei of Z23. Ioniza- 
tion measurements by the “blob-gap’”’ method” were 
made at two points at least 4 cm apart on those of the 
above tracks which had a projected length of more 
than 1.5 mm in the scan plate. At each point 400 blobs 
and 50 gaps were counted in the middle of the emulsion, 
the resulting statistical error in the ionization determi- 
nation being ~5%. Calibration measurements were 
performed on the tracks of relativistic a-particles which 


TaBLe I. Scanning results. (The numbers quoted are 
particles found per cm*.) 








(a) Alpha particles 


Observer A 
Observer B 
Average 





25.4+2.2 
27.145.3 
25.7+2.1 


(b) mee encants 
6<Z<9 
1.114°.16 
1.60+0.18 
1.07+0.15 


1.1020.21 
1.260.09 





Total 


1.92+0.21 
2,540.22 
1.92+0.20 
2.0920.29 
2.14+0.11 


Z>10 


0.27+0.08 
0.31+0.08 
0.32+-0.08 
0.32+0.11 
0.31+0.04 


3<Z<¢5 


0.48+0.06 
0.6340.11 
0.54+0.10 
0.67+0.16 
0.57+0.06 





Observer A 
Observer B 
Observer C 
Observer D 
Average 


Breakdown of scanning results of Observer B 


0.5940:15 1.30+0.19 0.3640.12 2.26+0.30 


Plate I 
0.664:0.16 1.90+0.27 0.27+0.10 2.8340.33 


Plate II 








16 P, H. Fowler and D. H. Perkins, Phil. Mag. 46, 587 (1955). 
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produced high-energy disintegrations. The over-all ac- 
curacy of the ionization measurement on one point of a 
track including calibration but excluding systematic 
variations was of the order of 7%. 

The purpose of these measurements was to dis- 
criminate between tracks of relativistic a-particles and 
those produced by slow protons, deuterons, and tritons. 
A proton track having an ionization of 3.5 minimum 
(given by g, the coefficient of the exponent of the gap 
length distribution) will stop inside the emulsion after 
~4 cm, while a deuteron of the same ionization will 
show a change of about 40% in g and a triton a change 
of 20% over the same distance. In order to check 
whether an observed difference between the values of g 
obtained at two points of the same track was the result 
of a statistical fluctuation or an actual change in ioniza- 
tion, the results were compared with the known varia- 
tion of ionization with range of singly charged particles. 
In no case was there any ambiguity as to the nature of 
the particle producing the track. 

In some cases a shorter length of track than 4 cm 
was available since the particle either interacted or 
emerged from an interaction. The identification in these 
cases was unambiguous, however, since in addition to 
ionization measurements the direction and collimation 
of shower tracks gave additional evidence for the nature 
of the particle. 

Out of a total of 197 tracks on which measurements 
were made, 156 were identified as a-particles. A histo- 
gram of the measured values of g* (normalized to the 
minimum ionization of a relativistic a-particle) is given 
in Fig. 2. As can be seen, the distribution is roughly 
normal, though perhaps slightly more peaked than 
expected. 

Since all the tracks of a-particles were followed from 
the point of detection until they left the stack, the 
interaction mean free path in emulsion could be deter- 
mined. In a total track length of 704.8 cm, 43 inter- 
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Fic. 2. g* distribution of accepted a particles. 


actions were found, yielding a value 
Aa=16.442.5 cm. 


The above value of the interaction mean free path was 
not corrected for the finite size of the stack (the correc- 
tion would increase Ag by ~5%); it is in agreement 
with the value 20.5+2.2 cm quoted by Waddington’® 
for a-particles in a comparable energy range. 

The number of a-particles incident on the stack was 
computed by using the known distance each particle 
traveled in emulsion above the point of detection and 
an interaction mean free path of 20.5 cm. The result is 
Na=3.27X 10° a-particles/m? vertical area. The number 
of independent particles, used in evaluating the stand- 
ard deviations, is 156. 


IDENTIFICATION OF NUCLEI OF Z23 


The most commonly employed method for charge 
identification on tracks of relativistic multiply charged 
particles is the determination of 6-ray density. The 
difficulties and limitations of this method are well 
known and will not be discussed here. It is found that 
fairly good charge resolution can be obtained for tracks 
of nuclei with Z<9; beyond that, other methods, such 
as photometric density measurements, must be used. 
Recently ‘“blob-gap” measurements have also been 
used on very flat tracks of Z<9 with good results.’ 

In the present work, 6-ray counting was employed on 
all tracks, while “blob-gap” measurements were made 
in addition only on tracks attributed to Li nuclei. On 
each track which satisfied the scanning criteria, 100 
é-rays (of 4 grains or more) were counted. The measure- 
ments were done by two independent observers choosing 
the tracks at random from the scanning results. In 
order to eliminate a change in the counting convention, 
several flat tracks were chosen as “reference tracks.” 
Every day 100 6-rays were counted on one of these 
tracks by each observer and the variation in the count- 
ing conventions were thus kept within 5%. Each 
observer measured about the same number of tracks 
and thé results are shown in Fig. 3. The histograms are 
very similar in spite of the fact that the mean number 
of -rays/100u for a particular charge was very different 
for the two observers in this experiment. For tracks of 
Z210, 6-ray counting is insufficient to allow reliable 
charge resolution and only the charge group as a whole 
for this class will be considered in this experiment. 
Moreover, for Z210, only tracks with zenith angle 
less than 70° were accepted for the final flux calcu- 
lation. 

In order to establish a charge calibration, two inter- 
actions having neither black, gray, nor minimum-ioniza- 
tion tracks were chosen. These interactions could be 
uniquely identified as corresponding to the following 
break-ups : 


Be->2a, O—-4a. 


16C, J. Waddington, Phil. Mag. 1, 105 (1956). 
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Fic. 3. Charge distribution in the emulsion. 


200 6 rays were counted on each of several a-particle 
tracks and on the Be and O tracks leading to the above 
interactions. A relation of the form N=aZ?+8 (where 
N is the number of 6-rays/100y for a track of charge Z) 
was established and used in determining charges from 
6-ray counts. 

In addition, the quantity g (see previous paragraph) 
was determined by “blob-gap” measurements on all 
tracks which gave a value of Z=3 according to 6-ray 
counting. It turned out that gii/ga=2 in agreement 
with the prediction of Fowler and Perkins.!® Unfortu- 
nately the “blob-gap” method could not be extended 
reliably to higher charges, since in our work the tracks 
were too steep. 

Additional information may be obtained from some 
of the fragmentations of the heavy nuclei. Table II 
lists all interactions with V,< 1. Each disintegration is 
represented by the number of evaporation tracks 
(0 or 1), a-particle tracks, and minimum-ionization 
tracks associated with it. A charge can be assigned to 
the primary of these interactions on the basis of the 
number of a-particles and minimum-ionization tracks 
emitted in a forward cone of less than 5°. It is seen in 
Table II that only in one case was the assigned charge 
different from that found by 6-ray counting. In the one 
exceptional case the discrepancy may be explained by 
assuming both minimum tracks to be mesons. The 
agreement by both methods indicates that our charge 
calibration is essentially correct. 

As in the case of the a-particles, the interaction mean 
free path of heavy nuclei in emulsion was determined. 
The results are 


Aw=10.942.9 cm, Aw=13.2+1.9 cm, 
Ar=13.342.8 cm, 


in agreement with the values 


Aqw=9.1 cm, Aw=13.0cm, A,=15.7, 


calculated on the basis of a geometrical model.!” These 
latter values were used in extrapolating the flux to the 
top of the stack. In determining the total number of 
heavy nuclei incident on the stack, the distance 
traversed in emulsion from the point of entrance to 
each scan area in which a particle was found was taken 
into account. In the following table the number of 
independent particles found and the number crossing 
1 meter’ vertical area at’ flight altitude during the 
whole time of flight are given for each charge group. 


No. of particles per 
m? vertical area 
0.771X 104 
1.88 xX 10# 
0.508 X 104 


No. of indep. 
Charge group particles 
L (3<Z<5) 72 
M (6¢Z<9) 147 
H (Z>10) 33 


FLUXES AT THE TOP OF THE ATMOSPHERE 


One of the reasons for discrepancies between the 
results of various authors as far as the fluxes at the top 
of the atmosphere are concerned is the extrapolation 
procedure to the top of the atmosphere. Since a separate 
paper“ is devoted to a discussion of this aspect, no 
detail of the procedure used in the present work will 
be given here. 

Two sets of fragmentation probabilities were used in 
the extrapolation to the top of the atmosphere; those 
given by Noon and Kaplon and those given by 
Rajopadhye and Waddington.'’:'* Not enough inter- 
actions were observed in the present work to allow an 
independent determination of these parameters, but 
they seem to indicate that the results of the Bristol 
workers are essentially correct. The values of both 
sets of fragmentation probabilities in air as well as the 
absorption mean free paths in air used are given in the 
Appendix. 

Table III lists the fluxes derived at the top of the 
atmosphere. Column 1 was calculated using the Bristol 
fragmentation probabilities, Column 2 using the Roch- 
ester fragmentation probabilities, and Column 3 neg- 
lecting fragmentations in the atmosphere above the 


TaBLeE II. Charge-indicating interactions. 








Charge 
Min Assigned by é-ray 


Eva 
No. pean Alphas tracks charge count Remarks 





1 min track at wide angle 
2 min tracks at wide angles 
1 min track at wide angle 
5 min tracks at wide angles 
1 min track at wide angle 
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nt "J, HL Noon and M. F. Kaplon, Phys. Rev. 97, 769 (1955). 
Y. Rajopadhye and C. J. Waddington, Phil. Mag. 3, 19 


(1958). 
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TaBLe III. Fluxes of this work extrapolated to the top of the 
atmosphere. All fluxes in particles/m? sec sterad. 








Tot. time 
6<45° 
Bristole 


Frag. 
prob. 


used 

Nw®(6<70°) 2.19+40.38 2.19+0.38 
Na’ 5.60+0.58 6.05 +0.56 
Nu 1.68+0.32 0.45 +0.36 
Na 90.9+8.0  89.2+8.0 


Total time 


Rochester> None Bristole 
2.194+0.38 2.294040 1.63+0.37 
6.7040.55 5.89+0.61 6.18+0.70 
2.6240.31 1.9440.33 1.18+0.34 
98.547.9 94.5483 90.3410.1 


Bristol* 











* See reference 18. 
> See reference 17. 
© See reference 14. 


stack. Column 4 was calculated using the Bristol 
fragmentation probabilities but assuming all the par- 
ticles entered the stack while at ceiling altitude (no 
ascent correction); Column 5 using the Bristol frag- 
mentation probabilities but accepting only particles 
with zenith angles of less than 45°. The errors quoted 
are standard deviations, based only on the number of 
independent particles observed in the stack. Wherever 
fragmentations were taken into account, the errors in 
the fluxes of higher charge groups were propagated. 

A comparison of columns 1, 2, and 3 shows the de- 
pendence of the extrapolated flux on the fragmentation 
probabilities used. It is seen that whereas the variations 
due to different fragmentation corrections in the flux 
of M nuclei and a-particles are of the order of 10%, 
the differences between the extrapolated fluxes of L 
nuclei are very large. Although column 2 suggests that 
L nuclei are less abundant by a factor of 10 than M 
nuclei, it still indicates a finite amount of Li, Be, and B 
incident on the top of the atmosphere. The results of 
the present work are however incompatible with the 
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view that L nuclei are as abundant as M nuclei in the 
cosmic radiation.* 

Column 4 has been calculated in order to estimate the 
influence of the ascent time on the final flux. Wadding- 
ton” has recently proposed a correction to fluxes calcu- 
lated on the basis of ceiling altitude only in order to 
take into account particles entering the stack during 
ascent time. In the present work no correction of this 
kind was necessary since all of the flight curve was 
approximated by a series of straight lines (see refer- 
ence 14). It is seen that except for Z nuclei, where the 
ascent introduces a correction of 15%, the difference is 
only of the order of 4%. 

Table IV lists the results obtained by other workers 
on the primary a-particle flux, which are intrinsically 
comparable with those of the present work. Thus 
fluxes obtained over Texas, \=41°N, and over northern 
Italy, \=46°N, are listed, the latter value being in- 
cluded since it has been pointed out” that the cut- 
off energy at both locations might be roughly the same. 
It is seen that most of the work was done with counter 
equipment. In those cases where no allowance was made 
for contributions from fragmentations of heavy nuclei 
in the atmosphere the quoted values should probably be 
decreased by about 10%. It is seen that all the data 
agree with each other to within one standard deviation. 

Table V lists the relative abundance of heavy nuclei 
found in emulsions by several authors. The experiments 
listed in this table were performed over Texas or over 
northern Italy. Assuming the same energy cutoff at 
both locations, the relative abundances should be a 
function of altitude and zenith angle cutoff only. Since 


TABLE IV. Flux determinations on primary a-particles at \=41°N over Texas and at \=46°N over northern Italy. 
All fluxes in particles/m? sec sterad. 








Author Method 


Month and 
year 


Frag prob used flight Na® Location 





Perlow et al.* 

Bohl> 

Horowitz* 

Webber and McDonald# 
Linsley* 

McDonald‘ 

Webber* 

O’Brien and Noon" 
Present work 


Proportional counters 
Double scintillator 
Cerenkov counter 

Cerenkov counter 

Cerenkov ctr.+cloud chmbr. 
Cerenkov ctr.+scintillator 
Cerenkov ctr. 

Emulsions 

Emulsions 


Fowler and Wa addington! Emulsions 


Texas 
Texas 
Texas 
Texas 
Texas 
Texas 
Texas 
Texas 
Texas 


110+20 
88+10 
99+ 16 
82+9 
88+8 
87+9 
7445 
102+15 
89+8 
91+8 
938 


None 2-50 
None ? 

None 2-54 
None 2-54 
None 2-54 
Rochesteri 1-55 
Rochester! 1-55 
Rochesteri 2-56 
Rochester! 2-56 
Bristol* 
Bristol* 


9-54 N. Italy 





7 . Perlow et al., Phys. Rev. 88, 321 (1952). 
bL. fohl, Ph.D. thesis, University *. eeente, 1954 (unpublished). 
oN. Horowitz, Phys. Rev. 98, 165 (1955). 
4 W. R. Webber and F, B. McDonald, Phys. Rev, 100, 1460 (1955). 
; Losey, Phys. Rev..101, 826 (1956). 
Sea? Phys. Rev. 104, 1723 (1956). 


tee refere 
H. Noon, Nuovo cimento 4, 1285 (1956). 


a ae Brien owe 
iP . Fowler and C. J. Waddington, Phil. Mag. 1, 637 (1956). 
See ref 9. 


1% C. J. Waddington, Nuovo cimento 6, 748 (1957). 
® Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 (1956). 
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TaBLE V. Relative number of particles with Z>3 found in 
emulsions at A=41°N over Texas and at \=46°N over northern 
Italy. (The numbers are quoted in percentages of the total 
number of particles found with Z>3.) 








Depth in Zenith 
g/cm? cutoff B 


90° d 8 14.8242.7 27.0 
60° . 7 11.8242.3 25.1 
30° . 7 10.942.0 25.0 
17 90° 14.142.1 29.8: 
8.5 45° 27.845.7 25.9 


Depth in Zenith 
g/cm? cutoff N Oo 


90° . 9 13.542.6 
B . 7 13.8+3.0 
Cc . 5 15.442.4 
T 
Ss 


Author* 








Author® 





17 d ‘ 9.541.7 
8.5 ° A 7442.7 





Depth in Zenith 
g/cm? cutoff 


R 8.5 
B 12 


Author® 





37.0+4.7 
38.4+4.6 
34.343.8 
26.2 42.9 
14.824.0 


21.8243.4 
18.8+3.0 
9 19.642.7 
17 24.042.8_ 
8.5 37.046.9" 25.945 








. Ronee. present work; B=Bristol (reference 9); C=Chicago 
(reference 12); T =Torino (reference 11); S=Sydney (reference 10). 


most observers admit low detection efficiency for Li, 
the numbers quoted are percentages of all particles 
with Z2>4. The errors quoted are standard deviations. 
Although different methods of charge determination 
were used in the different experiment, the agreement on 
the relative abundance of elements in the emulsions is 
seen to be excellent with the exception of the results 
of the Sydney group. (Since the stack used by the 
Sydney group was exposed on the same flight with the 
stack used in the present work, the difference in the 
results is rather hard to understand.) The relatively 
high abundance of L nuclei found by the Torino group 
seems to reflect the increase in flux of these elements 
with decreasing altitude. The general agreement on the 
relative abundances is especially striking since previous 
experiments did not show any agreement whatever, and 
shows the vast improvement of charge determination 
techniques in recent years. 

Table VI lists the extrapolated fluxes at the top of 
the atmosphere at both locations and by authors using 
stripped emulsions. Earlier work has not been included 
because of the much higher tracing efficiencies available 
in stripped emulsions. It is seen that all recent flux 


TABLE VI. Fluxes at the top of the atmosphere 
(particles/m? sec sterad). 








Frag. prob. 
Author*® used N. E Nu® 
B Bristol 6.1+0.6 2.5+0.3 
Rochester* 6.1+0.6 2.2+0.4 
Bristol® 5.6+0.6 2.2+0.4 
Rochester* 5.5+0.8 2.6+0.6 
Torino4 §.5+0.4 2.8+0.4 











* B=Bristol (reference 9); R=Rochester, present work; S =Sydney 


(reference 10); T =Torino (reference 11). 
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determinations are in agreement, with the exception of 
the Sydney results.t 


REMARKS ON GEOMAGNETIC THEORY 


The observation of equal fluxes at geomagnetic lati- 
tude 41°N over Texas and at geomagnetic latitude 
46°N over northern Italy indicates that the magnetic 
field as seen by the cosmic radiation cannot be given by 
the usual fixed centered dipole field as observed on the 
earth’s surface. Several other experiments both at sea 
level and at high altitude support this view.*-* Thus 
the energy spectrum of the primary cosmic radiation 
cannot be reliably deduced from a comparison of fluxes 
measured at different, theoretical, geomagnetic cutoff 
energies. 

The influence of the earth’s shadow in geomagnetic 
theory can also be tested with the help of flux measure- 
ments. Figure 4 shows the variation of the flux /(@) 
with zenith angle @; here 7(@) is the number of particles 


5 





1(@) ARBITRARY UNITS 





4 4 1 4. 
30 40 50 60 
ZENITH ANGLE @ 





= 
2 


Fic. 4. Variation of the flux with zenith angle (a) using Stérmer 
theory only; (b) including the earth’s shadow effect. 


having a zenith angle @ crossing unit area normal to the 
direction of motion per second per steradian, averaged 
over all azimuth angles. 7(@) was calculated assuming 
an integral energy spectrum of the form E-!-* (£ is the 
total energy per nucleon of the incoming particles) and 
the cutoff predictions of (a) Stérmer theory only 
(b) Stérmer theory plus earth’s shadow cone at geo- 
magnetic latitude of 40°, as given by Alpher.” It is seen 
that the shadow effect is rather small for zenith angles 
below 45°, but that it increases sharply at higher zenith 


Rao, Biswas, Daniel, Neelakantan, 
and Peters [Phys. Rev. 110, Psi (1958) ] find essentially no light 
elements in an emulsion stack flown on the same flight as the 
present work. They use a quite different extrapolation eenioe 
-_ obtain a medium flux about 25% higher than that reported 
me C. J. Waddington, Nuovo cimento 3, 930 (1956 
P. H. Fowler and C. J. Waddington, Phil. Mee 
a Dani, Freier, Naugle, an Ney, Phys. 
* R. E. Danielson and P. S. Freier, Phys. Rev. 109, 151 (1958). 
% R. A. Alpher, J. Geophys. Research 55, 437 (1 950). 


t Note added in proof.—Appa 


). 
1, 637 (1956). 
ev. 103, 1075 
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angles. Using the curves of Fig. 4, one expects a differ- 
ence in the extrapolated fluxes depending on whether 
only particles of zenith angle less than 45° are included 
or all particles are taken. The expected difference is 


N1(9 max = 45°) — Nr (O max = 90°) 


=0.13. 
Nr (0 nie _ 45 g +Ny (fone _ 90°) 





By comparison of columns 1 and 5 in Table II it is 
seen that no such effect was observed in the present 
work. The weighted average of the experimentally 
determined differences is 


Nz>2(O max = 45°) — Nz>2(O max = 90°) 
Nz> 2 ( _ 45 °) + Nz> 2 ‘( om = 90°) 


=0.02+0.015. 





Although the errors in the above numbers may be 
slightly underestimated, ‘the result is definitely in dis- 
agreement with the predictions of the earth’s shadow 
effect. These predictions are also in disagreement with 
observations of the azimuthal asymmetries of cosmic 
ray fluxes.% Recent calculations by Schwartz” indicate 
that the original calculations of the earth’s shadow 
effect were in error. 


REMARKS ON THE ORIGIN OF THE 
COSMIC RADIATION 


In the extrapolation of the fluxes observed at the 
top of the atmosphere to the origin, it is assumed that 
the origin of at least the greater part of the cosmic rays 
observed in the present work is located near the center 
of the galaxy. It has been shown by Ginzburg?’ that 
an assumption of a uniform distribution of sources 
leads to a greater relative abundance of light elements 
than observed at the top of the atmosphere. The 
extrapolation procedure used in the present work is 
due to Ginzburg.”” 

Cosmic rays emanating from a point source are 
assumed to diffuse through the whole volume of the 
galaxy and the galactic halo. In the estimation of the 
diffusion constant D, it is assumed that magnetic fields 
are constant over a certain effective length / after which 
they are essentially changed. This effective length is 
taken to be of the order of the distance between gas 
clouds, 3X10” cm, yielding a diffusion constant of 
D=}4lv=3X10"" cm/yr. Using this constant diffusion 
coefficient and taking into account the fragmentations 
of heavy nuclei, the diffusion equations are 


ONi(r) D “( ONa (1) N,(r) 
ato arN. or ) T;! 
k—-1 P:Ni(r) 
+z, iy Nein ted 


i=1 F; 





26 M. Schwartz (private communication). 
7V. L. Ginzburg, Progress in Cosmic-Ray Physics (to be 
published). 
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where N,(r) is the number of nuclei of type & per unit 
volume at r; 7; is the interaction mean free time 
(i.e., the time needed to traverse an interaction mean 
free path); 7,’ is the absorption mean free time; 
P;, are the fragmentation probabilities (i.e., the 
average number of nuclei of type & emitted from an 
interaction of a nucleus of type i); and Q; is the source 
strength (the number of particles of type & formed at 
the source per unit volume and time). The solutions to 
these equations are 


NM: ( r) = . 
4rDr 


aml 
ats (DT;')} 


k-1 0; r 
D,' -X ag rz N; ’ 
+h ps2? ( ed | 


k—i-1 
Dy'=Bal(Pset dX Pi,n;Di*), 


j=l 


i lt )y 
Tr? T2739 


The above equations are valid for differential energy 
intensities. They are valid for integral energy intensities 
only under the assumption that the fragmentation 
probabilities are energy independent. 

In the derivation of the mean free times, experimental 
values for the cross section of protons on heavy nuclei 
quoted by Rajopadhye and Waddington’* have been 
used. A density of 0.1 atom/cc has been assumed for 
interstellar matter (to take into account the low density 
in the galactic halo) and a composition of 90% H and 
10% He by number was assumed for interstellar gas. 
Following are the mean free paths and mean free times 
used in the extrapolation: 


H M a 
2.08 3.88 9.85 
2.93 4.26 10.03 
0.22 0.41 1.04 
0.31 0.45 1.06 


ea=|7, 


10-** XX (in cm) 
10-*5X’ (in cm) 
10-*XT (in yr) 
10-§X T” (in yr) 
For fragmentation probabilities the following values 
were used: 
Pie 
1.97 


Put 
0.64 
0.02 
0.27 
0.11 


Pua 
2.28 
0.57 
1.79 
1,12 


Put 
0.49 

0.05 0.66 
0.34 . 1.50 
0.26 ‘ 1.25 


Pu. 
0.36 
0.36 
0.36 
0.36 


The following densities were used (ro is the source- 
earth distance) : 
Nu(ro) Nu(r0) N1(10) Na(ro) 


I 2.2 5.6 1.7 91 
II 2.2 6.1 0.5 89 


The distance of the source from the earth can be 
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TABLE VII. Source abundance ratios of primary nuclei for diff- 
erent assumptions concerning primary flux (I and II), source- 
earth distance (ro), and fragmentation probabilities (A, B, C, D). 








Flux at the top Set of 
of the atmos- Pi.j 
used 


10-2 Xre 
(in em) 


phere used Qx/Qm Qa/Qm Qa/(Qx +0m) 





8 


4 
8 
5 
5 
.4 


0.40 
0.62 


VOwW>AWm 
did too tae fag ee tas te 
A BWR aAnow 
o unt OUFtauw 


I 
I 
I 
I 
Suess and Urey 


cosmic abundances 0.375 


J 
a 








derived from the equations by assuming Q,=0. This 
assumption is reasonable in view of the absence of these 
light elements in tables of cosmic abundances,”* sup- 
ported by theories of the formation of elements.”” The 
result of the calculation is given in Table VII for various 
combinations of N;(ro) and P,; ;. For each of these 
distances the abundance ratios of the groups at the 
source have been calculated and compared with the 
ratios derived from the cosmic abundance of elements 
given by Suess and Urey.”* 

An examination of the diffusion equations shows that 
the results are rather independent of the choice of 
values for the diffusion coefficient D or for the density 
of interstellar matter. A change by a factor of 10 in 
either of these parameters will change the distance ro 
by a factor of (10)'3, but will not affect the relative 
source strengths. Sets A and B of the fragmentation 
probabilities are upper and lower bounds of the values 
given by the Chicago and Bristol groups,”* and most 
probably are exaggerated. Set C is the average of the 
sets given by the two groups and seems to be a reason- 
able approximation to the true values. Set D was used to 
get a reasonable upper limit on the source distance when 
the fluxes of set II having very little LZ abundance are 
used. Sets I and II of the fluxes seem again to be upper 
and lower limits on the abundance of Z nuclei at the 
top of the atmosphere. Since reflection at the boundaries 
of the galaxy is not included in the diffusion equations, 
the calculated distances are probably slightly too large. 

Since the center of the galaxy is at a distance of 
2.5X 10** cm from the solar system, our assumption of 
a concentration of sources near the center seems to be 
justified by the results. The source strength ratios are 
in no case in agreement with the abundance ratios given 
by Suess and Urey.** In all cases the relative abundance 
of alpha particles in the cosmic-ray source is much 
smaller than is expected from the cosmic abundances. 
On the other hand, the calculated relative source 
strength of alpha particles is too high to allow for a 
source of heavy nuclei only. Investigations leading to 


28H. E. Suess and H. C. Urey, Revs. Modern Phys. 28, 53 
(1956). 

» ee Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
29, 547 (1957). 
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the hypothesis of a source consisting entirely of heavy 
nuclei most probably did not take into account the 
alpha particle fluxes observed. It appears that this is a 
very critical aspect of the problem. 

It has been customary to use a one-dimensional 
extrapolation rather than the radial diffusion equations 
given above, in extrapolations to the origin of the cosmic 
radiation. The main difference between the two methods 
is that the radial diffusion equations yield a straight- 
line distance between the origin and the earth, whereas 
the one-dimensional extrapolation yields the mean path 
traversed by the cosmic radiation. Using the same 
parameters in both equations, the latter path length is 
greater by a factor of 10° than the straight-line distance. 
However, the relative abundances at the origin, defined 
as the position at which the intensity of Z nuclei 
vanishes, as well as the mean life-time of the cosmic 
radiation are the same irrespective of the way the 
extrapolation is done. 

It is apparent from the results given in Table VII 
that the origin of cosmic rays cannot be explained in 
terms of the relative abundance of elements in stellar 
atmospheres. The way to a better understanding of the 
source of cosmic radiation most probably leads through 
a knowledge of the relative abundance of elements in 
the cosmic radiation at large distances from the earth. 
It seems that the frequency of occurrence of elements in 
the cosmic radiation (as observed at the earth) is even 
harder to understand in terms of the cosmic abundance 
of elements than is shown in the above table. Thus it 
appears that the ratio C: N:O is inverted in the cosmic 
radiation with respect to the cosmic abundance tables. 
Furthermore it seems that F is abundant in quantities 
comparable to the other medium nuclei in the cosmic 
radiation whereas it is essentially absent in cosmic 
abundance tables. These data, however, have still to 
be extrapolated back with the help of fragmentation 
probabilities for individual nuclei, before any definite 
statements can be made. At the present stage of our 
knowledge of fragmentation probabilities this cannot 
be done. 
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APPENDIX 


The following parameters were used in the extrapola- 
tion to the top of the atmosphere. 
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(a) Interaction mean free paths (in air) : 


Aw=18 g/cm?; Aw=26.5 g/cm?; AL=31.5 g/cm. 


(b) Absorption mean free paths (in air) : 
Ar’=A1/(1—P); 
An’=24 g/cm’; Aw’=30.5 g/cm?; \1’=34.0 g/cm?; 


Aa’ = 45.0 g/cm’. 
(c) Fragmentation probabilities (in air) : 


“ 
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Bristol values (B)}*: 
Pya=1.23; 
P 1q=0.79. 


Pum = 0.46; 
Py L= 0.23; 


Py1=0.21; 
Pua=1.27; 
Rochester values (R)??: 
Pyr=048; Pra=2.07; 
Pua= 1.42. 


Pum=0.27; 
Put= 0.42; 
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A quantitative estimate is made of the branching ratio between two-body and more complicated mesonic 
decay modes for ,He‘ and 4H‘, as function of their spin J and the ratio p/s of the s- and p-channel amplitudes 
in free A decay. Comparison with the data on 4H‘ decay indicates that J =1 is rather improbable and that, 
with J=0, an upper limit on p/s is about unity, a lower limit of 0.45 being obtained from the observations 
on up-down asymmetry in polarized A decay. The theoretical and experimental values for the nonmesonic/ 
mesonic ratio in hypernuclear decay are compared in the light of these limits on p/s. Assuming validity of 
the A7 =} rule, the variations in the x~/x® ratio for decays of light hypernuclei (Z < 2) due to the effect of 
the Pauli principle are also estimated. A brief discussion of ,H® decay is given in an appendix. 


1. INTRODUCTION 


LANO ef al.' and Crawford et al.? have recently 
established that the decay pions from A — p+27~ 
decay events following the x-+— A+ K° production 
reaction in the energy range 950 to 1100 Mev are 
emitted with a marked up-down asymmetry relative 
to the normal to the A+K° production plane. The 
existence of this asymmetry establishes both that this 
reaction produces A particles with a strong polarization 
perpendicular to their production plane, and that the 
A — p+ decay process does not conserve parity. In 
fact, as Lee and Yang’ have pointed out, the asymmetry 
observed exceeds the maximum value permitted (with 
the angular distribution observed in the A rest system) 
for a A spin of $ or greater, being compatible only with 
spin 3 for the A particle. Parity nonconservation in the 
decay of a spin-} A particle allows the emission of both 
s and p waves for the outgoing pion, and the decay 
amplitude will have the general form 


H(A ptx-)=s+po-a/qs, (1.1) 


where q is the momentum of the decay pion in the A 
rest system (ga its value for free A decay), @ denotes 


1 Plano, Prodell, Samios, Schwartz, Steinberger, Bassi, Borelli, 
Puppi, Tanaka, Waloschek, Zoboli, Conversi, Fronzini, Manelli, 
Santangelo, Silvestrini, Glaser, Graves, and Perl, Phys. Rev. 108, 
1353 (1957). 

? Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Steven- 
son, and Ticho, Phys. Rev. 108, 1102 (1957). 

3T. D. Lee and C. N. Yang, Phys. Rev. 109, 1755 (1958). 


the baryon spin vector, and s, p denote the amplitudes 
for the /,=0 and /,=1 channels, respectively. With 
this expression (1.1), the angular distribution of the 
pions from decay of polarized A particles takes the form 


(1+aP, cosé), (1.2) 


where @ is the polar angle of the outgoing pion relative 
to the initial spin direction, P, is the mean polarization 
of the parent A particles, and a denotes the com- 
bination 


a=2 Re(s*p)/(|s|*+]p]*), (1.3) 


whose value is a property of the detailed mechanism 
giving rise to the A-decay process. From the experi- 
ments mentioned above, only the combination aP, 
can be determined. The value obtained, averaged over 
all production angles for the A particles, is given by 


aP,=0.55+0.10. (1.4) 


The parameter —a also gives the value of the mean 
longitudinal polarization for the protons recoiling from 
A decay, this polarization being specified in the A rest 
system and averaged over all directions of decay. For 
A particles which decay in flight, the recoil protons 
observed in the laboratory system will then generally 
have a transverse component of polarization resulting 
from their longitudinal polarization in the A rest system 
and this may be measured by observations on the 
left-right asymmetry in their scattering from a target 
of known polarization properties in the standard way. 
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From such observations, made in a multiplate cloud 
chamber, Boldt et al.‘ have recently established the 
sign of a to be positive, but a precise measurement of 
a in this way will require a more detailed experiment. 
If a could be determined in this direct way, the experi- 
ments leading to (1.4) would allow the determination 
of P, as function of the A production angle, information 
which would be of great value in the analysis of the 
production reactions for the A particle. At present, 
however, this argument may only be used in reverse; 
the analysis of the production data allows an upper 
limit of 70% to be placed on the mean polarization P, 
for the A particles considered. This leads to a corre- 
sponding lower limit on the value of a, 


|a| >0.77+0.12. (1.5) 


In the present work, the amplitudes s and will be 
assumed to be real quantities. This appears reasonable 
under the following circumstances. First, if it is as- 
sumed that time-reversal invariance holds for the 
A-decay interaction,’ then it is well known® that the 
phases of s and # arise only from the scattering between 
the outgoing pion and nucleon, in fact 


s=25,e%14 Lsse%s, (1.6a) 
p= Fpre*+ dps, (1.6b) 


where (s:, p:1) and (s3, p3) are the real amplitudes 
leading to final T=} and T=$ pion-nucleon states, 
respectively, and 61, 53, 511, 3: denote the pion-nucleon 
scattering phases for c.m. energy 37 Mev. Further the 
simplest interpretation of the branching ratio (4+ p)/ 
(x°+mn) observed in A decay’ is given by the AT=} 
rule of Gell-Mann, which requires that the final pion- 
nucleon state should consist only of T=} states, that 
is $s= p3=0. With these assumptions, the relative phase 
between s and is limited to (6;—6,)~10°, which 
may be neglected in expression (1.3). With s and p 
real, the limitation on the ratio p/s implied by (1.5) 
is shown in Fig. 1, giving 


0.45< p/s<2.25. (1.7) 


This result still allows a wide range of variation in the 
relative contribution of s and channels to the 
A— p+ decay rate, the contribution of the p channel 
lying between 18% and 82% of the total (x-+ p) decay 
rate. 

Even a direct determination of a would still allow 
two possibilities for the ratio p/s, one exceeding unity, 
the other less than unity. In principle, measurement 
of the sign of the transverse polarization of the recoil 


* Boldt, Bridge, Caldwell, and Pal, Bull. Am. Phys. Soc. Ser. II, 
3, 163 (1958). 

5 There is no positive evidence to date for the failure of this 
invariance property for any of the weak decay interactions in- 
vestigated in detail. 

* G. Takeda, Phys. Rev. 101, 1547 (1956). 

7 Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 

5 


cimento 5, 1700 (1957). 
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protons from (+) decay of polarized A particles 
(this transverse polarization being the component in 
the plane of P, and the proton direction, in the A rest 
system) could distinguish between these possibilities, 
since this component of the polarization is given by 
P 4 cos, (s°— p*)/(s*+ p?) (1+ Pra cosé,). However, this 
quantity is obviously difficult to determine. 

Our main purpose here is to discuss an argument 
which is. based on the branching ratios observed for the 
decay modes of light hypernuclei and which places a 
limit on p/s sufficient to limit this ratio to values less 
than unity. This argument also establishes the spin of 
the ground state of the hypernuclear doublet ,H‘, ,Het‘, 
and therefore leads to a clear conclusion concerning the 
spin-dependence of the A-nucleon interaction. 


2. x AND x° DECAY MODES OF ,H‘ AND ,He‘ 


According as the A-nucleon interaction favors the 
singlet or triplet configuration, there are two spin 
values conceivable* for the ground state of the ,H*, 
sHet‘ doublet, J=0 or J=1, since the A particle then 
moves in an s state relative to the center of mass of 
the system. For ,H*, the two-body decay mode 


aH! > 2-+ Het (2.1) 


has become well established’ and is of special interest 
since the two final particles are each spinless. This 
implies that the relative orbital angular momentum / 
equals the spin J of the initial system, so that the final 
two-body system has definite parity —(—1)7. One 
consequence of this is that the emission of decay pions 
in the mode (2.1) must have forward-backward sym- 
metry relative to the ,H‘ spin direction if J=1 (being 
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02 ag, 
p® (s*+p*) 


Fic. 1. A plot of the asymmetry coefficient |a| in A decay as 
function of the intensity of the p-channel relative to the total x 
decay rate. This plot shows the limits on |~/s| implied by the 
present data. 


®R. H. Dalitz and B. W. Downs, Phys. Rev. 111, 967 (1958). 

* Levi-Setti, Slater, and Telegdi, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 1957 
(Interscience Publishers, Inc., New York, 1957), Sec. 8, p. 6. 
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isotropic, of course, for J=0). More important, since 
the initial A particle moves in an s state relative to 
the center of mass, the outgoing pion can attain /=1 
only through the p channel of A—p+2~ decay, 
whereas /=0 can be reached only through the s channel 
of decay. 

Similar remarks may be made concerning the two- 
body decay of ,He', 


aHet — 2°+ Het," (2.2) 


for which a rather clear example has recently been 
reported by Levi-Setti and Slater.” Here the outgoing 
m® meson can be emitted with /=1 only through the 
p channel of the A—++7° decay, while /=0 can be 
reached only through the s channel of this decay mode. 

The partial lifetimes for these two-body modes (2.1) 
and (2.2) may be computed adequately by the impulse 
approximation, since the secondary scattering between 
the outgoing pion and the alpha particle is known to 
be quite small at these energies. First we consider in 
detail the decay of 4H‘. The matrix element for the 
process (2.1) is then simply 


[40(0.233,4)%0(1,233,4) 


x (+*0 a)e* {ri —3 (ri +12 +12 +14)} 
qa 


Xbr(2;3,4)ua(1)Xne(132;3,4), (2.3) 


where ¢a, ¢r denote space wave functions of Het and 
of the H® configuration in ,4H*, and “a represents the 
orbital motion of the A particle relative to the H® core 
of ,H*. The appropriate spin functions have been 
denoted by x. The square of this matrix element, 
averaged over initial spin states and the outgoing 
directions of the pion, factors into two terms, (a) the 
sticking probability 


i 
F°(q)= fea2se exp|-4- (Snr) 


2 


Xor(2;3,4)ua(1)}, (2.4) 


and (b), a spin factor 
1 


Gein 
arate 


2 


is Pp 
Xq(1,2 53,4) (s+=0, a)Xam(l 32;3,4)|, 
ga 
which takes the following values: 
(i) J=0, S=s?, 
i. . i (2.5) 
(ii) J=1, S=$p'¢?/qa’. 


In accordance with the previous paragraph, only the 


1 R, Levi-Setti and W. E. Slater, Phys. Rev. 111, 1395 (1958). 
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s-channel parameter appears in this expression for 
7=0, only the p-channel parameter p for J=1. 

The expression (2.4) for the sticking probability has 
been evaluated® recently as function of the A binding 
energy By, assuming Gaussian forms exp(—}an >,’ 7;;7) 
to hold valid for the three- and four-nucleon systems. 
In this case F(q) may be written” 


(2.6) 


F(q) | nr ba By) 
PT Gaatdaye) 


where G(q,B,) denotes an overlap integral" between 
uw, and the wave function representing the motion of 
the proton (bound in He‘) resulting from the A decay, 
which was plotted as function of g and By, in the earlier 
work.® The first factor of (2.6) represents the overlap 
integral for the wave functions of the remaining nucleons 
of the initial and final states of (2.1), For this, the 
parameters a, and a; have been chosen to fit the charge 
radius observed for the alpha particle and the Coulomb 
energy of He*. As discussed before,*® the choice for a; 
involves considerable uncertainty, especially as the H® 
core of 4H‘ may be distorted appreciably by the presence 
of the bound A particle. However (2.6) happens to be 
extremely insensitive to the precise value estimated 
for a3 within quite a wide range. With g=130 Mev/c 
(note that ga= 100 Mev/c) and Bs=1.8 Mev,* G(q,Ba) 
has the value 0.68, leading to a sticking probability 
F*=0.46. The partial transition probability for the 
mode (2.1) is therefore given by 


9 


Ra=2ri( a+ ——0) STP) Pda/ne, 


= 2gSLF (q) F/(1+-w,/Ma), (2.7) 


where Q= 195.6 Mev is the energy released in this decay. 

To obtain an estimate of comparable reliability for 
the partial decay rate for any other of the modes 
observed for ,H* decay is very much more difficult, 
since it requires reliable knowledge of the wave function 
describing (for example) the scattering of a proton by 
H® (for the mode x-++H®) or describing the system 
(H?+p+n) (for the mode 2-++n+H?). Such 
knowledge would require a more detailed understanding 
of the nuclear interactions in states of four nucleons 
than is available at present, much beyond the knowledge 
of the alpha-particle structure (on which the electron 
scattering experiments” at Stanford have given direct 
information) used in the above discussion, and we shall 
not attempt such estimates here. However, the low 
binding energy between the A particle and H*, which 
corresponds to a _ typical separation of order 
h/(1.5m,B,)'=3.5 fermi (1 fermi=10-" cm), suggests 
as a reasonable expectation that the total decay rate 
of the A particle in 4H‘, summed over all modes leading 


1 G(q,Ba) is defined explicitly in Eq. (D4) of reference 8. 
2R. W. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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TABLE I. Momentum distributions observed for x~ mesons from 
three-body and more complicated decay modes of 4H‘, aHe*, and 
aHe® in the world survey.* 








¢/Qmax 0.6-0.7 0.7-0.8 0.8-0.9 0.9-1.0 


aH* 1 2 3 6 
aHet 0 0 1 7 
aHeé 3 0 6 7 


Q@max (Mev/c) 


104.3 
102.9 
102.2 











* See reference 9. 


to a final z~ meson, should be rather close to the 
(x-+ p) decay rate for a free A particle. In these circum- 
stances the effect of the Pauli exclusion principle on this 
decay rate may be fairly reliably estimated; also 
secondary scattering of the pion by the nucleus may 
be expected to be relatively unimportant, according 
to the known scattering cross sections for pions of 40 
Mev or less. 

The total decay rate for all modes involving a 2~ 
meson, averaged over all directions of the outgoing 
pion, is given by 

2x ¢ 

£.8(ot+e,-4) 
2J+1 8m 
X (| Mn(q) |?)ng*dg/m9, 


where A= 174.8 Mev, m is the nucleon mass, and 


(2.8) 


M,(q) = frac 3,4) (s+s, 4) 

ga 

Kelty ane(1 52; 3,4). (2.9) 
The summation is over all states y,,(1,2; 3,4) of two 
protons (1,2) and two neutrons (3,4) which are ener- 
getically accessible, their internal energy being denoted 
by E, measured relative to the energy of (p+H?*). 
Except for the state He* (for which E,=—19.8 Mev), 
E, is a positive quantity, with E,=0 corresponding to 
Qmax= 103 Mev/c. As shown in Table I, about 75% of 
the x~ momenta observed in three-body modes of ,H* 
decay lie above 85 Mev/c, so that the energies E,, which 
contribute in the sum (2.8) lie predominantly below 
9 Mev. This distribution appears reasonable since 
M,,(q) may be expected to diminish quite rapidly (for 
fixed g) as E, increases from zero, owing to the en- 
hancement of this matrix element for low-relative 
kinetic energies by the strongly attractive forces 
between the nucleors. On this basis, it appears a fair 
approximation to replace E,, in the energy conservation 
6 function of (2.8) by a mean value E,, g then being 
replaced by the corresponding mean value @. 

This approximation reduces expression (2.8) to 


1 
—— Pi n(| Mn(Q) |?) [24/(1+c4/4m), (2.10) 
2J+1 


where the summation is now extended over all states 
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n, disregarding the limitations of the energy conser- 
vation in (2.8). 

In this approximation (2.10), the contribution of 
the two-body mode has been appreciably under- 
estimated, especially for the case J= 1 where this mode 
involves the » channel, since the expression (2.7) is 
then proportional to g* which varies strongly between 
the value ¢ appropriate to three-body modes and the 
value g=130 Mev/c appropriate to the two-body 
mode. However, the addition of a term 


(q/OS(9)F*(g)-S(@)F*() 


to the curly bracket of (2.10) provides an adequate 
correction for this underestimate. In the use of ex- 
pressions (2.10) and (2.11), the momentum 9 will be 
chosen to have the value 100 Mev/c, which lies below 
Qmax but above the observed g for the events listed in 
Table I. For the three-body and more complicated 
modes, the approximation (2.10) may be an over- 
estimate of the desired sum for several reasons: 


(2.11) 


(a) expression (2.10) includes contributions from 
states which are excluded from the sum (2.8) by the 
requirements of energy conservation, 

(b) in the replacement of g by g, the phase space for 
the pions emitted is overestimated, and 

(c) the replacement of g by @ overestimates the 
p-channel part of M,(q), for given m, since this contains 
a factor g according to (1.1). 


However, if the experimental distribution of the pion 
momenta is a sufficiently fair estimate of the distri- 
bution of g, it appears that the errors introduced by 
these effects are unlikely to be of importance within 
the accuracy needed for the discussion in this paper. 

With expression (2.10), the summation over » may 
now be carried out explicitly by means of the com- 
pleteness relation 


da ¥a(1,2; ot -WWn(1,2; +++) 
= 511/206 (t1— 11’ 5 (F2— Fe’) 
— 512% 01/75 (11— Fo’ )5(r2— 14’) 


= (1— Py2*P127)511/% 2025 (11 — 11')5(r2— 2’). (2.12) 


This leads to the following expression : 


(Ma u= [+ ( £) 9] 


2J+1 


A 


1 
- Tr f Yans(t32; 3,4) exp(—iq-11) 
2J+1 


p =. 
(s+ oa) PurPur(s+—or-a) 
ga qa 
Xexp(iq-ri)Waue(1;2; 3,4). (2.13) 


With the ,H* wave function used in (2.3), the last term 
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of (2.12) splits into two factors, 


- f br (2;3,4)ua (1) expLiq- (r1—12)] 
X br (1 33,4), (2)dsridgredsrsdara, 


1+0,-o2 
Tr|x(132 3,0 (s+=0a) ( ) 
ga 2 


> 4 (+0 a) a 32; 3,4) . (2.14b) 
ga 


(2.14a) 


2J+1 


After averaging over the directions of 9, the square 
bracket of the spin factor (2.14b) reduces to 


2 
err tie(-) (2— P12’), (2.15) 
A 


where suffices 1 and 2 refer to the initial A particle and 
proton, respectively. The expression (2.8) for the total 
m~ decay rate for the bound A particle finally takes the 
forms 


(a) for J=0; fitrtte@-P a] 
q 
q 2 
” (2.16) 


(b) for J=1; { «1-9 +(=) [ii 
qa 


(7) P@-1F)| 29/(1+-@_/4m). (2.17) 


These expressions are to be compared with the ex- 
pression 


2ga(s?+ p*)/(1+-ws/m) 


for the x~ decay rate of the free A particle. 

The terms involving » in (2.16) express the effect of 
the Pauli principle on the m~ decay rate for the A 
particle in ,H*. It is of interest to note explicitly that, 
for the present case where there is only one proton in 
the initial system, the symmetry requirements on the 
final state may lead to either an enhancement or 
suppression of the m~ decay rate. The decay rate is 
enhanced if the decay gives rise to a proton of spin 
oppositely directed to the initial proton, suppressed 
if the decay leads to a proton of spin parallel to the 
initial proton; which situation holds naturally depends 
on the initial spin of the system and on whether or not 
the decay process involves spin flip. 

The value of » may be estimated by assuming the 
product wave function 


or (2; 3,4)ua(1) =exp{ —fas(ros°+131?+ 1127) } 
X ua( | i 4(retratr) | ) (2.18) 
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used for 4H‘ in reference 8. With this the expression 
(2.13a) reduces to 


9a3\ ! 9a3 
on (=) f ‘exp _—(sRe46R-S-+58?) 
2x 32 


ua(R)ua(S)d3Ra,S. (2.19) 


31 
+24-(R-S) 


In order to evaluate this jntegral, it has been con- 
venient to approximate the wave function ua(r) by 
means of the form 


=C[exp(—ar?)+-y exp(— dr’) ], 


for which the integrations may be carried out explicitly. 
The result is 


a (Sy I(a,a)+2yI (a,b) +51 (b,b) 
amet? es ’ 
: J (a,a)-+2yJ (a,b) +52 (b,b) 


(2.20) 


ua(r) 





where 


I (a,b) =[A®+ (5/4) A (a+6)+<ab |"! exp{ — (3g/4)? 


[A+ (a+)/4]/[A*+ (5/4) A (a+)+a6)}, 
J (a,b) = (a+b), 


and A=9a;/8=3/16R;*. In order to select suitable 
values for a, 6, and y, a variational calculation for ,H* 
was carried through with (2.20) as trial function; this 
led to the, values a=0.28 fermi-?, b>=0.044 fermi-, and 
y=0.36, which led to the optimum U; of 880 Mev 
fermi®, less than 3% above the true value of U; for this 
case. As discussed earlier,* there is much uncertainty 
in the value appropriate for R3, especially as the H’® 
core of ,H* is likely to be considerably distorted by the 
presence of the bound particle. With the choice R3= 1.4 
fermis, expression (2.21) gives n=0.24; other choices 
of R; within the possibilities which seem allowable at 
present give values of » lying within +10% of this 
value, a variation which is unimportant within the 
approximations of the present treatment. ' 

At this point, it is of interest to consider the total 
a~ decay rate for ,He*. For this system there is of course 
no two-body a~-mesonic decay and the internal energy 
E,, of the final nucleons (measured relative to n+ H*) 
is necessarily positive. The observed #~ momenta for 
sHe* decay all lie above 85 Mev/c and the use of the 
closure approximation appears quite adequate. The 
main difference from the case of 4H‘ is that the initial 
system contains two protons of opposing spins, and 
that the final states contain three protons. The 
relation (2.12) must here be replaced by 
La ¥n(1,2,3; -- *Wa(1’,2’,3'; sss) 

= (1— Pyo*Pi2"— P13*P 13) (1— P23" P23") 

X 811/205 39/5 (4) — 11’ )5 (ro— Fre’ )5(rs—43’). (2.22) 


Taking into account the symmetry of the initial state, 


t 
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the expression corresponding to (2.15) becomes 
$*(P12°+ P13") +39? (4— Pio’ — Ps’), 


where suffix 1 refers to the initial A particle, suffixes 
2 and 3 to the initial protons. For initial protons in a 
singlet spin state, P12°+P1i3;7=1, and the expressions 
for the total x~ decay rate, corresponding to (2.16) for 
aH‘, become 


[s*+-9?(G/qa)* }(1—n)2q/(1+-@,/4m), 


irrespective of the spin J. This decay rate is always 
suppressed from that for a free A particle, owing to the 
effect of the Pauli exclusion principle, represented by 
the factor (1—7). The term 7 has generally been re- 
garded as negligible for ,He hypernuclei'*-*; the reasons 
why 7 is not completely negligible in this present case 
are twofold. Although the binding energy By~2.0 
Mev for the A particle is relatively low, the spatial 
distribution of the A particle in ,H* or ,He‘ actually 
overlaps quite strongly with that for a proton in the 
initial system, since the mean radius of the A density 
distribution is #/2(2myeaB,)*~1.7 fermis, comparable 
with the radius of the nucleon distribution in the H* 
core. Also the momentum g~100 Mev/c of the recoil 
proton must be regarded as quite low, since the wave- 
length #/g~2 fermis is a length comparable with the 
radius of H® or He*. Generally the effect of the Pauli 
principle will be completely negligible ohly when g may 
be regarded as large (i.e., wavelength #/@ short relative 
to the size of the initial system of nucleons) or when the 
wave functions of the A particle and the protons in the 
initial state have relatively little overlap; these con- 
ditions will be met only when By<1 Mev, as in 4H*. 

Discussion of the decay rates for the °-mesonic 
modes of ,H* and ,Het follows closely the above dis- 
cussion for the z~-mesonic modes, in terms of the 
expression 


(2.23) 


(2.24) 


H(A— n+2°) =sot+ poo-q/ga, (2.25) 


for the elementary interaction. For ,H*‘, this discussion 
will lead to an expression of the form (2.24) for the 
total decay rate to all m°-mesonic decay modes, the 
main modification being the replacement of s and p 
by so and o. For ,He‘, the decay probability for the 
two-body mode (2.2) is given by Eq. (2.7), after 
replacement of (s,p) by (s0,fo) in the expressions (2.5) 
for S, and with g given the value go= 145 Mev/c. With 
the value Ba=2.0+0.2 Mev for ,He*, the overlap 
integral G(qo,B,) then has the value 0.67, corresponding 
to a sticking probability F*(qo)=0.45. Replacement of 
(s,p) by (so,po) and g by go in expressions (2.16), also 
leads then to the total x° decay rate for ,He‘. 


13H. Primakoff, Nuovo cimento, 3, 1394 (1956 
“ M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956). 
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3. DISCUSSION OF THE EXPERIMENTAL 
EVIDENCE 


The data on mesic decay modes for ,H* will first be 
considered in terms of the above discussion, since the 
evidence on ,H* decay is considerably more extensive 
than that available for any other hypernucleus. In the 
world survey of Levi-Setti e¢ al.,° there are listed 26 
certain examples and one possible example of ,H* 
decay. Of these, there are 13 examples of the two-body 
mode (2.1), 5 of the mode s+ +H!', 6 of the 
mode 2-+»+He’, and one example of the mode 
x-+p+n+H?. These authors consider that, if there 
is any experimental bias between the observations of 
various 4H‘ decay modes, this would tend to favor the 
three-body and more complicated modes, since the 
two-body mode leads only to one heavily ionizing track, 
the corresponding pion being rather energetic and 
lightly ionizing. 

With J=1 for ,H*, the two-body ,H*‘ decays would 
be expected to represent a proportion R, of all ,H* 
decay events leading to a m~ secondary, where, from 
(2.16b) and (2.7), R: is given by 


Ri=497(q/qa)*F*(q)/ (Q/qa){s?(1—) + 9°(G/qa)? 
X([1—4+-3((¢/*F?()—F2(q@))]}. (3.1) 


The following values are appropriate: F*(q)=0.46, 
F*(g)=0.55, n=0.24, and (g/qa)*=2.25. The greatest 
value (3.1) can take consistent with (1.7) is 0.25. On 
this basis the expected number of two-body decay 
events expected in a batch of 27 4H‘ x--mesonic decays 
is no more than 6.7. The observed number of 13 is 
already about 2.5 standard deviations above this 
expectation, from which we conclude that it is rather 
improbable that J=1 should hold for ,H*. This con- 
clusion may be strengthened a little further on the 
basis of the Karplus-Ruderman argument™ concerning 
the nonmesonic/mesonic ratio in hypernuclear decay ; 
from this argument, the present evidence on this ratio 
(see below) indicated that it is very unlikely that the 
~ channel should dominate the s channel in free A 
decay. With s= , the expected number of two-body 
decay events in the ,H*‘ data is reduced to 4.8, about 
four standard deviations from the observed number of 
events. 

On the other hand, with J=0, the proportion Ro of 
two-body decays among the x~ modes will be 


Ro=s*(q/qa)F*(q)/(4/qa){s*L1+-0+ (9/9) F*(q) 
— F*(q)]+9°(4/qa)?(1—n)}. 


The greatest value of Ro compatible with (1.7) is 0.42, 
leading to 11.4 as the expected number of two-body 
decays in the available batch of ,H* events, well in 
accord with the observation of 13 two-body decay 
events. With p/s=1, this ratio (3.2) takes the value 
0.29, which corresponds to an expectation of 8 two-body 
events in these data, almost two standard deviations 


(3.2) 
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from the observed number. For this reason, we con- 
clude that 


0.45< p/s<1. (3.3) 


A similar discussion can be given for the a modes 
of ,H® decay, as outlined in the appendix. At present, 
its comparison with the experimental data can only be 
rather inconclusive, for two reasons. The statistics on 
aH? decay are less complete and less certain’ than for 
aH* decay. The clearly identified ,H* events consist of 
four examples of the (a~+He*) mode, four of 
(x++ p+He’) and one example of the (x +++ p) 
mode. In addition, there are four other definite ex- 
amples of 4H decay, although the modes they represent 
are not uniquely identified; however the binding 
energies they give for interpretation as ,H* modes are 
not compatible with the known binding energy for 
aH‘, and they are probably examples of ,H* three-body 
modes. There are also two other 4H events which allow 
interpretation either as ,H*® or ,H* decay modes. The 
second difficulty is that By, is not at all well known for 
aH*, whereas the expression for the sticking probability 
varies with binding energy B, roughly as Ba}. For the 
well-identified ,H* events, the mean By, is 0.2+0.5 
Mev, while By=0.0+0.7 Mev is the mean value for 
the events which are probably or possibly ,H* events. 
Also there is some uncertainty as to the correct value 
of Q4, the energy release in free A decay (for which the 
value 37.2+0.2 Mev is used at present), which means 
a corresponding uncertainty in values of Ba, an un- 
certainty which is obviously of much greater importance 
for calculations on ,H* than for the heavier hypernuclei, 
whose By values are large relative to this uncertainty. 
For these reasons, we shall not discuss ,H* decay in 
detail here. 

Earlier, it had been suggested'® that an estimate of 
p/s could be obtained from a knowledge of the non- 
mesonic/mesonic ratio Q for the decay modes of hyper- 
nuclei. This suggestion assumed the quantitative 
validity of the calculations of Ruderman and Karplus,“ 
which were based on the hypothesis that the non- 
mesonic hypernuclear decay processes were dominated 
by the process of internal conversion by neighboring 
nucleons of the pion field generated by the normal pion 
decay interaction of the A particle. With this hypothesis, 
the ratio Q has interpretation as an internal conversion 
coefficient, whose value will be characteristic of the 
angular momentum / of the pion wave effective in the 
A decay interaction. The internal conversion ratio Q; 
for given angular momentum / is then expected to vary 
with J as Q:= (¢-/qa)""Qo where gq, is the momentum 
transfer in the nonmesonic capture process and 
(qe/qa)*~17. For ,He hypernuclei, Ruderman and 
Karplus have given the estimate'® Qo=1.1; for heavy 


16R. H. Dalitz, Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. 20, p. 297. 

16 Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957). It 
should be noted that F. Cerulus [Nuovo cimento 5, 1685 (1957) ] 
has recently given values of Qo, Q:, etc., for tHe which differ very 
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hypernuclei, in which the A particle spends almost all 
the time immersed in nuclear matter of standard 
density, the corresponding estimate is Q¢~50. When 
the emission of both s- and p-channel pions becomes 
possible in A decay, the internal conversion coefficient 
to be expected will lie intermediate between Qo and Q:. 
Since p-channel emission leads to final states of parity 
opposite to those reached through s-channel emission, 
the total decay rates for either mesonic or nonmesonic 
modes are simply 4 weighted average of the decay rates 
for the separate channels, weighted according to their 
relative intensities in free A decay ; hence 


Q= (Qos?+-O:p")/(s*+f’). 


With the range of values p/s allowed by (3.1), the 
values estimated for Q from this expression range from 
4.1 to 10 for ,4He hypernuclei, and from 170 to 420 for 
heavy hypernuclei. 

These estimates are significantly larger than the 
nonmesonic/mesonic ratios recently obtained!’ in work 
by the Chicago group. For ,He hypernuclei, a value 
Q=1,2 (+30%) has been obtained, after some allow- 
ance for the difficulty of distinguishing 7°-mesonic 
modes from the nonmesonic modes. For Z>3 (con- 
ventionally regarded as representing “heavy hyper- 
nuclei”), the determination of Q is more difficult and 
at present it is only possible to place the upper limit 
Q<27+10 on this ratio. Estimates of Q given by 
Schneps e al.!* on the basis of much poorer statistics 
are quite compatible with these recent results. Both 
for ,4He hypernuclei, and for the heavier hypernuclei 
Z>3, these results lie at least a factor 4 below the 
estimates (3.4) based on the Ruderman-Karplus values 
for Oo and Oi. 

Quite a number of factors may be relevant in the 
explanation of this discrepancy between the experi- 
mental ratios Q and the estimates of Ruderman and 
Karplus. For ,He hypernuclei, the estimates given for 
the mean proton density in the neighborhood of the A 
particle have been very crude, being based on the use _ 
of the asymptotic form of the A wave function over the 
region of the (square well) nucleus. This leads to a 
considerable overestimate of the nonmesonic rate; the 
use of the more realistic wave functions calculated in 
reference 8 for ,He* and ,He5 lead to a nonmesonic 


(3.4) 


considerably from those given above. The point of importance in 
Cerulus’ calculation is that the internal conversion processes 
which proceed through the 7° and the z~ channels of A decay are 
coherent. In taking this into account, he has however omitted a 
spin exchange factor for the final nucleons; when this is taken into 
account, the final results for Q; for a A particle whose spin is 
randomly oriented relative to the initial nucleon spins (e.g., as in 
aHe‘) are essentially those of Karplus and Ruderman. On the 
other hand, for nuclei such as ,H‘, the A spin is not randomly 
oriented relative to the proton spin, the ground state having J =0 
according to the conclusions above. In such cases, the coherence 
effect pointed out by Cerulus (but with the corrected spin ex- 
change factors) will have an important effect on Q; and this is 
at present being investigated at Chicago by S. Eckstein and the 
author. 

11 FE, Silverstein (private communication). 
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capture rate lower by a factor of about 5. In the data 
on heavy hypernuclei, those observed to undergo 
m--mesonic decay have been predominantly ,Li and 
aBe; for these hypernuclei it would be reasonable to 
expect that a more detailed calculation of Qo could 
lead to a value intermediate between (Qo=1.1 for ,He 
and Qo~50 for the heavy systems. Allowance for this 
would certainly go some way in the direction of re- 
moving the discrepancy between the observations and 
the Ruderman-Karplus results for the hypernuclei 
Z23. 

An assumption made in the theoretical estimates of 
Q was that the A particle is essentially a point particle, 
its radius R being appreciably smaller than the wave- 
length of the pions concerned in the mesonic and non- 
mesonic decay processes. In fact, since the A particle 
has a strong interaction with K particles, it will have 
a K meson cloud about it of extent #/mxc, whereas the 
momentum transfer g, in the capture process is 420 
Mev/c, a momentum quite comparable with mgc= 490 
Mev/c. It is therefore quite possible that the values of 
s and # effective in the nonmesonic process may be 
significantly smaller than those effective at the lower 
momentum g~ 100 Mev/c of free A decay. 

It has now been realized also that there are other 
possible mechanisms which can contribute to the non- 
mesonic capture process. Treiman'® has pointed out 
that the universal Fermi coupling 


A+p— n+, 


proposed by Feynman and Gell-Mann” as the ele- 
mentary interaction giving rise to free A decay, through 
the sequence 


(3.5) 


A—ptnt+p— 2+, (3.6) 


contributes not only to the indirect process of internal 
conversion, but itself represents a nonmesonic capture 
mechanism. As the spin-dependence of (3.5) is quite 
different from that resulting from the internal con- 
version process, the capture process (3.5) interferes 
relatively little with the Ruderman-Karplus terms and 
therefore generally increases the nonmesonic rate, fur- 
ther increasing the experimental discrepancy. Another 
possibility is that the particle may transfer two pions 
to the neighboring nucleons in the nonmesonic capture 
process. A special mechanism of this kind has been 
discussed by Ferrari and Fonda,” 


A+N— (34+ n)4+-N— (N+a+0)+R > N+H, 


but there are also others which do not involve the 2 
particles. These more complicated processes will 
generally give amplitudes which interfere with the 
amplitudes for the simpler mechanisms, and a quanti- 
tative estimate for the net nonmesonic capture rate 
is thereby made correspondingly more difficult. The 


(3.7) 


18S. B. Treiman (private communication). 
1” R. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 
2” ¥F. Ferrari and L. Fonda, Nuovo cimento 7, 320 (1958). 
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mechanisms of nonmesonic decay discussed in this 
paragraph do not represent processes of “internal 
conversion,” but have physically distinct origins. 
However the importance of the Ruderman-Karplus 
discussion of the internal conversion process lies in the 
validity of its qualitative conclusions. If p-channel 
emission were dominant in A decay, this argument is 
sufficient to establish that the value of Q should be 
large relative to Qo and to the experimental results, for 
this large value could be avoided only if these other 
mechanisms added terms which had the same spin 
dependence but which cancelled strongly with the 
internal conversion amplitude; and such a cornplete 
cancellation would represent a very improbable 
situation. For this reason, in view of the low values 
obtained experimentally for Q, it appears that the 
Ruderman-Karplus argument is still sufficient to 
establish that the A-particle spin is } and that. the 
> channel is not dominant in free A decay. 

It is of interest to remark here, with Sakurai®! and 
Marshak and Sudarshan,” that the (V—A) universal 
Fermi coupling (3.3) leads, in the lowest approximation 
of perturbation theory, to a unique form for 
H(A — p+7-), namely 


. Og my+meo-q 
Warv.(1+ys¥r)— — H= (1+ ~*) (3.8) 


Sy ms—m 2m 


in the nonrelativistic limit. This corresponds to p/s 
=+0.64 and a=+0.91, so that (3.8) is compatible 
with the experimental evidence both in magnitude 
[see Eq. (3.3) ] and in sign. However, at present there 
seems no reason to believe that pionic corrections 
should not modify the form of (3.8) quite strongly. 

Finally, the x°-mesonic modes may be discussed 
briefly. For ,He*, the two-body mode (2.2) should now 
be expected to be quite prominent relative to the 7- 
mesonic modes. With J=0, this branching ratio is 
estimated by 


$0? (qo/qa)F*(qo)/(s?+-$?) (1—n), 


with go/qa=1.45 and F*(qo)=0.45. With s0/s=1/v2, 
the expectation from the AT=}$ rule, this ratio takes 
values from 0.36 to 0.21 as p/s runs from 0.45 to 1. In 
these light hypernuclei, the °/x~ ratio can be modified 
quite strongly from the value 0.5 for free decay by the 
effect of the Pauli principle. In the decay of ,He‘ this 
ratio has the form 


boii sP[1+n+ (90/4) F? (qo) —F?(Q) J+ pe (1—n) 
a (s?+-p*)(1—n) 


with values from 0.82 to 0.69 as p/s runs from 0.45 to 
1. For ,H* decay, the ratio is modified in the opposite 


(3.9) 





, (3.10a) 


% J. J. Sakurai, Phys. Rev. 108, 491 (1957). 
( # FE. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1861 
1958). 
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direction, 


m (s+ po’) (1—n) 


- itnt@/OF@—-FP@]H+P0-1) 


with values from 0.31 to 0.37 as p/s runs 0.45 through 
1. For ,He® and ,H®, the x°/z~ ratio is again 0.5, apart 
from minor Coulomb effects. It may prove possible to 
examine this difference of the (x°/x~) ratio in ,H* and 
aHe* decay by observations on these hypernuclei 
following specific production reactions, such as the 
K~+He‘ reaction.*® 


(3.10b) 
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APPENDIX. x~ DECAY MODES OF 4H 


For the 7=0 ground state of ,H*, two spin values, 
J=% or 4, are possible according as the A-nucleon 
interaction favors the parallel or antiparallel spin 
configuration. The above work leads to the expectation 
that J=} should hold for the ground state. 

With J=4, the two-body decay mode 


aH? — He*+2- (Al) 


can proceed only through the p channel of A decay. 
From this it follows that the angular distribution of a 
emission from ,H®* in this mode can have the form 
(a+cos’#), but that there can be no up-down asym- 
metry relative to the ,H* production plane in this a 
emission. Following the methods discussed above for 
the two-body modes, the expected proportion of ,H*® 
decays giving x~ emission which lead to the two-body 
mode becomes 


$9? (q/qa)*F*(q)/(9/qa){s?(1—n) + 9°(G/a)? 
X(1—-39+ 3((¢/O* FP (Q—-F@) J}, (A2) 


where g= 113 Mev/c, F(g) denotes the overlap (space) 
integral 


F@)= f vuw(,0. sin(gR)/(qR)~aue(A,p,n), (A3) 


with R= (2r4n2+2r,5?—fnp*)'/3, and 7 is the (space) 
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exchange integral 


1= f Yan(p,A,n)[sin(gray)/ (grap) Wanr(A,p,m). (A4) 


For sufficiently small By, F and 9 will become pro- 
portional to (Ba)? and (B,)!, respectively; however, 
owing to the large size of the deuteron core, this simple 
dependence on By, will not hold until By, is smaller than 
0.1 Mev. No numerical estimate of n has yet been made, 
but it seems an adequate approximation to neglect 7, 
since the effect of the Pauli principle should be quite 
unimportant in such a lightly bound structure as ,H’, 
where g>>(2eaB,)'. F(q) has been evaluated for ,H* 
only for g=0 and only for one choice of By; this evalu- 
ation used the ,H® wave function of reference 8 [see 
Eq. (2.12) there] with the parameters” found appro- 
priate to Bs=0.25 Mev and a A-nucleon interaction of 
range #/2m,c and a He* wave function of the form 
exp —A(riot+Pes+731) | with A\=0.4 fermi“, and ob- 
tained the result F(0)=0.70 for this case. A rough 
estimate of the reduction from this value which follows 
with the use of g=113 Mev/c was then made, leading 
to a sticking probability F?(q)~0.35 for Bs=0.25 Mev. 

With J=3, the two-body decay mode can proceed 
through both s and p channel of A decay. The ampli- 
tude for the two-body decay takes the form 


H (4H? > He®+-n-) = —4\3F (q){s—po-a/3qa}, (AS) 


where @ denotes the Pauli spin vector of the three- 
particle system. The only angular distribution which 
is possible for the two-body mode is now an up-down 
asymmetry with distribution 


2sp 
1— P(,H®)- a 


Prwere (A6) 
3(s?+ p'¢?/9qx*) 


for ,H® particles of polarization P(,H*), 9, being the 
angle of x~ emission relative to this ,H* polarization. 
The proportion of two-body decays among the 2 
modes for ,H® decay is given by 


3F?(q)[s*+-3p?(¢/¢a)*](¢/a)/ (4/qa) 
X{e1+30+3(¢/OP(Q)-iFP@) 
+£7(9/qa)*L1—-8nt ts (o/O FP?) —- dF?) )}. 


For By=0.25 Mev, our above estimate of F? leads to 
values for this ratio from 0.26 to 0.17 as p/s runs from 
0.45 to 1; these proportions are quite compatible with 
the observation of 4 two-body decays in a total of 14 
aH? decay events. 


(A7) 


% B. W. Downs and R. H. Dalitz (to be published). 
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Cross Sections for Associated Production by Protons* 


Davip BERLEYt AND GEORGE B. COLLINS 
Brookhaven National Laboratory, Upton, New York 


(Received June 16, 1958) 


Associated production from different target nuclei has been investigated by detecting gamma rays 
originating from unstable particles which decay downstream of a target bombarded with 3-Bev protons. 
The variations in the intensities of these observed gamma rays with atomic weight of the target nucleus 
indicate that an appreciable fraction of heavy meson and hyperon production occurs as a result of some 
two-step process, such as intermediate x production. For processes which involve production of 2°, A°, or 
K° by p-p and by p-n collisions, the ratio of the cross sections for associated production is ¢pp/opn=0.2+0.3. 


HE study of the production of unstable particles 
by 3-Bev protons incident upon nuclei has been 
continued.!:* These particles were detected by observing 
gamma rays which originated from a region several 
centimeters downstream from the target. The observed 
proton energy threshold of 1.1 Bev for the appearance 
of these gamma rays showed that the unstable particles 
responsible for them were created through associated 
production processes. Presumably the gamma rays 
come from the decay of x° mesons originating in the 
decay of hyperons or heavy mesons. A mean decay 
length of about 4.0 cm has also been observed and this 
information is consistent with a mixture of 6;° and A° 
as a possible source of the gamma rays. 

The presence of these “downstream” gamma rays 
can be used to study the associated production process 
and this circumstance has been used to examine how 
the associated production process by protons varies 
with the atomic weight of the bombarded nucleus. Ac- 
cordingly the cross section for associated production 
by 3-Bev protons as indicated by the presence of down- 
stream gamma rays has been investigated for elements 
ranging from hydrogen to lead. 

The experimental arrangement was similar to the 
one used previously’ and is shown in Fig. 1. The targets 
were mounted on a mechanism which enabled them to 
be moved relative to the viewed region and in the direc- 
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Fic. 1. Target, shielding, counter, and collimating system. The 
target is located inside the Cosmotron vacuum chamber at a 
straight section. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Present address: Columbia University, New York, New York. 

1 Ridgway, Berley, and Collins, Phys. Rev. 104, 513 (1956). 

2D. Berley and G. B. Collins, Bull. Am. Phys. Soc. Ser. II, 1, 
321 (1956). 


tion of the incident beam. It was so arranged that any 
one of three targets could be placed in the beam without 
opening the vacuum chamber. After a target was with- 
drawn from the beam its position relative to the occulter 
could be reset to within 0.010 in. 

Each target was provided with a lip through which 
the beam was first required to pass before striking the 
target on a subsequent traversal around the machine. 
The purpose of this lip was to damp the radial betatron 
oscillations of the circulating protons. This process 
usually required several proton traversals through the lip, 
after which the proton passed through the lip with a 
small radial oscillation amplitude. The ionization loss 
due to the last lip traversal caused a proton to suffer a 
corresponding sudden decrease in its equilibrium orbit 
radius. A favorable betatron oscillation was thus induced, 
and resulted in a traversal of the proton through the entire 
target thickness upon the next proton revolution. In 
most cases, the ionization loss in the target was sufficient 
for the protons to strike the inside wall of the vacuum 
chamber some 90°-270° away from the target. How- 
ever, when thin targets were used, stopper targets at 
judiciously chosen azimuthal positions were found 
necessary to prevent multiple traversals. Multiple 
traversals not only made the evaluation of total proton 
flux through the target difficult, but also created 
additional background. 

The counting rate was obtained by comparing the 
number of counts registered in a given run with the 
number of circulating protons as indicated by the 
Cosmotron beam monitor. Counts were taken with a 
one-inch lead shutter open and closed. The attenuation 
of the observed radiation when different thicknesses of 
absorber were placed in front of the collimating slits 
indicated that the difference between the shutter-open 
and shutter-closed rates was proportional to the gamma- 
ray counting rate. The uncertainties introduced by 
considering the shutter-closed rate as background is 
estimated to be no more than a few percent. 

The decay distance of downstream gamma rays 
produced in various nuclei was observed by measuring 
the variation of gamma-ray intensity as the target was 
moved away from the viewed region. Figure 2 shows 
how the gamma-ray intensity from the elements D, Be, 
C, Cu, and Pb diminished as the targets were moved 
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away from the viewed region. The curves were norma- 
lized at 1.6 cm from the target. The deuterium points 
were obtained by a C-CDz» subtraction. Except for 
points taken with the target within a centimeter of the 
occulter where slit scattering may be important, all the 
data are consistent with a simple value of exponential 
decay. It is significant that within the limits of accuracy 
obtained, the falloff in intensity seems to be unin- 
fluenced by the size of the nucleus in which the unstable 
particle is produced. A survival distance of 4.0 cm 
applies to any of the elements from D to PG. This is 
consistent with a mixture of K° meson and A° hyperon 
decays." 

In order to compare the relative gamma-ray produc- 
tion cross sections from different elements, it was im- 
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Fic. 2. Decay curves of downstream gamma rays from several 
nuclei. The distance from target refers to the distance, from the 
downstream edge of the target to the upstream edge of the region 
of view. The mean decay distances corresponding to the curves 
are: Pb, 4.140.2cm; Cu, 4.140.1cm; C, 3.5+0.2cm; Be, 
4.1+0.3 cm; and D, 1.6 to 4.0cm (90% confidence interval). A 
theoretical A° decay curve computed under the assumption of 
production in nucleon-nucleon collisions is shown to illustrate 
the nearly exponential behavior expected. A mixture of gamma 
rays from A® and @ decays is consistent with the observed decay 
distance. 


portant to establish the number of nuclei the target 
and lip presented to the circulating proton beam. The 
number of proton traversals through the lip and multiple 
traversals through the target were found to be non- 
trivial considerations, especially for the lighter targets. 
The beam distribution over the upstream face of the 
target and the number of traversals through the lip 
were measured by counting the activity from aluminum 
foils which had been mounted on the upstream side of 
the targets. Beam distributions over the target, and 
stopper target shadow curves, provided no evidence 
for multiple traversals under the targeting conditions 
which were used. This possible source of error con- 
tributed a negligible uncertainty to the effective target 
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Fic. 3. Relative gamma-ray yield 1.6cm from target. The 
solid curves are calculated and represent the relative gamma-ray 
yields assuming that production occurs only by direct proton- 
nucleon interactions. Only the shadowing effect of one nucleon 
by another was taken into account for three different elementary 
cross sections, =43 mb, 28 mb, and 15 mb. The cross section 
scale shown on the right is based on the process p+n—>K°+A°+ 9. 


thickness. The number of lip traversals was measured 
by comparing the foil over the lip with the one over 
the target. This was done for sufficiently many lip 
thicknesses and materials to make sensible interpola- 
tions to those which were not monitored. Uncertainties 
due to multiple traversals through the targets and lips 
were included in the errors accompanying the results. 

Three or four targets were mounted on a multitarget 
assembly and their positions adjusted relative to the 
direction of the incident protons and with respect to the 
viewed region. During the runs, which were usually of 
10 to 15 hours duration, repeated counting rates from 
the different targets were obtained by rotating them 
into the proton beam in cyclic order. Eight percent 
counting statistics could be obtained for a given target 
in less than one-half hour and three to five complete 
cycles were obtained during a run. The effects of slow 
systematic drifts in the sensitivity of the equipment 
were thus greatly reduced. 

The relative cross sections for the production of 
gamma rays are plotted in Fig. 3 for the nuclei, H, D, 
Li®, Li’, Be, C, Al, Cu, Ag, and Pb. The hydrogen and 
deuterium points were measured by both C—CH.—CD, 
and Li’—Li’H—Li'D subtractions. A weighted average 
of these two measurements is shown. The downstream 
edge of each target was 1.6 cm from the upstream edge 
of the viewed region. The number of gamma rays per 
10” incident protons was divided by the effective thick- 
ness of material, effective target thickness plus effective 
lip thickness, 1.6 cm from the target and the results 
are stated in terms of gamma rays/(g/cm*)/10" protons. 
The effective target thickness is the amount of target 
material per unit area diminished by the fraction of 
particles which decay in the target. A mean decay 
distance of 4.0 cm was assumed. The uncertainties 
shown in Fig. 3 include statistical uncertainties and 
uncertainties in the effective target thickness. 

There are two aspects of the relative gamma cross 
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Fic. 4. The dashed curve shows the expected variation with 
atomic number of associated production due to the intermediate 
x process. The solid curve shows the sum of the direct-production 
yield with ¢=28 mb and the intermediate x contribution. 


sections which are of interest: (1) the variation of 
gamma-ray yield with atomic weight of the target 
nucleus and (2) the p-p and -» cross sections. 

The variation of gamma-ray yield with atomic weight 
is considered first. It is assumed that protons enter the 
nuclei, make elastic and inealstic collisions with the 
target nucleons, and occasionally make strange particles 
by associated production. In most of the elastic col- 
lisions the energy loss is small and the protons are still 
capable of producing heavy unstable particles in a 
subsequent collision. In inelastic collisions which in- 
volve the production of + mesons, the energy of the 
protons is usually reduced to a value below or very 
close to the associated production threshold. These 
protons are now incapable of interacting again to 
produce strange particles but in about 15% of the 
inelastic collisions® the x mesons produced are energetic 
enough to do so. Finally, in escaping from the nucleus 
the strange particles may be altered in a variety of 
manners. 

The experimental data have been interpreted in 
terms of this mouel. If associated production occurs only 
as a direct result of proton-nucleon interactions, the 
gamma-ray intensity per target nucleon would depend 
only upon the nucleon-nucleon cross section and the 
shadowing effect of one nucleon by another. Accord- 
ingly, the optical model‘ was used to compute the 
expected variation of gamma-ray yield with atomic 
number. Elementary nucleon-nucleon cross sections of 
¢=43 mb, 28mb, and 15 mb were assumed. These 
values were chosen to represent respectively the total 
cross section for proton-nucleon collisions,’ the cross 
section for meson production in nucleon-nucleon colli- 
sions, and a cross section significantly smaller than 
either. These curves, together with the observed data, 


are shown in Fig. 3. The curve with ¢=28 mb is the 


3 The energy distribution of the * mesons produced in nucleon- 
nucleon collisions was estimated from the isobar theory of S. 
Lindenbaum and R. Sternheimer, Phys. Rev. 105, 1874 (1957). 

4B. Rossi, High-Energy Particles (Prentice-Hall, Inc., Englewood 
Cliffs, New Jersey, 1952), p. 359. 

5 For a summary of nucleon-nucleon cross sections see Pro- 
ceedings of the Sixth Annual Rochester Conference on High-Energy 
Physics, Session IV, (Interscience Publishers, Inc., New York, 
1956). 


one which should most closely apply, since it is by 
meson production that most of the protons are attenu- 
ated as far as heavy unstable particle production is con- 
cerned and in turn nucleons emerging from these 
inelastic collisions have a negligible probability of 
creating a strange particle. 

In comparing these curves with the data, it should 
be realized that the magnitude of gamma-ray produc- 
tion from neutrons was found to be greater than that 
from protons (see the following text) and the neutron 
excess in the heavier elements can increase the yields. 
If some allowance is made for this fact, the curve corre- 
sponding to ¢=15 mb appears to fit the data. Since 
the x-meson production cross section is 28 mb, the 
cross section ¢=15 mb is probably too small to be 
consistent with heavy-particle production by 3-Bev 
protons. It is, therefore, concluded that the data favor 
a penetration of the incident proton into the nucleus 
which is larger than expected on the basis of the known 
proton-nucleon interactions. 

The data are thus not easily explained if one only 
considers the shadowing of some nucleons by others in 
heavy nuclei.* For example, a nucleon in a heavy nucleus 
is more effective in producing the observed gamma rays 
than a free nucleon. This suggests that cascade processes 
are playing roles which enhance associated production 
in a heavy nucleus. A likely one is the production in a 
proton-nucleon collision of a high-energy * meson which 
then in the same nucleus creates a hyperon and heavy 
meson by the usual associated production process. This 
intermediate 7-meson production process has been in- 
vestigated with the aid of a simple nuclear model.’ A 
spherical, uniform-density optical model was used. 
Some of the x mesons produced by the incident protons 
are effective in producing hyperons and K mesons. 
Both protons and x mesons are removed from the beam 
by inelastic collisions and the elementary cross sections 
corresponding to these collisions are assumed to be 
30 mb in both cases. The dashed curve in Fig. 4 shows 
the variation with atomic number of associated pro- 
duction due to this process. This secondary process has 
the desired qualitative feature that it results in an in- 
creased effectiveness of large nuclei for producing 
particles which can be detected. The consistency of the 
data with the simultaneous production by direct and by 
intermediate x processes is also illustrated in Fig. 4. 
The gamma-ray yield was assumed to be the sum of 
two terms, one proportional to the direct production 
cross section by protons with ¢=28 mb and the other 
proportional to the intermediate x cross section. The 


6 Fermi momentum of a target nucleon could enhance the pro- 
duction on a heavy nucleus (and to a lesser extent on deuterium), 
but from an analysis of the excitation function reported,’ it is esti- 
mated that the gamma-ray production cross section from copper 
is increased by only 12% over the production from hydrogen. 

7 This analysis was done in collaboration with Dr. R. Stern- 
heimer and is reported in a Cornell University thesis by D. Berley 
(unpublished). G. T. Reynolds and S. Treiman have done a similar 
calculation (unpublished). 
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contributions by direct and indiréct processes were ad- 
justed to fit the data by the method of least squares. 
The good agreement between the measured and com- 
puted curves shown in Fig. 4 demonstrates that this 
intermediate process is compatable with the data. 
From this analysis, an estimate of the -p cross section 
for associated production necessary to be consistent 
with the data was found to be ~1 mb. The result is 
reliable only to several factors of 2 but is in excellent 
agreement with the measured cross section.* There is 
evidence that hyperons and heavy mesons produced 
by 960-Mev mesons have a mean decay distance close 
to the one measured in this experiment® and this is 
also consistent with the idea of the intermediate + 
process. Pisce 

There are other cascade processes which could produce 
the observed results. Modifications in the nature of the 
strange particles resulting from their passage out of the 
nucleus can also explain the enhancement of the ob- 
served gamma rays from large nuclei. For example, K+ 
mesons cannot be detected in this experiment but can 
be detected if converted to K°® mesons by the process 
K++n-—>K°+p. Similar processes are 2~+p—-2°+n 
and =++n—A°+ p. The strange particles also suffer 
scattering in leaving the nucleus and this process lowers 
their momentum and increases the average angle of 
emission. Both these effects are such as to increase the 
probability of detecting them in this experiment. 
Scattering effects, however, cannot by themselves 
distort the detection efficiency, as the mean decay 
distance is also sensitive to the momentum of the 
decaying particles and, as seen from Fig. 2, no change 
in the mean distance of decay is observed as the mass 
number is increased. 

This part of the experiment suggests that primary 
collisions between incident 3-Bev protons and target 
nucleons cannot account for all the observed associated 
production. The deep penetration into the nuclei of the 
particles responsible for much of the associated pro- 
duction calls for secondary processes such as the two- 
step process involving an intermediate high-energy 7 
meson. 

There remains the question of gamma-ray production 
from p-p collisions as compared to that from p-n colli- 
sions. The observed gamma ray yields have been con- 
verted into the more interesting cross sections for 
associated production on the basis of the following 
assumptions: (1) The branching ratio for decay into 
neutral mesons is 1:3 for A° and 1:15 for @. (2) All 
particles are emitted in relative S angular momentum 
states and the production cross section is proportional 
to the density of final states. It has been pointed out 


8 L. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 

® M. Schwartz, private communication about the work of Plano, 
Saminos, Schwartz, and Steinberger on associated production by 
960-Mev 2~ mesons incident on propane in a bubble chamber. 

1 Plano, Samios, Schwartz, Steinberger, and Eisler, Nuovo 
cimento 5, 1700 (1957). 
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TaBLE I. Total heavy-particle production cross sections. The 
cross sections listed are derived from the gamma-ray yield, in the 
following way: It is assumed that only one production process 
(for example, p+p—K++A°+>)) proceeds. From the detection 
efficiency for the process a cross section was computed and this 
is the cross section listed. 


Production cross section from 


Process observed gamma rays 





p+p—Kt+A°+p | 
K++A°+>p } 
K°+2++p } 
Kt+2Zt-++n 


p+n—K°+A°+p | 
K°+2°+p J 
K++z-+p 
Mt 
Kt++A°-+n 


(40460) X 10-” cm? 
Not observed 
(210+30) XK 10-™ cm? 


Not observed 
(420+60) X 10-* cm? 








by Sternheimer"™ that as a consequence of successive 
decays which lead ultimately to the gamma rays, the 
cross sections obtained are insensitive to the assumed 
angular and momentum distributions. (3) The efficiency 
of the gamma-ray detector is independent of energy 
and equal to 0.8 times the conversion efficiency for a 
gamma ray of several hundred Mev. (4) The gamma 
rays detected originate only from A° and 2° hyperons 
and K° mesons. The mean life of the =* is inconsistent 
with the observed decay length of 4.0 cm. The =* is 
therefore assumed to make no contribution to the 
observed intensity.” 

Table I lists the known processes for associated pro- 
duction from p-p and -n interactions. When the above 
assumptions are used to estimate the chance of ob- 
serving >°, A°, and K° particles, they lead fortuitously 
to the result that the probability of observing any of 
them is nearly the same. Thus the probability of ob- 
serving any of the reactions listed in Table I is propor- 
tional to the number of unstable neutral particles 
produced. The conversions to cross sections have been 
made in the last column in Table I. It should be noted 
that there are two processes which produce no neutral 
particles and, therefore, cannot be observed, and that 
the first two processes listed under p-n interactions have 
a double chance of being observed because two neutral 
particles are produced. The interesting result is that 
the cross section for associated production by p-p inter- 
actions is significantly smaller than the cross sections 
by p-n interactions. The ratio is less than 0.2+0.3. 
The errors given in Table I are relative ones. An esti- 
mate of the absolute cross section is also shown on the 
right-hand side of Fig. 3. Here, as in Table I, due to un- 
certainties in proton flux, counter geometry and detec- 
tion efficiency, the uncertainty can be as large as a 
factor of two. The absolute value of 0.1 mb per nucleon 


1 R. M. Sternheimer, Cosmotron Internal Reports RMS-60 
and 63, 1956 (unpublished). 

2 Tt is difficult to evaluate the possible contribution of gamma 
rays from =* decays. If, however, the 2* were observed with large 
efficiency it would tend to lower the estimated total p-p cross 
section relative to the p-m cross section. 
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for the cross section for associated production by protons 
on copper is, however, in agreement with values ob- 
tained by Baumel ef al.,% Lindenbaum and Yuan." 

Other experiments have been performed to measure 
the cross section for production of heavy unstable par- 
ticles by p-p collisions and the results are conflicting. 
The diffusion chamber experiment by Cool et al.’ indi- 


8 Baumel, Harris, Orear, and Taylor 108, 1322 (1957). 
4S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 105, 1931, 
1957). 

48 Cool, Morris, Rau, Thorndike, and Whittemore, Phys. Rev. 
108, 1048 (1957). 
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cated extremely small or possibly zero cross sections 
for the production of =*, A°, or K° particles. Baumel 
et al.“ report a cross section of between 0.1 and 0.3 mb 
for K+-meson production obtained from differential 
cross sections measured at 0°. Lindenbaum and Yuan" 
have also observed K* production at 60°. 
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Electron-Deuteron Scattering by the Impulse Approximation* 
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The cross section for inelastic scattering of high-energy electrons by deuterons is calculated using the 
impulse approximation. The results agree with those of Jankus. The cross sections are given for several 
neutron charge and moment distributions. The peak cross sections are simply related to the free-nucleon 


cross sections with this approximation. 


I 


ECENT high-energy electron-deuteron scattering 
experiments by Hofstadter and Yearian' have 
yielded information about the neutron’s electromag- 
netic structure. In these experiments, the electrons are 
scattered inelastically, disintegrating the deuteron, and 
the energy spectrum of the outgoing electrons is meas- 
ured. The results show an inelastic peak of about 26- 
to 45-Mev width, centered slightly below the energy of 
elastic scattering from a free nucleon. The objective of 
this paper is to relate the peak cross sections or the area 
under these curves to the sum of the free proton and 
neutron cross sections. Since the proton cross section 
has been measured independently, the neutron cross 
section can then be determined. 

Jankus? has calculated these cross sections by con- 
sidering the Mller potential acting on the nuclear 
charge and current. At small momentum transfers, 
where the nucleons can be treated nonrelativistically, 
his results can be fitted to the experimental data. How- 
ever, for large values of g, Jankus’ curves show the 
peak at too low an energy. Blankenbecler* has suggested 
that the corrections to Jankus’ results can be estimated 
by replacing the three-momentum transfer by the 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research. 

t Holder of a National Science Foundation Fellowship for the 
years 1955-56, 1956-57, and 1957-58. 

1M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958). 

?V. Jankus, Phys. Rev. 102, 1586 (1956). 

+R. Blankenbecler, Phys. Rev. 111, 1684 (1958). 


corresponding four-vector. With this modification, 
Hofstadter and Yearian have been able to fit the peak 
cross sections to their data within experimental limits. 

Although Jankus’ model breaks up the nuclear 
charge and current into separate proton and neutron 
terms, the electrons interact with the deuteron as a 
whole. Hence he obtains interference effects between 
the proton and the neutron. At large bombarding 
energies, with the electron wavelength much shorter 
than the separation between nucleons, the interference 
is expected to be small. To test the importance of these 
interference effects, we have used the impulse approxi- 
mation to calculate the inelastic scattering cross section 
as a function of outgoing electron energy. 

In this approximation, the nucleons are free particles, 
with a distribution of momenta due to the deuteron 
binding. The electron interacts separately with the 
neutron or the proton as a moving free particle. As a 
result, the interacting nucleon is given a large outgoing 
momentum, while the other is unaffected. The scatter- 
ing from the two nucleons is then incoherent, and one 
may add the cross section for each process, This must 
then be averaged over the initial nucleon momenta to 
give the total differential cross section. 


II 


If we consider scattering by a free proton of initial 
momentum p,, the transition rate for the electron from 
the state of momentum k to momentum k’ (energy k 
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and ’) is 
(| K|?)aw m M 
Wak’ =————_5(E,+k—E,'—k’)— —é*’. 
(2x)? k’ E,’ 
E, and £,’ are the initial and final proton energies, 


E,=(M?+p,*)!, E,’=(M?+(pp+q)”)!. 
{|K|?)w is the square of the transition matrix element, 
which has been summed and averaged over initial and 
final spin states, and also summed over final proton 
momenta, to give 


(27)? 


1 
(1K |?)w= o-| FLUE 2k: py) +28 P5)) 
2M? gi 


m*! 
2 


F aor 
——(npFop)*| (k- py)?-+(R'« Py)?— ‘yo 
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+¢FitsPay|. 
k-p, and k’-p, are the invariant four-products, 


h-pp=kEy—k-pp, k'-pp=k'E,—k' -py. 


F,, and F»2, are the proton electric and magnetic form 
factors, and are functions only of the invariant gq’. 

This must now be averaged over the initial proton 
momentum states. Since the neutron and proton masses 
are equal, the relative and center-of-mass momenta of 
the deuteron are 


p=3(Pi— Pn), P=p,+Pn. 


Taking the deuteron at rest, P=0, p= — pa=p. Hence 
the probability of finding the proton with momentum 
p> is |(p)|* where ¢(p) is the deuteron wave function 
in momentum space, 

1 


(2x)! 


where r is the relative coordinate. ¢(p) is normalized 
to unit volume, while in the matrix element the plane 
wave states are normalized to volume (27)*E/M. The 
initial density of states is then |@(p)|?(M/E)d*p. 

Assuming a spherically symmetric wave function, 
and doing the angular integrals over d*p, we find that 
the cross section for electrons scattering into solid 
angle dQ and energy interval dk’ is 

do k’ (11+T2) 
4 


=e ’ 


dod) ok gf 


6(0)-— [arewy(n, 





ra flaps re(14£.) 


X (KPa )-+4G Pia 6, (1) 


2r ¢ 
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The quantities 7;, T2, and 7; are given by 
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91, $2, and J; are integrals over the deuteron wave 


function, 
a 


$1 F*| ¢(p)|*dE, 


f qo +4£q2(1 —4.!2/q2) 


@ 


$2 E|o(p)|*dE, 


J — qo +4[q2(1 —4.2/q*) 


@ 
a= f | p(p) |°*dE. 
—}qo+4Lq2(1 —4!2/q) 7 


Equation (1) gives the cross section for scattering by 
the proton only. Since the neutron differs only in its 
form factors, it gives an identical term and the total 
cross section is the sum of these two. Hence in J; and 
To, F1,?, FipK pF 2p, and (K,F2,)? are replaced by 


FfY=F,2+F;,2, 
PK F2= F,,)K pF apt FinK nF on, 
(KF,)?= (K pF 2p)?+ (KnF on). 


Equation (1) then gives the total cross section for 
scattering by the deuteron. 

It can be shown that the lower limit for the integrals 
$1, J2, and 9; is greater than or equal to M. Hence the 
peak cross section occurs when these integrals extend 
over their maximum range, from M to ~. In this case, 


one has 
k’=k/(1+2(k/M) sin?(36) ], 


that is, the peak energy should occur at the energy of 
elastic scattering by a free nucleon. Experimentally, 
the peak is about 2 Mev below this, probably due to the 
deuteron binding energy. To account for this, we must 
note that the energy available to the nucleon after the 
collision is decreased by the deuteron binding energy e. 
The energy of the peak is then approximately 


; k k € 
~ 14(2k/M) sin%}@ M 1-+(2k/M) sin’@ 
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Fic. 1. Each curve is the cross section for 500-Mev electrons at 
the angle shown vs outgoing energy. 


This is roughly equivalent to considering the mass of 
the nucleon to be decreased by some average potential.‘ 
For the purposes of computation, we have taken the 
nucleons to be in an attractive well of average depth 
20 Mev. The major effect of this is to shift the curve 
down to the right peak energy. The peak heights are 
raised by approximately 5%. 


k= 600 MEV 


(cm?s MEV STERADIAN ) 


ee 
éQan' 


135° 


K (meV) 


Fic. 2. Each curve is the cross section for 600-Mev electrons at 
the angle shown vs outgoing energy. 


*R. Blankenbecler; the theoretical consequences of this are 
discussed in a paper to be published shortly. 


Il 


The proton form factors are known from electron- 
proton scattering® to be® 


F\,=F2,=a'/(@’—¢)*, a=4.32 fermi~ 


(1 fermi=10-" cm). 


This corresponds to a charge distribution of mean 
square radius 0.80 fermi. The neutron electric form 
factor must satisfy the requirement that the total 
charge and mean square radius be zero.’ Elastic elec- 
tron-deuteron scattering data‘ are consistent with zero 
neutron charge distribution, i.e., F1,=0. Hofstadter and 
Yearian also fit their data to Jankus’ model with 
F,,=0, finding the magnetic form factor equal to that 
of the proton. With these choices, we have computed 
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Fic. 3. Cross section at 310-Mev incident energy and scattering 
angle of 135° ts outgoing energies. (The dashed-line curve is 
that based on Jankus’ model.) 


the inelastic cross sections at electron energies of 500 
and 600 Mev from 45° to 135° scattering angle. We 
have used the same deuteron wave function as Jankus, 
the Hulthén wave function 


sae [a(S oy, 


2r(¥i1—2)" r 

vrv2(¥1+72) }* 1 1 

m(y1— 2)" P+? P+? 
¥i=2.316X 10" cm= 46.03 Mev, y2=6.2171. 








The results are shown in Figs. 1 and 2. Each curve 
gives the outgoing electron energy spectrum for given 


( SE. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
1956). 

*In this metric ¢* is anntive 

7L. Foldy, Phys. Rev. 87, 693 (195 

8 J. McIntyre and S. Dhar, Phys. a. 106, 1074 (1957). 
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Fic. 4. Cross section at 500- Mev incident energy and scattering 
angle of 135° vs outgoing energies. (The dashed-line curve is that 
based on Jankus’ model.) The 8=2a curve shows the effect of 
Schiff’s form factor (see below) over the whole spectrum. 


incident energy and scattering angle. In Figs. 3, 4 and 
5, several curves are compared with those of Jankus.® 
The agreement is typical of all the results. At large 
angles greater than 75°, the peak heights agree within 
2%. At smaller angles, where the impulse approxima- 
tion is expected to break down, they disagree by about 
5%. The half-widths seem to agree throughout. The 
largest discrepancies are on the wings of the curves. 
At small energy transfer (the high sides of the curves), 
Jankus’ cross sections go to zero more rapidly, while 
at large energy transfer, they extend to a longer tail. 
The choice of zero neutronelectric form factor is, how- 
ever, not required by the experiments. To give a charge 
distribution to the neutron, Schiff has suggested the 


form factor 
at B*/c2 # 


sdb 4. ; 
ood eer a 


This gives both zero charge and zero mean square 
radius. With B=a, F;,=0 while with B= 2a, Fi, corre- 
sponds to a charge density at large distances similar 
to that of the proton (although opposite in sign). To 
test the effect of this, we have also computed the in- 
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Fic. 5. Cross section at 600-Mev incident energy and scattering 
angle of 50° vs outgoing energies. (The dashed-line curve is that 
based on Jankus’ model.) 


®R. Herman (to be published). 
1. I, Schiff, Revs. Modern Phys. 30,7462 (1958), 
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Fic. 6. Peak cross section vs scattering angles at 500-Mev 
incident energy. (The dashed-line curve is for Fin=0, F2n=Fip. 
The solid-line curves are for 8=2a, with various neutron moment 
radii dy.) 


elastic cross sections with this Fj,, using B=2a. The 
magnetic form factor F;, is of the same form as above. 
However, several moment radii, a,=0.80, 1.00, 1.20, 
and 1.50 fermi, were used. The peak cross sections are 
plotted versus scattering angle in Figs. 6 and 7. At 
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small angles there is little effect (~5% variations). At 
large angles, F;, increases the cross sections consider- 
ably, and as is seen in the 600-Mev curve, a, would 
have to be unreasonably large to bring the curves down. 

Since the impulse approximation and Jankus’ cross 
sections agree over the major parts of the curves, the 
interference ‘effects, as expected, are small. 

We may also note that with this approximation, the 
peak cross sections may be simply related to the free 
proton and neutron cross sections, ¢, and o,. At the 
peak the integrals 9), 92, and 9; become expectation 
values over the deuteron, 


$:= (1/4)(E/P), $2= (1/4)(1/P), $3= (1/49) (1/EP); 


E is the total energy, including the nucleon rest energy. 
Therefore replacing E by M should introduce only a 
small error. For the Hulthén wave function above, this 
error is about 1% for both 9, and g;. Taking E=M, 
the peak cross section becomes 


do ae 
——=}M(1/P)——(o,+<,). 
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gy and a, are given by the Rosenbluth formula," 
e* cos?(30) 
Co = 
” 4k sin*(36)[1+2(&/M) sin?(40)] 





¢ 
XiF :-—— 2 Fy + K,F 2)" 
1 oo [ ( )*] 
X tan?(30)+ (K pF 2»)"} }. 


The only deuteron dependence here is as a constant 
multiplicative factor (1/P). At the energies and angles 
plotted above, this agrees with the complete expression 
to within 3%. 
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Norris A. NicKOLs, AND FRANCES M. SMITH 
Radiation Laboratory, University of California, Berkeley, California 
(Received June 30, 1958) 


New measurements of the masses of the charged = hyperons and the negative K meson are reported. The 
results obtained are My+=1189.3+0.3 Mev, Ms-=1195.8+0.5 Mev, and Mx-=493.87+0.46 Mev. No 
evidence for more than one K~-meson mass was found. The terminal behavior of the =~ hyperons was 


also studied. 


N continuation of our program of precise mass 

measurements, we have obtained some improved 
data on the reactions of negative K mesons with protons 
in which charged hyperons are formed. Measurements 
of this sort are best made in calibrated nuclear-track 
emulsions, and for good statistics one requires a large 
sample of K-meson capture events. Preliminary results 
of an effort to improve the K-meson beam from the 
Bevatron were reported earlier.‘ This beam has been 
further exploited, and a new type of beam developed 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Barkas, Dudziak, Giles, Heckman, Inman, Mason, Nickols, 
and Smith, Phys. Rev. 105, 1417 (1957). 


by Murray has also been successfully employed.? We 
have taken data from three emulsion stacks, two of 
Ilford-G.5 emulsion and one of K.5, all carefully cali- 
brated with respect to density, and have adhered to our 
previously described conventions for range measure- 
ments.* 

About 4700 negative K-meson interactions at rest 
were examined, and 20 events were found to consist of 
colinear pion and hyperon tracks with a clean common 


2 Joseph J. Murray, Bull. Am. Phys. Soc. Ser. IT, 3, 175 (1958); 
and Horwitz, Murray, Ross, and Tripp, University of California 
Radiation Laboratory Report UCRL-8269 (unpublished). 

3 Barkas, Barrett, Cuer, Heckman, Smith, and Ticho, Nuovo 
cimento 8, 185 (1958). 
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point of origin at the terminus of the K-meson track. 
These events we have assumed were examples of the 
capture of the K meson by a free proton. Two of the 
hyperons decayed in flight, and 18 came to rest. Of the 
hyperons coming to rest, two were observed to decay 
into a charged pion, and five decayed into a proton. 
They are, therefore, classified as positive 2 hyperons, 
and the decay ratio (2+ )/(2*—n)=$, although 
high, is not inconsistent with the ratio 48/42 we have 
found for all 2+ hyperons. The corrected ranges of the 
+ hyperons lie between 801.0 and 848.2 microns (y), 
and the standard deviation is 17.3 u. The mean range 
found is 821.0+6.5 yw. The distribution is in good 
accord with that expected when allowance is made for 
the various known straggling effects.‘ There is no 
evidence either from this group of events or from the 
even-more-restricted range distribution of the negative 
hyperons that the K-meson capture was not at rest, 
or that two equally abundant types of K~ mesons with 
masses differing by more than about 0.5 Mev could 
have been present in the sample studied. This difference 
is smaller than the present upper limit of the mass 
difference between the positive @ and 7 mesons®; there 
are now no measurements to indicate that both are 
not zero. 

Earlier we reported our measurement of the decay 
energy of the positive > hyperon via the proton decay 


mode.* We found 
Ms+=1189.3+0.3 Mev. 


Recently additional data have been considered,’ and 
the weighted mean value found was M3+= 1189.4+0.25 
Mev. From this and the observed energy of reaction, 
we obtain for the mass of the K~ meson 


M x-=493.87+0.46 Mev. 


This is to be compared with 494.0+0.2 Mev, the best 
value for the positive 7 meson.’ 


4 Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 

5 Birge, Perkins, Peterson, Stork, and Whitehead, Nuovo 
cimento 4, 834 (1956). 

* Barkas, Giles, Heckman, Inman, Mason, and Smith, Uni- 
versity of California Radiation Laboratory Report UCRL-3892, 
1957 (unpublished). 

7W. H. Barkas and A. H. Rosenfeld, University of California 
Radiation Laboratory Report UCRL-8030, 1958 (unpublished). 
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The negative hyperons come to rest with a mean 
range of 711.9+4.2 u, the spread being 688.8 to 738.4 u 
and the standard deviation of a single measurement 
being 14.1 u. From energy conservation and the range- 
energy relation we obtain the following empirical for- 
mula for the mass difference (in Mev), AM, between 
the negative and positive hyperon as a function of the 
absolute value (in microns) of the range difference, AR: 


AM = 5.567 X 10-*AR+2.70X 10-*(AR)?. 


This is valid for standard emulsion in the vicinity of - 
AR=109.0+7.7 wu, which is the observed difference of 
ranges. Then 

AM =6.39+0.47 Mev. 


Our estimate of the =~ mass therefore is 
Mys-=1195.8+0.5 Mev. 


The error is calculated by combining all the independent 
uncertainties quadratically. The errors we list are 
standard deviations. (The pion and nucleon masses we 
obtain from Cohen, Crowe, and DuMond.°) 

> hyperons that come to rest and do not decay are 
presumed to be negative. A knowledge of their terminal 
behavior is important because the terminal behavior is 
the only practical criterion one now has for separating 
reaction products that are hyperons from protons 
or deuterons. Using the reaction K~+p—m*+2=~ to 
identify a group of =~ hyperons in emulsion insures 
that one has a representative sample. Of the 11 events 
we observed, all but two gave evidence of an inter- 
action by the presence of an electron or a “blob” at the 
terminus. Two hyperons each produced a prong, judged 
not to be an electron, that was more than 2 yu in length. 
Only a single event could be classed as a two-prong star. 
This star consisted of a 250-u prong and a recoil 2 uw in 
length. The maximum visible energy release—18 Mev— 
was that assignable to the two-prong star. In a previous 
study, we found that most 2~ capture stars originate in 
light elements and are of low energy.’ A large energy 
release may indicate that the event in question is a 
hyperfragment. 

®Cohen, Crowe, and [: fond, Fundamental Constants of 
Physics (Interscience Publisi.;:s, Inc., New York, 1957). 


®W. H. Barkas and C. J. Mason, Bull. Am. Phys. Soc. Ser. IT, 
2, 235 (1957). 
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Relative Parity of Charged and Neutral K-Particles 
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Institute for Advanced Study, Princeton, New Jersey 
(Received June 30, 1958) 


Neither from the experimental nor from a theoretical point of 
view is it obvious that the relative parity »(K) of charged and 
neutral K- ages is even. This paper is devoted to a study of 
the case of odd p(X). It is shown (Sec. IT) that in the approxima- 
tion 6=(My—M,)/M,=0 the z-nucleon phenomena are charge 
independent provided certain coupling-constant relations are 
satisfied. The strong A-neutron and A-proton forces are no longer 
equal, but if x-interaction between A and nucleon predominates 
this equality is still nearly true. Z- and K-mass differences may 
occur which are not mediated by the electromagnetic field. The 
effects of finite 5 on x-nucleon charge independence deviations are 
explored in Sec. III. Charge symmetry is also violated. These 
deviations appear not to be disturbing. It is shown that the 
possibility exists of a negative contribution of a new kind to the 
proton-neutron mass difference. x-baryon and K-baryon couplings 
alone would lead to contradictions with experiment. These can 
be overcome by introducing a KK-r-coupling; for odd p(X) this 


is compatible with parity conservation (Sec. IV). A qualitative 
explanation of K-exchange scattering is given which is not 
unsatisfactory. The consequences for elastic AK-scattering are 
discussed. For 2X-production in r-nucleon collisions the possibility 
exists of a violation of the triangle inequalities. There appears 
to be a good promise for understanding the forward (backward) 
peaking of charged (neutral) hyperons in associated production. 
It is pointed out that the K-pair effects due to KKz-interaction 
lead to further violations of charge independence. The main effect 
anticipated is for r-nucleon S-scattering. The influence of a lack of 
charge symmetry on the nucleon-charge distribution is commented 
on. Section V deals with the symmetries of the strong interactions 
classified in terms of the four-dimensional real orthogonal group. 
Full four-invariance is broken by parity. It is conjectured that 
each symmetry class is chafacterized by one universal coupling 
constant. In Sec. VI the main points of direct experimental interest 
are summarized. 





I. INTRODUCTION 


HEORETICAL attempts toward an understand- 

ing of the strong baryon-meson! interaction 

phenomena currently are mainly guided by the following 
two ideas: 

(1) The extension of the charge independence 
property of the strong z-nucleon coupling to all strong 
couplings. This seems a plausible procedure for two 
reasons: First, it is indicated by the typical multiplet 
structure of the mass spectrum of the particles con- 
cerned. Secondly, the couplings involving the new 
unstable particles could not appreciably violate charge 
independence without likewise affecting the charge- 
independence of the x-nucleon subsystem itself. 

Here it should be remembered that the point of 
departure, the charge independence of z-nucleon 
phenomena, needs further experimental exploration. 
Both in the nuclear force problem and in such phenom- 
ena as m-scattering and production’ the verification of 
or consistency with charge independence is known so 
far only up to moderately high frequencies. It is not 
known whether, apart from the effects due to electro- 
magnetic and weak interactions, charge independence 
is a strict property at all energies.* 

(2) The realization that the isotopic spin quantum 
numbers alone are inadequate to account for properties 
such as the stability of the new particles. At least one 
more quantum number is needed. The strangeness 
number S has so far satisfactorily accounted for the 
phenomena in question. 

The requirements of charge independence, that is 
I-invariance, and of S-conservation impose important 


1- and K-particles shall collectively be denoted as mesons. 
2 See, e.g., R. Hildebrand, Phys. Rev. 89, 1090 (1953); K 
Bandtel et et al., Phys. Rev. 106, 802 (1957). 
also J. Sakurai, Phys. Rev. 107, 1119 (1957). 


restrictions on the general form of the couplings. Even 
so, there remains considerable arbitrariness. For 
example, if one considers all couplings that are bilinear 
in the baryons and linear in the mesons (which in 
itself is a restriction on interactions that is made for 
the sake of simplicity of the argument, and not by any 
means a necessary requirement, for all we know), one 
gets involved with a set of eight coupling constants 
whose relative magnitude in general remains free. 

Several proposals have been made to impose condi- 
tions on the theory which further restrict this freedom.‘ 
To explore these questions in a systematic way it seems 
indicated the make, to begin with, further restrictions 
of a minimal type. 

An attempt in this direction was made recently® 
which starts from the observation that to our knowledge 
the smallest dimensionless parameter characteristic 
of the baryon meson system in its strong manifestations 
is the relative , A mass difference 


5= (Mz—M4)/Ma4. (1) 


As 61, an approximation suggests itself in which one 
neglects in first instance the effect of finite 6. It turned 
out that in this situation a set of assumptions could 
directly be confronted with experiment. As we shall 
have much occasion to return to these assumptions 
they will be repeated here. 

(a) = and A have the same spin and the (2,A) parity 
is even. 

(b) Charge independence in the conventional sense 
holds true. 

(c) The presently known baryon 
complete. 

4M. Gell-Mann, ryt Rev. 106, 1296 (1957); J. "Sehega 


Be Rev. 104, 1164 1957); Ann. Phys. 2, 407 (1957 
A. Pais, Phys. Rey. 110, 574 (1958), quoted here As A. 


spectrum is 
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(d) The corresponding strong 2- and A-couplings 
are equal in strength. That is to say, the [222] and 
[ZAx ] coupling constants are equal; likewise for the 
[ANK], [2NK] couplings, and also for the [AZK ], 
[2=K] couplings. In the notation of A which will 
be followed throughout in this paper, these equalities 
were written as® 


G2=G;3; 


It was shown that the conditions (a)—(d) are incompat- 
ible with experiment. This means, for example, that 
under the conditions (a)—(c) it is impossible to have 
only one universal x-coupling constant and one universal 
K-coupling constant. Subsequently, a more exhaustive 
result was obtained’ based on the conditions (a)—(c) 
only. It was found that it is impossible to obtain any 
result stronger than is implied by J-invariance and 
S-conservation by the mere use' of any postulated 
relations between the baryon-meson coupling constants 
other than Eq. (2). 

Thus the situation is now the following. If the 
statements (a)—(c) (which are all in principle open to 
experimental verification) are correct then the whole 
strong interaction problem, and in particular the 
question of the relative magnitude of the strong coupling 
constants can from now on only be approached by 
more detailed dynamical methods. This is a none too 
pleasing prospect if we remember how limited our 
present theoretical knowledge is about the w-nucleon 
subsystem with its single strong coupling constant. 
However this may be, it would seem useful in the 
present state of affairs to ask to what extent the 
conditions (a)-(c) themselves are to be considered as 
definite statements of fact. 

There is now good evidence® for spin } for A and = 
and we shall take this spin value for granted in what 
follows. The (2,A)-parity has not yet been determined.’ 
In the present paper we shall continue to assume that 
this parity is even. This is a necessary condition for the 
subsequent considerations to be of possible physical 
interest.” 

As to the completeness of the baryon spectrum, it 
seems idle to speculate about this point. Suffice it to say 
that the completeness is not a necessary condition for 
the validity of the main ideas developed below. (We 
shall assume the existence of the as yet undiscovered 
=.) 


Next we come to condition (b) the discussion of 


F =F; F3= F,. (2) 


® As was noted in A the same conclusions can be reached by 
putting Ga=—G,;; F;=—F2; Fy=—F,. This trivial alternative 
which follows from the possibility of redefining the phase of the 
A-wave function modulo 180° will not be explicitly mentioned in 
the following. 

7A. Pais, Phys. Rev. 110, 1480 (1958). 

8 See F. Eisler e¢ al., Nuovo cimento 7, 222 (1958); also T. D. Lee 
and C. N. Yang, Phys. Rev. 109, 1755 (1958). 

® See A. Pais and S. B. Treiman, Phys. Rev. 109, 1759,.(1958); 
also G. Feinberg, Phys. Rev. 109, 1019 (1958); G. Feldman and 
T. Fulton (to be published). 

1 For odd (2,A) parity it is impossible to define the doublet 
approximation of Sec. II. 
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which is the principal purpose of this paper. Let us 
first state the main contents of J-invariance in the way 
it is commonly understood at present. 


(a) The isotopic spin assignments are: 4 


nucleon and &, 0 for A, 1 for 2, 1 for x, } for K. 

(8) Particles belonging to the same multiplet have 
equivalent space time properties like spin and parity, 
to the extent that the latter quantity is physically 
definable. 


for 


We now look at these statements more closely and, 
to begin with, do so in the approximation 6=0. (Of 
course we also neglect at this stage the mass differences 
within multiplets.) If the relations (2) hold true, one 
has an equivalent description of all baryons as /- 
doublets, the pairings being” 


p a 
m=( ), v= ( ), 
n y 
Zz 
(2) 


Y= 2-4(A°— 2°), 
Z=2-4(A°+-2%), 


m-(2) @ 


(4) 


This case will from now on be called the doublet 
approximation. As was further noted in A, the K- 
particles are now described in terms of two /-singlets, 
one for K°(K°), and one for K+. The pions continue to 
be described as an J-triplet. (The formal aspects of this 
equivalent description will be discussed more fully in 
Sec. V.) The existence of the dovblet approximation is 
independent of the = spin, of the Z-nucleon parity 
and of the K-parity, the iatter being defined relative 
to the A-nucleon system. In what follows we assume 
=-spin 4, K-spin zero. In Sec. II the following is shown. 

Let the effect of finite 6 in first instance be neglected. 
Then if and only if all the conditions (2) are satisfied, 
all w-nucleon phenomena are charge independent in the 
usual way, not only if the parity of charged relative to 
neutral K-particles is even but also if it is odd. 

Here the case of odd parity constitutes a new 
possibility. The fact that this can at all be considered 
is, of course, connected with the two-singlet description 
of the K-multiplet. For ease of writing we shall from 
now on use the symbol P(K*) to denote the parity of 
K* relative to A-nucleon, while p(K) shall mean the 
parity of K* relative to K°. 

At this stage we may state the purpose of this paper 
more precisely: it is not to propose that p(K) is neces- 
sarily odd, but rather to point out that one should not 
take for granted that it is even. It should be noted that 


4 See, however, J. Tiomno, Nuovo cimento 6, 69 (1957). 

See A, Eqs. (12)-(15) and various earlier papers like 
ge oo Prentki, and Salam, Nuclear Phys. 3, 446 (1957); 
M. Gell-Mann reference 4; J. Tiomno, reference 11. z 
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if p(K) would turn out to be odd, there would be a 
strong presumption as to the existence of a single 
universal z-baryon and a single universal K-baryon 
coupling constant. 

But now immediately a number of questions arise: 


(1) What do we know about P(K*) and p(K)? 

(2) What are the further consequences of odd p(K)? 

(3) What are the effects of finite 6? 

(4) Why should the charged and neutral K-particles 
be nearly mass degenerate if they have opposite parity? 


The answer to the first question is that we know 
very little. Perhaps the best proposal to determine 
P(K*) is Dalitz’s suggestion“ on the K~ absorption in 
He‘. Statements about the dependence of threshold 
behavior on P(K*) are impossible to establish without 
additional assumptions." As to p(K) the most interest- 
ing reaction is, of course, the exchange scattering 


K++n—-K°+p, (5) 


which will be discussed in some detail in Secs. II and 
IV. If one believes perturbation theory, photoproduc- 
tion of K particles perhaps indicates that P(K*) is 
even, but even in this approximation the situation is 
obscured by the possibility of anomalous magnetic 
moment contributions.“ We come back to these 
questions in Sec. IV. For the moment let us record, 
however, that there is no conclusive experimental 
indication that p(K) has to be even. The rest of this 
paper is devoted to a discussion of the case of odd p(K). 

Further consequences of odd p(K) are discussed in 
Sec. IT. It is shown that in this case the A-neutron force 
is not rigorously equal to the A-proton force. Similar 
conclusions are reached concerning =-nucleon forces. 
However, the deviations from the customary relations 
are relatively small as long as x-exchange is the main 
mechanism for hyperon-nucleon interaction. For the 
following processes amplitude relations are established 
in the doublet approximation: hyperon production in 
m-nucleon collisions and in y-nucleon collisions; K- 
nucleon scattering; K~-absorption. It is most essential 
to note that some of these relations disagree with 
experiment; this point is discussed further in Sec. IV. 
It is seen that mass differences may occur in the 
>-multiplet as well as in the K-multiplet which are not 
mediated by the electromagnetic field. 

Section III is devoted to an orienting discussion of 
the effects due to finite 6. This leads to deviations from 
charge independence in the r-nucleon system. Estimates 


% R. Dalitz, Proceedings of the Sixth Annual Rochester Conference 
on High-Energy Physics (Interscience Publishers, Inc., New York, 
1956), Sec. V. See also a recent paper by R. Dalitz and B. Downs, 
Phys. Rev. 111, 967 (1958), Sec. 3 and Appendix D. We assume 
the validity of charge-conjugation invariance in strong interactions. 

4 See for example G. Costa and B. T. Feld, Phys. Rev. 109, 
606 (1958). 

18 A. Silverman ef al., Phys. Rev. 108, 501 (1957); M. Kawaguchi 
and M. J. Moravcsik, Phys. Rev. 107, 563 (1957); A. Fujii and 
R. E. Marshak, Phys. Rev. 107, 571 (1957). 
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indicate that these deviations need not be disturbing, 
at least at not too high energies. The decisive factors for 
this are the very short-range character of K-effects in 
x-nucleon physics combined with the circumstance that 
the K-couplings are not necessarily as strong as the 
m-couplings. It is shown that for suitable P(K*) a 
negative contribution to the proton-neutron mass 
difference must be anticipated. 

In Sec. IV the problem is taken up again of the 
inacceptable amplitude relations which were established 
in Sec. IJ on the basis of a strong interaction dynamics 
which involves only r-baryon and K-baryon couplings. 
It is noted that for odd p(K) a KKx coupling of the 
type 

R+K°xt+RK ta (6) 


may be envisaged as compatible with parity conserva- 
tion in strong interactions, a principle to which we 
adhere in this paper. One shows that (6) breaks those 
symmetries (separate 5), S2-conservation, see A) which 
lead to the difficulties just mentioned. Moreover, it 
is observed that the couplings considered prior to the 
introduction of the interaction (6) would lead to a 
y-stable °, whereas this new interaction allows for 
>"A+7. It is attempted to estimate the corresponding 
coupling constant f (with dimensions of a charge) from 
K+t-exchange scattering. This yields f~e if it is assumed, 
that the w-nucleon vertex is not appreciably damped. 
It is further noted that the interaction (6) leads to 
consequences for elastic K-scattering and for associated 
production in z-nucleon collisions which are in qualita- 
tive agreement with experiment. It is observed that, 
according to the views presented here, there exists the 
possibility of violating the triangle relations for asso- 
ciated 2X production. Similar violations may occur in 
other instances. A further study of the associated 
production reactions, which goes in part along the 
lines originally suggested by Goldhaber,'* shows that 
P(K*) more probably than not is even. The interaction 
(6) leads here to interesting consequences for the 
angular distribution. It should be strongly emphasized, 
however, that while a number of results obtained in 
Sec. IV make the case of odd p(K) seem to be an 
attractive possibility, all conclusions are quite tenuous 
because of the general lack of reliable methods of 
computation where strong interactions are involved. 

It is, of course, essential to verify whether or not the 
somewhat unfamiliar looking interaction (6) leads to 
any untoward consequences for the charge independence 
of r-nucleon phenomena. It is noted that here we meet 
on the one hand finite 6-effects, discussed before in 
Sec. III from a more phenomenological point of view. 
On the other hand, new effects appear which are not 
6-proportional and which involve virtual K-pairs. Due 
to the circumstance that the interaction (6) leads to a 


16M. Goldhaber, Phys. Rev. 101, 433 (1956). See also S. 
Barshay, Phys. Rev. 104, 851 (1956); J. Schwinger, Phys. Rev. 


104, 1164 (1956); J. Sakurai, Nuovo cimento 5, 1 (1957). 
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probability of -creation which in the nonrelativistic 
limit is of order e(2w)~!, it would seem that all these 
effects are of the general order anticipated from the 
standard electromagnetic violations of charge independ- 
ence. In low-energy z-nucleon physics the consequences 
of a conceivable interaction of the type (6) would 
probably make themselves most clearly felt in r-nucleon 
S-wave scattering. 

Section V deals with the more formal aspects of the 
problem of symmetries for the case of odd (XK). 
For the present, a description in terms of the symmetry 
classes of the four-dimensional rotation group appears 
to be a most simple possibility. The r-baryon couplings 
have the full symmetry. The K-baryon interactions are 
of such a nature that parity breaks this full symmetry. 
The doublet nature of the (A*,K°) states, and of their 
charge conjugates, reappears in a certain sense. A 
relatively small mass difference between K*+ and K° 
would not be too unnatural if the K-baryon coupling 
strength is not too large. Actually the value of this 
mass difference is not too well known experimentally.” 

In turn, the K-baryon couplings are of a higher 
symmetry than the electromagnetic and the KKr- 
couplings which have closely related, although not 
identical symmetries. The following conjecture is 
made (which is, however, far more speculative then the 
foregoing considerations). All particle interactions fall 
in a hierarchy of distinct symmetry classes and each 
symmetry class is characterized by a single universal 
coupling constant. It should be added that one may 
perhaps even go further and assume that there exists 
a simple connection between / and e. If true one would 
be left with the following fundamental constants: 
G, F, e, and “the” weak interaction strength. Consider- 
ing G to be fixed from w-nucleon physics, there would 
then remain one constant to be determined, namely F, 
“the” K-baryon constant. The present scheme would 
become quite tight in this way. 

While it may be hard to devise a practicable truly 
crucial experiment to determine whether p(K) could 
be odd, it is clear that such a general demand is made 
on inner consistency that it will be far from hopeless to 
see whether the possibility that p(K) is odd will stand 
or fall. 

The concluding remarks of Sec. VI are devoted to 
an enumeration of those effects whose experimental 
study seems of particular interest in the present context. 


Il. THE DOUBLET APPROXIMATION 


We start from the expressions given in A, Eqs. 
(12)-(13) for the trilinear -interactions [w] and 


17 See for example L. W. Alvarez’s survey table, Proceedings of 
the Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, New York, 1957). Note added in 
proof: see, however, W. Barkas and A. Rosenfeld, University of 
California Radiation Laboratory Report UCRL-8030 (unpub- 
lished), for more recent data. 


K-interactions [ K ], in the approximation 6=0: 

(x ]= [GN yeysNi+G(NovysN2t+NseysN3) 
+GiNarysNa]-2, (7) 

where ys symbolizes!* the pseudoscalar nature of the 

x-couplings. For the case of even p(K), [K] can be 

written as 


CK ]= Frv2(N nN2K°+N N3K*] 
+F VIN 'NiK+—N n'N;K°]+H.c., (8) 


where 

n=1 or iys; n/=1 or itys. (9) 
n=1 (tys) corresponds to even (odd) P(K,). And 
n=n if the Z-nucleon parity is even. If the latter is 
odd, one has n= 1, n/= ys or n= 74s, n/= 1. 

The usual charge independence of the z-nucleon 
system finds its formal expression in the invariance of 
the theory for /-rotations, with the understanding that 
N, and = transform like a spinor and a vector, respec- 
tively. Imposing this transformation law on Eqs. (7) 
and (8) we see that J-invariance is guaranteed provided 
also N2, N3, and N, transform like spinors while K°, 
K+, and their Hermitian conjugates stay invariant. 

For odd p(K) we can write [K ] as follows: 
[K]= Fiv2(N vinysN 2K°+-N nN 3K*] 

+Fryv 2. N n/N K r—_ N gin'ysN 5K" ]+ FEc. 

The rest of this paper is devoted to the study of the 
combined interactions (7) and (10). Evidently we 
have again J-invariance of the total interaction by 


(10) 


Ny 








Fic. 1. Nucleon 
self-energy and -r- 
nucleon vertex cor- 
rections due to K- 
baryon couplings. Y, 
Y’ stands for A or 
~-states. For other 
notations see Eq. (3). 





18 See also A, reference 6. As in A we put G:= G;=G, F\=F;=F; 
Fy= F,=Fj,. H.c. means Hermitian conjugate. : 
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specifying all transformation properties in the same way 
as we did in connection with the set of interactions 
(7), (8). This proves one-half of the statement made in 
Sec. I, namely that for the charge independence of 
m-nucleon effects to hold true it is sufficient, for odd 
p(K), that the relations (2) are satisfied. 

We next show that these relations are also necessary, 
again for odd p(K). This is done by a similar method as 
used previously,’ namely by asking that some physical 
requirement be satisfied in a given order in the power 
series expansion. In the present case one proceeds 
most easily as follows. 

First consider the requirement: proton mass is 
equal to neutron mass, which is part of the charge 
independence conditions. Consider, for 6=0, the mass 
contributions to the second order in the K-couplings. 
The simple type of graph is given in Fig. 1(a). We shall 
now not require from the outset that the relations (2) 
be valid. Thus we now use a more general set of coupling 
which take the place of A Eqs. (6)-(9): 


[A,Ni,K ]= Fi pnAK++finysAR® ]+H.c., (11) 


[2,Ni,K ]= Fol pnd°K+—ninys2°R° 
+ 2hind-K++ 2'pinys2+K]+H.c., 
[N4A,K ]= FE-7/AR+— Sin!ys K°}+ Hic. 


[N42,K ] = F{- Sy’ DR+— E°in'ysD°R° 


(12) 
(13) 


4+245y/S+R+— 24E-in’ys2-R] + Hic. (14) 


The condition of mass equality then is 


(F°—F;?) (a:—a2)=0, (15) 
where the terms proportional to a;(a2) are those 
involving a virtual K*+(K°). The general form of Eq. (15) 
also holds true for even p(K), but there we have 
a= and (15) is an identity giving us no information 
about coupling constants, as it should be.” For odd 
p(K), a: a2 and we have 


F?=F?. (16) 
Consider next the second order K-corrections to the 
m-nucleon vertex; the graph is drawn in Fig. 1(b). 
Charge independence requires that the correction to 
the (ppr°)-vertex is equal and opposite to that” for 
(vinx). This condition yields 


F;(F\G2— F G3) (b1— bz) = 0, (17) 


where the 6;(b2)-terms correspond to K,(Ko) contribu- 
tions, respectively. Again we have a triviality® for 
even p(K). For odd p(K), where b:%b2, Eqs. (16)—(17) 
yield® F,= F 2, Gz=G;. Thus we have now shown two of 
the three relations (2) to be necessary. 


% For even p(K) one obtains, of course, the same result for 


® The discussion of the second order K-corrections to the other 
x-nucleon vertices yields no new information. 
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To find the third relation, consider the fourth order 
mass contributions involving the cascade states N,. 
Mass equality yields 

Wit+ W,= 0, 
W,= (FF 3+ FoF 4) (F\F3— FoF 4) (¢1 - C2), 
W.= (FF 3— FF 4)? (e3— C4) > 


(18) 


One will verify that the terms proportional to c;---, c4 
correspond to different pairings of the virtual charged 
and neutral K-particles. For even p(K) all c’s are 
equal; for odd p(K) they are all distinct. Finally, by 
studying the corresponding contribution to the (ppr") 
and (imm°) vertices, one shows that W,; and Wz have 
to be zero separately. This yields the third relation (2) 
and completes the proof of necessity which has been 
spelled out at some length to show how the formalism 
gets tightened, as it were, in the case of odd p(K). This 
concludes the discussion of r-nucleon charge independ- 
ence” and we now turn, still in the doublet approxima- 
tion, to the further consequences of odd p(K). 

(1) A-nucleon forces—The An and Ap forces are 
still equal in as far as they are brought about by pions 
only. The same is no longer true, however, for the 
contributions involving K-mesons. 

The main argument for assuming (as one currently 
does) strict equality of the strong An and Ap interac- 
tions” comes from the approximate equality of the 
binding energies of 4H‘ and ,He‘. The present values* 
for these quantities are 1.8+0.2 Mev, 2.0+0.3 Mev, 
respectively. It is therefore not clear whether a difference 
in binding energy of rough relative magnitude of as 
much as ten percent is excluded by the data. 

In this context it is quite instructive to consider the 
results of Lichtenberg and Ross* about the relative 
importance of m- and K-forces for the A-nucleon 
interaction. Their analysis, of course, refers to even 
~(K). On the basis of a static baryon model they 
conclude that neither for even nor for odd P(K*) can 
K-mesons be principally responsible for hyperon-nucleon 
forces if the main contributions come from K- and 
Kr-exchange. On the other hand, they find, for universal 
x-coupling (even ZA-parity, Gi=G=G,), that agree- 

% The use of relations like (15)-(18) implies perhaps more 
faith in field theory than is entirely warranted. For example the 
statement: a; a2 for odd p(K) refers to quantities whose defini- 
tion is ambiguous. All one can really say is that any reasonable 
way of comparison yields the inequalities concerning a, 6, ¢ 
which were used in the argument. In addition it may be noted 
that the study of more complicated effects like K-contributions 
to nucleon-nucleon forces leads to the same conclusions. 

The logical possibility that charged and neutral K’s would 
have different spin will not be considered in this paper. 

#2 Tn particular single x-emission by a A remains forbidden as 
a strong reaction. See further Dalitz and Downs, reference 13, 
footnote 19. 

% Levi-Setti, Slater, and Telegdi, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics 
(Interscience Publishers, Inc., New York, 1957), Sec. VIII. See 
also reference 13. 

% TD. Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957); 
109, 2163 (1958). also N. Dallaporta and F. Ferrari, Nuovo 
cimento 5, 111 (1957). 
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ment with experiment is possible provided K-exchange 
effects are small. 

For odd p(K), it is, of course, out of the question 
that K-exchange could be the main mechanism for 
the A-nucleon interaction. On the other hand, a picture 
of preponderant z-pair interaction between A and 
nucleons with relatively small noncharge symmetric 
corrections due to K-exchange is not necessarily 
excluded in the present state of knowledge. 

If there exists at all a difference in binding energy 
between ,H‘ and ,He‘* which could not be ascribed to 
electromagnetic effects, one must ask how nuclear 
configuration affects the manifestation of a possible 
difference in the two-body An- and Ap-interactions. 
Let AV be the nuclear potential energy difference due 
to different K-coupling in the An- versus the Ap-system, 
that is to say 

AV = V (4H*)— V (4He*) (19) 
(barring electromagnetic effects). It should be em- 
phasized that AV depends first, on the angular momen- 
tum J of the hypernuclei, and secondly, on P(K,). 
Consider for example the contributions to AV due to 
single K-exchange. By Wentzel’s method” one finds: 


P(Kt) odd: AV=—2(An)o, 
a —F(Ap)o, 
AV=2(Ap)o, 


= 4 (An)o, 


(J=0), 

(J=1); 
(J=0), 
(J=1). 


‘ (20) 
P(K*) even: 


Here (An) stands for the two-body An-interaction due 
to single K-exchange in the singlet state; likewise for 
(Ap)o. For either P(K*), the quantities (Am)o and 
(Ap)o are negative.”® Thus, independently of the value 
of J, ,H‘ will be more (less) bound than ,Het if P(A*) 
is even (odd). is 

The results of Eq. (20) are quoted mainly to show 
what kind of arguments one meets in a study of a 
possible AV-effect. The actual conclusion on the sign 
of AV is dubious for many reasons. First it is question- 
able whether such a subtle effect can be discussed 
under the neglect of tensor forces and of core polariza- 
tion." Secondly it may be anticipated that the 
effects of Kx-exchange, for example, may be comparable 
to those of K-exchange.** Here we shall not go into 
further detail, and rest content with the above illustra- 
tion of some of the qualitative aspects of the problem. 
(See also Sec. IV for further conceivable causes of 
differences between the An- and the Ap-force.) 

(2) Z-nucleon forces.**—Again, the pure z-interac- 
tions remain the same as usual, whereas effects involving 
K-exchange would be modified. Perhaps the most 
interesting question is here the relation between (2~,n) 
and (+,p) interaction. These two should be the same 
if charge symmetry is valid, which is not, true if p(K) 

% G. Wentzel, Phys. Rev. 101, 835 (1956). 


%6 See also F. Ferrari and L. Fonda, Nuovo cimento 6, 1027 
(1957). 
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is odd. But if the z-interactions are preponderant, 
one will still have a nearly charge symmetric situation. 

There has been some indication recently that the 
(=+,p) system has a bound state.’’ If this is so and if 
charge symmetry holds true, then (2~,m) is certainly 
bound, as both the absence of Coulomb repulsion and 
the larger =~-mass favor the latter case. From the 
present point of view, these 2-nucleon systems are 
perhaps even more interesting than the A-hyperfrag- 
ments, as here we may more easily obtain information 
about the question of charge symmetry of the hyperon- 
nucleon two-body system, on which we touch for odd 
p(K). The recent discussion of a possible method” to 
obtain (2~,n) fragments, if they exist, remains un- 
affected as the value of the binding energy was treated 
as a free parameter. 

(3) Hyperon production in m-nucleon collisions.—In 
the doublet approximation this problem can be discussed 
qualitatively along similar lines as was done in A. In 
particular it will be evident that the role of the auxiliary 
quantum numbers S$), S2 (see especially A, Table I) 
remains the same whether p(K) is even or odd. Con- 
sider the reactions 


r+ pA+K®, 
r+POD+R, 

a+ pz + KF; 
att podt+ Kt, 


The symbol in parentheses denotes the production 
amplitude. Thus we have, as in A, Eq. (20): 


(Ag), 

(Ao), 
(A_), 
(A,). 


(21) 
(22) 
(23) 
(24) 


(25) 


Aa= —Ap. 


From now on the symbol = will be used to mean 
equality for 6=0. 

For even p(K) it was possible to relate A_ to Ao by 
A_=—2'Ao, see A Eq. (24). However, the reasoning 
which led to this relation®* is valid only for even p(K). 
In fact we can state that for odd p(K), the triangle 
relations for 2-production in z-nucleon collisions are 
not necessarily satisfied for 640. 

Thus the relation A Eq. (24) which is in disagreement 
with experiment” is here invalidated. However, the 
theoretical prediction about +-production causes 
trouble at this stage. Indeed, the relation A Eq. (26): 


A,~0 (26) 


still holds true, as it follows from (S$;,S2) conservation 
only. We shall come back to this point in Sec. IV, 
where a possibility is indicated to avoid having | A,|? 
proportional to 6, and where the question of angular 
distribution is taken up in somewhat more detail. 


27M. Baldo-Ceolin ef al., Nuovo cimento 6, 144 (1957). For 
theoretical aspects see A. Pais and S. Treiman, Phys. Rev. 107, 
1396 (1957); G. Snow, Phys. Rev. 110, 1192 (1958). 

28 See A, Sec. II, rule B. 

* For references, see A, footnote 9. 
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We conclude the present remarks on production by 
noting the existence of the following mathematical 
relation. Let A™ denote a production amplitude for 
the cases that P(K*) is (+). Then one easily shows that 


A_* = —24A 9), (27) 
Evidently this relation is without physical content. 
It is nevertheless a useful one as it saves labor in the 
discussion of how the production cross sections depend 
on P(K*), see Sec. IV. x 

(4) Photoproduction of K-particles—For the case of 
even ~(K) it has been pointed out previously’ that the 
production amplitudes for y+~—-A+K*, 2°+Kt are 
related by 
(28) 


A a’ =—A 0’. 


It is readily seen that Eq. (28) also holds true for odd 
»(K). 

(5) K-nucleon forces and K-nucleon scattering.— 
Clearly the strong (K+p)- and (K*m)-interactions are 
equal and the same is true for the (K°p)- and (K°n)- 
interaction. But the (K+, nucleon) and (K°-nucleon) 
interactions are now distinct and no longer related to 
each other by the conventional J-rules. If p(K) would 
turn out to be odd, one must then be cautious in the 
use of A--data for the analysis of absorption and 
regeneration experiments involving long-lived neutral 
K-particles.” 

For the present our main concern will be the scatter- 
ing of K*+ on p and n. In the doublet approximation we 
have, in obvious notation 


A el (Kt, p) =A el (Kt, n), 
A exch (K+, n) =0, 


(29) 
(30) 


where Eq. (30) follows, as in A, by the use of (S1,S2)- 
conservation. These relations are true for either choice 
of P(K+). They disagree with experiment. At this 
point we state this without further comment; the 
problem of K*-scattering is taken up in more detail 
in Sec. IV. 

(6) K--absorption.—Consider the processes 


K-+p-A+n°, (Ba), 
+2", (Bo), 
z=-+at, (B), 
St+e-, (B,). 


By means of the methods given in A one can establish 
relations between the B’s for 5=0. Thus for example one 
has Ba~ Bo. Such a relation does not seem very trust- 
worthy, as the neglect of 6 in comparing A- and 2o- 
production is not very meaningful. This is also true 
for the relation between B_ and By which can be 


(31) 
- (32) 
(33) 


(34) 


® See, for example, W. Panofsky ef al., Phys. Rev. 109, 1353 
(1958). 
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established by using the present isotopic spin assign- 
ments : 

B_~2Bo. (35) 
Note further that 

B,~0. (36) 
This latter result will again be modified by the con- 
siderations of Sec. IV. 

“It has been observed* that the experimental deter- 
mination of the relative rates of production of hyperons 
by K--absorption in deuterium and also in He gives 
information about the validity of charge independence 
as applied to the new particles. It is easily shown that 
for 5=0 the same probability ratios are found as in 
the usual theory." As was stressed above, the doublet 
approximation is least reliable in these relatively low- 
energy processes. Thus the study of the relative reaction 
rates in question becomes also interesting from the 
point of view of finding out whether or not possible 
deviations from these ratios could reasonably be 
ascribed to electromagnetic effects only. 

7. Mass splits between X-states and between K-states.— 
In the present formulation of the case of odd p(K), 
the various =-states get split by the K-couplings. Thus 
mass differences may arise which are not mediated by 
the electromagnetic field. This possibility is perhaps not 
unwelcome as the 2+, Y~-mass difference is rather 
large.” Also there arises a nonelectromagnetic K+— K° 
split. The question of these mass differences will be 
taken up in a little more detail in a subsequent paper. 

This concludes the qualitative survey of the doublet 
approximation. From the remarks made in connection 
with Eqs. (26), (29), (30), (36) it is evident that the 
possibility of odd p(K) with its concomitant require- 
ment of validity of Eq. (2) leads to contradictions. In 
fact, these are some of the same contradictions which 
led us to question the validity of Eq. (2) for even p(K). 
But as already mentioned in the introduction, the case 
of odd p(K) leads to new possibilities for overcoming 
the mentioned difficulties. This will be discussed in 
Sec. IV. First, however, we shall go back to the question 
of w-nucleon charge independence and we shall ask 
to what extent the conclusions reached at this point 
must be modified if effects proportional to powers of 
é are taken iniotonsideration. Beforc-dsixg so, it should 
be emphasized that the developments of Sec. IV will 
demonstrate that the conclusions of the next section 
can at best be of a very preliminary character. 


Ill. EFFECTS OF FINITE 56 


It will be clear from the foregoing that the finiteness 
of 6 leads to nonelectromagnetic deviations in r-nucleon 
systems. Estimates of the importance of these effects 
cannot be made without considerably more commit- 
ment to dynamical details than was necessary in the 
previous considerations. Now, as is well known, it is 


* T. D. Lee, Phys. Rev. 99, 337 (1955). 
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as easy to write down strong interactions as it is hard 
to evaluate their quantitative implications. This is 
especially true in the present instance where, due to 
the massiveness of the K-particles, the effects in 
question depend sensitively on high virtual frequencies 
so that baryon recoil and pair effects are of the essence. 
We are in fact moving into distances comparable to or 
smaller than the nuclear core radius [~ (2m,)~!] which 
is a characteristic length in the present half-phenomeno- 
logical theories of x-nucleon interaction.” 

However, the aim of the present section is only a 
limited one. For the moment we shall be mainly 
interested in the comparison of effects that violate 
charge independence due to finite 6 on the one hand and 
due to electromagnetism on the other. We intend to 
show that the 6-effects do not obviously lead to in- 
admissibly large violations as compared to the order 
anticipated from electromagnetic effects only. The 
circumstance that 6 is only twice as large as the relative 
a+—7x mass difference may perhaps indicate that this 
is not unreasonable. However this may be, the author 
does not at all hold it to be excluded that the above 
qualitative statement may turn out to be wrong. This 
in itself might then provide an argument against 
odd p(K). 

After having sounded warning, let us now come to 
some details. For the purpose of illustration we consider 
the interactions (7) where now we take a concrete 
pseudoscalar point coupling and where the definitions 
(3), (4) are reinserted whenever it is necessary to 
distinguish between A and 2; and the K-interactions 
Eqs. (11)-(14), likewise with 640, but with Eqs. (2) 
supposed to be satisfied. The K-couplings are taken as 
point scalar or pseudoscalar, as the case may be. 

It seems reasonable to consider only effects of the 
first order in 6. In this approximation there is one 
simplifying feature which has to do with the dependence 
of the corrections on P(K*+): observe that, insofar as 
the interactions (7), (11)-(14) are concerned, the 
substitutions 

ninys, 1'—in'Ys (37) 
that is the transition from even to odd P(K*), are 
equivalent to the substitutions® 


No-—n1N,, 
Ko Ky, 
Ty — To. 


Nror, 

Nxe-rws, 

T4-OUF ’ 
Equation (38) implies in particular that 


A—A. (39) 


Hence, taking also into account the effect of Eq. (38) 


® See, for example, G. Chew, Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics (Interscience 
Publishers, Inc., New York, 1957), Sec. I. 

% For the purpose of this section we neglect the mass differences 
within the 2-multiplet. Actually, it is not difficult to take these 
differences along, but no further insight is gained thereby. 
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on electromagnetic phenomena we have the following 
conclusion : 

To all orders in all strong coupling constants (but 
ignoring electromagnetic effects), any charge-dependent 
correction to x-nucleon phenomena for the case: P(K*) 
even is equal to the corresponding correction for the 
isotopically rotated situation given by Eq. (38) for the 
case of odd P(K*). 

This rather general theorem sheds an interesting 
light on the proton-neutron mass difference problem 
which we discuss first. 

(1) Proton-neutron mass difference M p,=M,—M,.— 
It has been suggested that electromagnetic effects 
alone could conceivably lead to a theoretical value for 
M,» of the right sign and order of magnitude. Here a 
perturbation argument was used which is, of course, 
open to doubt.*® 

Consider now the effect on M,, due to finite 6. It 
is clear from the theorem just stated that for one 
choice of P(K*) the contribution to M,, will be nega- 
tive (if it does not happen to be zero). Thus if p(K) 
would turn out to be odd, a future dynamical theory 
might possible relate the sign of M,, to P(K*). 

As a further illustration, consider the effect on 
Myn of single K-exchange [see Fig. 1(a)] for even 
P(K*), i.e., n=1. The self-energy difference operator is 

2iF*p(1){Madq(12) —MzAz(12)}Ax«(21)p(2), (40) 
where A is the appropriate Green’s function for the 
particle by which it is labeled. The contribution to Mp, 
is divergent. Using a Feynman cutoff (with mass \) 
on the A-propagator, one gets 


M oe 6 Fr 


-=C(A)—- —, 
M 2a 4x 


(41) 


where M is the nucleon mass. Characteristic values of 
the constant C(A) are: C(M)=—0.5; C(2M)=1.5. 
This shows that Eq. (41) could give a contribution to 
M,, of the experimental order of magnitude, for either 
choice of P(K*), with F;°/4x of general order unity 
and with a cutoff between M and 2M. This proves 
next to nothing. But perhaps it indicates that one need 
not necessarily expect quite unreasonable contributions 
to M,, due to this particular way in which charge 
independence may be violated. A full treatment of this 
problem would, of course, have to take into account the 
balance of electromagnetic and of 6-effects. Moreover, 
it will become clear from the developments in the next 
section that the present description of the influence 
of the couplings on M,, may well be a very provisional 
one. 


* R. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954). 

35 See G. Wick, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, New York, 1957), Sec. I, and especially R. Sorensen, Ph.D. 
thesis, Carnegie Institute of Technology, 1958 (unpublished). 
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(2) Modifications of the x-nucleon vertex.—This we 
take as a second and last example. More specifically, we 
consider the 6-effect due to the type of graph of Fig. 
1(b). The quantities to be considered are 


(px)— (pna*)/V2 d 
(tine) — (pnx*)/V2 p= 2iF PGN1(1) f-d2 d3 (3) 
(pp) — (ainr*) 
1 (1,2,3)N1(2) 
x I’ (1,2,3)N1(2) (42) 
{1 (1,2,3) —I°’(1,2,3)} M1. 
Again it is sufficient to take 7=1. One finds 
r= {MzAz(13)iysl MzAz— MAs |s2 
+7°0;Az(13)tysy-93(Az— Aa) 32} 4x (12), 


—I’={Mz(MzAz— MyAa)13¢5A2(32) 
+7°01(Az— Aa) ss¢ysy°03Az(32)}A4x(12), 


(43) 


(44) 


which shows that we have here a finite effect. Moreover 
one verifies that ([)=—(I’), where () means a 
matrix element between free nucleon states. Thus it 
suffices to consider the first line of Eq. (42). One finds 


(pnt) 5\ /Fe 
sti *)(%) 
ppr’) a ty ro ae 


oO 
x|o.6+0.2—+- + i (45) 
MM 


where the term in [_ ] is a finite distance operator acting 
on the z-field. Note that the coupling constant G is 
not necessarily equal to the z-nucleon constant Gj, 
see Eq. (7). It is in the spirit of this work, however, to 
try and think of G as being of the same order as Gy. 
Then we have a charge-dependent change in coupling 
constant of order 0.006 F/°/4x. Even if the latter 
constant is ~5, this amounts to a three percent 
correction. As before, this result does not signify very 
. much. It indicates perhaps that also here the 6-correc- 
tions are of the same order as other effects which are 
anyway to be anticipated on general grounds. For 
example, corrections due to the +*—-7° mass difference 
are of the same order of magnitude.** In this general 
context, it is well to remember that it has not definitely 
been settled whether the charge independence deviations 
of the nuclear forces are entirely of electromagnetic 
nature.*” 

Apart from such vertex corrections (only incompletely 
treated here) there are, of course, other contributions 
which do not satisfy the usual charge independence 
criteria either. For example, there is the two K-exchange 
between nucleons. This is an effect that does not 


% A. Sugie, Progr. Theoret. Phys. Japan 11, 333 (1954). 
See, however, R. Sorensen, reference 35. 
37 E. Salpeter, Phys. Rev. 91, 994 (1953). 
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extend appreciably further than the nucleon Compton 
wavelength. The deviation effect is proportional to 6 
and of relative order (¥?/G*) as compared to 2r- 
exchange. Thus it seems reasonable to consider this as 
a small effect. It should always be borne in mind, 
however, that what may be small in the low-energy 
nucleon physics and z-nucleon scattering domain 
need not be small at higher energies. 


IV. KKzx-INTERACTION 


In a certain sense the considerations of the previous 
section are phenomenological: we have not considered 
what may be the dynamicai-rexsoi for the existence of 
a nonzero 6, but rather we have treated the 6-effects by 
simply putting in the experimental 2, A-masses first 
and thereafter performing the perturbation estimates 
of the foregoing section. One may ask what dynamics 
might underlie the (2,A)-mass separations. 

The logical procedure is then to go back to the 
doublet approximation. We know that if the states 
No, Nz are degenerate in the absence of all coupling, 
they remain so in the presence of the interaction (7). 
However, the interaction (10) splits V2 from N; but 
in such a way that (2+, Y°) remain degenerate; likewise 
for (Z°, X-). While this split leaves the (.S;,S,)-rules 
intact, it has nevertheless implicitly been neglected in 
Sec. II, in accordance with the program stated in Sec. I 
of ignoring all (2,2) and (2,A) mass differences. Taking 
this split into account now, we are still far from the 
desired (approximate triplet+singlet) spectrum. One 
may ask if electromagnetic effects could bring about 
the necessary modifications, in such a way that the 
higher (lower) neutral mass state would by definition 
be called 2°(A). Even if true, the situation would still 
be inacceptable. From the definition of the electric 
current®® it follows that electromagnetism does not 
mix Y° and Z° so that the reaction 


2 A+y 


would be forbidden. This adds to the difficulties, stated 
at the end of Sec. II, which follow from the dynamics of 
G- and F-interactions only. 

At this stage it may be instructive to return for a 
moment to the results obtained in A for even p(K), 
under the assumptions (a)—(d) recapitulated in Sec. I. 
The essential reasons why these conditions could not 
simultaneously be fulfilled was the existence of two 
invariance principles, called rules (A) and (B) in A, 
Sec. II, which turned out to be too strong. It was noted 
in Sec. II of the present paper that rule (B) is in- 
validated if p(K) is odd, but that rule (A), the separate 
conservation of S; and S2, still holds true. Experiment 
tells us that this is still too stringent a condition, as it 
leads to certain unwanted 6-proportional probability 
amplitudes (see end of Sec. II). The question then is, 


(46) 


8 The current operator as given in A does not depend on 
whether p(X) is even or odd. 
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whether and, if so, how we can break the invariance 
which leads to separate S;, S2-conservation and yet 
retain the relations (2). 

This is indeed possible. For odd p(K), one can 
namely envisage a new type of coupling: 


(Ka ]= f(2mx)(K+Krt+RK°K te). (47) 
Here the factor (2mx) has dimensions such as to make 
the coupling constant f dimensionless [in units (fic)*]. 
The magnitude of this factor is chosen such that in 
the nonrelativistic limit / is a measure for the probabil- 
ity of creating a r-meson. It is not against the postulate 
of strict parity conservation of all strong interactions 
to have a coupling of this kind with a strength f which 
is large compared to weak-interaction strengths. The 
interaction (47) has the following basic properties. 


(1) It violates the separate S,, S2-conservation, as is 
easily seen with reference to A, Table I. Thus there is 
now, at least in principle, a way open to avoid the 
difficulties mentioned in Sec. II. 

(2) By the same token it makes the reaction (46) 
to an allowed one. 

The question remains, of course, whether the 
combined f- and F-interactions could lead to reasonable 
separations within the 2, A-states. No definite statement 
can be made, but some further comments on this 
question will be given in a subsequent paper. 

To summarize: if p(K) is odd, we are naturally led 
to the relations (2). This opens the possibility of 
universal x-baryon and of universal K-baryon coupling. 
The simplest conceivable (but not necessarily unique) 
scheme then seems to be the existence of three distinct 


Fic. 2. KKzx-contribu- 
tions of lowest order in f to 
K-nucleon scattering: (a) 
(K,p)-, (b) elastic (K*+,n)-, 
(c) (K,n)-exchange scatter- 
ing. In (a) and (b) the 
shaded box denotes the 
effective x-nucleon scatter- 
ing mechanism. In (c) it 
denotes the effective - 
nucleon vertex. 
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types of interactions, with three corresponding coupling 
constants. 

Our primary concern must again be the bearing of a 
coupling of the type (47) on w-nucleon charge independ- 
ence. However, as it is necessary for this purpose to 
have some insight into the magnitude of /, we leave 
this question till the end of this section and we shall 
rather start to confront the dynamics with the experi- 
ments on the new particles. 

First consider the reaction (5). We saw in Sec. II 
[see Eq. (30) ] that for f=0 the cross section is propor- 
tional to 6. Thus it seems reasonable to ignore in first 
instance the F-contributions. To lowest order in f the 
scattering amplitude is then a folding of the KKz- 
coupling into the x-nucleon vertex part, as sketched in 
Fig. 2(c). Note that the virtual x must give a retarda- 
tion factor {1+a(1—cos@)}~*, where a=2p*m,-*. We 
do not know how to treat the strong vertex rigorously. 
But at not too high energies it seems safe to say that the 
scattering is due to an S-wave z-emission in the 
KKr-vertex and a P-wave m-absorption by the nucleon. 
This leads us to write the cross section as 


ante OE) Ga) 
v (6) d cosé 


{1+a(1—cosé)}? m2 
¥(0)=1+A cosd, 





, (48) 


where A is a parameter which lies between —1 and +1. 
In perturbation theory (where also the equivalence 
theory holds) one obtains Eq. (40) with A=—1. This 
is by no means a justification for normalizing the leading 
term in ¥ to unity as the w-nucleon vertex may be 
damped. This possible damping effect clearly makes for 
uncertainty in estimating the magnitude of f. Apart 
from this, it would not seem unreasonable that Eq. (48) 
represents a fair description of the angular and energy 
dependence over a limited energy domain where A 
does not vary too much with energy. The momentum 
dependence of the total cross section is given by the 
factor: 


(2) oe. 


wen “| 2o(—™) i A+22)] (49) 
at a 1+2a 4 , 


which yields the following characteristics: o starts with 
a swift rise due to the *-factor [¢(0)=2] and then 
flattens out, mainly due to the a-dependence; a~1 at 
25 Mev. The rise is more gradual and the flattening 
more pronounced the larger \ is. For \20 the cross 
section varies little with energy from 80-200 Mev, for 
smaller \ it slowly decreases. On this picture it seems 
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possible to harmonize the experimental results of Hoang 
et al.® who find very little exchange in the region 
below 65 Mev with those of Lannutti e/ a/. and others 
who find a fairly constant cross section ~4.0+0.8 mb 
in the region 60-180 Mev. It does not appear to be 
necessary, as has been suggested,” to assume S-wave 
scattering from 0-200 Mev. 

Note further that according to Eq. (48) do should 
show a marked forward peaking. At not too low energies 
this is true for all \ and is the more pronounced the 
larger \ is. This effect is of special importance for 
K+t-exchange scattering in heavy nuclei where the Pauli 
principle will tend to suppress forward scattering. It 
would be extremely interesting to study the Kt- 
exchange angular distribution in a deuterium bubble 
chamber. And it might be enlightening to analyze the 
data in terms of Eqs. (48) and (49), in order to see 
whether energy and angular dependence can be simply 
correlated in this way for suitably chosen X. 

With G?/4r~15 and o~4 mb at 100 Mev, we 
find that f?/4r~0.007; 0.011; 0.03 for A=1, 0, —1, 
respectively, corresponding to a range for f from about 
e to 2e. We conclude that 


i~e, (50) 


if it is justified to use the undamped value for G; (or 
for the corresponding small pseudovector constant). 
This is a suggestive order of magnitude (see Sec. V), 


but we must stress again that the theoretical foundation 
for this estimate is poor. Note that in K-phenomena 
the development goes, in powers of {?/4x. (mx/m,)? 
~0.2. Thus we may perhaps make some progress in 
expanding if the estimate (50) is not too far off. 

Whereas the f-interaction is rather long-ranged for 
K+-exchange scattering, corresponding to a rise of a 
to unity at ~25 Mev, this interaction is effectively 
shorter-ranged where elastic scattering is concerned. 
In the latter case the coupling (47) acts only via the 
exchange of x-pairs between K and nucleon and thus 
has a range ~(2m,)~. Experimental indications are“ 
that the range for elastic scattering could be of this 
order of magnitude. The F-interaction also contributes in 
this case, in fact equally for scattering on protons and 
on neutrons, see Eq. (29). Experimentally” the p and 
nm cross sections vary little with energy in the region 
20-200 Mev, while the former (14.5+2.2 mb) is larger 
than the latter (5.8+3.1 mb). As we have seen, this 
p, n difference was another complication if F-couplings 
only were invoked. To see qualitatively how the 
interaction (47) affects the situation we shall for a 
moment consider the extreme case where F-effects are 
completely ignored. 

It is at once clear that the f-interactions give a 
different contribution for proton versus neutron scatter- 
ing; see for example Figs. 2(a), 2(b). These figures 

® Hoang, Kaplon, and Cester, Phys. Rev. 107, 1698 (1957). 


“J. E. Lannutti ef al. Phys. Rev. 109, 2121 (1958) where 
extensive references to further literature can also be found. 
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illustrate that, as long as the f-coupling is taken to 
lowest relevant order (not so with the G-interaction), 
we deal with a folding of r+-nucleon scattering into an 
effective K*x* interaction. Suppose now, as is not 
quite unreasonable, that in the 100-200 Mev region the 
(virtual) «+-nucleon scattering would go mainly via 
the J= 4 state. In the pure case one would then have a 
9:1 ratio for (Kt, p) versus (K+, m) scattering. At any 
rate it seems plausible that an f-coupling leads to a 
larger (K*+p) than a (K*m) cross section. 

The c.m. angular distribution is fairly isotropic” in 
the region 20-200 Mev. Now at low energies the effective 
K*r* interaction, which itself has a range ~mx™, 
is very nearly a point interaction and will thus give an 
isotropic distribution. This is precisely a feature of the 
interesting work of Barshay“ who first introduced 
effective K*x*-couplings. For larger energies the non- 
point character of our K*r*-interaction will become 
more effective, tending to give a preference to forward 
scattering. 

Now we must ask for the influence of the F-interac- 
tion. To get some idea about this we go to the opposite 
extreme, ignore the f-couplings, and, for all it is worth, 
consider the K-baryon coupling in Born approximation. 
Here we can profit from the work of Ceolin and Taffara.” 
Their investigations are also instructive from the 
present point of view as one can immediately read off* 
the effects of finite 6. In terms of the relations (2) 
these authors find: first, a fairly isotropic c.m. angular 
distribution at 80-Mev lab energy,“ for either even or 
odd P(K*) ; second a decreasing cross section as function 
of energy, for either K+-parity. Taking a mean 
K+*-nucleon cross section of 10 mb at 100 Mev, one can 
read off : F;*/4r=0.9 (1.7) for scalar (pseudoscalar) K+. 
The main purpose of quoting this last result is to show 
that the orders of the F;-coupling and the effective 
f-coupling quoted previously may well be comparable. 

For this very reason a more detailed discussion of 
the elastic K-scattering, taking into account both F- 
and f-effects appears to be rather complicated. In 
particular it is not clear whether K-scattering is the 
easiest means to obtain information about F;, and in 
fact about P(K*). In this latter connection it should 
be observed that if p(K) would turn out to be odd, the 


1S. Barshay, Phys. Rev. 109, 2160 (1950); 110, 743 (1958). 
In this work the K*x*-coupling is charge independent and so 
gives equal contributions for p- and n-scattering. The split between 
these quantities is supposed to come about via K-baryon interac- 
tions with F;#F;. In this respect the present view is rather the 
opposite. 

#C. Ceolin and L. Teffara, Nuovo cimento 5, 435 (1957). 
Under the present conditions of coupling, the connections with 
their notation are as follows: ga?=gy*=F 7/49, s=1. 

* Reference 42, Figs. 7 and 8. 

“ Reference 42, Figs. 4 and 5. 

*® Reference 42, Figs. 9 and 10. 

“6 K+-nucleon scattering has also been studied by D. Amati and 
B. Vitale, Nuovo cimento 5, 1533 (1957), for P(K*) even. A 
scattering integral equation with cutoff is solved. With F,=F, 
(in our notation) they find F;*/44r~0.3. This is again of the general 
order of magnitude quoted above for scalar K*. 
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question of the K-nucleon dispersion relations‘? would 
have to be re-examined. If one can at all prove these 
relations (for forward scattering), their interpretation 
would have to be modified. The constant f would 
explicitly appear due to the presence of equal-time 
commutators. We conclude this cursory survey of the 
K+-scattering problems with the remark that both 
the repulsive nature of the A*-proton potential and 
the relative rate of exchange to elastic scattering may 
throw more light on the relative importance of K-baryon 
to KK couplings. 

One may ask how the interaction (47) affects the K—~ 
and also the K°, K® (or K;°, K2°) scattering. The 
situation is summarized as follows: if we treat the 
f-coupling to the approximation indicated above, then 
the isotopic spin structure of V;, the f-contribution to 
the elastic scattering matrix element, is given by*® 


V = 2KRKNiNi+Kr3KN i731. 


(51) 


Hence if the f-interaction were preponderant, the K*, p 
and K-, p elastic scattering would be equal, and the 
elastic K,° scattering on protons (neutrons) would 
equal the K+ scattering on neutrons (protons), etc. 
The K~> elastic cross section is actually larger® than the 
one for K*p. It is to be anticipated, however, that for 
the former an appreciable role will be played by the 
virtual annihilation effects which will also tend to 
produce an isotropic distribution. The Ky" elastic 
scattering is, of course, difficult to measure directly. 
In the case of odd p(K) this would be a particularly 
interesting effect. 

According to Eq. (47) the f-proportional part of the 
amplitude for charge exchange scattering of K~ on 
protons and of K° on neutrons should be identical with 
the one for K+-exchange, in lowest order. Note, 
however, that the 6-proportional part of the amplitude, 
due to K-baryon coupling, is of a different nature for the 
K~ as compared to the K+ case: the K~-exchange can 
go via virtual pure A and &° states. It is easily seen 
that, at low energies, the neglect of the (2°, A) mass 
difference is here quite bad, and in particular worse 
than for K*-exchange at comparable energies. From 
the present point of view the K~+K° exchange may 
therefore be more difficult to interpret. Experimentally 
no K--exchange events in hydrogen have definitely 
been identified.” The estimates of Alles et al.” lead to 
a rather large exchange cross section, however. 

Also for K~-absorption phenomena the neglect of 6 
is unwarranted. We shall therefore not discuss the 


47 See P. Matthews and A. Salam, Phys. Rev. 110, 565, 569 
(1958); C. Goebel, Phys. Rev. 110, 572 (1958); M, Polivanov, 
Doklady Akad. Nauk. U.S.S:R. 116, 943 (1957) [translation: 
Soviet Phys. 2, 472 (1958) ]. 

48 Here K denotes an J-spinor with components Kt, K°. For a 
further discussion of the switch to such a spinor representation at 
this stage, see Sec. V. Following the notation of Eq. (70) below, 
we should actually write the second term in Eq. 451) as Kp;K 
xNi73M. 

 W. Alles et al., Nuovo cimento 6, 571 (1957). 

© L. W. Alvarez et al., Nuovo cimento 5, 1026 (1957). 
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Fic. 3. Mechan- 
isms of associated 
production: (a) of 
K® and A or 2°; (b), 
(c) of 2-, K+; (d)fof 
z+, K*. The shaded 
boxes have the same 
meaning as in Fig. 2. 








absorption in this preliminary survey, but only note 
that the unwanted relation (36) is invalidated due to 
the presence of the interaction (47). 

Concerning the determination of the constant Fy, 
it would seem that, also from the present point of 
view, Gell-Mann’s original suggestion’ to use photo- 
production of K-mesons for this purpose is still the 
best one. In this effect the interaction (47) only enters 
in higher order, and thus is perhaps not too important. 
If this is indeed true, the near equality of A- and of 
>°-production in (yp)-interactions should continue to 
be a good approximation, see Eq. (28). 

Next we turn to the discussion of associated produc- 
tion in r-nucleon collisions. There is some indication® 
that charge independence in the usual sense does not 
apply to these processes. This would not be too surpris- 
ing from the present point of view. We shall show now 
that it is possible, for odd p(K), to reproduce the trend 
of the experiments on A, 2 production provided P(K*) 
is even. 

We start with the discussion of the reactions (21) 
and (22); for definiteness consider the production at 
1.1 Bev, and take first the extreme case where F- 
couplings are neglected. At this energy the (x, p) 
elastic scattering is ~20 mb and the production cross 
sections are about a percent of this amount. Thus it 
seems reasonable to picture the A, 2°-production as 
schematically drawn in Fig. 3(a): after a virtual 
(x-, p) scattering, the r emits a K° and a K-, the 
latter being absorbed by the proton (or p->K+-+-A or 


51 J. L. Brown ef al., Phys. Rev. 107, 906 (1957). 
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>°, the K+ being absorbed by the scattered 7—). We 
know that, apart from important refinements, the 
a~-scattering shows a very marked forward peaking in 
the c.m. system due to shadow scattering.*? Then 
according to Fig. 3(a), the K°-production is essentially 
a final state interaction of a forward scattered ~ and a 
proton. This last interaction depends in an important 
way on P(K*). In fact, for odd p(K), the differential 
cross section for the reaction (24) as brought about by 
the mechanism to the right of the vertical line in Fig. 
3(a) has an angular dependence® 


1+ (MMy/EEy) +0,vy cosé 
(1+-2,0~ cos6)? ‘ 





(52) 


where » denotes the velocity of the particle in question; 
E, Ey are the nucleon and hyperon energy, respectively. 
The plus (minus) sign in Eq. (52) corresponds to P(K) 
odd (even). @ is the angle between w and hyperon. 

Suppose for a moment that the w~ after its virtual 
scattering would have its real energy and momentum, 
that is it would go preponderantly forward. Call 
R(@)d cos@ the relative rate of production at angle @. 
Then one has for A-production at 1.1 Bev: 


R(0):R(4r): R(x) =0.4:1:6, P(K*) even 

=0.7:1:0.9, P(K+*) odd. (53) 
Thus the observed backward peaking of the A fits in 
naturally for even P(K*), that is pseudoscalar K°. 
Actually it is not unreasonable that for this particular 
parity the virtual w-, p scattering would not differ 
much from the real one: in this case the (O)AK*)-vertex 
is a scalar one which leads in the main to a transition 
between positive energy baryon states. For the case 
of odd P(K+), where Eq. (53) does not yield the 
direct backward peaking, the vertex in question has 
pseudoscalar character and leads to a negative — 
positive energy baryon transition. For the sake of 
illustration let us assume that the proton after virtual 
scattering is ina state of opposite energy and momentum 
compared to the real scattering and preparatory to 
its transition to a A-state. Then one would have, 
always for odd P(K*): 


R(O): R(}x): R(x) =6:1:0.4, (54) 
that is, a strong forward peaking. Now the assumption 
which leads to Eq. (54) is obviously an extreme one 
and it refers to states very far off the energy shell. 
Yet it would not seem unreasonable that for odd 
P(K*) the answer lies somewhere between the results 
of Eq. (53), second line and Eq. (54). I would therefore 


®@L. M. Ejisberg ef al., Phys. Rev. 97, 797 (1955); W. D. 
Walker and J. Crussard, Phys. Rev. 98, 1416 (1956); W. D. 
Walker et al., Phys. Rev. 104, 526 (1956); M. Chretien ef al., 
Phys. Rev. 108, 383 (1957); A. R. Erwin and J. K. Kapp, Phys. 
Rev. 109, 1364 (1958). 

% This and subsequent formulas refer to the c.m. system. 
Terms of order m,/mx or smaller have been neglected. 


A. PAIS 


conclude that P(K*+) cannot be odd always if p(K) 
is odd. 

Assuming then that P(K*) is even, it should further 
be noted that one will have to fold a x-distribution off 
the energy shell, but not far off, into the production 
mechanism. It would seem reasonable to suppose that 
this does not spoil the backward trend of the produced 
A’s. Note that the observed amount of (x~, p) back 
scattering® will tend to reduce the backward-forward 
ratio of A-production. 

If it is supposed that P(K*) is even, one is also 
committed as to the 2°-production. In the same 
approximation one finds in this case R(0):R(x/2): 
R(mx)=0.5:1:3.7 that is a smaller backward/forward 
ratio at the same energy as compared for A-production. 
It will not be attempted here to give a more complete 
treatment of A, =°-production, where one has to consider 
the combined effects of KKz- as well as K-baryon 
interaction. However, we shall see below that pure 
F-interaction seems to yield an inadmissible angular 
distribution for A-production. As to the energy depend- 
ence of the cross sections, the decrease of (x, p) 
scattering with increasing energy beyond 1.1 Bev 
would tend to lead to a similar decrease in A, 2°- 
production.™ 

To see the effects of F-interactions, the 2~-production 
is particularly interesting as here the mechanism of 
Fig. 3(a) does not contribute. It turns out to be instruc- 
tive to consider the 2~-production in Born approxima- 
tion see Figs. 3(b), (c). From a comparison of these two 
graphs it is at once clear that the ratio G,/G=p of 
the z-coupling constants plays an important role. 
It is in the spirit of the present attempt to consider 
only the cases p= +1. Table I summarizes the rates of 
production at angles 0, 2/2, m for p=+1 and for 
P(K*) even or odd. Note that the experimentally 
observed forward peak in the 2-distribution® could, in 
this presumably clumsy approximation, equally well 
be understood for P(K*) even, p=1 as for P(K*) odd, 
p=-—1.* Considering ourselves committed to even 
P(K*), it is interesting to see that this goes with 


TABLE I. Relative rates of 2~-production at 1.1 Bev 
; as function of P(K*) and of p. 








P(K*) odd 
p=—1 


P(K*) even 
p=—l1 


05 


p=l 

1 2.6 
1 
0.5 


p=1 





R(0) 2.8 1. 
R(x/2) 1 
R(x) 0.2 1 


i. 
1 
1 








% See reference 55 and also C. Besson ef al., Nuovo cimento 6, 
1168 (1957). 

55 See reference 51 and W. B. Fowler et al., Phys. Rev. 98, 121 
(1954); R. Budde ef al., Phys. Rev. 103, 1827 (1956); J. L. Brown 
et al., Phys. Rev. 108, 1036 (1957); L. B. Leipuner and R. K. 
Adair, Phys. Rev. 109, 1358 (1958); F. S. Crawford e al., Bull. 
Am. Phys. Soc. Ser. IT, 3, 25 (1958). 

* Note added in proof.—The latter case corresponds rather closely 
to the results of C. Warner, Phys. Rev. Letters 1, 246 (1958). 
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p=1 which tends to fit in with the idea of a universal 
m-coupling. Using Eq. (50) the Born approximation 
yields F;?/4r~0.1 if we take®® ¢_~0.17 mb. This is 
the same general order of magnitude as was found®-“6 
from K-scattering. Even so, the author does not believe 
that such numbers should necessarily be trusted. 

From Table I it is immediately possible to read off 
the contribution of a pure F-interaction to doo by 
means®® of Eq. (27): one has simply to interchange 
the headings P(K+) even, odd. Thus, again for P(K*) 
even, p=1 one gets a nearly isotropic contribution to 
day and likewise to do, see Eq. (25). It is hoped that a 
more quantitative theory will make it possible to 
maintain a general picture where contributions of the 
type of Fig. 3(a) are at least comparable with those of 
Figs. 3(b), (c) in A, 2°-production. 

A difference in parity properties of charged and 
neutral K-particles will in general also induce distinc- 
tions between polarization patterns of the associated 
neutral and charged hyperons produced in z-nucleon 
collisions. Thus the absence of up-down asymmetry 
in 2~-decay, as compared to the large A-effect®*’ may 
be due to a difference in production mechanisms.** 
This would open the possibility of further universalizing 
the weak decay interactions. 

As the 2°-production mechanism is much akin to 
that for A, it is to be anticipated that also =° should be 
strongly polarized, if the present picture is correct. 
Of course, the degree of polarization of the secondary 
A is cut down by a factor three®® but still one may hope 
for a sizable effect. 

We conclude the discussion of production processes 
with the =+-reaction (24). Here we can invoke the same 
type of mechanism as for A-production, see Fig. 3(d). 
No angular distributions for (r+, p)-scattering in the 
Bev range have been published so far. However, it 
seems reasonable to expect also here a forward peak 
from shadow scattering. Arguing as before, we then 
would have again to consider, to start with, an angular 
distribution of the type (52). However, it is important 
to note that for =*+-production the plus (minus) sign 
in Eq. (52) now refers to P(K*) even (odd). This is of 
course due to the oddness of p(K). It is the switch in 
sign which prevents the =*-distribution from being 
strongly peaked backward, as for the A. We see at 
this point that the original suggestion, based on the 
parity doublet picture, that AAz-interactions might 
account for the angular distributions in }X-production"® 
can possibly only be maintained in conjunction with 
odd p(X). 

However, for even P(K*) one now finds from Eq. (52) 
R(0):R(a/2): R(w)=0.75:1:1.2 which is rather flat, 

56 Equation (27) is valid to all orders in F and G. This theorem 
is invalidated by the presence of the f-interactions. But that is 
clearly immaterial for the present discussion of the Born term. 

57 F. S. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957). 

* From this point of view it would be interesting to study the 


up-down asymmetry of 2~ produced in x~+d—2~+ K+). 
® A. Pais and S. Treiman, Phys. Rev. 109, 1759 (1958). 
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but which is still peaked backward and thus contradicts 
the experimentally found forward peaking* of the =*. 
But now we must remember that for even P(K*), 
hence odd P(K°), the (p=*K°)-vertex has pseudoscalar 
character. For orienting purposes we may then argue 
again in the way which led up to Eq. (54). This yields: 

R(O): R(w/2): R(x) =3.7:1:0.5. (55) 
One cannot say more than that this result looks very 
promising. It is based on an assumption about the 
nature of w*-proton scattering matrix elements far 
off the energy shell and it remains entirely to be seen 
whether this assumption is justified. For this same 
reason it would be premature to speculate about 
polarization in 2+-production. One may hope, neverthe- 
less, that the combined assumptions of odd p(K) and 
the existence of the coupling (47) could satisfactorily 
account for the associated production phenomena. It 
should further be remembered that for 2*-production 
the F-effect is proportional to 6. On the other hand, this 
effect [due to a crossed graph of the kind drawn in 
Fig. 3(d) ] gives a retardation factor (1—v,v; cos@)~* 
The high power in the exponent is due to the circum- 
stance that the 6-effect comes about as a differentiation 
of a hyperon propagator with respect to the mass. 
This factor is extremely strongly peaked forward. It 
may therefore be that the interference between f- and 
F-terms is important at small angles. 

The f-interaction leads to further differences between 
the An- and Ap-forces, see for example Fig. 4. This 
does not change the qualitative reasoning of Sec. II as 
long as the z-induced forces remain preponderant. 
(The fourth order effect drawn is or order fF /°G.) 

Now we must come back once again to the charge 
independence in -nucleon phenomena. To some extent 
we are repeating ourselves. As noted at the beginning 
of this section, the interaction yd either accounts for or 
else at least contributes to the (2° , A)-mass split. Thus 
we may now have a possible dynamical description of 
the 6-effects which were treated more phenomenolog- 
ically in Sec. III. However, it is important to note that 
the interaction (47) also gives rise to virtual effects in 
m-nucleon systems of another kind then those of the 
general type discussed in Sec. III. 

For the nuclear forces we have two distinct types of 
effects; one graph representing each class is drawn in 
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Fic. 4. Examples of A-nucleon forces brought 
about by KK-w-coupling. 
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Fic. 5. Examples of noncharge independent effects of the 
f-interaction for the case of nuclear forces. 


Fig. 5. In Fig. 5(a) we see a vertex correction propor- 
tional to 6fF;*, with an extension ~1/2mx which is 
the order of the nucleon Compton wavelength. It 
seems safe to consider this as a small correction. Then 
there is a class represented by Fig. 5(b) where correc- 
tions appear that are obviously not proportional! to 6. 
This sixth order effect is ~ f*F/°G,’; it is charge depend- 
ent as can be seen by studying the class exhaustively. 
I believe that these non-é-type effects are actually the 
most interesting corrections, and that they are not of 
an obviously disturbing magnitude, due to the smallness 
of f and to the possibility that also F7*/G;?<1. No 
detailed estimates have been made so far. 

The situation is similar for x-nucleon scattering. 
In Fig. 6 we have 6-proportional vertex corrections 
whereas the K-pair effects shown in Fig. 7 are not 
6-proportional. We note the following features of the 
latter effect. (a) It violates charge independence. For 
in this order there is no contribution to charge exchange 
scattering, while at the same time the effect is different 
for (x*, p) versus (x-, p) elastic, as p(K) is odd. (b) The 
effect depends on P(K*). (c) We have a typical pair 
effect which will thus show up predominantly in 
S-scattering. Now according to present views, S-scatter- 
ing is mainly due to virtual nucleon pair effects. In this 
respect the K-pairs have an edge as they are lighter. 
On the other hand, we have seen that for low-energy 
x’s the probability of creation is just given by f(2w)-? 
where, according to Eq. (50), f is of the order of the 
electric charge. This means that the effects in question 
are of electromagnetic order of magnitude. Even so, a 
refined study of z-nucleon S-wave scattering might be 





Fic. 6. fé-effects in z- 
nucleon scattering. N;, N,’, 
and WN,” denote nucleon 
states. Y and Y’ are A or 
z-states. 





the most natural procedure for localizing the possible 
existence of AKr-effects in low-energy m-nucleon 
physics. That this will not be easy is seen from the 
uncertainties that presently attach to the analysis of 
electromagnetic effects in S-wave scattering.” 

In conclusion we note that the lack of charge sym- 
metry between proton and neutron, where K-baryon 
couplings are involved, may perhaps shed new light on 
Sandri’s suggestion®™ that K-particle interactions may 
be of help in explaining the puzzling properties of the 
charge and magnetic-moment distributions of the 
nucleon. We note that the evenness of P(K*) favors a 
trend to cancellation between the - and the K-cloud 
of the neutron and leads to small contributions to the 
magnetic moments. On the other hand, there is a 
contribution to the proton moment due to the pseudo- 
scalar ~~=++K° coupling. It has been pointed out™ 
that perturbation estimates for these effects are quite 
unreliable. One would perhaps anticipate that the 
K-effects are not sufficient to explain the effects in 
question, especially if F; is smaller than G;. However, 
the effects are not easy to estimate reliably and may 
deserve further study. 
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Fic. 7. K-pair effects in 
a-nucleon scattering. 





V. SYMMETRIES OF THE STRONG 
INTERACTIONS 


The purpose of this section is to provide a formal 
basis for classifying the symmetries employed thus far. 
While no new physical results are obtained, a clear 
understanding of the symmetries involved must 
eventually lead to further progress. The results of this 
section, if at all correct, should be considered as 
preliminary in nature. 

The four-dimensional real orthogonal group excluding 
reflections provides an adequate framework for a 
classification of the couplings introduced so far. This is 
not the first time that the use of the 4-group is suggested. 
As we go along, we shall see how previous attempts can 
be characterized as compared to the present one. 

The generators M,; of the 4-group satisfy 


CM 5,M a= —1(M bj +M jba— M46 j— M bx). (56) 
© See for example H. Noyes, Phys. Rev. 101, 320 (1956). 


61 G. Sandri, Phys. Rev. 101, 1616 (1956). 
® Federbush, Goldberger, and Treiman (to be published). 
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The fact that we use the real group makes all M,; 
Hermitean. The linear combinations 


1,=4}(Mat+Mu), Ki=}(Mxu—Mwy), 
I:=}3(MutMu), K2=}(Mu—Ma), 
T3=4(MitMu), Ks=}(Mi—Mx), 

satisfy 
(11,02 ]=ils, cycl.; 
(1,KiJ=0 for j,/=1, 2,3. 


[K1,K2]=iKs, cycl.;. (58) 


P, J;, K?, K3 are a complete set of commuting operators. 
The labeling of the representations of the 4-group 
excluding reflections goes by the pair of numbers 
(i,k) characterizing the lengths of 7, K*®; and the 
dimension of the representation is (2i+1)(2k+1). 

The vector L defined by 


Li= M2, L.=Ma, L;=Mi. (59) 


characterizes the (123) subspace. We have 


L=I+K. (60) 


Define further 
M=I-—K. 
Note that L?, M?, and L; commute. 
Consider the -baryon interactions (7). We make 
contact with the present language by assigning 
representations as follows. 


(61) 


Nucleon: (3,0); Ne: (4 3 
(3,0); Ns: (3 4) 


+} 


with K3;= | 


only, (62) 


mw: (1,0). 


Thus (N2,N3) jointly are assigned the full representation 
(4,3). Clearly a 4-scalar is characterized by (0,0). 
The invariant couplings are now constructed as follows: 
(4,0) X (4,0) X (1,0), 
(3,3) X (2,3) X (1,0), 
(2,0) X (3,0) X (1,0), 


aw to nucleon: 


w tod, A: (63) 


wtod: 


where that part of the product is projected out which 
leads to (0,0). According to Eq. (58) one may use the 
usual vector addition on J, K separately. Observe: 


(1) The usual w-nucleon coupling separately may 
trivially be embedded in a four-frame. 

(2) The coupling x to nucleon, = is formally on a 
somewhat different footing than r to 2, A. For G;=G,, 
but. not necessarily equal to G, one can unite 7 to 
(N1,N4) in the same way as x to (N2,N3) provided one 
“neglects” the Ni—N,4 mass difference. In the present 
paper we shall not consider any commitments on this 
score. 

(3) For Gi=Gy=G and neglecting all baryon mass 
differences, one can unite all baryons to a single eight- 
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dimensional representation of a group which is the 
direct product of three two-dimensional unitary 
unimodular groups. This is what is called “global 
symmetry.’ 

(4) In the L?, M?, L; language one has, with the help 
of Eqs. (3), (4), (60), and (63), the following /-values: 


nucleon: 4;A: 0;2: 1; A-@: 1. (64) 
One is at this stage equally entitled to call L the 
isotopic spin as one may give 7 that same name.” 
In each language one has an extension of charge independ- 
ence from z-nucleon to 2-baryon physics. This is for 
example the reason that the charge independence tests 
irom K~-absorption are unaltered in the present paper 
as long as 6 is neglected, see Sec. II. However, the 
introduction of the K-couplings makes it necessary to 
let J be “the” isotopic spin. We shall call K the K-spin. 

The introduction of the K-baryon couplings leaves 
the assignments (62) unaltered but, due to the oddness 
of p(K), the equivalence between (} 4), K-spin up 
and (44), K spin down is destroyed. In other words, 
odd p(K) breaks the K-quantum number: 


x-baryon couplings: F°, 7;, K*, K; are good, 
K-baryon couplings: F°, 7;, K; are good; 
K? is “out.” 


(65) 


To see this, we assign (0,3) to K and likewise to K. 
Hence K and its charge conjugate are K-spinors, just 
as the nucleon and its charge conjugate are /-spinors. 
For even p(K) the K-baryon couplings could be 
written as (3,0) X (3 3) X (0,3). For odd p(K), we may 
still use the (0,3) representation for K, but the loss 
of k as a good quantum number precisely means that 
the above characterization of the K-baryon couplings 
is no longer meaningful. 

In all previous attempts to use the 4-group it was 
always the main stumbling block that there was no 
rational way to get rid of & as a good quantum number. 
Thus the initial attempt in this direction,* where k 
was assumed to be good, had to be discarded as too 
high degeneracies were involved. Subsequent attempts 
lifted the k-degeneracy in a more or less phenomenolog- 
ical way.“ The present attempt may be characterized 
by the statement : K-invariance is broken by parity. 

The electromagnetic interactions are characterized 
by a charge density operator 

Q=L3t+3S+3N. (66) 
According to Eq. (59) Ls generates rotations in the 
12-plane, ‘‘around” the 34-plane. Just as the electro- 
magnetic interactions led to a preferred axis in the 
3-group language, so they are now characterized by a 

A. Pais, Proc. Natl. Acad. Sci. U. S. 40, 484 (1954). 

% A. Pais, Proceedings of the Fifth Annual Rochester Conference on 
High-Energy Physics, 1955 (Interscience Publishers, Inc., New 


York, 1955); A. Salam and J. C. Polkinghorne, Nuovo cimento 
2, 685 (1955). See further A, reference 16. 
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preferred plane in the 4-group description. As always, 
restrictions have to be imposed rather ad hoc as to the 
absence of “off-diagonal Pauli terms.’’® We note: 


(1) The definition of Q fits in with the “old” isotopic 
spin picture where L; is the 3-component of /-spin; 
see Eq. (64) and the comments subsequent thereto. 
According to Eq. (60) we have a further degeneracy 
due to the separate conservation of J; and K;. Conse- 
quences of this degeneracy are the relation (28) and 
the y-stability of the 2°. 

(2) The relation® 


u(2+)+u(2-)=2y(2"), (67) 
holds true where virtual w-currents, but not where 
virtual K-currents are involved ; « denotes the magnetic 
moment. 

(3) In A the definition Q=J;+5:+3N was used. 
This is identical with Eq. (66), as we have Si= K3+}3S 
(see A, Table I). 

(4) It is at this stage that we first explicitly meet S 
and N, the baryon number. It would seem as if S 
becomes somewhat of a counterpart to V : we may think 
of N-conservation as due to a gauge invariance in 
I-space, of S-conservation as related to a similar in- 
variance in K-space. As things stand, these are at best 
suggestive terms, however. In previous attempts,” 
it was conjectured that S stood in a simple relation 
to K3. 

(5) Continuing with the classification started in 
(65), we next have: 


Electromagnetic interactions: J3, K3 are good; 68 

I?, K? are “out.” (68) 

Finally there are the KKz-interactions. To see their 

symmetry character, introduce a Pauli spin vector o 

which plays the same role in K-space as does the usual 

« in I-space. Note that KoK is characterized by the 
representation (0,1) of the 4-group. We have 


R+K°xt+K°K+e-=2K (pymit+pe)K, (69) 
and this expression is invariant for rotations in the 
(12)-plane, leaving the (34)-plane unchanged. That is to 
say, the KXKz-interaction (47) belongs to the same 
symmetry class of the 4-group as does the electro- 
magnetic interaction, with the one important distinc- 
tion, however, that the separate conservation of 7; and 
K; no longer holds (and the A- and 2°-mass in principle 
get separated) : 


KKr-interactions: J;+K; is good; 


I;, Ks separately and I’, K? are “out.” (70) 


66 A. Pais, Phys. Rev. 86, 663 (1952), Eqs. (5) and (6); M. 
Gell-Mann, Proceedings of the Sixth Annual Rochester Conference on 
High-Energy Physics, 1956 (Interscience Publishers, Inc., New 
York, 1956). 

66 R. Marshak ef al., Phys. Rev. 106, 599 (1957); H. Katsumori, 
Progr. Theoret. Phys. Japan 18, 375 (1957). 
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Of course, all interactions written down so far are in 
accordance with N- and S-conservation. 

We conclude this section by stating two conjectures 
which are suggested by the present considerations, but 
not a necessary consequence thereof : we have recognized 
four symmetry classes of the 4-group, one for r-baryon, 
one for K-baryon, one for electromagnetic, and one for 
KKr-interactions. It is tempting to assume (a) that 
each class is characterized by a single universal coupling 
constant; (b) that the close relation between the 
electromagnetic and the KKa symmetries on the one 
hand and the relation (50) on the other are no coin- 
cidence, and that in fact there exists a simple connection 
between f and e. These are no logical steps in the 
argument but there seems to be no obvious reason why 
one could not envisage such a situation. It is appealing 
in its economy of constants. The conjectures (a) and 
(b) are to some extent independent of each other. 

It may be objected that if one accepts the conjectures, 
there is no strong coupling which would provide for 
the large split between the masses of the nucleon (Mo), 
the mass center of 2 and A (M;), and the Z mass (M2). 
This objection may be serious. However, it should not 
be forgotten that the view that the differences between 
Mo, M,, and Mz; are entirely due to strong-field self 
energies is not compelling. It may be that we are in a 
mixed situation of mass displacements due to strong- 
field couplings and a different mechanism of mass shifts. 
The approximate relation 


M,—M,=M.2-M, (71) 
may perhaps be a clue to the mechanism of a novel type 
of quantization. However this may be, the implications 
of a situation where the dynamics is satisfactory but 
couplings cannot account for the large baryon mass 
splits, would be of the utmost importance. 

In the author’s opinion, the mysterious u-meson may 
be considered as a further possible clue to an as yet 
unknown mechanism of mass displacement. 

In conclusion we note the following. (1) A further 
dynamical quantity remains to be specified, namely 
the Z-nucleon parity. (2) the AJ-rules for weak inter- 
actions will have to be overhauled. In the present 
language there is no longer question of half-integer 
Al in x-decays of K-particles and hyperons. Instead 
one has integer AJ and the rule AJ= +1, 0 seems to be 
the simplest one. Note that the KKz-interaction sheds 
new light on the relative rate of 27-decay of K+ and 
K°. These points will be discussed elsewhere. 


VI. CONCLUDING REMARKS 


The case of odd p(K) appears to have several 
attractive features. However, as already stated in the 
introduction, the main purpose of this work has been 
and remains to point out that p(K) could be even, not 
that it must be even. The considerations of Sec. IV 
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lack the quantitative reliability necessary for making 
a stronger statement. 

One may ask, however, what further experimental 
information could possibly lead to circumstantial evi- 
dence for odd »(K). Some points in this connection 
have already been raised in the foregoing. We wish to 
summarize them here and add a few further remarks. 

(1) As noted in Sec. II, evidence about a possible 
new type of deviation from charge independence, 
connected with odd p(K), may come from the study 
of hyperon-nucleon systems. The comparison of (2~, ») 
and (2+, p) seems especially suited for this purpose. 

(2) It has been proposed* that the absorption of K~ 
on deuterium and He‘ may provide tests for the 
validity of charge independence. As noted in Sec. II, 
the present picture gives identical results only for 6=0. 
Thus deviations which are not due to electromagnetic 
effects may possibly occur also here. The influence of 
the KXz-interaction will be discussed elsewhere. 

(3) It is of special interest from the present point 
of view to measure the low energy excitation function 
and the angular distribution of K-exchange scattering 
under circumstances where no suppression due to the 
exclusion principle can take place, for example in 
Kt-d scattering; see Sec. IV. 

(4) It is anticipated that not too close to threshold 
the AK+ and =°K*+ production amplitudes in y-proton 
collisions are substantially the same. (This is conditional 
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upon the relative unimportance of KKz-interactions 
in photoproduction.) See Sec. IV. 

(5) It is anticipated that the =°’s produced in r~p 
collisions may have polarization characteristics closely 
similar to those of the A’s produced in the same way; 
see Sec. IV. 

(6) Experiment indicates® that the A*-nucleon 
forces are repulsive. For odd p(K) this does not imply 
the same for K°-nucleon forces. Thus it is not incon- 
ceivable that a K° could be bound in nuclear matter. 
Such K-fragments, if they at all exist, are known to be 
rare, to say the least. Nevertheless it will be clear that 
the existence of K-fragments, however relatively rare, 
would be of great interest in the present context. 

(7) A KXz-interaction of the type considered here 
may lead to interesting effects concerning the relative 
frequencies of production of K-pairs of various charge 
combinations. We hope to come back later to such 
higher energy effects. 
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The electromagnetic structure of the nucleon is studied by using dispersion relation techniques. Contri- 
butions to the magnetic moments and mean square radii‘from the two-pion intermediate state are studied 
exhaustively. It is shown that the electromagnetic structure of the meson itself may play an important role 
here; this structure is also discussed. The two-pion state seems to account reasonably for the isotopic vector 
magnetic moment and magnetization mean square radius, but the charge-density radius appears to be much 
smaller than the currently accepted experimental value. As regards the isotopic scalar properties of the 
nucleon, we have studied the contributions from intermediate states with two K mesons and nucleon- 
antinucleon pairs (more generally baryon pairs). The K-meson state is treated by perturbation theory and 
found to have a small effect. By use of an argument based on the unitarity of the S matrix, it is shown that 
the pair contributions must be small. Certain general properties of the three-pion state, believed to be the 
most important contributor to isotopic scalar quantities, are discussed; but we are unable to make any 


quantitative statements. 


I. INTRODUCTION 


UANTITATIVE experiments on the scattering of 

electrons by protons and deuterons, carried out by 
Hofstadter and his collaborators,’ have provided con- 
siderable information on the electromagnetic structure 
of the nucleon. There have been many theoretical 
attempts to treat this problem in a semiquantitative 
way.2 We mention in particular the recent investi- 
gations based on cutoff meson theory,’ and the rela- 
tivistic generalizations discussed by Okubo‘ and 
Tanaka.’ In the latter approach one attempts to relate 
the contributions from meson and nucleon currents to 
the electromagnetic vertex function in terms of scatter- 
ing amplitudes for pion-nucleon and nucleon-nucleon 
scattering. Unfortunately, these amplitudes are re- 
quired for particles “off the mass shell” (i.e., p’* —m?), 
and the connection with the true physical amplitudes 
is not known. The precise nature of the approximations 
which are made (where a definite extrapolation pro- 
cedure is adopted) is very difficult to assess. 

An approach essentially identical in spirit to ours 
but somewhat less ambitious in scope has been made by 
Chew, Karplus, Gasiorowicz, and Zachariasen.*’ They 
have applied dispersion relation methods to the problem 
and have shown that certain aspects of nucleon struc- 
ture can be understood from this viewpoint. Since our 
methods are so similar we shall not describe the work 


* Work supported in part by the Air Force Office of Scientific 
Research, Air Research and Development Command. 

¢ This paper is based partially on a thesis submitted by one of 
the authors (P.F.) to Princeton University in partial fulfillment 
of the requirements for the Ph.D. degree. 

t National Science Foundation Predoctoral Fellow. Now at 
Massachusetts Institute of Technology. 

1R. Hofstadter, Revs. Modern Phys. (to be published). 

? For earlier references, see B. D. Fried, Phys. Rev. 88, 1142 
(1952). 

3H. Miyazawa, Phys. Rev. 101, 1564 (1956), R. Sachs and S. 
Treiman, Phys. Rev. 103, 435 (1956), and G. Salzman, Phys. Rev. 
105, 1076 (1957). 

4S. Okubo, Nuovo cimento 6, 542 (1957). 

5K. Tanaka, Phys. Rev. 109, 578 (1958). 

6 Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 110, 
265 (1958), hereafter referred to as C. 


of Chew e¢ al. further at this point but shall refer to it at 
the appropriate places below. A summary of our general 
procedure and a statement of some of the results have 
been given in a recent paper.’ Before entering into 
detailed calculations, we shall first state the theoretical 
problem more precisely and give some of the experi- 
mental results. 

The quantity of most direct theoretical interest is the 
matrix element of the current density operator j, taken 
between one-nucleon states. This matrix element is 
related to the vertex operator I’, according to 


<P’ |ju| p)=i(m?*/ po po)ig’Ar.(g?)a(p’ Tl .(p’,p)u(p), (1.1) 


where g’= (p’— p) is the invariant momentum transfer 
and Ar, is the exact Feynman photon propagation 
function. The Dirac spinors are normalized according 
to a(p)u(p)=+1, for positive- and negative-energy 
spinors, respectively. To lowest order in the electric 
charge, g’Ar,.(g*)=1; note that a breakdown of electro- 
dynamics (i.e., a real modification of Ar.) would 
multiply into the structure proper as expressed by 
ap IT .(P' pulp). 

It is both conventional and convenient to express 
(1.1) in terms of certain scalar functions of g*. Two 
equivalent forms which we shall use are 


(b' | ju| D)= (m?/po' po) a (p’) 
XLFi (q")ivu— Fo(q)iou(p’ — p)s ju(p) 
= (m*/po'po)*a(p’) 

X(Gi(q)ivu—Ga(G?) (p’ +p), ju(p) (1.3) 
where G;=F,+2mF, and G:=F:. That the above 
structure is the most general one follows from Lorentz 
and gauge invariance. The function F (G) may be 
further subdivided into isotopic scalar and vector 
components according to 


F,\=F,8+7,F,’, 
F,=F,S+r73F 2", 


7J. Bernstein and M. L. Goldberger, Revs. Modern Phys. (to 
be published). 


(1.2) 


(1.4) 
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so that the problem is characterized by four scalar 
functions. One generally refers to F; as the charge 
density form factor and to F2 as the magnetization 
density form factor. The things which are surely known 
about them are their values at zero momentum transfer: 


F,S(0)=F," (0)=e/2, 
F,S(0)= (uptun)/2, 
F,*(0)= (up—un)/2, 


where ¢ is the proton charge and u, and x, are the static 
anomalous magnetic moments of proton and neutron, 
respectively. 

Other experimental knowledge concerning the form 
factors is rather less certain. If one thiftks of the form 
factors as Fourier transforms of spatial distributions, 
than F’(0), the derivative evaluated at g’=0, is related 
to the mean square radius of the spatial distribution. 
Except for the neutron charge radius, one defines 


(r?)/6= —F’(0)/F (0). 


(1.5) 


(1.6) 


Experiments on electron-proton scattering at small ¢ 
are now being carried out and one will soon have an 
unambiguous measurement of (r,’) for the proton (this 
is defined according to (1.6) with F,\?=F,S+F,"). 
Preliminary results' indicate that 0.18/u?<((r;*)) 
<0.32/y?, where 1/u is the meson Compton wavelength. 
The corresponding quantity for the magnetization 
density is not easy to measure directly since the scatter- 


ing at small g’ is dominated by F;. If one extrapolates 
with simple functions from the large momentum 
transfer data, one finds that (r2") for the proton is in the 
neighborhood of 0.32/u?. Needless to say, this is an 


uncertain and conceivably misleading procedure. 
Experiments on high-energy electron-deuteron scatter- 
ing indicate that F,; for the neutron (at least for the 
large values of g* at which the experiments are carried 
out) is about the same as for the proton. 

The mean square radius for the neutron charge 
density distribution, conventionally defined as 


((11?)n)/6= —F,'"(0)/e, (1.7) 


with F\"=F,5—F,", is the quantity measured in low- 
energy electron-neutron scattering. One finds experi- 
mentally a very small upper limit on ((r;*),), much 
below the proton value.* This constitutes one of the 
most puzzling features of the whole problem of nucleon 
structure. We shall define the isotopic scalar and vector 
radii according to 


(117) p)= 31 (ni?) s) +( (ri?) v) J, 
((11?)n)= 3L{ (112) s)— (11?) v) J. 
The smallness of the neutron charge radius implies 


((r:*)s)*((r2)y). The mystery is compounded in that, 
although the scalar charge radius is unexpectedly large, 


( 8 ne Harvey, Goldberg, and Stafne, Phys. Rev. 90, 947 
1953). 


(1.8) 
(1.9) 
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the scalar magnetic moment is small: us= (uptun)/2 
= —(.06(e/2m), as contrasted with uw” =(up—pun)/2 
=1.8(e/2m). While it is not impossible to imagine 
charge-current distributions with such dual capabilities, 
thev are certainly not very pleasant or simple. 

The present discussion of the electromagnetic 
structure problem is based on dispersion relation 
techniques. By this we mean that the form factors are 
represented by expressions such as 


pi°(o") 


OF anh ol 
FS(@)=-—— f pe SE elt -_ 
2 w(x)? o7(0?+¢q?—ie) 


f et ah (1.11) 
. are 


(2)? 


(1.10) 


where the slight difference in structure and in limits of 
integration will be explained later. The variable o? 
represents the square of the mass of the various inter- 
mediate states through which the photon-nucleon 
interaction is effected. The task of the theory is to 
compute the weight functions p which express the 
contribution of these states. 

In Sec. II we discuss the structure of the dispersion 
relations in detail and describe how the weight functions 
are to be calculated and what the most important 
intermediate states are expected to be. In Sec. III the 
two- and three-pion intermediate states’ contributions 
are treated, as well as the question of the electro- 
magnetic structure of the pion to which one is naturally 
led. Also discussed in Sec. III is the contribution from 
intermediate A-meson pairs. The role of nucleon- 
antinucleon pairs is taken up in Sec. IV. It is shown 
here—and this is one of the principal results of the 
present work—that an upper limit on the contribution of 
such states to the moments and mean square radii can 
be set by use of the unitarity condition on nucleon- 
antinucleon scattering. The pairs, in our formulation, 
can enter in only two angular momentum states and 
the amplitudes for scattering in these channels are 
limited in the familiar geometrical way. 

Our over-all results concerning nucleon electro- 
magnetic structure can be summarized in the following 
way. (1) In C it was argued that the isotropic vector 
moment and radii probably receive their main contri- 
butions from intermediate two-pion states and that 
these contributions can be adequately calculated in 
perturbation theory. What we find is that the pertur- 
bation-theoretic expressions seriously violate unitarity, 
so that “rescattering” corrections must be significant. 
We discuss this rescattering but are unable to compute 
it in any trustworthy way. It is an open question, then, 
whether or not the isotopic vector properties of the 
nucleon can be adequately accounted for by the two- 
pion state. In any case, the apparent agreement 
between experiment and perturbation theory must be 
regarded as fortuitous. (2) As for the mystery of the 
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large isotropic scalar charge radius, our chief result is a 
negative one. It has¥often been conjectured that 
intermediate nucleon-pair states might account for this 
effect. Our unitarity arguments seem quite reliably to 
rule this out. The same arguments rule out the possi- 
bility of significant contributions from hyperon pairs. 
We have likewise investigated, this time in perturbation 
theory, the contributions from intermediate K-meson 
pairs ; it does not seem likely that such states contribute 
appreciably to the isotopic scalar moment and radii. 


A theoretically interesting but numerically inaccurate 


ladder approximation for the pair state is discussed in 
Appendix A. Among the remaining states of simple 
configuration, a possible candidate is still the three-pion 
state. We discuss the general structure of the contri- 
butions from this state, but we are completely unable 
to make any quantitative estimates. 

What we achieve here, then, is not a quantitative 
understanding of the isotopic scalar properties of the 
nucleon but rather a moderate sharpening of the 
mystery. 

A theoretical process which is very similar to electron- 
nucleon scattering is scattering of a nucleon by an 
external mesonic field. Although such fields are rather 
rare in nature, the process occurs as an intermediate 
stage in many real reactions. What we are discussing 
is, of course, the matrix element of the mesonic vertex 
operator I';(p’,p), or more exactly, the matrix element 
of the meson current operator defined as (u’?— 0)¢;=Ji. 
The precise connection between the two is 


(p’ | Ji| p)= —i(m?/ popo')'(w+_)Ar. 
X (¢)a (pT s(p’,p)u(p) 
= —i(m"/popo')igi(p’)rvsu(p)K (q"), 


where if K is normalized such that K(—y*)=1, g is 
the renormalized Lepore-Watson coupling constant,® 
and Ar, is the complete meson propagation function. 
The quantity K(q’) satisfies an equation analogous to 
(1.10) and under certain simplifying assumptions may 
be calculated quite accurately. These matters are taken 
up in Appendix B and comparison is made with an 
early attempt of Edwards” to calculate a related 
quantity. Our result has been used in a discussion of 
a—u decay to which the reader is referred for a more 
heuristic discussion of K (g*)." 

Before proceeding to the detailed calculations we 
would like to say a word about the general theoretical 
status of the dispersion relations upon which our whole 
treatment is based. There does not as yet exist a 
derivation as general and rigorous as the ones which 
have been given for pion-nucleon scattering. In fact, 
the only complete derivation that has been given for 
the electromagnetic or mesonic nucleon vertex function 


(1.12) 


8 J. Lepore and K. M. Watson, Phys. Rev. 76, 1157 (1949). 

'S. F. Edwards, Phys. Rev. 90, 284 (1953). 

1M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 
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is based on perturbation theory. It is our feeling, 
however, that the result is correct more generally and 
we proceed on this basis. In one case, the electro- 
magnetic structure of the meson, a general derivation 
may be given quite easily. At the appropriate point 
we will sketch it; for the bulk of the paper we will not 
concern ourselves with derivations but rather with 
applications. 


Il. STRUCTURE OF THE DISPERSION RELATIONS 


In this section we shall analyze the general structure 
of the dispersion relations which we shall encounter. We 
begin with the electromagnetic nucleon vertex; more 
precisely we consider a quantity /, defined by 


T= (popo'/m*)*(p' | j,| p) 
= 8(p’)[Fiiy.— Friow(p’— p)» ju(p). 


We express this in the standard way as” 


(2.1) 


po\! , 
hw (=) ifae e*?'-=05(p")(0| (f(x) ju(0))+| ), (2.2) 


m 


where f(x) is defined as 
[yd Oxy+ mW (x)= f(x), 


and y is the nucleon field operator. In writing Eq. (2.2) 
we have dropped a term which would in general 
contribute a constant [or at most a polynomial in 
(p’— p)® ] to F;. The possible existence of such terms will 
be taken into account when the precise dispersion 
relations for the F’s are given. 

We next remark that in place of the time-ordered 
product we may write 


po\* Bios 
t= (=) ifare “a(p’) 


where @(—<) is zero for xo>0 and unity for x<0. It 
would now be the task of a good derivation to show that 
the coefficient of #(p’), considered, say, as a function of 
po’ in a coordinate system where p=0, has certain 
definite analyticity properties. For example, since the 
integrand in (2.4) vanishes for space-like x, (the 
causality condition states that the commutator vanishes 
in this circumstance), and also for x»>0, we would be 
led to expect that our function is analytic in the lower 
half of the po’ plane. If this were so, it would then be 
easy to show that the function may be continued into 
the upper half plane. The remaining problem would be 
to state the location of the singularities. According to 
Nambu’s perturbation-theory argument (and also, 
according to one’s physical intuition!) one would find 


(2.3) 


(2.4) 


2 Lehmann, Symanzik, and Zimmermann, Nuovo cimento I, 
205 (1955). 
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that there is a branch line from — © to m—2y?/m for 
the isotopic vector form factors, m—9u?/2m for the 
isotopic scalar. In terms of the invariant variable 
g’=(p’— >), the branch line in the g* plane runs from 
— 2 to —(2u)? [or — (3u)?]. 

Assuming these things, we can immediately write 
down the dispersion relations for the form factors, 
except for the usual uncertainty about the behavior 
of the functions at infinity. We shall take the dispersion 
relations to be as follows: 


F s( 2) Ea , ImF,*(—e 2) 
eid 3u)? (0? 24. 3— ic)’ 


ie Pp ImF» of wy 
F,"(q¢*)=-— =f este! wa 
2 wl (ym? (o? 24 @ inal 


l 4* ImF 8 (—o?) 
(3u)? o*+¢’—te 


eT aise ImF," Janek ) 
Fr(@)=-{ do? - - ‘ 
TS coy)? o 242 —té 


(2.5a) 


(2.5b) 


(2.5d) 


The assumed analyticity properties enable us to 
relate J, to the matrix element of j, between the vacuum 
and a state containing a nucleon-antinucleon pair. 
Since this will be useful for us in our later work, let us 
note the precise relationship. For an “in” state, 


1-(= = ) (0| ju| P,P; in) 


m? 


Po 


m 


po } ? ll 
-i(=) fax exptin-s0(p) 
m 


x (0|(5.(0), f(x) 0(—x) | p), 


(*) fas exp(ip-x)d(p)(O! (f(x)j,.(0))+| p) 


(2.6) 


where 2(p) is the spinor which satisfies (#y-p—m)»(p) 
=(). We are led to the association, assuming that the 
continuation can be made, 


J,=—0(p){Fil(p+p) lin, 
+F.[(p+p)* jiow(P+P)»}u(p). 


We are using the phase convention, to which we must 
consistently adhere, that |jp)=<a,'| p), where as! is the 
“in” field) antiparticle creation operator. For an 
“out” state, which we write as |p, out), we replace the 
above form factors by their complex conjugates, which 
amounts to changing the sign of ¢ in (2.5 a-d). Thus the 
variable g approaches the real axis from below for 
Pb, in) and from above for | pp, out). 


(2.7) 


wy. Meuhe, Nuovo cimento 6, 1064 (1957) and to be published. 
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In order to calculate the imaginary parts of the form 
factors we write out the absorptive part of J, or J,. 
This is the part which arises from the first term in 
6(—x)=4—4(x/|x0|). We write this absorptive part 
as 1A,’ or iA,’. Introducing a sum oveg a complete 
set of states | s) and carrying out the integrations over 
x, we find 


A,!=2(po/m)! >, a(p’) 
X (0| ju! s){s| f] p)6(p. + p’— p) 

= t(p’) {ImFi(¢’)ty, 
—ImF;(¢)ioy,(p’— p),}u(p) ; 


yl =—1(po/m)! >, 0(p) 
X (0! j,!5)<s| f| p)6(p.—-p—p) 

— i(p){ImF (A*)iy, 
+ImF2(A?)iow(p+Dp)»}u(p) ; 


(2.9) 


with A?= (p+ )?. In these expressions the 6-function 
is to be regarded as a Kronecker 6-function insofar as 
the spatial components of the momenta are concerned 
(we are using box normalization). That ImF, and ImF; 
are indeed the imaginary parts of F; and F; may be 
demonstrated using invariance under inversion of 
motion. In order to make the reality manifest at all 
stages of approximation, we shall write the sum over 
states as half the sum over “in” and “out” states, 
although for brevity we will not explicitly indicate this. 

In writing Eq. (2.8) we have, of course, assumed that 
the spatial integrations may be carried out without 
difficulty. Actually one encounters formally rising 
exponentials if — p,?< (2m)*. Nevertheless, the instruc- 
tion from perturbation theory i is to evaluate the integrals 
as indicated. Stated more elegantly, one may write p’ as 
p’ = ((po?— £]'M, ipo’), in the system where p=0. Here 
fi is a fixed unit vector and ¢ is some negative parameter. 
Then there is no trouble carrying out the integrals. 
Now assume that the continuation of £ to the physical 
value, m?, may be carried out. 

We turn to the question of what states enter the 
sums in A,’ and A,/. Since the operator f lowers the 
nucleon number by unity, |s) must have nucleon 
number zero. Furthermore it must have zero strange- 
ness and zero total charge. Thus it may consist of 
pions, even numbers of K mesons, nucleon-antinucleon 
pairs or more generally baryon pairs of zero strange- 
ness, etc. The least massive of these states would be a 
one-pion state, but (0/7,|m0) is zero because of charge 
conjugation invariance: j,— —j,, |m0)—> |mo). Next 
we encounter a two-pion state. It is easy to show that 
only the isotopic vector part of 7, contributes to 
(0 Ju | 2m). 

The case of m pions may be just as easily discussed as 
far as isotopic spin is concerned. We introduce the 
operator G=C exp(ix/2) where © is the operation of 
charge conjugation and exp(ir/2) generates a rotation 
of w about 2 axis in isotopic spin space. (J2 is the 2- 
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component of the rotation operator in that space.) 
Then if we write j7,=S,+V, where S, is an isotopic 
scalar and V, the third component of an isotopic 
vector, we have Gj,G-'=—S,+V,. Furthermore, G 
induces a sign change in all three components of the 
meson field, so that G| mr)= (—1)"| mr). It follows then 
that the isotopic scalar contributes for states involving 
an odd number of pions whereas the isotopic vector part 
of j, involves states with an even number. The lower 
limits in Eqs. (2.5a), (2.5d) reflect these remarks. 

Intermediate states consisting of two K particles 
(K and K), of course, contribute to both isotopic 
scalar and isotopic vector form factors. Continuing in 
this way our enumeration of contributing intermediate 
states, we ultimately encounter nucleon-antinucleon 
states, more generally baryon-pair states. It is interest- 
ing to note that from the dispersion standpoint it is 
quite natural when discussing low momentum transfer 
(small g*) to expect the two-pion state to enter on a 
quite different footing from the nucleon-antinucleon 
state. This is to be contrasted with the perturbation 
approach, where in lowest order they would be treated 
together as a unit. 

There are a few more general remarks which should 
be made before we go on to detailed calculations. Since 
we know the general structure of the various matrix 
elements we shall encounter, we may use any con- 
venient coordinate system in which to effect the 
evaluation of A,’ and A,’. For most purposes A,’ is 
the more convenient quantity and we shall discuss it in 
a system where the pair p, p is at rest: p+p=0. It 
follows from gauge invariance that (p+ ),J,=9, so 
that J,;=0 in our system. Evidently, then, the states 
's) reached in (0|j/s) must have angular momentum 
unity and odd parity. For the two-pion state this means 
we have only a state and similarly for the 2K state. 
With three pions we have many more possibilities. We 
must have a m*, x, x° configuration and calling the 
x*-r~ relative angular momentum /, and the 7° angular 
momentum L, we have /=L=1,3,5,---. For the 
nucleon-antinucleon state, only the *S; and *D, con- 
figurations are relevant. 

The significance of these remarks is as follows: for 
the two-pion state, aside from (0] 7, | 12), we have to do 
with the matrix element 6(p)(m:r2!|f|p), with the 
condition p+j=2+72. This is proportional to the 
amplitude for pair annihilation into two pions which 
are restricted to be in a p state. Unfortunately, 
—(p+-p)* begins in our dispersion integrals at (2)?, 
and hence this is a slightly unphysical process. We 
shall describe in the next section a method to evaluate 
this approximately. When — (p+ )?>4m’, of course, 
it becomes a physical amplitude and as such can receive 
contributions only from 4S; and *D, states whose 
intensities are limited geometrically by r/[—3(p+))* 
—m?’]. This is-used to estimate an upper limit to the 
contributions of the two-pion state for very high values 
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of o?(>4m?) in Eqs. (2.5b, d). Evidently the various 
three-pion amplitudes may be estimated in a similar 
way once — (p+ )?>4m?. 

For the nucleon-antinucleon intermediate state we 
encounter, besides (0| j,| VN), the factor (p)(NN| f| p), 
with the restriction VN+N=p+ . This is directly 
proportional to the physical amplitude for nucleon- 
antinucleon scattering. Our angular momentum con- 
siderations tell us that we need only the amplitudes for 
®S; > 4S,, 9S; —8D,, and *D,—> *D, (DD, *S;, is the 
same as *S,;—+*D,). These are again geometrically 
limited and this enables us to put an upper limit on the 
contribution of the pair intermediate state. 

We note in passing that in the case of the meson- 
nucleon vertex (p’|J;|p), we would discuss (0|J;| pp), 
which again may be treated in the rest system p+ p=0. 
Since J; is a pseudoscalar, the state |jp) must be 'So. 
Similarly all of the intermediate states in the expression 
for the absorptive part similar to that for A,’ must 
have angular momentum zero and odd parity. The 
first few relevant states are those with 3, 5, --- pions, 
4, 6, --- K particles, NN, etc. 


III. CONTRIBUTIONS FROM MESON STATES 
A. Two-Pion State 


We begin our detailed discussion by considering the 
least massive of the states described in Sec. II, namely 
that consisting of two pions. Although the contributions 
from this state have been analyzed by Chew et al.,® for 
completeness we shall repeat some of their work. In 
addition we shall take into account certain effects 
which they did not consider. 

In lowest order perturbation theory the contribution 
from the two-meson state may be described as follows: 
the nucleon emits a virtual meson which interacts as a 
point particle with the electromagnetic field and is then 
reabsorbed by the nucleon. This term may be separated 
in a gauge-invariant way from its natural partner in 
perturbation theory, namely, the term in which the 
nucleon, after emitting a virtual meson, interacts with 
the electromagnetic field. The two obvious modifi- 
cations of the perturbation treatment of the meson 
current contribution which are suggested by our 
dispersion approach are that the structure of the 
meson’s electromagnetic interaction be taken into 
account and that the emission and reabsorption of the 
virtual meson be treated more accurately. Expressed 
in the terms of (2.9), what we encounter with the 
two-pion intermediate state are the matrix elements 
{0| j,{xm) and (xx|f|p). The former is determined by 
the electromagnetic structure of the meson; the latter 
is proportional to the matrix element which describes 
nucleon pair annihilation into two mesons. 

The predictions of perturbation theory, calculated 
directly by Feynman techniques or by our dispersion 
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for:nulas given below, are as follows: 
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e/g 1 
r(0)=—( =) (—)| a-29)-902-» ing 
2m \4ar lr 


} 
_ (——) (2—4n+n’) cos-'nl/2)} (3.1) 
1—n/4 


e (8 1 4n?— (62/3)n+20 
G o-~(=)(—)| sith 
2m 4dr Sarm? n—4 
2 cos!(n}/2) 
+[— 2n?+ (16 3)n—2] Inn—-- — 
(4n—n7)! 
— 2n>+ (52/3)nt— 46? + 36n?— (8/3) 
x(— cameramen 4 Pe EN )I (3.2) 


1’ —4n 


g 1 10 4 
coo M(-24) 
4a 167m’? gg 


) (td 6n+4) 
ny— 4 23% —e : 


a. § 
+(- -f'+-9—2 
3 3 


where n= (u/m)?=0.022. The derivatives in (3.2) and 
(3.3) are taken with respect to the squared momentum 
transfer g’=(p’—p)*. Using g?/4r=15, we find the 
following numerical results: 


- Mon é€ 
G2" (0) == 1.67(—) ; 
2 2m 


1.48/ e 2.36 
G7" (0)=— (—); Gi" (0) =———; 
m> \2m m 
(3.4) 
12 0.24 
((r:2)v)= ——[Gy' (0) — 2mG2! (0) ]=—; 
e we 
G2'"(0) 0.12 
Mahe adind 


((r2*)v)=— om 
G.°(0) 

We see that the predicted vector magnetic moment 
agrees well with the experimental value 1.86(e/2m). If 
we assume that ((r;")y)~((r:?)s) as would be indicated 
from the neutron-electron interaction experiments, we 
would have for the proton ((r;°),)=0.24/u?, which 
agrees quite well with the experimental results which put 
this quantity in the range 0.18/y? to 0.32/u?. Neglecting 
the isotopic scalar contribution to the magnetization 
radius, we have ((rs?),)+0.12/u?, which seems rather 
small, although as we have commented ((r2")») is not 
directly measured experimentally. 

We turn now to the dispersion relation treatment. 
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For convenience we record again Eq. (2.9), writing in 
explicitly the two-pion state now under discussion 
(recall that we eventually take half the sum over 
“in” and “out” states): 


Po j d*qd*k : 
4,'(27)=-1(=) > — ~i(p)(0| ju! qik;) 
m t 2x)? 
X (gik;| f| pd(q+k—p—p), (3.5) 
where the indices i and j are isotopic labels. From 
gauge invariance and isotopic spin requirements it 
follows that the first matrix element in (3.5) may be 
written 


(4kogo)*(0! 74! gikj out) 
=i(e/V2)es:;(q—k),M*[(q+k)*], (3.6) 


where M*(0)=1. (The reason for writing M* is that 
it will be our convention to define the various form 
factors of our theory in terms of the “natural” order 
for the states; i.e., initial states are “in”, final states 
are “out.’’) The form factor M will be studied later by 
dispersion relation methods; for the moment we need 
only the structure of (3.6). The important thing to 
notice here is that in the rest frame of the pion pair 
(q+k=0), we deal only with states of total angular 
momentum unity; also in this frame we see that gauge 
invariance, (¢+),(0! j,|qik;)=0, implies (0! 74! g:k;)=0. 

Consider next the matrix element 6(j)(qik; out! f| p), 
where g+k=p+j. This matrix element describes 
nucleon pair annihilation into two pions; however, it is 
required for unphysical values of the total energy of the 
system. This may be seen by noting the consequences 
of the 6-function in (3.5). In the rest frame of the meson 
pair we have the energy condition 4(u?+/q|?) 
=— (p+), where q is the pion momentum. One sees 
that in Eq. (2.5) the dispersion variable — (p+)? can 
be as small as 4y? (corresponding to q=9). Once this 
variable exceeds 4m? we are, of course, in the physical 
region. 

It is easy to see that the matrix element in question 
may be written 
V2 (4kogopo/m)*i(p)(qik; out| f| p) 

=0(p){Ay—iy-L}(q—h) Bu)u(p), (3.7) 

where 


(A ij, Bij) = (A 1,B1)b4j;+ (A 2,Be)4[7:,7;]; (3.8) 


and the A’s and B’s are to be regarded as functions of 
A’=(g+k)? and v=—(p—p)-(q—hk)/4m. Evidently 
only the charge exchange amplitudes A» and By, con- 
tribute in (3.5). Inserting (3.6)-(3.8) into (3.5), we 
now have 


Ay! (2m) ~f oe (e—S(¢+h—9—- DO 
: ane (On) gabe” 49(q p—p)o(p) 


x {Re(M*A:)—iy-[3(q—k)] Re(M*B:)} rsu(p), 
(3.9) 
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where we have carried out the isotopic spin summations 
and taken the symmetrized sum over “in” and “out” 
states. 

We now reduce (3.9) further by going over to the 
variables v and A’. Separating out the contributions to 
ImF; and ImF; we find 


e PQ/m 
ImF," (A?)=——(— A®)-} ReM*(A?) f de 
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2m?y 


- Alona o(—a— 44", (3.11) 


where 
P=({A’—m’)!; Q=(—74’—m')}; 


and one is instructed to take the real part of everything 
to the right of Re. 


B. Formulation in Terms of Pion- 
Nucleon Scattering 


To proceed further we must know how the amplitudes 
A, and B, depend on the variables v and A’. As already 
mentioned, they can be regarded as amplitudes for 
nucleon pair annihilation into two pions; but we require 
the continuation of these amplitudes into an unphysical 
region. We can also regard A» and B, as continuations 
of pion-nucleon scattering amplitudes"; as in C, this is 
the approach which we shall follow here. The possibility 
of making this continuation is based on the observation 
that (gk; out! f| p)~(¢:| f|—&p in), from which it 
follows that the variable v may be identified with the 
analogous quantity defined in the scattering problem; 
and our variable A?=(qg+k)’ is identical with the 
momentum transfer variable in the scattering problem. 
The precise relation is as follows: If the scattering 
process /+ p — g+ ’ is described by the matrix element 


(Alogopo/m)'a(p’){q:| f|1;p in) 
=ti(p’)F (p',g:; p,lj)u(p), (3.12) 
4 For a discussion of pion-nucleon scattering in terms of dis- 


persion relations, see Chew, Goldberger, Low, and Nambu, Phys. 
Rev. 106, 1337 (1957). 
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then our matrix element can be written 


V2 (4kogopo/m)*i(p){qik; out| f| p) 
=5(p)F(—p, 9:; p, —ks)u(p). (3.13) 


What we can now do, then, is write down the pion- 
nucleon dispersion relations for Az and By: 


1 o 
A 2(v,A*) = -f 
Tv 


u—A*/4m 


dv’ ImA2(y’,A?) 
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vy’ +y—ie 


x| : (3.14) 


v’—v—ie 


c 1 
B(v,A?) = ={__. bs 
2ml v— (u?/2m) — (A?/4m) 





1 a 
~ +-f dv’ ImB(y’,A*) 
y+ (p?/2m)+ (A?/4m)4 dy at/4m 


1 1 

Si Nein Pa . (3.15) 

v+v—te 

It should be emphasized that in the present problem 
we are concerned with values of A? which are negative, 
a situation not envisaged in the usual derivations of the 
pion-nucleon dispersion relations. We have, however, 
verified up to fourth order in perturbation theory that 
the extension to A?= — 4m? which we ultimately require 
(see below) is legitimate and we conjecture that this is a 
general result. 

Even with ali this formal inanipulation we are still 
faced with the problem of determining how ImA, and 
ImB, depend on their arguments vy and A? over 
the range which concerns us. Physical pion-nucleon 
scattering is characterized by positive A’? and 
v> (m?+ A?/4)!(u?+ A?/4)!/m. However, in our prob- 
lem, as already said, A? is always negative. The only 
way known at present to deal with this situation is to 
continue ImA» and ImB, from the physical region by 
means of a Legendre polynomial expansion. The 
legitimacy of such a procedure is not assured. It has 
been established by Lehmann” that one may in fact 
use this method for A? up to about 32y?/3. What the 
precise situation is for our negative A’ we do not know; 
but it is our feeling, and this-is the point of view 
adopted in C, that one might get at least qualitative 
indications by using a finite number of Legendre 
polynomials. We shall return to this formulation below. 
For the moment, we shall make a digression and discuss 
the limitations imposed by the requirement of unitarity. 


C. The Unitarity Condition 


Once the dispersion variable — A? exceeds (2m)?, the 
matrix element 6(p)(g:k; out|f|p) describes physical 
nucleon pair annihilation into two pions. Here an 
entirely different approach is possible. We have already 


16H. Lehmann (to be published). 
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noted that the matrix element (0{7,|q:k;) selects only 
two-pion states with angular momentum unity. It is 
evident, then, that for the pair-annihilation matrix 
element we are concerned only with pairs which are in 
8S, and *D, states of isotopic spin unity. The magnitudes 
of the contributions from each of these channels is 
limited in the usual way by unitarity and we can 
therefore set an upper limit on the contributions from 
the two-pion state for the region —A?>(2m)*. Of 
course, the whole contribution of the two-pion state 
could be formulated ab initio from the annihilation 
standpoint, but the use of unitarity is limited to the 
physical region. 

Let us return to (3.5) and evaluate A,/’(27) in the 
rest frame of the nucleon pair, where, as we have noted, 
A,’=0. We now reduce all Dirac spinors to Pauli 
2-component spinors, x, in this reference frame. Thus, 
from (2.9) we have 


2po+m 2m+ po 
=" i pp)= —— x94 | ta o 
m m 3 


Po 3m 


po-m po—m sian 
ms mF s—-——F, (30-66~o} be, (3.16) 
3m 3po 


where f= p/p. The structure of (3.16) makes it evident 
that only *S, and *D, pair states are involved in this 
problem. 

To evaluate the absorptive part A’(2r) we could 
now express the angular momentum decomposition of 
5(p)(qik;| |p) in terms of the amplitudes A» and B, 
introduced earlier. But it is more convenient to simply 
express this matrix element directly in terms of Pauli 
spinors and effect the calculation in the rest frame of the 
nucleon pair. We therefore write 


B(p) qek;| {| p)= —(Fmgo|q|*| p| )'Xs*3 [74,75] 
X {v28 s0-q—Bp[ 3e-ph-q—o-q]}}X>, 


where the kinematic factors have been so chosen that 
Bs and Bp are just the S-matrix elements for production 
of a p-wave pion pair by a nucleon pair in the *S, and 
8D, states, respectively. The amplitudes 8s and 8p are 
to be regarded as functions of po=(—A*/4)!. For 
physical processes (—A’>4m*) we can apply the 
unitarity condition, which tells us that |8s5|, |Bp| <1. 

Finally, we evaluate (3.6) in the rest frame of the 
pions, insert this along with (3.17) into (3.5), evaluate 
A/(2m) and thus find the two-pion contribution to 
ImF," and ImF,". We find 


(3.17) 


3|q|* \! 
ImF,"(a*)=e( —-—) ReM* 
16| p| po” 


po /V2BstBo\ mpo 
| ( )+ S90), (3.18) 
potm 3 |p|? 





ef 3iq\* \3 
ImF," (A?) =- (—--) ReM* 
2\16| p| po? 


2Bst+ 
Ne = =~) "40 (3.19) 
. |P\~ 





r 1 
“{( 
L potm 


We imagine that all quantities are expressed as functions 
of A?= (p+ )”. 

In Eqs. (3.10) and (3.11) on the one hand, and (3.18) 
and (3.19) on the other, we have two alternate formu- 
lations of the problem of computing the contributions 
to ImF, and ImF, from the two-pion intermediate 
state. With either formulation, the final computation 
of the two-pion contribution toithe real parts of the 
form factors is to be effected by use of the dispersion 
relations (2.5), where the integration variable A? 
ranges from — (2u)? to— ©. In the formulation repre- 
sented by (3.18) and (3.19), the amplitudes Bs and 
Bp are restricted by unitarity to absolute value less 
than or equal to unity, provided —A?>4m’. For 
— A?<4m?, Bs and Bp are continuations of the +S; and 
4), annihilation amplitudes and here the unitarity 
restriction does not apply 


D. Quantitative Estimates 


Before a complete discussion of the two-pion contri- 
bution can be given, it is necessary to make a study of 
the pion electromagnetic form factor M(A?). This is a 
major undertaking in its own right; and in order not 
to mix up too many effects at one time, we prefer to 
put this off until later. Here we shall adopt the custom- 
ary approximation of setting M(A*)=1, which is 
tantamount to treating the pion as structureless. As 
we shall later see, this may be a drastic approximation. 

It has been argued in C that the effect of the re- 
scattering terms in (3.14) and (3.15) is not significant 
in the nucleon structure problem; that is, one can set 
A;=0 and for By retain only’ the Born term, i.e., 
neglect the integral in (3.15). If this approximation is 
adopted, the dispersion relations (2.5) yield precisely 
the results of lowest order perturbation theory, already 
discussed in subsection A. What we shall show here 
is that this approximation, while it yields fair agree- 
ment with experiment, is quite unjustified in principle, 
at least as regards the magnetic moment and charge 
density radius; i.e., the agreement with experiment 
must be looked upon as fortuitous. 

The point is that in the dispersion integrals (2.5) 
(where o°= — A? is the dispersion variable) the region 
of integration o?>4m? contributes far too much to the 
charge radius and magnetic moment if one adopts the 
Born approximation; i.e., unitarity is badly violated. 
One finds, for example, that the calculated magnetic 
moment, 1.67(e/2m), receives a contribution of 
0.8(e/2m) from this region of integration. That this is 
too large one sees by computing the annihilation 
amplitudes Bs and Bp in perturbation theory. For 
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—A’?>4m’, the resulting expressions exceed the uni- 
tarity limit |Bs|, |Bp| <1 by factors of three or four 
over the important range of integration in (2.5). We 
can obtain an upper limit on the contributions in (2.5) 
coming from the range o?>4m? by setting the ampli- 
tudes Bs and 8p at their maximum values in (3.18) 
and (3.19). For the magnetic moment we find that the 
maximum contribution from the region o?> 4m?’ is only 
0.2(e/2m) ; and this is probably far larger than the true 
contribution. Even if we were to adopt this upper 
limit and add to it the perturbation theory result 
for o?<4m?, we would find for the moment the value 
(0.87+-0.2)(e/2m)=1.1(e/2m). This is to be compared 
with the experimental value 1.85(e/2m). The agreement 
is no longer so impressive. Moreover, in view of the 
fact that perturbation theory is so badly in error for 
o*?>4m’, there is no compelling reason to trust it for 
o?<4m’. In connection with the magnetization density 
radius, the violation of unitarity is less significant 
numerically, since this quantity does not receive much 
contribution from the range o?>4m’, even in pertur- 
bation theory. 

We are faced with at least three possibilities: (1) 
The rescattering corrections below 4m’ are quite 
important, just as they must be above 4m’; and if they 
were treated correctly one would find that indeed most 
of the vector magnetic moment comes from the low o” 
part of the two-pion configuration. (2) The meson 
vertex function (0|j,/ar) must be treated properly 
before one can get agreement with experiment. (3) 
The two-pion state alone cannot account for the low 
momentum transfer properties of nucleon electro- 
magnetic structure and one must look to more massive 
configurations for unexpectedly large contributions. We 
shall discuss these possibilities in turn. 

Let us first attempt an estimate of the rescattering 
corrections. We base this treatment on the formulas 
(3.10), (3.11), (3.14), and (3.15) developed above. 
As in C, the A? dependence of ImA:, and ImB, is 
obtained from a Legendre polynomial expansion, in 
which we include only the contribution from the (3,3) 
amplitudes in pion-nucleon scattering. However, we 
make no nonrelativistic approximation. The relevant 
formulas are as follows: 


A2(v',—o?) W'+m a 
= po(1+—) 
4a E'+m 





2k” 


(3.20) 


W ae 
+ Ss 
E’ 


—m 


B,(v’, —o*) 3 a 
- fi(14+) 
dr E'+m 2k’? 





fs; (3.21) 
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where k’ and £’ are, respectively, the momentum and 
energy of the nucleon in the center-of-mass system 
(and are to be regarded as functions of v’ and o?= — A?); 
and 


W2= [ (u2+-k’2) t+ (m+ k2)¥p 


= m+ p?+-2m(v'—o?/4m). (3.22) 


The amplitude f;~ is related to the pion nucleon 
scattering amplitudes in the J=$, 7=} and J=3, 
I=} states according to 


f-=30G,))-fG,9)]. (3.23) 


For the dependence of f;~ on W’, the total center-of- 
mass energy, we make essentially the same approxi- 
mation as in C, namely, 


2m 4x Im/f;~ 
ak’ k’ 
4 Wr 
= —-¢( 1 + )atwe— (m+w,)?], (3.24) 
9 m 


where w, is the energy of the (3,3) resonance (w,* 2y). 
We now use these expressions to compute ImF», and 
substitute the result in}(2.5). For the magnetic 
moment the integration interval (2u)*<o?< (2m)? 
is found to contribute the value (0.87+-1.03)(e/2m) 
= (1.90)(e/2m). The first term, 0.87, is the Born 
contribution, whereas the second represents the re- 
scattering. In all probability the latter contribution is 
overestimated since our Legendre polynomial continua- 
tion procedure may be diverging badly for the large 
negative momentum transfers (A?~— 4m?) of import- 
ance here. It is perhaps reassuring that the sign and 
approximate size of the rescattering contributions 
restore the fairly good agreement with experiment 
that had previously been obtained (unjustifiably) with 
perturbation theory. Notice that the Legendre poly- 
nomial continuation was not, and could not be, extended 
to all c?> 4m’: if this were done, the dispersion integrals 
would diverge badly. 

Our feeling is that the two-pion state may well 
largely account for the vector magnetic moment, in 
which we concur with C. What we do not agree with 
is that the quantitative estimate can be meaningfully 
based on perturbation theory. In C, the assertion that 
the rescattering corrections are small (~17%) was 
based on an unwarranted (1/m) expansion and an 
imprecise integration. Our conclusion is that one must 
effectively disregard the contribution to the dispersion 
integral from masses greater than 2m and for smaller 
masses must take careful account of rescattering. The 
rescattering effect is so large, however, that we do not 
have much confidence in the procedure we used, but 
the results obtained suggest that a careful treatment 
might lead to good agreement with experiment. One 
must, of course, also expect some contributions to the 
moment from more massive intermediate states. 
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Thus far our discussion has been confined largely to 
the magnetic moment. The magnetization density 
radius is not greatly effected by the rescattering. 
Taking into account only the region 4u?<0?<4m?, we 
find that (rs) increases from 0.12/y?, the perturbation 
value, to 0.16/u?. It should be noted that in calculating 
(rs?) we normalize in each case with respect to the 
theoretical magnetic moment. The charge density 
radius, however, changes drastically, going from 
0.24/u? to 0.033/u*, in apparently strong disagreement 
with experiment. The complete numerical situation 
will be summarized after we have discussed the question 
of the meson’s electromagnetic structure. 


E. Meson Electromagnetic Form Factor 


The last point which must be discussed in connection 
with the two-pion state concerns the meson form 
factor M(A*), which until now we have set equal to 
unity in our numerical estimates. We now study this 
quantity with dispersion relation methods. 

Consider the quantity M, defined [see Eq. (3.6) ] by 
M,(qik;) - (4qoko) (0 Jul eh; in) 

=i(e/V2)esi;(q—k) ML (qt+k)*], 
where, as we recall, the factors are chosen so that 
M (0)=1. As remarked earlier, only the isotopic vector 
part of j, contributes here. In the standard way we find 


(3.25) 


M,= igs f d's e*=G2—-D,) 


X (0| (ju(0)Os(x))+!q'). (3.26) 


When the indicated operations are carried out, there 
appear terms coming from equal-time commutators; 
on invariance grounds and from the assumed locality 
of the theory, such terms must have the form (q—k), 
times polynomials in (g+-k)*. We shall assume that in 
. fact only a constant times (q—), appears; and this 
constant will later be fixed, through use of a subtracted 
dispersion relation, to guarantee the condition M (0)=1. 
We therefore drop these terms for the moment and 
write simply 


M,= igo! fat e"* 20)! (J;(x), ju(x))4/g*). (3.27) 
We obtain a final form for M, by writing (j,(0)J;(«))s 


=[j,(0),J; (x) ]0(—x0)+J;(«)j,(0) and noting that the 
last term makes no contribution for ko>u. Thus 


M,= igo fats e*-#(0|[ 7,(0),J;(x) J0(—a0) |i). (3.28) 


Now it follows from the dynamical independence of 
the vector potential and the meson field that 
[ ju(0),J;(~) ] vanishes for space-like x. Thus M, is the 
Fourier transform of a function which vanishes every- 
where except in the past light cone. This suggests that 
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it should be possible to derive a dispersion relation for 
M,, or, more properly, for the scalar function 
M[(q+&)?]. Note that we can isolate the latter in an 
obvious way to obtain 


[—4u?— (g+k)? |ML(q+)?] 
=igo'>, | d*x e**(q—k) yess 
if 


xX (0| Cju(0) J 52° 0(—20) | gi). (3.29) 
Finally, the factor (g—), can be replaced by a spatial 
derivative of the matrix element, since by gauge 
invariance g,M,=—k,M,. We shall not discuss the 
details but merely content ourselves with the remark 
that the derivation of the dispersion relations can be 
carried out by the method of Oehme.'* The masses are 
such that where one is required to integrate the absorp- 
tive part of the amplitude over an unphysical region 
(|ko| <u), that part conveniently vanishes. One now 
readily establishes that the quantity [—4yu?— (k+q)? JM, 
regarded as a function of ko in the rest frame 
of g, is analytic in the ko plane cut from yu to 
infinity. Assuming that M has no pole at — (¢+)?= 442, 
we can write the once-subtracted dispersion relation 


+k)? 
M[ (q+)? ]=1- be 


Tv 


a ImM (— é’) 
- f de! oh ick 
wt ELE +(g+k)—ie] 


To determine ImM, we write down the absorptive 
part, A,, of (3.28): 


A,=mqo! y ae (0! ju | s){s|J;| qi)b(p.—k—Q). 


As usual we have introduced a sum over a complete 
set of states; and in order to preserve the proper reality 
conditions at each stage of approximation we under- 
stand this to be one-half the sum over “in” and “out” 
states. The least massive state which can contribute 
is the two-pion state. Generally, states consisting only 
of pions must contain an even number of them. States 
with a pair of K mesons may contribute, as can the 
nucleon-pair state, etc. Suppose we limit our attention 
to the two-pion and the nucleon-pair intermediate 
states. Then in (3.31) we encounter (0|j,|am), which 
leads us back to our amplitude M,, and (0|j,|NN), 
which is the nucleon electromagnetic vertex function, 
aside from trivial factors. We thus generate a set of 
coupled integral equations which relate the meson and 
nucleon electromagnetic form factors. 

Fortunately, it can be shown that the nucleon-pair 
state probably makes a very small contribution to 
M[(q+&)?], at least for —(g+h)?<4m?. This follows 
from a unitarity argument of the sort we have employed 


(3.31) 


"16 R, Oehme, Nuovo cimento 10, 1316 (1956). 
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previously. Thus, the nucleon-pair state contribution to 
A, is given by 

3 AT TBAT 
A,(pair)=ago! > (0|j,| VN) 


spins T 3 


x (NN | J;|q:)8(N+N—q—k). (3.32) 
It is obvious that only the vector part of 7, contributes 
here. The matrix element (NN|J;|q;) describes the 
production of a nucleon pair in the collision of two 
pions ; and one sees from the 6-function that we require 
this matrix element only in the physical region. Further, 
one sees by going into the rest system of the pair that 
only *S; and *D, pair states are involved here. Let us 
carry out the operations implied in (3.32) in this system. 

The structure of (0|j,|NN) in this system has 
already been given, in (3.16). For the matrix element 
(NN |J;|q:) we write, in Pauli spinor notation, 


2 
goN No 
—By[3e-NN-(q—k)—o-(q—k)]}Xx, (3.33) 


4 
(NN out ileo=—( ) Xw*3L74,7; ]{Bso - (q—k) 


where Bs and Bp are related to the *S; and *D, ampli- 
tudes, respectively, and are functions of No. Carrying 
out the integrations in (3.32), we find 


. v2 | N | No 
(ImM) pair= +—( ) 
T 2 


Re| 3(Bs+Bp)(F:*+2mF,*)+}(Bs—2Bp) 


m No 
x (—Fit+— ames) lac t—4m?*); (3.34) 
Vo 


m 


where, in terms of the invariant variable <= (N+N?) 
= (k+q)* we have 


IN| =(—2§—m’)}, 
No= (—38)!. 


The unitarity limits on the amplitudes Bs and Bp 
are obtained by computing the total pair production 
cross section from (3.33) and demanding that this cross 
section be no larger than what is allowed by unitarity 
for pion-pion collisions in the J=1, J=1 state. We find 


2\k| |N| 3x 
1 Bs|*+2|Bol*1<——, 


T 


(3.35) 


(3.36) 


where | V| is given by (3.35). In order to obtain a rough 
upper limit on ImM, we set the nucleon form factors in 
(3.34) equal to their static values: F,=e/2; Fy: 
=(u»—un)/2. We further allow |Bs| and |Bp| to 
take on separately the maximum values permitted by 
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(3.36), choosing algebraic signs to maximize ImM. 
Substituting ImM into the dispersion relation (3.30) 
and looking at the leading terms in an expansion in 
(q+k)’, we find 


1 
M((g+k)?)=1-——(q+k)*+---. (3.37) 
3m? 


This result corresponds to a mean square radius of 
2/m? for the meson form factor; but our whole procedure 
has been such as to probably grossly overestimate this 
quantity. In any case, this estimated upper limit 
coming from the pair state is, as we shall see, probably 
small compared to the contribution from the two-pion 
intermediate state. Before turning to the latter, it is 
perhaps worth noting that if we had used perturbation 
theory to compute the matrix element (VN|J,{ qi) we 
would have found for the mean square radius the result 
(r?)=0.7/u?, which is about 16 times as large as the 
above result. Again, this is attributable to the fact that 
perturbation theory badly violates unitarity. Since the 
nucleon-pair state seems to make such a small contri- 
bution to the meson form factor, we shall ignore it from 
now on and retain only the two-pion state. 

We have already noted that the two-pion state 
generates an integral equation for the form factor 
M((q+)?). It is possible to discuss the structure of 
this in quite general terms and we shall begin in this 
way. Setting = (q+&)’, let us introduce a phase angle 
¢(—£) according to 

ImM (¢)=tang(—g) ReM(8)0(—£—-4y), (3.38) 
where the step function appears because the lowest 
mass configuration which contributes to (3.31) is the 
two-pion state. Of course, (3.38) determines ¢ only to 
within an additive multiple of 7. It is physically 
reasonable, however, to suppose that tang(—4y?)=0, 
and we shall make the convention that ¢(—4yu?)=0. 
In place of (3.30) we can now write 


(3.39) 





ig. , tang(¢’) ReM(— ) 


M(§)=1—— 


TH ay? t’(’+£—ie) 

We now regard the function g(t) as a known 
quantity. Then Eq. (3.39) may be interpreted as an 
integral equation for M(é), the general solution to 
which is easily given. The information about M which 
may be read from (3.39) is the following: (1) The 
function M(£) can be extended to a function analytic 
in the — plane cut from — © to —4y?. (2) Just below 
the cut the real and imaginary parts are related 
according to (3.38). (3) M has the value unity 
at ¢=0. Evidently we seek a solution such that 
tang(t) ReM(—£)/£ approaches zero since otherwise 
the equation as it stands is meaningless. 

The mapping problem posed by Eq. (3.39) is a 
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standard one and the general solution is!” 


x 
M (t)=P(é) exp| —= f de’ ——__——_}, 
TY 4y? t'(t’+£—te) 

where P(t) is as yet an arbitrary polynomial. As a 
matter of fact the more general problem where the 1 
in (3.39) is replaced by a function of € may also be 
easily solved but we shall not go into the question here. 
The only restrictions which we may impose upon the 
polynomial P(£) are that P(0)=1 and the degree must 
be no higher than would permit the existence of the 
integral in (3.39). This leaves, of course, a great deal of 
arbitrariness, in general, depending on the asymptotic 
form of ¢(£). It may also happen that ¢(£) is such that 
there is no solution to Eq. (3.39) even with P(é)=1; 
this would mean that the equation as it stands is 
meaningless and further subtractions (which would 
introduce new constants into the theory) would be 
required. We shall not consider this possibility further 
but assume in fact that solutions do exist and see to 
what extent they may be uniquely specified. 

The existence of a multiplicity of solutions to dis- 
persion equations like (3.39) is an old story, and the 
problem cannot be disposed of without supplying more 
information from the outside. One simple way to get 
rid of P(€) is to assert that M has no zeros in the finite 
plane. There is no physical basis for such an assumption. 
What is equivalent to this, however, is the requirement 
that the solution (3.40) be chosen such as to agree with 
the iteration solution of (3.39). Thus we imagine that ¢ 
has a parameter of smallness associated with it and 
insist that the power series expansion of (3.40) agree 
with the series generated by the iteration solution of 
(3.39). This evidently leads to P(£)=const=1 and we 
take finally as our solution 


a ¢(’) 
M()=exp|—-f ae "|. aan 
TH ay? t’ (t’+&—ie) 


We shall discuss below, through an analysis of the 
two-pion contribution to (3.31), the physical meaning 
of ¢()—at least for small ¢ For large — we have no 
simple physical interpretation of ¢ and have no feeling 
about its asymptotic behavior, which is, of course, 
crucial for the asymptotic value of M. It may be possible 
to prove by the method of Lehmann, Symanzik, and 
Zimmermann" that M(£) in fact approaches zero at 
infinity and we shall assume that this is true. [A 
sufficient condition for this to happen is ¢(£) — con- 
stant= ¢o>0; in this case () —> | &|-¥°/"]. If M(é) 
does approach zero at infinity, then since we require 
it in our dispersion integrals for only moderate é values, 
the precise asymptotic form of g will not play an 


17N. I. Muskhelishvili, Singular Integral Equations (P. Boord- 
hoff N. V., Groningen, Holland, 1953). 
18 Lehmann, Symanzik, and Zimmermann, Nuovo cimento 2, 


425 (1955). 
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important role. In the model to be discussed below, ¢ is 
probably given quite reasonably in the interval 
4u?<£<30y? and what happens beyond that is for our 
purposes not important. 

In a related problem which we have discussed else- 
where by use of reaction matrix techniques," it has 
been shown that in a situation of the sort under dis- 
cussion we can express ¢ in the form 


Re(e* sind) 
tang=——- 


’ (3.42) 
1—Im(e* sind) 


where in the present problem 4 is to be identified with 
the (complex) phase shift for pion-pion scattering in 
ihe state of angular momentum unity, isotopic spin 
unity (J=1,7=1). To see how this comes about in 
dispersion theory, and to obtain some idea of the range 
of & for which it has validity, let us turn to_the calcu- 
lation of the absorptive part A, of (3.31). For values of 
sufficiently small so that the main contributions come 
from the two-pion state, we have 


io (FPF 
A,=7qo' Do (0! jul Pele) 


r,s (2r)* 


X (prls|Js|qi5(ptl—g—k), (3.43) 
where r and s are isotopic labels and p and / are the 
four-monmienta of the intermediate pions. The first 
factor is just the vertex we are studying and is expressed 
in terms of the form factor M by (3.35), in the case of 
two-pion “in” states; for “out” states, one replaces 
M by M*. Recall that half the sum of “in” and “‘out” 
states is implied in (3.43). The second factor in (3.43) 
is proportional to the scattering amplitude for pion-pion 
scattering and it is clear that we are always in the 
physical region. Obviously Ao=0 in the rest frame of 
the pions; and since 7 transforms like a vector it is 
evident that only two-pion J=1 states contribute. It 
is also evident that only the isotopic-spin-one states are 
relevant here. The matrix element is then completely 
characterized by the complex phase shift 6 for pion-pion 
scattering in the J/=1, J=1 state. The precise relation 
is as follows: 

4xr  (—&)! 

(prl, out | J;| i) = (8pologo)-+— —————— 
v2 (—3§-1")! 


55057 —5 i505 
x 3ei sina") (p—D)-(q—k), (3.44) 


where = (q+)? and 6 is to be regarded as a function 
of £ through its dependence on the center-of-mass wave 
number (—}£—y")!. For an “‘in’’ state the right-hand 
side of (3.44) would be_ replaced by its complex 
conjugate. 

We now have all the elements required for the evalua- 
tion of (3.43), and hence of the two-pion contribution 


¢ 
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to ImM. We find the result 


ImM (£)= Re(M*e* sind)6(— &—4,), (3.45) 


hence 


Re(e® sind) 
ImM (é)= 


————— ReM6(-—t-4,’). 
1—Im(e* sind) 


(3.46) 


This is precisely the result stated in (3.42). The argu- 
ment given in reference 11 makes it plausible, as we also 
see here, to retain a complex value of 6 even though 
we have dropped states other than the two-pion state. 
The point is that other states could be relatively 
unimportant in contributing to ImM, at least for small 
£, even if they play an important role in pion-pion 
scattering when inelastic processes compete with the 
scattering. Of course, 6 is real below the threshold 
for inelastic processes. 

Needless to say, we have no experimental—or 
theoretical—information on the pion-pion scattering 
phase shift. However, since the scattering presumably 
takes place through virtual baryon pairs it is reasonable 
to assume that the “range’’ of the interaction is small. 
Consequently we propose to represent the energy 
dependence of the phase shift by a scattering length 
approximation; namely, with k& the center-of-mass 
wave number, we take 


tand(— £)= ka’ = (—}£—p?) ha’, (3.47) 


where a is the scattering length, expected to be of order 
m~', Of course, the representation of (3.47) makes no 
sense for large k, when inelastic processes can seriously 
compete with scattering and cause 6 to become complex. 
But as already said, we are only concerned with the 
behavior of the form factor M for not too large & 
insofar as we restrict our attention to the low 
momentum-transfer structure of the nucleon. 

Because in our model the phase shift 6 is taken real, 
we see from (3.42) that the phase ¢ is just identical 





w-7 PHASE SHIFT TAKEN 
TO BE 8 = ton'k*o® a=2/m 


a 





MESON FORM FACTOR, ReMicr*) 














Fic. 1. Real part of the pion form factor; the pion-pion scatter- 
ing phase shift is taken to be 5=tan™'(k*a*), where & is the wave 
number in the center-of-mass system and a is the scattering length 
chosen to be 2/m,; 
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with 6. We can now evaluate (3.41). Setting a=ya and 
y=£/4u?, we find 


1+a+a’ 
1+a 





a?(y+1)—1 
ReM (y)=M(y)= sh ), 


[a*(y+1) }!—1 
—l<y<~, 
a(—y—1)+1 
arr 
y<—l, 


(3.48a) 





1+a+c’ 
ReM(y)= ( 


1+a 
(3.48b) 


1+a+c? 
ImM (y)=—— 
i+ 


[a*(—y—1) }! 


a 





a?(—y—1)+1 
x( 


a ey y<—1. (3.48c) 


We see that for large positive y, M(y)~ ~!; for large 
negative y, ReM (y)~(—y)~*, ImM(y)~(—y)-14. 
For the mean square charge radius of the meson we 
find the result 
3 a®+a*?—a+2 
etapa 


—__——— (3.49) 
4u> \(a+1)(at+a*?+1) 


There is no need to emphasize that this quantity is not 
at present accessible to direct measurement. For 
illustration, we plot in Fig. 1 the function ReM(y) for 
the case a=2/m, hence a~0.3. For this choice, (r?) 
=(.08/u?, which is twice as large as the upper bound 
on the contribution from the nucleon-pair state. 


F. Quantitative Summary 


Although our evaluation of the meson form factor M 
has no validity for large £, it is clear that if M really 
does vanish asymptotically then the convergence 
properties of the dispersion integrals for the isotopic 
vector nucleon form factors would be greatly improved. 
This raises the more general question as to whether it is 


for the isotopic vector form factor F,", as we have 
done. If it is assumed that no subtraction need be made, 
one in effect assumes that he can compute the charge 
2F,"(0). This point has been discussed by Chew,” 
who carries out the computation by determining 
ImF,"(—o*) in perturbation theory and cutting off 
the dispersion integral at 4m*. In this way he finds 
2F," (0)=1.28e. Taking into account rescattering we 
find 2F,"(0)~+0. It may be that the rescattering 
estimates are unreliable, or that higher mass configura- 
tions play an important role. The matter evidently 
cannot easily be decided. We prefer in the absence of 
trustworthy calculations to adopt a subtracted dis- 
persion relation. 

We now return to the main question, which is to 
introduce the structure of the meson into the problem 


1 G. F. Chew (to be published). 
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of nucleon structure. We carry out the evaluation of the 
nucleon isotopic vector form factors using (3.48) 
together with (3.10) and (3.11). The rescattering 
corrections are treated as before. In the dispersion 
integrals we drop contributions from (mass)? values 
larger than 4m’, since we have already seen from 
unitarity arguments alone that such contributions are 
small. For illustration we again take the pion-pion 
scattering length to be a=2/m. In Table I we exhibit 
the whole numerical situation for the contributions 
from the two-pion state. Qualitatively, the situation 
can be summarized in the following way: the isotopic 
vector magnetic moment and magnetization density 
radius seem to be reasonably well accounted for in 
terms of the two-pion state contributions. The charge 
density radius on the other hand turns out to be far 
too small relative to the experimental value. It may be 
that this quantity is peculiarly sensitive to our re- 
scattering correction approximation; or what is equally 
likely (assuming the experiments are correct!) higher 
configurations are playing an unexpectedly important 
role. It is amusing to note that if the charge density 
radius is computed under the assumption that we have 
no subtraction in the dispersion relation for F,” [and 
hence is given by’ —6F,"'(0)/F,"(0) instead of 
—12F,"'(0)/e] we would get a very large value, since 
F," (0)~0 according to our estimates. 


G. Three-Pion State 


The least massive state which contributes to the 
isotopic scalar properties of nucleons is the three-pion 
state; and one would expect this state to be the most 
important one in determining the isotopic scalar 
magnetic moment and mean square radii. Un- 
fortunately, we are unable to make any even crude 
quantitative estimates of the effects from the three- 
pion state. Even a perturbation calculation (lowest 
order ~eg’ is prohibitive. 

What we shall do, therefore, is merely carry out an 
analysis which separates off purely kinematic effects and 
exposes the basic structure of the problem. From (2.9) 
we see that what is involved here is the product 
(0! 7,,| 3ar)(3mr| f| p). In the rest frame of the nucleon pair 


TABLE I. Summary of the two-pion contributions to the isotopic 
vector magnetic moment uy, magnetization density mean square 
radius ((r*)y), and charge density mean square radius ((r;?)y). 
In the first column the quantities in parentheses denote the limits 
of integration in the appropriate dispersion integrals. 








((ri*)v) 


0.24/u? 
0.19/u? 


0.20/p? 
0.03 /u? 


uy ((r2*)v) 


1.67 e/2m = 0.12/u? 
0.87 e/2m = 0..22/4? 


0.77 e/2m = 0..28/u? 
1.90 e/2m 0.16/u? 





Pert. theory (4u2—> ~) 
Pert. theory (4u* — 4m?) 
Pert. theory+pion form factor 
(4u? — 4m?) 
Pert. theory +rescattering 
(42 —> 4m:*) 
Pert. theory+rescattering 
+pion form factor 
(4u2 — 4m?) 1.39 e/2m 


0.23/u? 0.07 /u? 
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(which is, of course, also the rest frame of the three-pion 
system), the first matrix element describes the process 
of a virtual photon producing three pions in a state of 
total angular momentum unity. The second matrix 
element describes the process of pair annihilation into 
three mesons. One sees that only the 4S; and *D, pair 
states are involved here. From charge-conjugation 
invariance it follows that the three pions must have 
different charges (i.e., | 3a)=|a+w-x®)). This, together 
with gauge invariance, (p++ p-+p"),.(0!j,| ptp-p)=0, 
leads to the structure of the matrix element, which 
must transform like a pseudovector, given by 
(0|ju! p*p-p* out) 
= —i(8w,w_wo)teuroP>t Pr po H*, 
where H is a scalar function of the momenta and the 
pion energies have been denoted by w. 
In the rest system of the three pions let us denote by 
k the relative momentum of 2+ and x and by q the 
momentum of 7°. Let 2E denote the total center-of-mass 
energy, so that E is the energy of either member of the 
nucleon pair. Then in the rest frame —i€yrcPy pr po” 
reduces to 2E(kXq),, u=1, 2, 3 (u=4 does not con- 
tribute). In terms of the well-known Dalitz description,” 
in which the relative angular momentum of (2*,x~) is 
denoted by / and that of 7° relative to the center of mass 
of (x*+,r~) denoted by L, we have /= Z=odd integer. 
In the rest frame we then have 
(0|j| ptp-p® out) 
= 2E(kXq) (8w,w_wo)-!H* (k?,q?,A?), 


(3.50) 


(3.51) 
where 
V=k-q/|k! |q). 

The other matrix element which we require is that 
describing pair annihilation into three pions. Retaining 
only the contributions from pairs in the *S; and *D, 
states, we have in the center-of-mass system 
0(p)(p*t pp? out| f| p) 

= — (m/E)}(8w,.w_wy)*r5*{ao-kXq 
— (8/V2)[3e-pp- (kXq)—o(kXq)]}X>, (3.52) 
where a and # are, respectively, amplitudes for three- 
pion production by nucleon pairs in the *S, and *D, 
states. They of course depend on the variables k?, g’, A’. 

The expressions (3.51) and (3.52) are now to be 
inserted into (2.9). Some of the integrations can be 
carried out explicitly and one finds for the contribution 
from the three-pion state, in the rest system, 


4E pute) K(,E) 1—)? 
Me) =+- f gidg f var( ) 
3(2m)*Y' «(q, B) ? 


2E— (y-+K) 
arr ae 


Ge) )rot{o Re(H*a) 
M 


1 
seb ie Re(H*8) be (3.53) 


” R. H. Dalitz, Phys. Rev. 94, 1046 (1954). 
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where 
q(E)=((E—3u)*—n" }}, 
(3u?+4q?—4E*)? 
K(q,E -| 


1 k2 2 
- t28- e+e) p—2(v+-e+—) , (3.54) 
and x(qg,£) is the value of k which corresponds to \=1 
if such exists ; otherwise x=0. Finally, for the imaginary 
parts of the isotopic scalar form factors we obtain the 
results 


ImF,5[(p+p)*]=— 
3(22)8 Jo 


K(q,£) 1— 2 2E— (w2+k)! 
xf war )( ) 
«(q, BE) ? (u?+k?)! 


3mE 1 
- —H"8 | ; 
E’°—m? v2 


4m pt®) 


qq 





E 1 
Re —_u*(a+—s) + (3.55) 


E+m v2 


4m q(B) K(q,E) 
ImF.S[ (p+)? ]=———— dg f Rdk 
3(21)*o «(a B) 


1—)2\ s2E— (u2-+k*)! H* 1 
x(F)( ) + am ota) 
? (u2-+ 2)! 2(E+m)\ v2 
3E 





1 
—Hs| (3.56) 
2(E?—m*) v2 


and E*=—}(p+p)*. We have not written it in, but 
each of the above expressions should be multiplied by 
the step function 6[— (p+ p)?— (3u)*]. 

It is scarcely necessary to remark that one cannot 
obtain any quantitative impressions from these results. 
There are sufficiently many unknown functions here so 
that one could easily arrange it to produce a large 
isotopic scalar charge radius and at the same time a 
very small magnetic moment. It is unfortunately the 
case that the three-pion state, which is perhaps the 
most significant contributor. to the mysterious isotopic 
scalar properties of the nucleon, cannot be treated 
quantitatively without prohibitive labor. We remark 
again that even a perturbation calculation would be 
very worthwhile. 


H. K Meson-Pair State Contributions 


It was suggested some time ago by Sandri* that the 
electromagnetic structure of the nucleon would be 


2 G. Sandri, Phys. Rev. 101, 1616 (1956). 
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influenced by the interaction between nucleons and 
strange particles. In particular he considered the 
coupling of K mesons to nucleons on the basis of a 
cutoff model and found rather sizable effects. More 
recently, relativistic perturbation theory calculations 
have been carried out along these lines.”* For reasons 
to be discussed in Sec. IV in connection with nucleon 
pair intermediate states we feel that such calculations 
are meaningless. What might be more reasonable 
[depending on the size of K-nucleon-hyperon coupling 
constants ] is to treat the contribution of the K-meson 
current to nucleon structure by perturbation theory 
and neglect that coming from the intermediate hyperon 
current. In view of the fact that gx*<g,’, the use of 
perturbation theory may be more reliable in the present 
instance than it was for the pion current. 

The algebra of the |2K) contribution is essentially 
the same as that for the | 27) state; the only difference 
is that the mass of the intermediate hyperon, a A ora 2, 
is different from that of the nucleon. There is, of course, 
also the question of the parity of the K meson relative to 
baryons. We have done the calculation for both cases. 
For the proton, there are two diagrams, corresponding 
to p— (Xo,Ao)+K,— p; whereas for the neutron we 
have only n—+>2-+K,— in lowest order. The 
couplings are taken in the form given by Gell-Mann.” 

Using for convenience the same mass for = and A, 
chosen intermediate between the two actual masses, 
we obtain the numerical results shown in Table II. 
If, as has been suggested by Schwinger,™ g,?= gx’, we 
have only isotopic scalar contributions. It is impossible, 
however, for any value of g,’ or choice of parity to 
obtain both a large charge mean square radius and a 
small anomalous moment. For example, if g,2~1 and 
the K meson is pseudoscalar, the moment is of reason- 
able size (but wrong sign) but the charge radius is 
negligibly small. If the K meson is scalar and g,?~15, 
the charge radius is reasonable (~0.2/u?) but the 
moment is absurd (~ 2.4e/2m). 

We conclude that K mesons very likely do not play 
any important role in nucleon electromagnetic struc- 
ture, unless the coupling constants turn out to be so 
large that, here as in the pion case, rescattering correc- 
tions to perturbation theory are very important. 


TABLE II. Contribution of K-meson current to nucleon struc- 
ture.. To obtain the isotopic scalar and vector contributions, in the 
above table set g*=gs?= (3gs*+-ga?)/16 or g?=gy?= (ga?—gz*)/16, 
respectively. 





Pseudoscalar coupling Scalar coupling 
g°(0.0573)e/2m Be yt doen 
— ¢2(0.0074)e/2m* £2(0.030\¢/2m? 
— g?(0.0101 )e/m! — g*(0.0475)e/m* 








F2(0) 
F;‘(0) 
F,’(0) 








2 Y. Nogami, Nuovo cimento 4, 985 (1957). 
% M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
% J. Schwinger, Phys. Rev. 104, 1164 (1956). 
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IV. ROLE OF NUCLEON-ANTINUCLEON PAIRS 


The last topic we shall treat is the role of intermediate 
nucleon-antinucleon pair states in the electromagnetic 
structure problem. In lowest order perturbation theory 
such states appear simultaneously and on essentially 
an equal footing with the two-pion state. It has long 
been recognized that in perturbation theory the pairs 
make an unreasonably large contribution to the 
anomalous moment; there have been frequent specu- 
lations that a more accurate treatment would correct 
this situation. 

The results of lowest order perturbation theory, 
calculated either directly by Feynman methods or 
from the dispersion formula (4.2) [into which one inserts 
the lowest order amplitudes ], are as follows: 


: e Ps 4 
2F,5(8) =— 2F 2" (0) =— —(<)— 
2m \4ar/ 4 


n'(1—3n) n 
x| (+29)+91=9 Inn+——-——- cos*(“)] 
(1—7/4)! 2 


=—1.13¢/2m; 


9 


e 1 g\1 
§F2/5(0) = —2Fy'" (0) =——- (.) (eke 
- 2m \m*/ \4a/ 8x 


2n?— (19/3)n—$ 
| 


+ (1°—§n) Inn 
4—n 


40 n \} n} 

+(20- nto )(— ) cos(“)] 
3 4—n 2 
=0.181e/2m'; 


2G,'5(0) = —2G,'" (0) = — 
m 


+— Inn 
3(4—n) 3 


n \} n} 
+ (.".) (4—4n+ $n’) cos*(~-)] 
4—n 2 


=—0.1e/m’. 


eee ? 


(4.1) 


The anomalous moment is seen to be quite large, 
whereas the contributions to the mean square radii are 
seen to be negligible. 

The dispersion-theoretic treatment of the pair 
state proceeds from Eq. (2.9) where the state |s) is 
taken as |n7i). We have 

po\# dn Fn 
4(NM)=-r(—) © fae) 
m (2r)8 


X(0/j,|nn)(nn| f| p)d(n+n— p—p), 


spins 


(4.2) 
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where, as usual, we take half the sum of “in” and 
“out” pair states. As we have described in Sec. II, 
i(p)(ni| f|\p) is proportional to the amplitude for 
nucleon-antinucleon scattering. The first factor, 
(0! 7,|%), is the very quantity we are studying; just 
as in the case of the pion vertex (see Sec. III), we are 
generating an integral equation. In Appendix A we 
discuss the solution of this equation for the isotopic 
scalar quantities, F,5 and F,‘, when the nucleon- 
antinucleon amplitude is treated in lowest order 
perturbation theory. This is a sort of ladder approxi- 
mation similar to a treatment given by Edwards. We 
find that although this represents a great improvement 
over perturbation theory it is probably not a very 
accurate approximation. 

The evaluation of (4.2) is most conveniently carried 
out in the rest frame of |m/i). As we have discussed 
several times before, one need then consider only *S; 
and *D, intermediate pair states, and only the nucleon- 
antinucleon amplitudes leading to these final states 
are required. A certain amount of caution must be 
exercised in expressing the scattering amplitudes in 
terms of two-component spinors since we have been 
using negative-energy four-component spinors, 2(), 
in our discussion instead of true antiparticle quantities. 
In particular, for a matrix element in Pauli spin space 
such as (#/Q|p) we must for consistency write 
Xs*oO%X where the X’s are the usual two- 
component spinors. This has the effect of changing the 
signs of all quantities linear in @ since oe? = —@. 

We write then for the relevant part of the nucleon- 
antinucleon scattering amplitude, in the rest system 
pt+p=n+n=0, 


» ot 4 po m j 
b(p)(nn, out| f| p)=—-— (=) E 
m*|p| \ po 


Bsp{3e1-:n(—@-n) 
+— |————_———« : (—@,) 
8! [n|? 


3+0;: (—@2) 
Sida Ale 


4 


3e;: pl —o>'p) 
+—~— sities 


\ -a.(-0)| 
|p\° 

Bo 3e;:n(—o2-n) 

. [= TRE ly ~o-(—09| 


2 
Nn) 


— -o9]} | (4.3) 


@,= yi 
(4.4) 


2 = X5*0Xs 
1=X,*X,X5*Xz. 


The over-all minus sign in (4.3) as well as the factor 
4irpo/m?|p| are inserted so that the 6’s have the familiar 
scattering-matrix significance. For example, @s 
=[exp2i5,—1]/2i with 6, the complex phase shift 
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describing S—S scattering. The unitarity restriction 
states that |Bs| <1, |Bsp| <1/2, |Bp| <1. The minus 
sign that appears with @2 in the various projection 
operators has been explained above; the superscript T 
on the last curly brace in (4.3) means that the o» 
operators are to be written in the order opposite to their 
appearance. The expression is then reduced to a linear 
function of @; and o» and the result interpreted accord- 
ing to (4.4). For (0|j,|#%) we use the form giverr in 
Eq. (3.16). 

The evaluation of (4.2) with these expressions is 
elementary. Still in the rest system, p+p=0, we have 


m mi B* 
—A/ (NN) =—X,*ox, Re Ba( 4 “+—) 
3 


Po 
Bsp B* Bp 
Fhe ar-—)-—s 
v2 3 3 
B* 


38 sp 
xRe{ -—"(4*+—) +08", (4.5) 


v2 


Pp 


] (O° P)P 
—X5 —X 
|p|? 


A =F,+2mF,, 
2mF; F,+2mF, 


-| - Jin: (4.6) 
mpo po(pot+m) 





Comparison of (4.5) with (2.9) yields for the pair state 
contribution to ImF, and ImF; the results 


BY) Bp 
3 3 


Bsp B* 
D= Re| -37(44+—) +60B*| 


Vv 


For substitution into the dispersion relations we must 
imagine all quantities to be expressed in terms of the 
invariant variable —(p+p)* according to 9 
=—1(pt+p), |p|?*= —i(p+p)?—m’. 

We have not kept track of the isotopic spin labels in 
the above equations, but these are easily inserted now. 
The scattering amplitudes are expressed in terms of 
isotopic scalar and vector parts (ie., J=0,7=1) 
according to 


Bs=}(3—1- 22)Bs” +} (141: t2)85%, (4.9) 
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and similarly for 8sp and 8p. [The unusual signs in the 
projection operators have the same origin as those 
appearing with @» in (4.3). ] The sum over intermediate 
isotopic spin states in (4.2) leads to 


(juS+7:ju") (38s" +48s*) 
+ ri(juS+rju")7i(G8s*— 78s") 
=Bs5j,S+Bs"raj,". (4.10) 
Thus the isotopic vector and scalar parts of ImF; and 
ImF; are obtained by taking the corresponding isotopic 
amplitudes 8 in Eqs. (4.6-4.9). 

We confine our attention to the isotopic scalar 
quantities since these are not coupled to the two-pion 
contributions discussed earlier. Substitution of Eq. 
(4.7) into the dispersion relations (2.5) leads one to a 
very complicated system of two coupled integral 
equations. This system may be reduced to a single 
Fredholm equation about whose solution little can be 
said without very much effort. Rather than attempt 
this, we have made only rough estimates of the contri- 
butions to the magnetic moment and charge radius. 

The following rather drastic assumptions will be 
made: (a) Only the amplitude 5 will be retained; 
inclusion of Bsp and Bp should not modify the results 
appreciably. We assume that fs has the maximum 
value allowed by unitarity, independent of energy. One 
would in fact expect it to be much smaller since there 
is an appreciable annihilation probability. (b) In 
computing ImF,‘ and ImF;,‘ from (4.6) we shall 
replace F; and F, (which occur in A and B) on the 
right-hand side equal to their zero momentum transfer 
values, namely F,5(0)=e/2, F,5(0)~0. Furthermore 
we neglect B in comparison with A. With these approxi 
mations, only the real part of 8s enters and this is set 
equal to one-half. Substituting into the dispersion 
integrals (2.5), we find for the pair state contributions 


1 - Po 1 é 
IF’SO)|<-f dge*——x-x- 
TT 4m? potm 22 


e 0.012e 
=——(1—In2)=——, 


8am’ m° 


1 7” 1 
[F:8()| <= dte*—_x-x 
4 


m? 2(potm) 


Tv 


where po’=£/4 in these integrals. We conclude from 
these estimates that the pair plays a numerically 
unimportant role in nucleon structure, at least for 
small momentum transfers. 

There are a few points in connection with the above 
calculations which should be discussed further. In 
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particular the replacement of the F’s on the right-hand 
side of (4.6) by their static values requires comment. 
First let us assume that there are states less massive 
than the nucleon-pair state (e.g., three pions) which 
contribute appreciably to isotopic scalar quantities. 
By analogy with the behavior of the pion vertex 
(O|7,|amr) treated in Sec. III, we would expect the 
F,(—£) and F.(—£) in (4.6) to rise from their static 
values and then fairly soon after the threshold of the 
important masses (say £~ 9u*) decreases strongly ; their 
value at £=4m?, which is the lower limit for the nucleon 
pair contribution, should be much less than the static 
value, so that our rough procedure of using the static 
values should be a gross overestimate. If, on the other 
hand, the nucleon-pair state itself is the first significant 
source of isotopic scalar, the fact that the F(—4m?*) 
might be significantly larger than the F(0) might cause 
some concern over the validity of our estimate. We 
have studied this question in some detail and, using 
various models for the F’s discussed in another connec- 
tion, have found that in spite of the fact that 
F'(—4m?)> F(0) (as much as seven times larger in one 
example) and that, for &>4m?, F(—£) rises further 
before falling, there are no appreciable modifications of 
our estimates. The point is that the width of the peak 
in F(—£), described as £ increases, is very small and 
that much of the large ~ contributions to the values 
given in (4.11) are lost by the fact that F(—£) ap- 
proaches zero quite rapidly in all of the models treated. 
(The higher the maximum the more rapid is the de- 
crease for large £.) 

We have further studied certain special models of 
nucleon-antinucleon scattering for which the coupled 
integral equations described above could be exactly 
solved. For example, if one sets 8p=0 and Bsp/V2=8s 
and forms G,;=F,+2mF»2, the integral equations for 
G, and F; decouple. The solutions are too complicated 
to exhibit although they are readily obtained. Rough 
evaluations of these based on reasonable assumptions 
for Bs, such as used in reference 11 lead to contributions 
which lie within the estimates given in (4.11). The 
perturbation example treated in Appendix A is charac- 
terized by the relations (8s—8p)=8sp/V2 and 
Bp=6s/2. The latter condition is very pathological, of 
course; in addition, the numerical value given to Bg in 
that Appendix violates unitarity by about a factor of 
six. If the value of the quantity p appearing there were 
approximately reduced to correct this violation, we 
would again find values for F;’(0) and F:5{0) within 
the range of (4.11). 

Our conclusion is then that the structure of the 
integral equations obtained by substituting (4.6) in 
(2.5) is such that the nucleon-pair intermediate state 
is quite unimportant and that a quantitative limit on 
the contribution of this state to F,'5(0) and F,S(0) is 
provided by the simple iteration scheme leading to Eq. 
(4.11). 
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V. CONCLUDING REMARKS 


We have made quantitative estimates of all of the 
low-mass configurations which would be intuitively 
expected to dominate the low-momentum-transfer 
characteristics of nucleon structure. The theoretical 
understanding we have obtained is disappointingly 
small. Let us summarize the results of our investigation. 

First, with regard to isotopic vector quantities, we 
had expected the two-pion intermediate state to provide 
the bulk of the contributions. This is probably true but 
it is not easy to say how true, since there is no way at 
present to make a believable calculation. It had been 
argued in C that, in fact, perturbation theory could be 
relied upon for a quantitative estimate. We have shown, 
however, by a rigorous argument based on unitarity, 
that once the mass ¢ of the two-pion intermediate state 
exceeds 2m, the perturbation theory must be wrong. 
The rescattering corrections, together with the very 
likely appearance of a pion form factor, must reduce 
the contribution of the region o>2m to a very minor 
one. Now we cannot conclude from our argument that 
because perturbation theory is bad for o>2m it is 
necessarily bad in the unphysical region ¢ < 2m to which 
our unitarity argument does not apply. It seems very 
unreasonable however, to expect that the rescattering 
effects are suddenly unimportant for o<2m. 

The practical implication of these remarks is the 
following: The perturbation-theoretic value for the 
vector magnetic moment is 1.67e/2m which is quite 
close to the experimental value, 1.86e/2m. Un- 
fortunately, half of the value 1.67 comes from the 
region ¢>2m and must be almost totally discarded. 
We have evaluated the rescattering corrections using 
the method proposed in C, which involves a probably 
unwarranted analytic continuation of pion-nucleon 
scattering amplitudes; it is, however, the only known 
way of making an estimate. Aside from the questionable 
continuation procedure, we make no approximations 
beyond the familiar one of including only the (3,3) 
pion-nucleon scattering amplitude. We find then an 
additional contribution to the magnetic moment of 
about the right order of magnitude, namely about 
1.03e/2m, which together with the 0.87e/2m from 
perturbation theory makes for impressive agreement 
with experiment. Inclusion of the form factor for pions 
given in Fig. 1 reduces the total answer to 1.4e/2m 
which, considering that the |2m) state is one of an 
infinite number, would be quite satisfactory. The 
rescattering. correction is, however, uncomfortably 
large (it must be judged independent of the pion form 
factor) and we have little confidence in it. It is not 
impossible that in fact even the sign of the correction 
is wrong, in which case the role of more massive states 
would become unpleasantly important. The quanti- 
tative situation for the magnetic moment is thus 
uncertain. 

The mean square radius of the magnetization density 
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is also affected by the rescattering corrections to 
perturbation theory and by the pion structure. Lowest 
order perturbation theory yields ((r2?)y)=0.12/y", a 
surprisingly small value, pointing again to the im- 
portance of large o values in the dispersion integral. 
Inclusion of rescattering and the pion form factor 
causes this number to increase to 0.23/u?, a rather more 
reasonable value. The correspondingly experimental 
quantity is not directly obtainable. To the extent that 
the isotopic scalar contribution to the proton or neutron 
radius is negligible [which will be the case unless 
((r2*)s)~20((r2?)v) ], one may hope to find ((r2*)y) 
from the electron-proton scattering experiments. Un- 
fortunately, the magnetization density plays a minor 
role in the scattering until the momentum transfers are 
so large that the form factor F,? can no longer be 
characterized by a mean square radius alone. Extensive 
curve fitting in the large-momentum-transfer region 
has led Hofstadter and his collaborators to a value 
((79"),)=0.32/u?; in view of the way this number has 
been deduced it cannot be regarded as being in conflict 
with our theoretical number. Unless one knows the actual 
functional form of the magnetization form factor, no 
amount of curve fitting at large momenium transfers can 
yield a meaningful value for the initial slope. 

The situation with respect to the charge density 
mean square radius is much more distressing. The 
prediction of lowest order perturbation theory is that 
((r;*)y)=0.24/y?; if we accept the empirical fact that 
for a neutron ((r;*),)=0 [which implies ((r;*)y) 
=((r;")s)] this leads to ((r7,°),)=0.24/u?. The proton 
charge radius is in principle subject to direct measure- 
ment with electron scattering experiments at very low 
momentum transfer. What are needed are accurate 
absolute cross-section measurements in a region where 
the cross section is varying rapidly for uninteresting 
(i.e., ordinary Coulomb scattering) reasons and one is 
looking for smal] superimposed variations. The current 
interpretation of these difficult measurements by 
Hofstadter leads to a mean square charge radius of the 
proton of 0.32/y?. If this is, in fact, true, the theory may 
be in a very difficult position. The same rescattering 
effects which were helpful in connection with the 
magnetic moment have a devastating effect here. In the 
first place, the perturbation contribution from the 
region o> 2m must be discarded ; this amounts to about 
one-fourth of the above-mentioned value 0.24/y?. 
Secondly, the rescattering and pion form factor correc- 
tions in the region o<2m reduce the value further to 
0.07/u?. Thus if the two-pion state is assumed to be the 
principal contributor to the isotopic vector charge 
radius, we appear to have a sharp disagreement with 
experiment. If we accept the small value of the neutron 
charge radius, we cannot rely on the isotopic scalar 
contribution to raise 0.07/u? to 0.32/u?. It is obviously 
. of crucial importance to obtain an accurate determi- 
nation of the proton charge radius. 

One may, of course, argue that the charge density 
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form factor receives contributions from very high mass 
values and that we should not be too distressed by our 
inability to get a large radius from the two-pion con- 
figuration. It was, in fact, a certain fear of these high 
masses which led to our original forms for the dispersion 
relation for FS, F,”. One argument supporting the 
importance of high mass values may be found by 
evaluating the integral over ImF,"(—o?)/o?, which, if 
it exists, should equal e/2. Using our approximate 
rescattering and pion form factor we find instead 
approximately 0. As we have stated previously, we have 
very little confidence in our method of calculating the 
rescattering effects; it is not out of the question that 
the charge radius shows an extraordinary sensitivity 
to the pion-nucleon continuation method not shared by 
the magnetization density and that the large effects 
noted could be easily upset by changing the numbers 
slightly. Our inability to carry out a reliable calculation 
of the rescattering makes it difficult to draw any sharp 
conclusions. 

In order to try to get some feeling for the possible 
contributions of higher mass configurations, we have 
studied several particular ones. The most important 
(in that it is the least massive) isotopic scalar contri- 
bution should come from the three-pion state. We were 
unable to even estimate this. The configuration of two 
K mesons was treated in perturbation theory; barring 
incredible accidents it is hard to see how this state can 
be of much importance. The nucleon-antinucleon pair 
states which have long played a rather enigmatic role 
in the nucleon structure problem have also been shown 
to make very small contributions to the moments and 
radii. Which, if any, of the high-mass states (i.e., 
> 2x, 3) are important we cannot say. 

Of all of the quantities we have attempted to caicu- 
late, only the vector magnetic moment and magneti- 
zation density mean square radius appear to be reason- 
able. If our estimate of the two-pion state is reliable, we 
are unable to explain a proton charge radius any larget 
than about one-fifth the presently alleged value without 
an appeal to high-mass (and needless to say in- 
calculable) configurations. If we somehow got a large 
vector charge radius we would still face the old dilemma 
of finding a sufficiently large isotopic scalar charge 
radius to explain the difference between neutron and 
proton. As has been emphasized by Yennie,”® one then 
must also insure that this prolific source of charge 
radius should not yield too large a scalar magnetic 
moment. 

In conclusion, there remain at least the following 
four alternatives: (1) The experiments are wrong and 
the proton charge radius is very small (this would 
obviously be the nicest solution for theoreticians). 
(2) The two-pion state is grossly mistreated in our 
theory so that one gets a large vector charge radius, and 


necessary isotopic scalar quantities ultimately appear, 


2D, Yennie (private communication). 
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presumably from the three-pion state. (3) States of 
uncomputable complexity are important. (4) Our whole 
dispersion approach is wrong. The last possibility would 
be catastrophic. 
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APPENDIX A. LADDER APPROXIMATION TO THE 
NUCLEON PAIR CONTRIBUTIONS TO THE 
ELECTROMAGNETIC STRUCTURE 

We noted in Sec. IV that if the nucleon-antinucleon 
scattering encountered there were treated in pertur- 
bation theory, one would obtain a kind of ladder 
approximation to the vertex operator. An approach 
similar in spirit was made some time ago by Edwards." 
His techniques were quite different and his results 
rather more ambiguous. 

We proceed from Eq. (4.2) for the absorptive part of 
A,/(NN) which for convenience we reproduce here: 


x“ po\! dn Pn 
Ayt(WR)=—*(° ) pas f —i(p) 
m (2x)8 
X(0] j,|nvi)(ni| f| p)6(n+n—p—p). (Al) 


The second matrix element i is to be calc ulated i in low est 





d(p)ty: RLiYs ReGi— (a—n), 
A JNR)=—— S fen fan fan: ae 


OF NUCLEON 661 
order perturbation theory (with f= —igysr¢yt+émy) ; 
we find 


(Yo p)(nn, out| f| p) 


m? 
ib BD) T7580! n)i(n)ys73 u(p) 


(n— p)? al —teé 
ti(n)7 sd (no (pry yete(P) 


+¢e-— (A.2) 
(n+n)? var —ie 


It is convenient to use (0!7,/ 7) in the following form 
(Eq. 1.3): 


(nofio/m?)+(0! j,,| nh, out) = —8(n){G,*[ (n+) jiv, 
+G,*[ (n+)? ](i—n),}u(n). (A.3) 


When (A.3) and (A.4) are substituted into (A.1) and 
the spin sums carried out, the second term in (A.2) 
does not contribute. We find, in fact, 


A,!(NN)=- bait 


re 6pd’n an 5(n-+n— p— p) 
a Bem 
4(27)3 (n—p)?+p? 


X (—iy-i-—m)[iy, ReGit (i—n), ReG: | 


Nono 


X (—iy-n+m)ryysu(p). (A.4) 


We have, as usual, taken half the sum over “‘in’”’ and 
“out” states and this accounts for the appearance of 
ReG;, ReG». In the present approximation, the nucleon- 
antinucleon amplitude is real. [Compare (4.3) and the 
discussion following (4.4). ] Recalling that the G’s have 
the structure GS+7;G", we see that the effect of the 
r;’s in (4.4) is to convert G into G=3G5—7,G". Finally 
we rewrite (A.4) in the form 


Re G a liv: ku( p) 


ut 


X5((p—B)?+ 


rg [ty ReG + ( P- 2k) ReG: iy: ku(p) 
=——— fearea (p)iy:k— ~~ wai : i : 


2 (27) 


where we have introduced A= p+), P=p—j; note that P?= 
(A.6) are most easily carried out in the rest system of +), namely A=0. Comparison 


The integrations in 
with the standard form (A.3) yields 
A’) P+ 
{> Qu? P?+2u* In——— 
)! w 


g* 0(—4m'— 

ImG, (A?) =~ on 

dr 8Ps(— A? 
gs 6(— 4m*— A’) 

|: 


ImG,(A*) = = . 
de 2P(—A?)? 


i af 3u4 
+—-(=+=)1 
i, a 


m)5((k+p)*+m’)b(n— p+k)b(i—k—p) (A.5) 


5(k-A)5(R?— Pk), (A.6) 


ome 4m? _ A’. 


ReG, (A? ), 


P+ 
——- 


ReG, (A?) 


Oe 
Ta (<+- +) in| ReG2( a) (A.8) 
2 Pe 


we 
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We shall be particularly interested in the scalar part 
of these equations. So long as states with 3, 5, --- pions 
are neglected, the only source of isotopic scalar contri- 
butions is the pair state under discussion and the 
equations are entirely uncoupled from the two-pion 
state. Although it is not at all necessary, for simplicity 
we shall set the pion mass equal to zero. Experience 
with perturbation theory shows that this does not cause 
appreciable error. In this limit we have 


3/¢ —4m’?— A’? 
ImG,s(a*) =_(=) ( ——) o(—4mt— a) 
8\4xr — A? 
 ReG,5(A*), (A.9) 
M6(—4m?— A?) 
[(—A*— 4m?) (— A?) }! 
X ReG;5 (A?) 


3/8 
ImG,§ (A?) = --(=) 
4\ 44 


(A.10) 


ImG;5(A*) 
= —2n— (A.11) 


(—A?—4m?) 


The mathematical problem posed by the condition 
(A.9) together with the dispersion relation 


2 a 


G,5(A*) =G,5(0)-—— 


7 4m? 


ImG,5(—0o’) 
do® ———_————.,_ (A.12) 
a? (o?-+A*— ie) 
is exactly the same as the one met earlier in connection 
with Eqs. (3.39) and (3.41), and the solution which 
agrees with perturbation theory in the limit of g? — 0 is 


Ae 1 
G5 (A?) =G,5(0) exp| -—f do -— 
4 


Yum? orfo?+A*—ie) 


3g? (o?—4m?\} | 
xtan-| = (“—") ll: (A.13) 
32” o 


The solution for G,5(A*) is obtained immediately by 
substituting (A.11) into the dispersion relation for G2*: 


a ae ImG,5(—o’) 
Gs(a=-f OI satatcinatataind 
7 4m? o*+ A? 
2m fr” ImG;5(—o’) 
= —— do* . (A.14) 
mam?  (0?—4m?)(0?+ A’) 





Making a partial-fraction decomposition, we find 
immediately 
2m 


G25(A*) = —[G5(A*) —G,5(—4m’) ]. (A.15) 
4m? 


At 


It is worth noting some of the easily obtained proper- 
ties of these solutions. Recalling that by definition 
G2(0) is the scalar anomalous moment, yu,, and that 
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G,5(0)= e+ 2mu,, we find from (A.15) 


1s,1—p\ e 
Me ( _ _ ° 
2\ p 2m 
where 


G,5(— 4m’) 2 p30 ~~ tan 
= - f dy — 


= —=exp{- 


ly 
—— ya ; (A.17) 
G,4(0) To y 


2/% 1 1 
~exp| —(Fimt ~ +— --)} (A.18) 
r\2 » 3? SAS 


and A= 3g?/32r=5.6. For this value of \, p= 6.28, and 
us —0.42e/2m. This value is about three times larger 
than the upper limit given in Eq. (4.11), a first indi- 
cation of the inadequacy of our ladder approximation. 
The derivatives of G,;°5 and G,* at A?=O are also 
easily found : 


G,5(0) s?+1 1 
G,5’(0)=-— (— tan'A— ), 
r 


(A.16) 


4am? Xe 


€ 2 
~— (- —+}, —..-) 
16m’p ™ 


e 
= —0.010—. 

m? 
0.095 e 


(A.19) 


1 1 
G25’ (0) ——— “Bat —G,5’(0) = ote 


- , 
4m 2m m= 2m 


(A.20) 

1 0.105e 

F,S’(0) =G,*’ — 2mG,"’ = —u, = — 
2m m 


This value of F,5’(0) is about nine times larger than 
the upper limit given in (4.11), again showing the 
poorness of the approximation. 

In spite of the fact that the ladder model is not very 
good in any absolute sense, it does represent a consider- 
able improvement over perturbation theory: The 
magnetic moment is reduced by a factor of about four, 
G,5’(0) by about fifteen, and G,*’(0) by about three. 
The asymptotic forms (A? > +  ) of (A.13) and (A.15) 
are quite different from perturbation theory for which 
G, — Ind? and G; — |InA*/A?. In the present treatment 
we have 


A? (l/r) are tand 
G.5(4?) > G8(0)(~ ) 
4m’ 
A? ~0.44 
=60)(. -) ; 
4m’? 


2m 
G28 (A*) + ——G,5(—4m’) 
A? 


2mpGi5(0) —G,5(0) 
_ —_~ —6.28 
A? 2m 
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The general form of our solution is similar to that found 
by Edwards” who studied certain aspects of the same 
problem. The two approaches are not directly com- 
parable; he typically obtained asymptotic behaviors 
like (A?)-’* so that the results coincide for small X. 
The solutions (A.13) and (A.15) cannot be expanded 
in powers of A unless A<1 which is not satisfied 
experimentally. 


APPENDIX B. MESON-NUCLEON VERTEX 


The meson nucleon vertex which describes the 
scattering of a nucleon by an external meson field 
occurs in a variety of problems such as m-u decay and 
x decay. The mathematical treatment of it follows so 
closely what has been developed in this paper that we 
felt it worthwhile to include the discussion here. 

The quantity of interest, J, is defined according to 
Eq. (1.12) as 


1 = (po' po/m?)*(p'| Ji| p) 
= —i[u’+ (p—p’)* Ar (p—p’)? }u(p' 0 s(p',p)u(P) 
= —igt(p')rysu(p)K((p—p’)*), (B.1) 


where we imagine that K(—y?)=1; the renormalized 
meson propagation function Ar, is normalized so that 
the product of the first two factors in (B.1) is unity in 
the limit (p— p’)* > uw. Evidently we have to do with 
one scalar function, K(A*), whose structure we must 
study. 

As in the corresponding electromagnetic vertex, it is 
rather more convenient to study a quantity J defined by 


J = (popo/m?)'(0| J;| pp, in) 
= igi(p)riysu(p)K((p+p)?); (B.2) 


the analyticity assumption we customarily make enable 
us to relate the scalar functions involved in J and J in 
the simple fashion indicated. Making the standard 
reduction, dropping an equal-time commutator as 
usual, we have 


po\! 
s=-i(~) foro 
m 


X (0! [7 :(0), f(%) J0(— x0) | p) exp(ip-x). (B.3) 


The absorptive part, Ay, is given by 


A s= —1(po/m)' >, (p)(0| Ji| s) 
X(s| {| p)5(p.—P—P). 


The least massive intermediate state is that consisting 
of three pions, the neglect of which by this time scarcely 
needs comment. The first state to be considered is that 
involving a nucleon-antinucleon pair, and, as always, 
we take half the sum over “‘in” and “‘out”’ states. 

We shall first treat this problem in the same way 
we did in Appendix A, namely by describing the matrix 


(B.4) 
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element (VN| f| p) in lowest order perturbation theory. 
In fact, we use Eq. (A.2) for the matrix element. 
Substituting (A.2) and (B.2) into (B.4) (with !s) taken 
as |N.V)) and carrying out the indicated operations, 
just as in (A.6), we find by comparison with (B.2) 

g’ 6(—A?—4m’*) 
ImK (A?) = 

167 
mM 4A?P 
x} P— 


| ReK(A?), (B.5) 


ur A? a iV 


where P?=—A’?—4m’. The first two terms in (B.5) 
come from the first term in (A.2) whereas the last 
comes from the second term. We have purposely 
separated these contributions, since the first two terms 
in (B.5) comprise what may be called the proper 
vertex part 0(p)I's(p,p)u(p), while the second comes 
from a nucleon bubble in a meson propagation function 
and represents the deviation of (A?+-u?)Ar,(A?) from 
unity. As we’ll see in a moment, keeping or dropping 
the modified propagation function has a very profound 
effect. 

For simplicity we set the pion mass equal to zero. 
Then if we drop the last term in (B.5), we will have to 
do with the proper vertex part; and this quantity, 
which we shall call T'(A?), is directly comparable with 
the ladder approximation to G; in Appendix A. For I, 
we have then 


ge, —A®?—4m’\} 
a —A? ) 


X Rel (A*)6(— A?— 4m?). 


ImI (A?) 


(B.6) 


The structure of (B.6) is exactly that of (A.9); since 
the dispersion relation in this case is taken to be 


9 9 


; Zafoyt co ImT' (—o?) 
I (A?) =1—-—— f do? ———— . “Ce 
7 4 (o?— pu?) (o? ++ A?— ie) 


m~ 


the solution of the integral equation is 


— (A?+,7) ra 1 
r (A?) = exp| f 
4 


Tv 


g o*— Am? } 
("YI os 
Or ie 


and it has been chosen to agree with perturbation 
theory in the limit of small g?. The asymptotic form of 
I'(A?) is easily seen to be 

I'(A?) owe (4m? (A?) /*) arc tan(g?/167) (B 9) 


If we keep both the proper vertex part and the 
propagation function modification, i.e., the whole of 
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(B.5), with n?=0 we have 


3g° (—A®—4m?\! 
ImK (A*) = — (—=>) 
167 — A? 


 ReK (A*)@(—A*—4m’), (B.10) 


and the solution corresponding to (B.8) is evidently 


2 2 ca) 


K(a*)=exp| —_—— 
(0? — py") (0? + A?— ie) 


us ~ 4m? 


3g* o?—4m?\ 3 
x tan-s(—~) ]( ) ; (B.11) 
167 o 


The asymptotic form of K (A?) is easily seen to be 


K (A?) yer (A?2/m?) /") arc tan(3¢?/16") (B.12) 
Thus we see that I'(A*) approaches zero for large A? 
whereas K(A?) increases indefinitely in the present 
approximation. 

This behavior does not contradict any general 
principles. Making reasonable assumptions about the 
propagation function Ar, it has been shown by Lehmann 
et al.,'® quite generally, that (A?) — 0 as A?—> ». On 
the other hand [A?+y? JAr,((A?+y*)) in the limit of 
large A? approaches the renormalization constant 1/Z; 
which is generally believed to be infinite, so that having 
K increase is not necessarily unreasonable. It is amusing 
to combine (B.11) and (B.8) to give a formula for 
Ar, which sums nucleon bubbles with various numbers 
of ladders going across the bubbles. We find 


1 A?+ 
ee 
At+ T 


P 1 
xf a 
+ (a? —p") (0? +A’— ie) 


4m 


o*?—4m?\ 3g 
*(() Ge) 
o 167 
o?—4m’\ g¢ 
+( -) tani )}} 
oe 167 
1 A? « 
+—x(—) : 
A? 4m? 
where 
1 3g? gs 
c=[tare(=)+1a0(—-)]| 
7 Or 167 
16 
a——( 


Ar,(A’)= 
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Thus Ar, — 0 rather slowly for large g’ in this approxi- 
mation. The results of our ladder approximation to 
I'(A*) are quite similar to those of Edwards.” 

We turn finally to a more accurate treatment of the 
problem. Instead of using lowest order perturbation 
theory to describe the nucleon-antinucleon scattering 
amplitude 0(j)(NN | {| p), we shall characterize it by a 
complex phase shift. The crucial observation which 
makes this possible is that the matrix element 
(0|J;| NN) is different from zero only if the nucleon- 
antinucleon pair are (in their rest system) in a state of 
angular momentum zero, odd parity, and isotopic spin 
unity. There is only one such state, namely 4.S,° where 
the superscript 3 designates the isotopic triplet. We 
write now, in the rest frame of the pair, 


J = (po/m)igXs*r:XpK ((p+p)’), (B.16) 


* 4rny 
0(p)(NN | f| p)= —-—— 


9 
mn 


(B.17) 


—_—_————— Bo, 
ny 4 


x( m®\ 4 3X 5*XaXq*Xp—Xp*eXn-X,*eX, 


where here 


Bo=siné exp(is), (B.18) 


and 6 is the complex phase shift for the 'S¢* nucleon- 
antinucleon state and is a function of wave number, 
[—2(p+p)?—m*}}. 

The calculation is now trivial and follows what should 
by now be well established patterns. Substituting 
(B.16) and (B.17) into (B.4), we find by referring to 
(B.16) 


ImK (A*) = Re(K*o), (B.19) 


from which we obtain 


ReBo 
ImK (A?) =— ReK (A). (B.20) 


1 — Imo 


This is of the standard form discussed in Sec. III in 
connection with the pion vertex. The phase angle ¢ 
defined there has exactly the same form in this case, 


tan ¢(— A?) = ReBo/(1—Im 8p). (B.21) 


If we fix g by the requirement of g=0 at zero wave- 
number (—}A?=m?) and further assume that K has no 
zero, we have 


(A?+y*) 
K(A?)= exp| _ —| 


T 


x 


4m 


in accordance with our normalization convention. 
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reference to all states other than that involving a pair, 
we have no right to contemplate complex 60’s, for it is 
just those states which lead to the complexity of the 
phase. It is our feeling, however, that there is sense 
to our procedure, since what we require for the validity 
of the approximation made is confined specifically to 
(B.4): The other terms may be small because of 
(0| J;|s) being small irrespective of the structure of the 
other factor. This point is also discussed in reference 11 
where in addition the structure of K is examined for 


some simple models. 


The asymptotic form of K depends on what happens 
to ¢ for large o?. If ¢—> 0 at infinity, K(A*) > 1; if 
¢ approaches a positive constant, K — 0. Within the 
framework of our model as expressed by (B.21), if 
there is any absorption whatsoever, ¢ is less than 4/2. 
This may be seen by writing 69= &+ 7 and noting that 


e" sin2é 
(B.23) 


tang= : 2 
1+e-™ cos2é 


It may be argued that since in (B.4) we dropped 
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Interaction Current in Strangeness-Violating Decays* 


S. OxuBO AND R. E. MArsHak, University of Rochester, Rochester, New York 
E. C. G. SupARSHAN, Harvard University, Cambridge, Massachusetts 
W. B. Teutscu, Tufts University, Medford, Massachusetts 


AND 


S. WEINBERG, Columbia University, New York, New York 
(Received June 30, 1958) 


The consequences of the hypothesis that the current of strongly interacting particles contributing to 
strangeness-violating decays has the transformation properties of an isospinor are investigated. The six 
processes Kt-r°+pt+v, K-99 +p-+), K)rt+p-+), Kr +yt+y, KPrt+p-+7, Kx 
+y*+yv would then have the same rates, angular correlations, spectra, etc., and likewise for electron modes. 
This prediction is compared with available experimental data. The evidence from the nonlepton decays is 


briefly examined. 


1, INTRODUCTION 


ECENT experimental and theoretical develop- 

ments! lend some support to a rather specific form 
of the interaction responsible for weak decays which 
conserve strangeness. This interaction can be con- 
sidered as the self coupling of a chiral current, the 
current itself being constructed additively from baryon 
and lepton parts. The structure of the lepton current 
is quite well determined (provided the leptons are 
assumed to have no strong couplings) but the same 
cannot be said of the baryon currents in view of the 
complications introduced by the strong interactions. 
Nevertheless the present experimental position in B 
decay is consistent with a chiral baryon current with 
the transformation properties of an isotopic vector.’ 

In the decays of strange particles, one has two 
general groups of decay modes according as whether 
there are leptons in the final state or not. For those 
cases in which there are no leptons, the expression of 
the weak interaction as the coupling of a strangeness- 


* Some of these results were presented at the 1958 International 
Conference on High Energy Physics at CERN. 

1E. C. G. Sudarshan and R. E. Marshak, Proceedings of the 
Padua-Venice Conference, September, 1957 (to be published); 
Phys. Rev. 109, 1860 (1958). R. P. Feynman and M. Gell-Mann, 
Phys. Rev. 109, 193 (1958). 

2 See M. Gell-Mann (to be published). 


conserving current with the strangeness-nonconserving 
current is consistent with all experimental data. One 
notices that while in principle the transition matrix 
element depends on the interaction in a definite manner, 
lack of adequate methods of studying such a system of 
strongly interacting particles makes this information 
on the currents practically inaccessible. In particular 
cases quantitative estimates of the interaction can be 
made and the decay of the A hyperon is such a case.* 
But in general, one must look to the lepton decay 
modes for direct information on the strangeness- 
violating current of strongly interacting particles, since 
here the transition matrix element is simply expressed 
in terms of the currents Jp [see Eq. (1) ]. 

In the case of the strangeness-conserving decays, the 
current coupled to the leptons has transformation 
properties similar to the positive chiral part of the 
current to which pseudoscalar mesons are pseudovector 
coupled. Arguing from analogy, one is thus led to 
postulate that the strangeness-violating current coupled 
to leptons has isotopic spin transformation properties 
similar to the positive chiral part of the current to 
which pseudoscalar K mesons are pseudovector coupled. 
We shall not discuss here the consequences of the 


* Okubo, Marshak, and Sudarshan (to be published). 
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explicit hypothesis that the weak interaction currents 
are identical (apart from a scale factor) to the positive 
chiral parts of the strong interaction currents to which 
the + and K mesons are coupled; instead, we restrict 
ourselves to an examination of the consequences of the 
weaker hypothesis that the currents have the same 
isotopic spin transformation properties. That a AJ=} 
part of the current is present follows from the existence 
of the (dominant) K,»2 mode. 


2. CONSEQUENCES FOR K,; AND K,; DECAYS 

We wish to investigate the consequences of the 
hypothesis that the strangeness-nonconserving weak 
interaction current leading to the 3-body lepton modes 
has the same isotopic transformation properties as the 
current to which the K meson is coupled in strong 
interactions.* In other words, we make the following 
assumptions : 

(i) The interaction leading to the K,.3, Kys; modes 
has the form* 


He=Da Ode jp et+Hi.c., A=S,V,T,A,P. (1) 


(We need not assume that the Js* and g) are the same 
for muon-neutrino and electron-neutrino vertices.) 

(ii) The baryon current transforms like an isotopic 
spinor (J=}). 

(iii) Js are charged (AQ= +1) and violates one unit 
of strangeness (AS=+1) and AQ/AS=-+1. The last 
condition follows from the isotopic spinor character of 
Jz” since, for any baryon or meson, 

Q=I3+3(N+5S) 
(where N is the baryon number), and hence 
AQ= AI;+3AS. 
Together with the restrictions |AQ|=|AS|=1, | A/| 
=4, it follows that the only possibilities are 
AQ=+1, Al;=+3, AS=+1; a 

) 

AQ=-1, Al;=—}, AS=—1. 


which proves our assertion. 


Now, under these conditions, let us study the matrix 
element for the decay 


Kt +ut+p. 
Then, the transition matrix element is given by 


M+=M(Kt-9°+ut+17) 
=D gr(w| Ja*|K*)i#,0,0,. (3) 


Similarly the amplitudes for K°->9-+ut+v and 
R°-2-+-u++ are 


M°=M (K+ ut+7)=D) g(r | Jn*| KH, On0,, (4) 


4See S. Weinberg ef al. (to be published). 
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and 


Mo=M(R°2-+07 +y) . 
=Din genta | Ja*|Ko)tt,Onv,. (5) 


However, by our assumption (iii), (5) must be zero, i.e., 
Mo=0. (6) 
Furthermore, by our assumption (ii) we have 
(n°| Ja*| K+)= (3)a-| Ju*| K°). 
Thus, independent of any details of the structure of 
Jp we must have 
M*= (1/v2)M°. 


This means that the transition probability for K+—+1° 


+yu*+y is one half of that of K°+2-+y*+-», ice., 
w (Kt + t+ v) = $w0(K° 9+ ut+ 7). (7) 


However, K° is not a real particle. According to 
Lee, Oehme, and Yang,’ K° and K° are mixtures of 
the particles K,° and K,°. 


|K1)=(|p|2+|¢|2)-4(p| K+-¢|K%), 


K2)=(|p|?-+|q|*)-*(p| K)—q| KR). (8) 


The significance of p and gq is the same as in the paper 
by Lee, Oehme, and Yang. If time reversal invariance 
holds for H., | p|?=|q]|?. 

By using (6), we have 


w(K a+ t+ 7) =0(K at yt+ 7) 
=(\p1+ 14/11 plta(K e+ uy). (9) 


Similarly, for the antiparticle decay 


K,° (or KK.) +--+ y, M (Kart p+ p)=0, 


due to the condition (iii), and only the K° part con- 
tributes. Thus 


M (Kp nt +u-+9) = —M (Kat +--+) 


=(|p|?+ |q|?)1gM (K°t+ +--+). (10) 


However, there is no strong final-state interaction in 
these decays. Therefore, by the TCP theorem the 
transition probability for K°+++y4-+9 summed over 
final spins and momenta is equal to that of K°—2- 
+yu*+v.> Consequently, (10) yields 


w(K) 9t+y-+9)=0(Ko rt +p-+ 0) 
= (| p|?+|¢|*)7| ¢|%a(K° t+ u-+5) 
=(|p|?+]9]?)*| ¢|%a(K°>9-+u*+). 
Adding (9) and (9’), we have 


w(K nF + ptt») =0(Ke t+ p++) 
=w(K°ar 4+ t+») = 2w(Kt+--9 +++), 


5 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 


(9’) 


(11) 
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where we used Eq. (7). This conclusion is independent 
of time reversal invariance.t 

Exactly the same formulas follow in the case of the 
electron decay; thus: 


w(K Pp rF + ets-v)=w(Ko—rF+etty) 
= 2w(Kt—9°+e*+y). (12) 
Experimentally,® w(K*—2+y*+ v)~w(K*—9"+ et 
+y) and so we must have 


w(Ky9F+ ptt v)~w(KorF+ et +7) 

=w(K)9F+etty)~w (Ky rF+yt+r). (13) 
The approximate equality of K2°—m*+yu++v and 
K,°—n*¥+e++,y is not inconsistent with experiments.’ 
Both decay modes together account for practically all 
K,° decays. From the branching ratio of K*—1°+yt 
+y mode and the lifetimes of K* and K,°, we can 
determine the absolute transition rate of Kt—>7r°+ y+-+-p 
and hence the branching ratio of the K)°—~x++yF+p 
mode from (11). We predict: 


KrF +et++y 


siiinie v——<~6.2X10, (14) 


K;°—any mode K,°—any mode 


which is consistent with the experimental upper limit.§ 

For K.° decay, one can present a similar argument. 
However, due to the uncertainty of the lifetime of K.°, 
it is more convenient to express the results in terms of 
the partial lifetime for each mode using (11) and the 
partial lifetime of K*—>7°+yu*++v. We obtain for the 
(absolute) transition rate: 


w(K, rt +yttv)~w(Ky rt +etty) * 


~6.6X 108 sec, (15) 


Experimentally, the only other observed mode’ of 
K,’—rt+2-+7° gives only a small branching ratio 
compared to the u or e decay modes. Thus, the total 
transition rate into the various decay modes K2"—x* 
+u*+v and K,’-r*¥+e*+», is expected to be 
1/7r(K2°)~1.3X 107 sec. (16) 
The transition rate (16) is actually a lower limit and 
hence 
7(K2°) <7.5X10-% sec (17) 


t Note added in proof.—Equations (11) and (12) have been 
derived by I. Yu. Kobzarev and L. B. Okun under the more 
restricted assumption of time reversal invariance (private com- 
munication from L. B. Okun); see also, L. B. Okun, Proceedings 
of the Conference on Mesons and Recently Discovered Particles, 
Padua-Venice, 1958. 

6 See, e.g., M. Gell-Mann and A. H. Rosenfeld, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7. 

7 Bardon, Fuchs, Lande, Lederman, Chinowsky, and Tinlot, 
Phys. Rev. 110, 780 (1958). 

* Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957). 

— Lande, thesis, Columbia University, 1958 (unpub- 
ished). 
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for the mean life of the K2° particle. On the other hand, 
the experimental mean life of K2° is found to be? 


7.5X% 107° sec<7r<12.5X10-° sec. 


Thus, our theory is consistent with experiment and 
gives the lifetime very nearly equal to the lower limit. 
This implies that the K.° decay modes other than 
wt+pyt+ty and r++e++y (including r++2~+70) are 
quite small,f which is also consistent with experiment.’ 

Two additional points may be noted: firstly, making 
use of the TCP theorem one could assert that the 
energy spectra as well as the angular correlations in the 
various muon modes Ky, 2°—at-+u-+ 3, Ky, °m t+" 
ty, Ktor+ut+yv, K--r+yu-+7 are identical, 
irrespective of the validity of time reversal invariance. 
Similarly the various electron modes have identical 
energy spectra and angular correlations.” Secondly, if 
one further makes use of the observed absence of 
6.°—+22 decay, one deduces that"! 


$0.1, 


and consequently that the modes K,,o°—>mt+y-+ 3, 
K,,°-a-+yt+», and K;,o°-art+e-+ 3, Ky, 292 +e 
+y are equally frequent, a conclusion not inconsistent 
with the scanty data on the relative frequencies of 
these modes. This argument is independent of time- 
reversal invariance. In this connection it is to be 
noticed that the greatest source of uncertainty in the 
theoretical predictions stems from the branching ratios 
of the K+ decay modes. 

From an experimental point of view, the branching 
ratio of K,°—r*+u++»p will be quite difficult to meas- 
ure, because of the particle mixture aspect of the K® par- 
ticle. A more accurate measurement of the lifetime of 
K,° will constitute a direct test of the present theory. We 
must reiterate that it is not necessary to assume the 
universality of the Fermi interaction in our discussion 
and the Js* coupled to the uv and ev pairs can be 
different. 

Similar relations connecting the transition amplitudes 
of lepton decays of hyperons also follow from the 
assumed isospinor character of the interaction current. 
In the case of © decay, one can compare the partial 
lifetimes for the decays of 2° and =~ (rather than give 
a branching ratio); one has 


w(3">pt+e-+-)/w(2 


—n+e-+ 7) =}. 

t Note added in proof.—This is already in conflict with the as- 
sumption of the over-all AJ =} selection rule and the assumption 
of a totally symmetric final state of 3 pions, since in this case we 
have® w(K2° — 3x)=w(K+t — 31). Also, in this case the calculated 
lifetime for K2° would be much shorter than found experimentally. 

10 In a previous paper,‘ we state that the spectrum shape and 
angular correlations would, in general, be different for the K,s° 
and K,s3*. This statement gets modified if one makes a specific 
hypothesis about the isotopic spin transformation properties, as 
we have done here. 

1 Steven Weinberg, Phys. Rev. 110, 782 (1958). 
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In the decay of the cascade particles again, one has 
w(E 29+ €- 4+ 7)/w(2 rt +6-4+ 9) = 5. 


These relations are independent of the (unknown) 
lepton momenta (and even of the assumption of a local 
interaction): but in view of the apparent absence of 
the lepton modes, they do not seem to be of any 
immediate interest. 

These considerations are irrelevant for the K,2 and 


A—p+e-+ ¢ modes. 


3. EVIDENCE FROM THE NONLEPTON MODES 


The success of the chiral V—A interaction' in the 
lepton processes lends credence to the possibility of 
constructing the nonleptonic weak interactions as the 
product of a (chiral) strangeness-conserving current 
with a (chiral) strangeness-nonconserving current, these 
being identified with the current operators appearing 
in the leptonic weak interactions. However, we shall 
again onlyfexamine the consequences of the weaker 
assumption” that this weak interaction Hamiltonian 
transforms as the direct product of the isovector Jz 
(strangeness conserving”) and the isospinor Jz (strange- 
ness nonconserving) currents. The weak-interaction 
Hamiltonian, and consequently the transition ampli- 
tude, transforms as a linear combination of J=4} and 
I= contributions. In this sense our postulate of an 
isospinor Jg is essentially different from the AJ=} 
selection rule discussed by various authors.” The 
(absolute) amplitudes corresponding to the AJ=} and 
AI = contributions depend on the details of the strong 
interaction and can, under suitable conditions, simulate 
a Al=} selection rule. (Note that, so far, we have not 
made any assumptions of universality of coupling, 
since the consequences of this assumption are intimately 
connected with a proper treatment of the strong 
interactions.) The decay of the A hyperon and the 6 
are examples. In the first case,’ a suitable weak inter- 
action can be written down which leads to predictions 
identical with the AJ=4 selection rule in Bor 
approximation, and these Born approximation results 
are relatively unaffected in view of the weakness of the 


2 There is no conclusive evidence at present that components 
with J=2, say, are absent from this current. Such a component 
would have implications for the 8 decay of complex nuclei as well 
as\for the ratio of the transition rates for the modes 2+*—A°+e* 
-+v [see Steven Weinberg, Phys. Rev. (to be published) ]. 

13M. Gell-Mann and A. Pais, Proceedings of the International 
Conference on High-Energy Physics (Pergamon Press, Inc., London, 
1955); see also reference 6. 
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pion-nucleon interaction in the J/=} angular momenta 
states. For 6 decay, a strong final-state pion-pion inter- 
action“ may be invoked to suppress the AJ=$ transi- 
tion amplitude relative to the AJ=}. 

From these considerations it might be supposed that 
all the available experimental data on nonleptonic 
decays are consistent with the isospinor current Jz, 
and this is very nearly true. The analysis in most cases 
can only be carried out to the extent of showing that 
“comparable” AJ= 4} and $ amplitudes can explain the 
data except in those cases (like 6°) where some special 
circumstance may be responsible for the effective 
suppression of one channel. The only known exception 
is the decay of the @ particle; namely, the numerical 
values of the branching ratio w(@—2°+-7°)/w(@—2t 
+7-) and the ratio of lifetimes of 6+ and @ lead to 
difficulty. One cannot simultaneously reconcile both 
of these numbers with arbitrary AJ=} and A/=3 
amplitudes; however, they can be explained by in- 
cluding a AJ=$ transition amplitude which can be as 
small as 10% of the AJ=} amplitude. While such a 
large correction is difficult to understand as an electro- 
magnetic effect, the difficulty is aggravated if one 
believes in the over-all] AJ=}4 selection rule for the 
process. 

We thus find that there is no need to invoke the 
over-all AJ=} selection rule and that the hypothesis 
of an isospinor current Jg coupled to an isovector 
(strangeness-conserving) current is equally satisfactory. 
In the present context the @ decay is a crucial process 
and the branching ratio should be measured as accu- 
rately as possible. 
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4 Jt is interesting to note that some information regarding the 
pion-pion interaction can be obtained from the @ decay mode. 
If we assume time-reversal invariance, then 


w(6,°27") 1 +2274 2v2x cos (52 —5p) 


(6°29) +0(0,°at+a-) 3(1-+22) 


where zx is the ratio of the absolute magnitudes of the amplitude 
for the ]=2 state to the amplitude for the /=0 state. Since x is 
real, we have the inequality: 
cos?(5g—89) > (1—3r)(1—4r). 

With the experimental value r~0.14, we have |cos(52—5o)| 20.6 
=cos61° and this limit is insensitive to r for small values of r. 
This result depends only on'the validity of time reversal invariance 
(and does not even depend on the spin of @); it can serve as a 
test for (phenomenological) theories of the pion-pion interaction. 
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The connection between the Nishijima-Zimmermann method and the Ekstein method of treating collision 
processes between composite particles in quantum field theory is given. Starting from the point of view 
that the field is a local observable, the ‘asymptotic conditions” are proved and generalized. 


1, INTRODUCTION 


N quantum field theory the problem of describing 

interaction processes in which a composite particle 
is present in the initial or final configuration was first 
treated by Nishijima.' Simplifications of the method 
and a clarification of the underlying ideas were achieved 
in subsequent papers,?~* most conspicuously in the work 
of Zimmermann. Parallel to this development, another 
approach was proposed by Ekstein® and slightly gener- 
alized by the present author.® For reasons which will 
become clear in Sec. 3, we shall distinguish the two 
groups of papers as the “‘weak convergence methods’ 
and the “strong convergence methods.’’®:* The purpose 
of the present paper is to give the connection between 
them. 

While these questions are of particular relevance 
with respect to the problem of composite particles, the 
discussion incidentally also gives a deeper understand- 
ing of the customary asymptotic condition in a simple 
field theory in which there is a one-to-one correspond- 
ence between particles and fields. In this respect it is 
related to recent analyses by van Hove’ and by Green- 
berg and Wightman.® In fact, throughout our discussion 
there is a complete symmetry in the treatment of 
elementary and composite particles ; the only distinction 
which may be made arises in cases in which one has a 
selection rule. 

Notations.—The space and time components of a 
4-vector x will be written as x and 2, respectively. 
The scalar product of such vectors x-p=Xx-p—<Xopo. 
The energy-momentum operator of the total system is 
denoted by P. 

The model.—For simplicity we take the theory of a 
single scalar field A(x). It shall describe two spinless 
particles called m-particle and M-particle the mass 
values being m and M respectively. The usual assump- 


*On leave of absence from Munich University, Munich, 
Germany. 

1K. Nishijima, Progr. Theoret. Phys. Japan 10, 549 (1953); 
12, 279 (1954); 13, 305 (1955). 

2S. Mandelstam, Proc. Roy. Soc. (London) A233, 248 (1955). 

3K. Nishijima, Progr. Theoret. Phys. Japan 17, 765 (1957); 
and to be published. 

4 W. Zimmermann (to be published). 

5H. Ekstein, Nuovo cimento 4, 1017 (1956). 

6 R. Haag, Colloque International sur les Problemes Mathe- 
matiques de la Theorie Quantique des Champs, Lille, 1957. 
Edited by CNRS, Paris, 1958. 

7L. van Hove, Physica 21, 901 (1955); 22, 343 (1956). 

8Q. W. Greenberg and A. S. Wightman (to be published). 


tions are made about the general frame of the theory, 
namely: covariance of the A(x), absence of states with 
negative energy, local commutation relations i.e., 


[A (x)A (y)]=0 (1) 


for space-like separation x—y, and the existence of an 
equation of motion which permits calculation of A (x) 
in terms of the A(y) with yo restricted to a small 
neighborhood of the arbitrary time ¢. Obviously the 
states of a single particle are determined in principle 
as the discrete eigenstates of P?. Nothing will be said 
about the practical side of solving the one-particle 
problem ; we just assume the model to be such that P? 
has the two discrete eigenvalues —m? and —M?. The 


states of several incoming or outgoing particles cannot 


be specified in terms of the P operators alone. Some 
additional information about the physical interpretation 
of the basic quantities in the theory is needed. Under- 
lying the present paper is the point of view that A (x) 
(or rather its average over a small space-time region) 
is a local observable. 


2. “INCOMING” AND “OUTGOING” FIELDS 


Since the concept of “incoming fields” is familiar 
only in the case of a simple field theory in which there 
is a one-to-one correspondence between particles and 
fields let us say a few words about its general definition. 
We attach one incoming field to every type of particle 
(elementary or composite). These incoming fields are 
introduced in terms of their physical interpretation. The 
question of how these quantities are expressed mathe- 
matically in terms of the basic field A (x) is a later one 
(Sec. 3). 

Specifically, in the case of the M-particle: Let f(x) 
be a member of a complete, orthonormal set of positive- 
energy solutions of the Klein-Gordon equation with 


mass M, i.e., 
(O—M?) f.(x)=0; 


(2) 


fala) =(2m)-4 f Fa(pye'?*5(p?-+M2)a*p, 
po>d 


0 ) 
f ( fa®(x)—fa(x)— fs(x)—fa* (x) a 


Oxo 


OXo 


= f Fa*(p)Fs(p)5(P+M?)d'p=bas. (3) 
po >0 
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Each such function f. may be thought of as a (phe- 
nomenological) description of a possible normalized 
state of a single M-particle. Going over to field theory. 
we call the corresponding Heisenberg state vector | a). 
To describe the analogous quantities for the m-particle 
we use indices like p, ¢ [function /,(x), state |p) ]. 
Next, the symbol |a;---ax, p1--*pi)“ is defined as 
denoting the Heisenberg state with an initial configu- 
ration of k M-particles and / m-particles which move 
before they collide (‘at t=— ©”) according to the 
wave functions fe,:--f,.° Then we define the set of 
asymptotic creation operators “_i"', u,'"t and their 
adjoints, the destruction operators “,'", “,'" in the 
usual way, €.g., 


Uqirt ai’ ** pi) =(n,+1)} aay: ** py ’ (4) 


if the index a is already present in the original configur- 
ation #, times. Finally the incoming fields &'"(x), for the 
M-particle and ¢'"(x) for the m-particle are introduced 
as convenient, compact expressions which combine the 
sets of asymptotic creation and destruction operators: 


$'2 (4) => aw fa(%) ait fa*(x)tai™, 
g'"(x) =>), fp(x)ti"+ f,*(x)u,imt. 


To invert (5) we use the notation!® 


Of(x) -aC(x) | 
c= if (ca) - — {(x)- — ors, (6) 
co=t Axo Ate 


which will be extensively used in the next section for 
various operator fields C(x) and for functions f(x) 
which are positive-energy solutions of the Klein-Gordon 
equation with mass m or M. With this notation we have 


Uit=,,i", 4,i"t=oy, in, ¢ arbitrary. (7) 


The right-hand side is independent of ¢ because ® and 
yg as well as f, and f, are solutions of the same Klein- 
Gordon equation. 

In the same way the Heisenberg states a: - -p; 
corresponding to a definite final configuration of parti- 
cles are introduced; attached to them are the creation 
operators %_°""', u,°*t and the fields °“*, yo"t, 

The i"-°"t, gin.out behave in every respect like free 
fields corresponding to particles of spin zero and mass 
M or m. The elementary or composite nature of the 
particles in question does not show up in any way in 
the properties of these asymptotic fields. 


(+) 


®The use of normalizable wave functions f in the description 
of the initial configuration frequently causes difficulties of under- 
standing. At large times:these functions must necessarily over- 
lap. However, in spite of this, the particles still become more 
and more isolated from each other as |f!| gets larger. The relevant 
quantity is the probability of finding any two particles within a 
finite distance R from each other and this tends towards zero 
as f°, 

10 See Lehmann, Symanzik, and Zimmermann, Nuovo cimento 
1, 425 (1955). 


HAAG 


3. EXPRESSION OF ®** IN TERMS OF 
THE BASIC FIELD 


Our task is now to express all the incoming and 
outgoing fields in terms of the basic quantities A (x). 
If this is done, it is clear how to calculate the S-matrix 
elements for all possible processes. We shall limit 
ourselves to a discussion of the case of #'*, all others 
being completely analogous. 

Let us first introduce the concept of an “almost-local 
operator field” B(x). We require the following: 


(1) Under space-time translations, B(«) transforms 
like a field, i.e., 


e-iPeB(x)eiPa— B(x+a), (8) 


where a is an arbitrary 4-vector of displacement. We 
do not require any simple transformation properties of 
B(x) under the Lorentz group. 

(2) B(x) may be expressed as (the limit of) a poly- 
nomial in the basic field A (x): 


B(x)= Hos fae (x—y)A(y)dy 


+ [u%a-y, x—yo)A (yi)A (yo)dyidyet---, (9) 


where the coefficient functions hh’ (x—¥,,---) are 
sufficiently smooth and decrease sufficiently rapidly as 
any of the points y, move away from x. To be specific, 
let us require that the integration over the time compo- 
nents of the y; in (9) extends only through a finite 
interval around the time «» and that the decrease of the 
functions 4‘ with the spatial separation r~= |x—y,| 
is stronger than any power for large 7. For a sharper 
characterization see Sec. 4. 


We can now summarize the main results of references 


1-6 by the following statements: 


(I) Let B(x) by any almost-local field with (0| B(«) |0) 
=( and nonvanishing matrix elements between the 
vacuum |0) and the states of a single M-particle: 


(2) Ka B(x)|0)= fmf. pP—P+M)dpx0, 


(10) 
or, more simply, 


(p| B(O)|0)= (2x)-1F (p) £0, (10a) 


where |p) denotes the state of one M-particle with 
momentum ? in the covariant normalization 


(p| p’)5(p?-+ M2) = 5'(p—p’). 


Then, for the matrix elements between two arbitrary 
normalizable states V; and V2 we have 


(11) 


lim (¥;| B,(t)|¥2)=%; Ugi"t |W), (12) 
t+>—o 
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with 
2(p)=fa(p)/F(p). (13) 
(II) If Q(x) is any almost-local field which creates a 
state of a single M-particle from the vacuum, then, 
with the same notation as above, 


Q,(t)|V)—uai™" |), (14) 
where the arrow indicates that the norm of the difference 
of the vectors on the left and on the right-hand side 
tends towards zero as ->— ~. 


In mathematical language: B,(/) converges weakly 
towards u,'"', and (,(t) converges strongly towards 
Uqitt, 

The following remarks may serve to illustrate the 
use of these two statements. It is very easy to find 
operators B(x) satisfying (I). Unless there is a selection 
rule in the theory, the basic field A (x) itself is a possible 
choice for B."' One then has the additional advantage 
that F(p) must be an invariant function because A (x) 
transforms covariantly under the Lorentz group. Since 
only the values of F on the hyperboloid p’+M?=0 
are needed, this means that F is a constant. If there is 
only one type of particle in thé theory, one can absorb 
this constant in the definition of the renormalized field 
by adopting the normalization convention 


(p| A (O)|0)= (2r)-3. (15) 


Then (12), with (13), is the asymptotic condition in 
the form of reference 10 and the formalism of that 
paper may be applied to express the S-matrix elements 
in terms of vacuum expectation values of time-ordered 
products of the A(x) (7 functions). In our model, 
provided that both (a) A(«)|0)#0 and (p| A(x) |0)40 
we can apply the Lehmann-Symanzik-Zimmermann 
formalism to both types of particles, with the only 
modification that one normalization constant must 
explicitly be taken into account since we can adopt the 
convention (15) only for one of the two particle types. 
In the case of a selection rule, (a) A («)|0) may vanish. 
Let us suppose then as the next simple case that 
(a! A (x)A (y)|0)40 and take accordingly 


B(x)=A(a+8)A (x—£)—(0| A (x+8)A (a—8)|0). (16) 


where é is an arbitrary fixed 4-vector. Still the only 
thing one needs to know about the struciure of the 
particle in order to apply (12), (13) is the one function 
F (p). Again the formalism of reference 10 is applicable 
in a slightly modified form and leads to an expression 
of S in terms of 7 functions. The resulting formulas 
are closely connected with those of reference 1. Alter- 


4 Tt is understood that to avoid senseless expressions A (x) has 
to be smeared out by a 4dimensional Laurent-Schwartz test 
function.® 

2 At least for the purpose of formal calculations one may again 
reduce F(p) to a renormalization constant by discussing the 
limit £0. See reference 4. 
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natively one may use the formalism of retarded products 
to obtain expressions for S in terms of r functions.’ - 

It seems at first sight very surprising that so little 
information about the structure of the particles is 
needed in scheme (I): This is extremely fortunate for 
some applications but has, of course, its price. The 
vectors [ B,(t)—,'"t ]|0) do not decrease in length as 
t—+—« but only keep “moving away” so that they 
become orthogonal to every fixed vector in the limit. 
Secondly the dynamical problem is left entirely aside. 
It will appear at the end in the determination of the 
t or r functions. 

In scheme (II) the problem is divided into two steps. 
First, the one-particle problem must be solved. This 
yields possible choices for 0(«). The reward is the strong 
convergence. It implies for instance that 

By, (t)Bgo(t)|0)| aya2)™. (17) 
4. PROOF OF THE STATEMENTS 


We start with operators of the form 


(18) 


C(x)= f g(x—y)A (y)dy, 


where g(z) is a Laurent-Schwartz test function (infi- 
nitely differentiable and vanishing outside of a finite 
region around the origin). The following properties are 
assumed for the vacuum expectation values of products 


of such quantities: 


(1) (0|C(a1)-+-C(%,)|0) is finite for all configura- 
tions of the points x;. 

(2) If x,---x, all have the same time component, 
the behavior for large spatial separations is described 
by the formula 


(0|C (21) + +C (an) |0) 
=> (C(x,)-++)r(C("))-+ +a ++ (Cla) ++ )r. 


Each term in the sum corresponds to a particular way 
of dividing the n points x;---«, into several groups. 
The sum extends over all possible such groupings. The 
order of factors within each group is relevant and is to 
be taken over from the order in which the respective 
points on the left-hand side of the equation. The index 
T stands for “truncated.” (C(x): --C(a,))r is a func- 
tion which decreases more strongly than any power 
with the radius R of the smallest sphere enclosing all 
points in the group. If there is only one point in the 
group, then 


(19) 


(C(x))r= (0) C(x) | 0) (20) 


From this the definition of (C(x,)---)r for several 
factors C(x) in terms of ordinary vacuum expectation 
values may be obtained recursively by (19). 


43 Lehmann, Symanzik, and Zimmermann, Nuovo cimento 6, 
319 (1957); Glaser, Lehmann, and Zimmermann, Nuovo cimento 
6, 1122 (1957). 
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The first assumption is well known." In fact, it is 
about the weakest possible assumption one can make 
about the field operators. The second assumption may 
be justified on physical grounds. Without it a field 
average like C(x) could not be a local observable.® 
Probably it can also be linked to local commutativity 
and the structure of the energy spectrum. A partial 
result in this direction has been obtained by Araki.'® 

Taken together, the assumptions imply that for 
equal times one has 


(C(x): + -C( 


where # is an arbitrary positive integer, R is the radius 
of the smallest sphere enclosing the points, and K and 
K™ are some constants. We want to prove now that 
if B,(x), B2(x) are any almost-local fields then an 
analogous decomposition may be made: 


(0| By(x1)---By(x%n)|0) 
=> (B,(x)- . ‘)r- ° 
(B(x))r=(0| B(x) 
(B(x;)-++B(x,))r<Min(K,K™/R*). (24) 


%1))r<Min(K,K™/R*), (21) 


*(B,(x,)-++)r, (22) 
10), (23) 


To this end, we consider first polynomials of finite 
order in the field of type 


B(x) =H fh (2—NCO)ey+ (25) 


All time coordinates are taken equal; the coefficient 
functions h“ are required to be finite and to decrease 
faster than any power with the radius of the smallest 
sphere enclosing the points x, :---yx. We insert this 
on the left-hand side of (22) and make the decompo- 
sition (19). Looking at a particular term, the grouping 
of the integration variables y induces a grouping of the 
x which can most easily be pictured by thinking of all 
the variables within one function h“ or (C(yx)---)r 
as tied together by rubber strings. The x; which are 
_thereby indirectly connected belong to the same group. 
The integral can be factored. Each factor corresponds 
to a group of x; and-contributes to (B(«;)---)r. The 
rubber string picture also serves to illustrate that 
(B(x;)---)r decreases faster than any power with 
increasing separation between any of its arguments 
(Eq. (24) ]. If R is the radius of the smallest sphere 
enclosing the / points x; in the group, then at least in 
one of the functions 4, (C(y,)---)r there must be 
arguments separated by more than R/3/. Using the 
fact that each / as well as each (C(y,)---)r is bounded 
and decreases faster than any power with separation, 
one has the desired result. 

Obviously one can extend the above argument to 

4 See, for instance, A. S. Wightman, Colloque International 
sur les ‘Theorie Quantique des Champs, Lille, 1957. Edited by 


CNRS, Paris, 1958. 
16H. Araki (unpublished). 
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certain infinite series of type (9). We shall, however, , 
not enter here into the tedious business of discussing 
the necessary restrictions on the coefficient functions 
h for that case but only admit as almost-local those 
series for which (22)—(24) is still true. 

Starting from (22)-(24), we shall now prove the 
following auxiliary theorem: 

If By (x) is a set of almost local fields with (0| By, (x) |0) 
=0, fx(x) is a set of normalizable positive-energy 
solutions of Klein-Gordon equations (belonging to 
equal or different mass values), and 


(= By (x) fi(x)d*x, (26) 


zo=t 
then in the expression 
by (t)- + +b, (t){0), 


the order of the factors b,(/) is immaterial in the limit 
|t]—+2. More precisely, one has 


(27) 


p(t) —¢’(t)||—>const X “4, (28) 


if ’ is obtained from (27) by some permutation of the 
b;(t). 

Let us prove this for the interchange of 1 and 2. 
In that case, one has 


p(t) —@' (t) |]? =(0| b,*(2)-- 
X [bet (t)d,* (2) Tba(d)bs (t) ]---b,(2)|0). 


We write out the integrals inserting (26), use the 
decomposition (22), and remember that the asymptotic 
form of the Klein-Gordon functions for large times is 


f(x) =3(/M)i-1(1—2*)-? exp[— iMt(1—2*)*] 
xtif(Mv(1—2*)-!);  v=x/t. 


Looking at a particular grouping, we introduce as new 
integration variables the difference vectors 2, within 
each group and v;=x,/t, where x; is the first point in 
a group. By this procedure a factor ¢-*' is absorbed in 
the new integration variables if there are / groups. 
This leaves a factor ¢-*"—” in front of the integral. 
Because of (24), the integral itself is finite in the limit. 
Since (0| B,(x)|0)=0, the largest number of groups is 
obtained if one takes just two factors into every group. 
Then /=n. All other groupings give a contribution to 
(29) which decreases at least as ¢-*. Thus we need only 
discuss expressions like (0|bid,|0) and (0 5,4d,|0). The 
first one becomes, for large ¢, 


(29) 


(30) 


const f (1—2)G() JCP) Fal) exp[2iMt(1—v*)! ]dv; 
(31) 


My 


where G(p) is the Fourier transform of (0| B;(0)B,(z) |0). 
Because of (24), G is infinitely Gictntlobte If we 
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also choose f; and f, sufficiently smooth, the integral 
approaches const XG(0) f;(0) f,(0)t-! in the limit. There 
must be an even number of such pairings. Therefore 
the contribution from )b—b pairings to (29) again 
decreases at least as f-*. On the other hand, in the case of 
one b and one 0b! the exponential factors cancel if f; 
and f, belong to the same mass value and one obtains 
a nonvanishing contribution in the limit. However, to 
each term in (29) which contains only 6'—b pairings, 
there is a counter term with opposite sign so that such 
terms cancel out exactly. Thus the auxiliary theorem 
is demonstrated. 

Let Q(x) be an almost-local field which creates a state 
of a single M-particle from the vacuum. For such a 
Q(x), one has, in the notation of (10a) and (11), 


04(0)10)= f F(a)R(P)0(+4F) | phd'p= a), (32) 


0 
O,(t)|0)=0. 
al 


(32a) 


Of course the operator (0/0/)Q,(t) does not vanish itself, 
otherwise there could be no interaction, but (32a) tells 
that it is a destruction operator. 

Now consider the vector 


W.=Qaor(t)- + -Qon(t)|0). (33) 


It changes with time but asymptotically, for +>— «, 
it approaches a constant vector because, using the 
auxiliary theorem for dV/d/, we can move every 
0Q,/dt to the extreme right where it gives zero according 
to (32a). Therefore ||@¥/dt)) decreases as ¢-! and 
||We3—Wee|! as ¢- (for 4; and fs larger than 2). 

Thus we have shown that the strong limits of (33) 
for |t|—+ exist. The auxiliary theorem also tells us 
that this limit is independent of the choice of Q: If we 
have two almost-local fields Q(x) and Q’(x) such that 


Qo|0)=0's|0), 


then the limits of ¥ and W’ will be identical. Obviously 
also lim...¥, has to be interpreted as the state 
|ay*+ an) (Sec. 2). All the well-known properties of 
the asymptotic states (transformation under the 
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Lorentz group, scalar products among each other) are 
easily established from (33) with the help of (22)-(24) 
and the auxiliary theorem.® 

Our result, 


v,= Oox(t)- - *Qan(t) 0) | a1°- an)”, (34) 


is identical with statement (II) for »=2 (asymptotic 
2-particle states) because of (32). For higher configu- 
rations, however, it is nontrivial to pass from (34) to 
statement (II) or vice versa because we do not want to 
assume that Q,(¢) is a bounded operator. Lacking at 
the moment a sufficient knowledge about the domains 
of the field averages C(x), we shall make—for the 
purpose of the present discussion—the provisional 
assumption that Q,(t) is bounded in the subspace 
corresponding to energies less than E and that the 
bound does not increase faster than a power of E£. 
Then statement (II) follows from (34) because the 
component of ¥; in the subspace with energy above £ 
decreases faster than any power with £.'® 

To prove statement (I), we take for 2 in (12) an 
asymptotic m-particle state. We replace V2 by ¥; of 
Eq. (34). Again assuming boundedness of B, for 
limited energy, the error introduced by this vanishies 
in the limit. Then we apply the auxiliary theorem and 
shift B, to the extreme right. Thus we have reduced 
the problem to the discussion of the weak limit of 
B,(¢) 0). Now take an expression like 

(0 | Qort (t) -Qon' (t)B,(t) | 0). 

Applying the same arguments as in the proof of the 
auxiliary theorem, we find that this vanishes in the 
limit except if m=1 and g and g, belong to the same 
mass value. Thus the part of B,(/)|0) which is orthog- 
onal to the states of a single M-particle converges 
weakly towards zero. This completes the proof of 
statement (I). 
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16 This is because (18) implies a smearing out of the field A (x) 
over the time coordinates by infinitely differentiable functions 
and because the vacuum expectation values (0 |.4 (x;)- - - A (xn) |0) 
are supposed to be temperate distributions. 
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We have examined the invariant character of restrictions imposed on singularities or other sources of the 
gravitational fields in the Einstein-Infeld-Hoffmann theory of motion in general relativity. We have suc 
ceeded in providing a complete classification of sources that can occur in the linearized theory only, in terms 
of properties that are invariant under Lorentz and “gauge” transformations (the latter designation refers 


to linearized curvilinear coordinate transformations). 


Except for several explicitly known solutions, all 


solutions can be derived from a “‘supermetric” corresponding to the Hertz potential of electrodynamics. One 
method of classification is in terms of gauge-invariant integrals over spatial closed surfaces completely 
surrounding the particles. The motion of each source is determined by its own intrinsic angular momentum 
and dipole moment. The results do not depend on any particular assumed form of the stress-energy tensor of 


the sources. 


1. INTRODUCTION 


INCE 1938, a great deal of attention has been given 
to the problem of deriving the equations of motion 
for gravitating particles from Einstein’s field equations 
of general relativity.~* The fact that in general rela- 
tivity many different metric fields represent the same 
physical situation leads to peculiar difficulties of in- 
terpretation which so far have been resolved only in 
part. A similar many-to-one correspondence between 
the mathematics and the physics of a given situation in 
Lorentz-invariant theories causes no serious difficulties 
because the multiplicity of mathematical representa- 
tions is much smaller; in general relativity, on the other 
hand, we do not have available a complete set of ‘true 
observables,”® whose numerical values would determine? 
the physical situation completely and would be, in turn, 
completely determined by it. To this extent the physical 
interpretation of a given metric depends on ad hoc 
procedures; likewise, the construction of a metric to 
represent a given physical situation is often rendered 
more difficult by the fact that we do not know how to 
cast our physical notions into the relevant mathematical 
form. 

We may possibly avoid these difficulties by restricting 
all our considerations to a single coordinate system, or 
to a set of coordinate systems whose multiplicity is not 
essentially greater than the number of different Lorentz 
systems.’ The corresponding procedure in electrody- 
namics has been very successful in dealing with the 
problems raised by gauge invariance ; however, in gravi- 
tational theory its usefulness is still doubtful. We shall 


* Supported in part by the National Science Foundation and the 
Air Force Office of Scientific Research. 

+ Present address: Institute for Theoretical Physics (Professor 
P. Jordan), University of Hamburg, Hamburg, Germany. 
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2 A. Einstein and L. Infeld, Can. J. Math. 1, 209 (1949). 
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adopt an alternative approach, which consists of at- 
tempting to formulate all physically significant relation- 
ships in a coordinate-invariant fashion. Ideally, in this 
approach, we should be able to classify invariantly the 
various possible structures a single particle might pos- 
sess, and to describe invariantly how a set of such 
particles moves in their joint gravitational field. 

As a contribution to such a program we have obtained 
an invariant description of the structures and motions 
of particles in the linear approximation of general 
relativity. The linear approximation is the first step in 
a systematic approximation procedure, which consists 
of the expansion of the metric in powers of its deviation 
from the flat Lorentz metric.’ We shall show that in 
the linearized theory all those solutions of the field 
equations that correspond to particles can be generated 
in a simple fashion ; their structures and motions can be 
classified in a way that is Lorentz covariant and in- 
variant under “gauge” transformations, the latter being 
those curvilinear coordinate transformations whose 
products with Lorentz transformations yield the full 
group of coordinate transformations appropriate to the 
linearized theory. 

In addition to emphasizing invariance properties, we 
have formulated our results in a way that does not 
depend on an arbitrarily assumed stress-energy tensor 
for the particles. To this end we introduce in space-time 
a number of “world tubes’ —four-dimensional regions of 
finite spatial cross section bounded by timelike lines. 
Within the world tubes there are sources of the field: 
either the metric becomes singular or the field equations 
acquire nonvanishing right-hand sides. Outside the tubes 
the metric obeys the vacuum field equations. Such a 
treatment reflects our actual ignorance of the precise 
structure of the matter tensor. Incidentally, our results 
remain valid if within the world tubes the gravitational 
field is so large that the linear approximation breaks 
down there but remains valid outside. In such a treat- 


8S. N. Gupta, Phys. Rev. 96, 1683 (1954). 
® E. Newman and P. G. Bergmann, Revs. Modern Phys. 29, 443 
(1957). 
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LINEARIZED 


ment the appropriate quantities for classifying the 
sources are the fields outside the world tubes ; we develop 
suitable techniques for the classification in the next two 
sections. 

By linearizing the field equations we destroy some of 
their important qualitative features. In particular, two 
different particles do not interact in this approximation ; 
the motion of any one particle depends only on its own 
structure, and any particle which does not grow a dipole 
moment is constrained to move with constant velocity. 
Likewise, if we define the energy density of the field 
either by means of the canonical stress-energy tensor or 
as in the next section, we find that the first-order total 
energy density contains contributions only from the 
sources, not from the field itself. It is also quite possible 
that some of the solutions of the linearized field equa- 
tions are not approximations to any exact solution. On 
the other hand, some important qualitative features of 
the full theory, such as the Bianchi identities, do have 
their counterparts in the linear approximation. The 
linear theory is thus useful in allowing us to see precisely 
to what extent the Bianchi identities between the field 
equations limit the nature and motion of the field 
sources. Furthermore, in searching for invariant prop- 
erties in the exact theory, or in higher approximations, 
we can limit ourselves to those quantities whose linear 
approximations are gauge-invariant (or zero). 


2. PRELIMINARY RESULTS IN THE FULL THEORY 


In this section we shall introduce some definitions and 
relations which are valid in general relativity inde- 
pendently of any approximation scheme; later sections 
will deal with the corresponding linear approximations. 
We use units such that the velocity of light is unity; the 
symbol k designates the gravitational constant. 

The tensor density of weight two, 


1 


Hl»allvs) = (2.1) 


(g*7a7*—g**g°”), 
lork 


has the symmetry properties 


Hlvel 8) = U8) (ue) — — U8 [ual | 
(2.2) 
H{lwal (8) 4 Fylus) (ar) 4 lo) (8a) — 0), 


From it we can form two identically conserved ‘“‘pseudo- 


tensors” (e.g., quantities which transform as tensors 
under linear coordinate transformations)": 


(2.3) 
(2.4) 


T= Hlavll8r) 05. 7» ,=0, Ter 7H, 


Lele = THe ye — THe x”, Leto) = 0. 


The identity sign will frequently be used, as in the above 


equations, to emphasize that the equality holds whether’ 


or not the field equations have vanishing right-hand 
10. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Press, Inc., Cambridge, 1951). 
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sides. We shall call 7’ and L#!’*] the total energy 
density and total angular momentum density, re- 
spectively," without intending to imply that their 
physical interpretation in the exact theory has as yet 
been fully settled. Actually there are many different 
identically conserved quantities any one of which might 
conceivably be considered the stress-energy pseudo- 
tensor’? and many pseudotensors which might con- 
ceivably be identified with the angular momentum 
density. Regardless of how we interpret 7*” and.L+l"), 
the linear approximations to the surface integrals (2.5) 
and (2.6) below are very useful for classifying solutions 
of the linearized field equations. 

The total energy or angular momentum contained in 
a finite portion of a three-dimensional space-like 
hypersurface § can be measured by means of integrals 
over a closed two-dimensional surface: 


Pe fas, que $ afin Hlvellea] 
Ss f 
Li! - f as, Lote § dfn 


X {uleel ya — ylorlayr 4+ Aleeltar} 


yleclu— Fflecl{ua] (2.6) 
where f is the surface bounding S. Here we have used 
the notation of reference 10. If S is a region of three 
space at constant time, Eqs. (2.5) and (2.6) are simply 
statements of Gauss’ theorem: for this case /s dS, ¢*—> 
Jv ¢*dV, where dV and V are the three-dimensional 
volume element and volume, respectively; and 
F 5 df* te} GIS, o'*"1n,dA, where n, is the unit 
normal in three space, dA is the element of surface area, 
and A the total surface area. 

We next introduce a quantity which we shall call the 
supermetric, in analogy to the Hertz superpotentials of 
electrodynamics. Given a metric that satisfies the field 
equations and is nonsingular everywhere outside certain 
world tubes (which surround the trajectories of par- 
ticles), we can construct within the world tubes a metric 
which is also nonsingular, but does not satisfy the 
vacuum field equations, by extending the given outside 
metric with sufficiently differentiable and otherwise 


' arbitrary functions throughout the interior of the world 


tubes. If we introduce a coordinate system in which the 
extended metric obeys the De-Donder coordinate con- 
ditions, 


ge” ,=0, (2.7) 


we can find in this coordinate system a V#!’#) such that 
ge? = Valea) (2.8) 

Furthermore, because of the symmetry of the metric 
1 The angular momentum density includes the dipole moment 


density. 
2 J. N. Goldberg, Phys. Rev. 111, 315 (1958). 
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g”” there exists a supermetric M'l!"4] such that 


ge? = Mluellr8) og, 


Mlwalt+6] — fA) lua), 


(2.9) 


with 


In the linearized theory (2.9) can be used to generate 
solutions of the field equations by a suitable choice of 
M'+i("6), We can add to M'Il’) any term of the form 
Fluae) (Bo) a with Fleeel [se] — FlrBel (wa) | without chang- 
ing the value of the metric, g*’. Also, if 


M tual l8] — Yoo l8) — (1/24) eave, Mieellr*1, (2.10) 


then 9’*”=q*’, and 


M'Wol6l 4 M'uAllarl4 Yrl(Bal=0. (2.11) 


In general M'Il*4] has 21 independent components 
whereas M’l#@Il’6] has only 20. 


3. THE LINEARIZED THEORY 


To formulate the linearized theory we suppose that 
the metric tensor is expanded in the powers of some 
parameter X, 

g”’=n""+Ay""+---. (3.1) 
n”” is the Lorentz metric, with diagonal components 
—1, —1, —1, 1; indices raised or lowered with the 
Lorentz metric will be underlined and remain in their 
original positions. The usual physical interpretation of \ 
is that A\= km where m is a suitable sum or average of 
the masses appearing in a given problem; A then has the 
dimensions of a length. The expansion (3.1) induces in 
all other quantities of interest, such as the curvature 
tensor or the integrals discussed in Sec. II, a corre- 
sponding expansion, 


O=O+d0+---, 


where Q is any quantity with any number of superscripts 
or subscripts. All further calculations in this paper will 
be accurate only to the first order in A. 

Coordinate transformations which lead from a metric 
of the form (3.1) to another whose zeroth approximation 
is the Lorentz metric have the form: 


a’? =w,Px”+EP (x). 


(3.2) 


(3.3) 


w,* represents a Lorentz transformation and £? is arbi- 
trary. Within the world tubes where the metric is 
singular or unspecified we allow singular or unspecified 
é*. The transformation group (3.3) contains a normal 
subgroup of “gauge’”* transformations for which w,’ 
=6,°. In the linearized theory only quantities which are 
gauge invariant have direct physical significance. Under 
a gauge transformation, the 7“’ transform as follows: 


(x) = yr (a) tat bate Pe». (3.4) 


18 There will be no confusion with the true gauge transforma- 
tions, as we shall be concerned with purely gravitational fields in 


this paper. 
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The first-order field equations 
1G*? = 3[ney"”, Pane. ait’ kal 
a oy, patnery?? af |; 
and the linearized curvature tensor 
pRB = 3 [97g PyH® pot? *y"®, oe 
—nhPnboyre po None re 
— FL, nt" 7”, J 
+499? 7? px 929?” oa, 


po 


(3.6) 


are thus both gauge-invariant. 
The linear approximations to the integrals (2.5) 
and (2.6), 


p= f dS, rom h d f* (pe} ulead a. 
8 f 
and 


Ll = - f as, Lotus) 
8 


=f eon lauierar— ule + yoaton, (3.8) 
f 


where 


yuleele— pH eel ua} ‘i 


1 
Hier [se) — —__ (Phy 72 ney PH — nrry7h— no*y*), 
167k ; 
(3.9) 


1 
17”"= yulealy ee 1\G*”’, 
8k 


pLelvel = Tx? — 1T*?x", 


are also gauge-invariant. The only change in the volume 
integrals comes from changes in the shape or location 
of the volume of integration and changes in x’; these 
contributions are quadratic in A. Using Stokes’ theorem 
we can deduce the gauge invariance of the surface 
integrals directly; hence their invariance does not de- 
pend on the transformation properties of the field 
within the volume of integration. If ¢'*’* is any 
quantity antisymmetric in all three indices and ds a 
parameter along the line / bounding the finite two- 
dimensional surface f, then Stokes’ theorem states: 


f Bf* ipa"), a= ¢ dl* poajh'"*™, — (3.10) 
i f 


l* (p00) = }€peap_ dx*(s)/ds ]ds. 


If, in particular, f is closed, then the integrals vanish. 
On subjecting the integrands of the surface integrals (3.7) 
and (3.8) to a gauge transformation, we find that the 
added terms have just the form ¢g!***!, and thus 


with 
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integrate to zero. In the exact theory, or in higher ap- 
proximations, the simple transformation properties 
described in the two preceding paragraphs are not valid. 

From Eqs. (3.7), (3.8), and (3.9) we see that the 
surface integrals have another special property in the 
linear approximation: the integrals over two different 
surfaces which enclose the same sources have the same 
values. In other words, all the energy-momentum and 
all the angular momentum-dipole moment is carried by 
the sources. It is therefore meaningful to define the 
intrinsic angular momentum and dipole moment of a 
source. We choose within one world tube a timelike line 
z*(r). Then if f surrounds just one source, the intrinsic 
angular momentum and dipole moment of the source 
are 


NWA(7) = ¢ d f* (yoy { ule)” Ax*(7) 
f 


— ulelHAx’ (7) +, Hlerlur)} | (3.11) 
with 


Ax’(r)=x"—2"(7). 


Because of their invariance properties the surface 
integrals (3.7), (3.8), and (3.10) provide a preliminary 
classification—according to their energy and angular 
momentum—of the solutions of the linearized field 
equations (3.5). To distinguish between inequivalent 
solutions with the same energy and angular momentum 
we can use the curvature tensor (3.6). Since the curva- 
ture tensor is gauge invariant, two metrics which differ 
only by a gauge transformation have the same curvature 
tensor. Moreover, in the linearized theory the equality of 
two curvature tensors obtained from two different 
metrics is just the integrability condition for the exist- 
ence of a gauge transformation that carries one metric 
into the other. Thus there is a one-to-one correspondence 
(modulo Lorentz transformations) between the different 
curvature tensors and inequivalent metrics. 

To bring the curvature tensor into a form which can 
be handled easily, we rewrite it as a two-index quantity 
by the following identification of pairs of antisymmetric 
indices with a single index'*: 


[12}3, [23]1, 
[14]}O4, [24]}65, 


[31 }+2, 
[34 6. 


(3.12) 


When the field equations are satisfied, the result is 


;RUAl"le+Rop, 


A B 
Reo=( ), 
B -A 


where A and B are symmetric three-by-three matrices 
with vanishing trace. Under spatial rotations A and B 
transform independently of each other as tensors of 
rank two. 


(3.13) 


“F, A, E. Pirani, Phys. Rev. 105, 1089 (1957). 
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4. SOLUTIONS OF THE LINEARIZED EQUATIONS 


Though the approximate field equations, Eq. (3.5), 
are linear, the construction of their general solutions is 
complicated by the fact that more than one unknown 
function appears in each equation. If we adopt the 
linearized De-Donder conditions the field equations are 
thereby separated into ten independent D’Alembert’s 
equations, but from among the solutions of the 
D’Alembert’s equations we must yet select those solu- 
tions that obey the coordinate conditions. Therefore we 
shall proceed indirectly, by first exhibiting three particu- 
lar types of solutions to the field equations and subse- 
quently showing that the most general particle-like 
solution can be obtained from these three prototypes by 
linear superposition. 

The A-type solution is one generated by a mass point 
which accelerates itself along a curved world line 2*(7) 
by growing a time-dependent intrinsic angular mo- 
mentum and dipole moment. Let 6*=dz*/d7 ]r=r,; r be 
normalized to be the proper time, b%),=1; /*(7,)=x* 
—2%(r,); 7-(x) be defined by /*(7,)la(7,)=0 and 
I4(7,)>0; n=12),; As*=2*(7-)—27 (70); and C* be four 
constants. Then the A-type solution is’® 
yt? =A” x; 2*(7); 2*(70); C7] 
beC’+b°C* 


n 


Ce(b“As’+b’Az*) — Az?(b4*C’+8"C*) 
+ en | . (4.1) 


n 


To see that this solution represents a self-accelerated 
monopole we evaluate its energy and angular mo- 
mentum with the appropriate surface integrals (3.7), 
(3.8), and (3.11), 

:P#=C#/2k, 


,L'*] = constant, 


1 
Niun = ppLaainier— As’(r)C*]. 


Even if the mass point does not accelerate, its dipole 
moment in the rest system, V'**), grows secularly unless 
b’~C’; if b*~C” then Eq. (4.1) gives the usual solution 
for a stationary mass point. 

The B-type solution is also singular and represents a 
disembodied angular momentum'*: 


y= Berl xe ; Aleel . s*(r) ] 


(———) 
lees - n (43) 
1 t= ’ 


p Lia] = N lH) (7) = Al) /2k= constant. 
18 This solution has been considered by Dr. P. Havas (private 
communication). 


16 J. Lubanski, Acta Phys. Polon. 6.4, 356 (1937). 
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The third type of solution is one that can be derived 
from a supermetric that obeys D’Alembert’s equation: 
yh = Malls) 25 (4.4) 


n?? pM [eel v8) op=0. 


with 
(4.5) 


The right-hand sides of Eq. (4.5) may either vanish 
everywhere or else vanish only outside several world 
tubes. If f is any closed surface lying wholly within the 
region where the right-hand sides of (4.5) vanish, then 
the net energy in the three-dimensional hypersurface 
bounded by f also vanishes: 


Pe $ dfvaln ,Ml#8llea] 
tf 


—n? ;MlHllea] 5, 4-ro Mulla] ., 


g df* toni sMUslloal, 


—? ;MUAlleal 9, 4-qr« ,Mlslleo) 5) 


=0. (4.6) 


The last equality comes from Stokes’ theorem. A similar 
calculation shows that the net angular momentum, 
around any point, of the sources of the field (4.4) also 
vanishes. Thus, the metric (4.4) represents either a 
source-free radiation field or else the field due to 
quadrupole and higher multipole sources. 

A general metric which corresponds to a collection of 
particles is one that is defined and obeys the linearized 
field equations everywhere within a fundamental region 
R that consists of all space-time except for NV world 
tubes, and is asymptotically flat at infinity. For sim- 
plicity of presentation we shall assume that the world 
tubes do not collide or split in the course of time; the 
generalization of our discussion to cases in which tubes 
do collide or split involves no new principle. In each 
world tube a timelike world line,, ‘s*('7) with ‘7 the 
proper time, can be chosen. Then to each tube we can 
assign a constant energy ‘;P* and an intrinsic angular 
momentum ‘NV!#’!(*7) as measured by surface integrals 
which surround only the ith world tube. We shall show 
that such a metric can be written in the form 


N 
y= 2B {‘A”[ x7; ‘Ce: iga(tr); iz2(‘79) | 


i=l 
4. ‘Berl xe; iA [a8] . ize }} + Mleells) ap 
+n°"&" ,t"?t”, oH EP 0, 


where M'#21l’) satisfies D’Alembert’s equation through- 
out R, 


(4.7) 
n7°M Wwell6) ,  =0, (4.8) 


‘4»” and ‘B*’ are the A-type and B-type solutions, and 
is arbitrary in R, 


AND P. 


G. BERGMANN 

Let us choose the constants in the A-type and B-type 
solutions by requiring the sources of these two types to 
carry all the energy and angular momentum: 


‘, P#= 'C+/2k, 
(4.9) 
iV lor] (i759) = tA lor) /2k, 
Define 
N 
Avw=y""— > (‘A+ 1B), 


i=] 


(4.10) 


and 
H a {eal 8) = ye Aeb+ nab Aw — puBAar—yarAvB (4,11) 


Because of Eq. (4.9) the sources of A*’ have no net 
energy or angular momentum; thus if f lies in R, 


$ aonHtsertor «= 0 
Sf 
and 
$ AP val Hate a 
f 


— A gloolvrad au — Hlvall#rl) = 0), 


(4.12) 


(4.13) 


It does not matter around which point we evaluate the 
angular momentum. 

On comparing Eq. (4.12) with Eq. (4.6) we might 
conjecture that the metric can be derived from a super- 
metric which obeys D’Alembert’s equation in R. This 
conjecture is actually correct. In fact, from Eq. (4.12) 
we can infer the existence of a C!*7*]* which obeys the 
equation ? 


H glecilea) = Clocale (4.14) 


The deduction of Eq. (4.14) from Eq. (4.12) is an 
application, in a higher number of dimensions, of the 
same mathematical theorem that allows us to infer in 
magnetostatics the equation B= ¥XA from the equa- 
tion, valid for any closed surface in three space, 
£ B-dA=0. Using Eq. (4.14) in Eq. (4.13) and elimi- 
nating two terms by means of Stokes’ theorem, we 
obtain 


$ af afore Cen g H lio =0. (4.15) 
f 


From Eq. (4.15), valid for any closed surface in R, we 
can in turn conclude the existence of a Dl&!l*] such 
that!” 


Cleorla— Cleeuly Ff feel [ur] — Jlu?) [pca) Ea (4.16) 
Using the cyclic identity (2.2) on H,'°7!(") we can solve 
Eq. (4.16) for Cl*7”* in terms of Dl#*Ileee], When the 


17G. de Rham and Kunihiko Kodaira, Harmonic Integrals, 
lecture notes, Princeton Institute for Advanced Study, revised 
(1953) edition, p. 41, 
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expression for Cl’7"l* is resubstituted into Eq. (4.16), 
we get 


H tells) = b{ 2D lav) (87) +-2Dl6y) [aur] + Plas) (urr) 


+ Deallu8r4 Dlwilabri4 DlwAllverly (4,17) 


valid in R. 

Equations (4.12) through (4.17) are valid in any 
gauge frame. Now extend A*’, which is defined by Eq. 
(4.10) only in R, through the V world tubes in a 
sufficiently differentiable but otherwise arbitrary fash- 
ion. Retain the definition (4.11) for Ha’) even 
within the world tubes. Independently extend Dl?) lea) 
through the world tubes; in general the relation between 
Di\tere] and Halsall’), Eq. (4.17), will be violated 
outside R. We can go to a coordinate frame in which A¥’ 
obeys the linearized De-Donder conditions, 


A» ,=0. (4.18) 


Finally, we define M*J0*l and El#lleve] by the 
equations 
nM Fuad 8) = 7 glual ls) 


and 
n®Ewlera) = Dlurlloea} 


everywhere. Then a possible supermetric is 
M lwo) 8) = MY *loal (8) — 142 Flue 87) 4.2 FSI (ua) 
ot Elas) (arr) 4 Felva) [usr] 
=o Elvi lasr] + Flasllvar]) = 
For this supermetric we find 
(4.21) 
(4.22) 


Avr = M*loall6) = Mluallr8) og, 


neMualls) =O in R. 


From Eqs. (4.10), (4.21), and (4.22) we obtain the 
desired Eqs. (4.7) and (4.8), after transforming back to 
an arbitrary coordinate frame. 

A useful property of those supermetrics that obey 
Eq. (4.22) is that they can be chosen in such a way that 
they have all the algebraic properties of the linearized 
curvature tensor in empty space. In fact, suppose we 
have a supermetric which obeys Eq. (4.22) and is 
already chosen to obey the cyclic identity (2.11) ; we can 
then define a “conformal” supermetric : 
M/twa) (8) — Jf" lua) [8] — 2 (ur Yf'e84 nab fur 

—*®M'0"—4°"M' #6) 
+3 (n**nt®—¥8y2”)M", (4.23) 
where M’*8= M'lellr4ly,,, M’=M'*'n,,. This new 


supermetric has vanishing trace 


NupM"luallbl=(), (4.24) 


and the metric generated by it differs from the metric 
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generated by the original supermetric by at most a 
gauge transformation. 

The “equations of motion” in the linear approxima- 
tion are rather trivial; from the defining equations (3.7) 
and (3.11) we have 


diN lol /diz = — ‘he *,P’+ 1b" *P¥. (4.25) 
If we regard the intrinsic angular momentum and dipole 
moment as being determined by the internal dynamics 
of the sources, Eq. (4.25) shows how a variable dipole 
moment is related to the self-acceleration. For the 
singular solution (4.1) it is possible to choose the world 
tube surrounding the singularity as having an arbitrarily 
small diameter; thus the world lines ‘s* cannot in 
general be chosen in such a way that the left-hand side 
of Eq. (4.25) vanishes. If we arbitrarily require the left- 
hand side of Eq. (4.25) to vanish, or make the re- 
strictions'® 


P+ *NlI=0 or ‘b, d‘Nil/d‘r=0, (4.26) 


then the sources are constrained to move with constant 
velocity unless "\P*=0. If “:P#=0, the motion is 
arbitrary. 


5. STATIC LINEARIZED METRICS AND 
THEIR CLASSIFICATION 


In this section we illustrate the classification of 
metrics by means of the curvature tensor for the par- 
ticular case of static linearized metrics which have point 
sources and are asymptotically flat at infinity. Greek 
indices will run from 1 to 4, lower case Latin indices 
from 1 to 3, and capital Latin indices from 1 to 6. 

In De-Donder coordinates the linearized field equa- 


tions for static fields are 


n°*y”” ¢=0, ss 
(5.1) 
y** .=0. 


Let m, p*, and m!**!= — ml*"] be constants; let V*=V*", 
gr ls4) - — git] and Miri pa] — ron M lerll pal = 1M lpallrs] 
be sets of harmonic functions zero at spatial infinity and 
singular at the origin; and represent the three-dimen- 
sional radius vector by r. Then the basic solutions of 
Eq. (5.1), from which all others can be obtained by 
superposition, are summarized in the Table I. The 
designations “electric” and “magnetic” are natural if 
we draw an analogy between y“ and the scalar potential 
of electrostatics or between y** and the vector potential 
of magnetostatics; we shall see that the solutions (III c) 
are equivalent to the solutions (I c) under gauge 
transformations. That there are, for example, no mag- 
netic-type monopole.solutions follows either from the 
general considerations of the previous section or from 
applying De Rham’s theorem" to the equation, in- 


‘ 


18 See F. A. E. 
143 (1957). 


Pirani, Bull. intern. acad. polon. sci., Class II, 5, 
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TaBLE I. Basic solutions of Eq. (5.1). 





(a) Monopole (b) Dipole (c) Hig 


I. “Electric” type 7y=m/r y“=(p*/r). 
y"=7"=0 


Y4=V" +0 


II. “Magnetic” type yt=(ml*1/r), yt=prl*4) 


yt#=y"=0 


ITI. “Electric” type 7? = MI lle?) 
M4 = 48 = () 





variant under time-independent gauge transformations, 


¢ d* lis wy eT. r)=0. 
I 


Here / is any closed one-dimensional Joop, in three- 
dimensional space, on which the metric is nonsingular. 

How many of these solutions are inequivalent? By 
calculating the energy and angular momentum of the 
monopole and dipole solutions we find that they are 
static versions of the A-type and B-type solutions dis- 
cussed in Sec. IV. The two types of dipoles are dis- 
tinguished by the fact that the constants in Eq. (4.3) 
obey the inequalities A'™*!A;,,)< 0 and A*lA;,,)>0 for 
electric and magnetic dipoles, respectively. Thus, these 
three solutions are all distinct and none of them are 
equivalent to the solutions in the third column of the 
table, which have vanishing energy and vanishing 
angular momentum. 

The classification of the higher poles follows from 
examining their curvature. We first note that by writing 
Mislrl=wer and ;MU4ie4=¢g'l4 we have the solu- 
tions in the third column expressed in terms of super- 
metrics. We next add to the supermetrics suitable 
terms so that the new supermetrics obey the algebraic 
identities (2.11) and (4.24) ; this procedure is equivalent 
to a gauge transformation. We can then write the super- 
metrics in the six-dimensional notation discussed in 
Sec. III and verify the following simple relation be- 
tween the curvature tensor (also expressed in six- 
dimensional notation) and the supermetric. 


ala 


F -E 
cc ®@ 

D 3 

where the matrices E and F are harmonic functions— 


with vanishing trace according to the prescription of 
Sec. II—and 


(5.2) 


Mlvel6le 4M 4 p= ( 


Rieell6le4R, p= ( 


Crn Era pattn”'n", Drt~ Fre ptt” 'n*!. (5.4) 


i 
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In the last equation we have taken advantage of the 
fact that E and F, or C and D, transform independently 
of each other as tensors of rank two under purely spatial 
rotations to let the indices on F and on D run from 1 to 3 
according to the prescription 4¢+1, 5<+2, and 6-3. 
Equation (5.4) is valid only when the metric is time- 
independent, the supermetric obeys Laplace’s equation, 
and the supermetric has been standardized to obey Eqs. 
(2.11) and (4.24). Applying Eqs. (5.3) and (5.4) to the 
higher multipole solutions, we find that the two ap- 
parently distinct electric-type multipoles I and III 
have not only the same curvature but even the same 
standardized supermetric, with F=0 and E arbitrary; 
the magnetic multipoles, on the other hand, have a 
supermetric with E=0 and F arbitrary so that, from 
Eq. (5.4), their curvature is different from the curvature 
of the electric multipoles. To classify the time-dependent 
solutions we could proceed exactly as we did in the time- 
independent case, but the results are not very trans- 
parent in view of the lack of a simple relation between 
the supermetric and the curvature. 


6. DISCUSSION 


We have shown that any particle-type solution of the 
linear field equations has a well-defined, gauge-invariant, 
total energy-momentum and intrinsic angular mo- 
mentum-dipole moment associated with it, both when 
its sources are singularities and when the sources consist 
of an extended matter tensor. The energy is constant 
and the intrinsic angular momentum is related to it by 
an “equation of motion.” The actual motion of a source 
is unrestricted unless we impose conditions, in no way 
implied by the theory itself, on the intrinsic angular 
momentum. In the linear theory, these additional re- 
strictions are gauge-invariant. Beside its energy and 
angular momentum, a source has also a number of 
higher moments, specified by arbitrary functions of the 
time which are totally unrelated to the motion of the 
particle. The totality of all solutions can be obtained by 
the superposition of two basic solutions and of solu- 
tions obtained by solving homogenous, separated 
D’Alembert’s equations; there are gauge-invariant 
methods for classifying inequivalent solutions. 

A question of fundamental importance remains 
whether a similar invariant treatment can be given for 
the higher orders of the approximation scheme or the 
full theory. In any order beyond the first, the Riemann 
tensor is no longer invariant under curvilinear coordi- 
nate transformations, and an invariant formulation 
becomes far more difficult. 
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